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Abstract
Generalizing Woodin’s extender algebra, cf. e.g. [8], we isolate the long
extender algebra as a general version of Bukowsky’s forcing, cf. [1], in the

presence of a supercompact cardinal.

1 Introduction.

Recently, a wonderful theorem of Lev Bukowsky, cf. [1], found some interesting
applications in set theoretic geology, cf. [9], which proves the set—directedness of the
collection of all grounds of a given model of set theory, [5], which analyzes the mantle

of the least inner model with a strong cardinal above a Woodin cardinal, and [0].!

Said theorem of Bukowsky gives a necessary and sufficient criterion for when
V is a A—c.c. generic extension of a given inner model W. Inspired by [3], this
paper explores the relationship between Bukowsky’s result and W. Hugh Woodin’s
extender algebra, cf. e.g. [8, pp. 1657ff.]. A special case of Bukowsky’s forcing may
be construed as a version of the extender algebra.

The current paper proposes a generalization of the extender algebra to long ex-
tenders, cf. the forcing P¢ defined in section 4 below. The long extender algebra
P then corresponds to a general version of Bukowsky’s forcing in the presence of a
supercompact cardinal.

*2000 Mathematics Subject Classifications: 03E15, 03E45, 03E60.

tKeywords: Forcing, extender algebra.

!The terms “ground,” “bedrock,” and “mantle” are taken from [1]. If W C W are both inner
models, then W is a ground of W iff W is a generic extension of W. The mantle of W is the
intersection of all grounds of W. That the collection of all grounds be set—directed means that the
intersection of any collection of grounds which may be indexed by a set contains a ground.
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2 A criterion for an inner model to be V.

Definition 2.1 Let W be an inner model of V.. Let \ be an infinite cardinal. We
say that W uniformly A—covers V' iff for all functions f € V with dom(f) € W
and ran(f) C W there is some function g € W with dom(g) = dom(f) such that
f(x) € g(x) and Card(g(z)) < A for all x € dom(g).

If there is some poset P € W having the A—c.c. in W and some g which is P-
generic over W such that V' = W/g|, then W uniformly A—covers V. Bukowsky’s
Theorem 3.3 will say that the converse is true also.

The following is probably part of the folklore.

Theorem 2.2 Let W be an inner model of V', and let \ be an infinite reqular cardi-
nal. Assume that W uniformly A—covers V, and assume also that P(2<*)NV C W.
Then W =V.

Proof. Let us call any set I' of functions an antichain iff for all a, b € T' with
a # b there is some i € dom(a) N dom(b) with a(i) # b(i).
It is easily seen that the hypotheses on W give that

Woew. (1)

To verify (1), notice first that by P(2<*)NV C W, W computes the cardinal successor
of 2<* correctly and for every v < (2<M*, P(y)NV C W.

Now let f: 2<* — OR, f € V. Using the fact that W uniformly A—covers V, let
g € W be a function with dom(g) = 2<* such that g(£) is a set of ordinals, f(§) €
g(&), and Card(g(£)) < A for all £ < 2<*. Let e: v = [Jran(g) be the (inverse of the)
transitive collapse of | Jran(g), so that e € W and v < (2<M*. As P(y) NV C W,
the function e™t o f: 2<* — ~ is in W, which gives that f =co(e"to f) € W. We
showed (1).



Assume that A: o — 2, for some ordinal «, is such that A € V' \ . Let us write
F for the collection of all functions a such that there is some x C « of size < A such
that a: x — 2. Using again the fact that W uniformly A-covers V.2 we may pick a
function g in W such that if I' C F is an antichain with I' € W, then

(i) g(T') € W is a subset of I' of size < A, and
(ii) if there is some (unique!) a € I" with a = A | dom(a), then a € g(I).

We call a € F legal iff for no antichain I' € W, a € '\ g(I'). Notice that being legal
is defined inside W (from the parameter g € W).

Every A | x, where x C « has size < ), is legal.

If I' C F is an antichain with I' € W, and if every a € I' is legal, then we must
have g(I') = I, from which it follows that I" has size < A.

Let 6 >> « be such that 0<* = 0. Let

X < <H9;€7{A}7I7Q7H9mw)
be such that <*X C X and Card(X) = 2<* By (1), X N W € W, and of course
XNW < (HyNnW;e, F,g) € W. (2)

Write o: W = X N'W for the (inverse of the) transitive collapse of X N W, so
that o € W. o extends to 6: H = X, the (inverse of the) transitive collapse of X.

Notice that P(2<*) NV C W gives that A = 671(A) € W, which in turn yields
that

Al (XNa)=0"AeW. (3)

We are now going to derive a contradiction from (3).

Using (3), we may work inside W and define a sequence (a;: i < ) of elements
of F such that a; € X and dom(aq;) D dom(a;) for all j < ¢ < A as follows.
Assume (a;: j < i) has already been chosen. Notice that (a;: j < i) € X by
<2X C X. Write x = U, dom(a;), so that x € X. Clearly, for every { < o there
is some legal a € F such that x U {{} C dom(a) and @ = A | dom(a) (just pick
A (zU{&})). There must then be some £ < a such that there are legal a and b in
F with z U {{} C dom(a) N dom(b) and a(&) # b(§), as otherwise A would be the
union of all legal a € F with a D A | z and thus A would be in W.

By (2) we must then have inside X some £ < o and some legal a and b in F with
rU{¢} C dom(a) Ndom(b) and a(&) # b(§). By (3), we may then choose in W some

2This use is now substantial, in contrast to the previous one.
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¢ € anNX and some a € FNX such that xU{¢} C dom(a),a [z = (AT (XNa)) [z
(=ATz), and a(§) # (A [ (X Na))(€) (= A(§)). Let a; = a.

Writing I' = {a;: i < A}, ' € W, and T" is an antichain consisting of legal
functions. But this is a contradiction! U

3 Bukowsky’s theorem.

Let us fix W C V| an inner model, and let A and p be infinite cardinals, A < p. We
aim to define a poset in W which will be a candidate for generically adding a given
subset of .

Working in W, let £ be the infinitary language with atomic fomulae “¢ € a,”
for & < p, and such that the set of formulae is closed under negation and infinite
disjunctions of the form \{/ I for all well-ordered sets I" of fomulae with Card(T") < A.
Writing p<* = (u=*)V, L has size p=*.

For ACpu, Ae Y Collws =) and @ € L, we may define the meaning of “A F ¢”
in the obvious recursive fashion: A E “€ € @” iff € € A, AE =g iff A K ¢, and
AENWT iff AE ¢ for some ¢ € T'. Inside Y Colwn=?) the relation “A E ¢” is Borel
in the codes. ForT' C £, AF T means AF ¢ for all p € T'. For TU{¢} € P(L)NW,
we write

| (4)

iff in WEwn™) forall A C p, if AET, then A E ¢. (4) is thus defined over W, and
inside WU« #=") (4) is TI! in the codes. By absoluteness, (4) is thus equivalent with
the fact that in VOws™ for all A C p, if AET, then AE . For T e P(L)NW,
I' is called consistent iff there is no ¢ € L such that I' = ¢ and I' F = ¢, which in
turn is easily seen to be equivalent with the fact that in W Collwn=?) (equivalently, in
Y Colw.n=)) there is some A C p with A ET.
Now let
g LW = [L]*nW, geW

be a function such that

(i) g(I') C T, and

(i) Card(g(I")) < A

for all T € [£]* N W. Let us call p € L illegal iff there is some I' € [£]* N W such
that ¢ € '\ g(T'), and let us write T for the set of all formulae of the form?

v — W/ 9(D), (5)

3p — ¢’ is short for \X/{—¢, ¢'}.



where ¢ is illegal, I' € [L]* N W, and p € T\ g(T).
Let us write PY for the set of all ¢ € £ such that 79 U {¢} is consistent. We also
write

@ <ps ¢’ (6)
for T9 U {p} F ¢
Claim 3.1 P9 has the A—c.c. inside W.

Proof. Let I' € [P9PPNW. Let p € T'\ g(T'). By (5), ¢ <ps W g(I'), so that T
cannot be an antichain. g

For an arbitrary choice of g, we might have that IPY is quite trivial, or even P9 = ().
Let AC pu, AeV. We set

GA:{QOE]P)‘QZA':QO}.
Claim 3.2 Assume that AET9. Then G4 C P9 is a P9—generic filter over W and
A={t<u: €ca’eGy} e WG

Proof. If v, o' € P9, AFE ¢, and ¢ <ps ¢, then A F ¢’ using absoluteness. If ¢,
o €PI, AE p,and AE ¢, then AF oA’ * o A¢' € P9 by AE T9, and clearly
YN <ps o and p A ¢ <ps ¢'. Hence G4 is a filter.

Now let I' € W be a maximal antichain in P9. By Claim 3.1, ' € [PI]<*. If
G4NT =0, then A~ \{/T. By AET9, = \{/T € P9, and

ruf{-\Y/Ty2r

is an antichain. Contradiction!
The rest is easy. U

Theorem 3.3 (Lev Bukowsky) Let W C V' be an inner model, and let X\ be an
infinite reqular cardinal such that W uniformly A—covers V. Let e: 224 P(2<Y)
be a bijection, and let

A={2N pten<22 Aece))

There is then some poset P € W such that

4o A is short for = \X/{—p, =¢'}.



(a) P has the A—c.c. in W,

(b) P has size 2° in W,

(c) A is P—generic over W, and
(d) V =WIA].

Proof. Let us write
2<A

p=2",
as being computed in V.
By the fact that W uniformly A\—covers V', we may find a function

g [L = (L] geW
such that for all T € [L]* N W/,
(i) g(T) T,
(ii) Card(g(I")) < A, and
(iii) if A F ¢ for some p € I', then A FE Y/ g(I').

For this choice of g, A E T9. Hence by Claim 3.2, G4 is P9—generic over W, and
A € W[G4]. This gives (a), (b), and (c). Clearly, W[G 4] inherits from W the fact
that it uniformly A—covers V', so that (d) is given by Theorem 2.2. O

Recall that for a regular cardinal A and an ordinal o > X a set C' C [a]<" is called

club ift
(a) for all v < XA and all {X;: 7 <~} C C we have |J{X;: i <~} € C, and
(b) for all z € [a]<* there is some X € C with x C X.

Theorem 3.3 immediately leads to the following characterization.

Corollary 3.4 Let W C V be an inner model, and let X be an infinite regular
cardinal. The following are equivalent.

(a) W uniformly A\—covers V.

(b) For every a > X, if C € P([a]*) NV is club in V, then there is some D €
P([a]*) "W with D C C and D is club in W.
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(c) There is some poset P € W such that P has the A—c.c. in W, P has size 22
in W, and V.= Wlg| for some g which is P—generic over W.

Proof. (a) = (c) is given by Theorem 3.3.

To show (c) = (b), fix a > X and C' € P([a]<*) NV which is club in V. Let
P and g be as in (c), let 6 > max(a,22"), and let 7 € WF N HY be a name of
a function f: <“a — «, f € V, such that if Z € [a]<*, f7<¥Z C Z, then Z € C.
Inside W, there is some D* € P([H)']<*) N W which is club in W, such that if
X € D*, then

(1) X e [H"],
(i) X < (H})V;€,P,7), and
(iii) if A € P(P) N X is an antichain in P, then A C X.

and D ={X Na: X € D*} C [a]is club in W. If X € D*, then f”<%*(X Na) C
X[glna=XNa,ie, XNael.

To show (b) = (a), let f: 0 — a, f € V. Let C € P([a]**) NV be is club in
V such that if X € C and £ € X N, then f(£) € X. Let D € P([a]<*) N W be
such that D C C' and D is club in W. Working inside W, pick for each £ < 0 some
X € D such that £ € X, and call it X,. Define g with dom(g) = 6 inside W by
g&)=XnNa. O

4 From Bukowsky to Woodin and beyond.

As in the previous section, let us fix W C V, an inner model, and let A\ and pu
be infinite cardinals, A < p. We are going to use some of the terminology of [7,
Definitions 10.45, 10.55, 10.57]. If E is a (k, v)—extender over V' (cf. [7, Definition
10.45]), then we shall write

(i) crit(£) for the critical point x of E,
(ii) 1h(F) for the length v of E,

(iii) o(E) for the space® sup{p, + 1: a € [Ih(E)]~“} of E, and

%14 is the ordinal fi such that the measure E, of E lives on [z]“?4(%) cf. [7, Definition 10.45

(D).



(iv) p(E) for the strength of E, i.e., for the largest 5 such that® Vs C ult(V; E).

We shall write 7g: V' — ult(V E) for the ultrapower embedding. If F' is an extender
over W, then we write 7y for the ultrapower map induced by forming the ultrapower
of W by E inside W.

Let us work entirely inside W until further notice. As before, we let £ be the
infinitary language with atomic fomulae “¢ € a,” for & < p, and such that the set of
formulae is closed under negation and infinite disjunctions of the form \}/T" for all
well-ordered sets I' of fomulae with Card(I") < .

Let € be a class of (short or long) extenders such that crit(F) < o(E) < A\. We
let T¢ be the collection of all sentences of £ of the form

o — W/ 7T, (7)
where E € £, 1" € [E]Crit(E) N Vo), and ¢ € (L) N Vg

We may define P in much the same way as P9 was defined above. To be explicit,
we write P¢ for the set of all ¢ € £ such that T¢ U {¢} is consistent. We also write

@ <pe ¢’ (8)

for T¢ U {p} F ¢

It is easy to see that if p = X\ and & C V), is a class of short extenders, then
IP? is exactly W. Hugh Woodin’s extender algebra associated with &, cf. e.g. [3, pp.
1657E] or [2].

We say that & is rich iff for every I' € [£]* there is some (k,v)—extender E € €
such that

(i

)
(i) mo(k) = A < < p(E),
)
V)

k<o(E)<A,

(ili) T’ € ran(mg) N Vg, and

(iv) (mp)~H(T) € Vom).

For future references, cf. Theorem 4.5, let us also refer to £ as “(\, u)-rich.”

If X is a supercompact cardinal, then by exploiting Magidor’s characterization of
“supercompactness,” cf. e.g. [7, Problems 4.29 and 10.21], there is some rich €. This
follows immediately from the argument for [7, Problem 4.29].

SWe assume here and in what follows that ult(V; E) is always well-founded, so that we may
identify it with its own transitive collapse.



If £ is rich, then we may define a function g: [£]* — [£]<* as follows. For T € [£]*
let us pick some E € £ with properties (i) through (iv) above, and then define

g(I) =T Nran(rg).

This gives a function g with properties (i) and (ii) as on p. 4.
The following is immediate.

Claim 4.1 Suppose that &€ is rich. Then T¢ & 1) for every ¢ € T9.
Proof. Let ¢ be illegal and ¢ € T'\ g(I') for some I' € [£]*. Let E € £ be the

extender which was used to define g(T").
Write T' = (7)Y (I'). We have that T' € [£]“*(®) and

\X/WE’T \X/ranwE )N = \X/g
e — W/ 9(D)

by an instance of (7). We showed the relevant instance of 7. U

and therefore

We immediately get from Claims 3.1 and 4.1:
Claim 4.2 Suppose that £ is rich. Then P has the A—c.c.
Let us now step out of W. Let A C u, A € V. We set
W={peP’: AF ¢}.
Virtually the same proof as the one of Claim 3.2 combined with Claim 4.1 shows:

Claim 4.3 Suppose that £ € W is rich inside W. Assume also that A= T¢. Then
G', C P¢ is a P¢ —generic filter over W and

A={t<u: €eca’ecdy}eWd),
and G 4 as defined on p. 5 is a P9—generic filter over W and

A={t<u: €ca’eGy} e WG



Our next theorem produces a sufficient criterion for A C u, A € V, to be generic
over W which seems more useful than Claim 4.3.

This theorem suggests a way of making sets of ordinals generic over iterates of
models with supercompact cardinals. However, the existence of iterable models with
supercompact cardinals is a key problem of contemporary set theory.

Theorem 4.4 Let W C V' be an inner model, let X be a regqular cardinal, and let
> be a cardinal. Let £ € W be a class of W —extenders which is rich inside W.
Let A C u, A €V, and suppose that for every E € & there is some elementary
embedding ™ D wy such that
T V—-M

and A € ran(7).
Then G’y is P& —generic over W, G 4 is P9-generic over W, and

A e W[GA NW[G,].
Proof. By Claim 4.3, we only need to verify that A F T¢. Let E € &, and let
T W —ult(W; E)

be the associated embedding as being formed inside W. By our hypotheses, there is
some elementary embedding 7@ O 7) such that

7 V=M

and A € ran(7). Write A = 771(A). Let x = crit(E).

Let T' € [L]" N V5 and ¢ € 75 (T') N V), where o(E) and p(E) are defined
inside W.

Let us assume that A F ¢. Then

ME I € #(D)AF )
so that
VE“QY eTAE G 9)
Let ¢’ be a witness to (9). Then
VE“AE ¢
hence

M E “AE7(¢"),)
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which implies that
AR/ 7T

We have verified that A satisfies an arbitrary instance of T°¢. O

The attentive reader might now be tempted to use Theorem 4.4 to formulate a
criterion for when V' is generic over a given weak extender model W for A being su-
percompact via some forcing with the A—c.c. (cf. [10]), but any such criterion we were
able to come up with gives its conclusion from its hypothesis already via Bukowsky’s
Theorem 3.3, cf. Corollary 3.4. By a theorem of Woodin, cf. [I 1], it is consistent that
V = HOD and if W is any weak extender model for the supercompactness of some
A which is ¥y—definable from some « < A, then necessarily W = V. (But cf. [10,
Theorem 174].)

We do have:

Theorem 4.5 Let W C V be an inner model, and let A be a cardinal such that X is
supercompact inside W. The following are equivalent.

(a) For every a € V there is some poset P € W such that P has the A\—c.c. in W
and there is some g which is P-generic over W such that a € W|g|.

(b) V.= Wlg|, where g is generic over W for the long extender algebra P, where
E e W is (A, 2))-rich inside W.

Proof. (b) = (a) is trivial.

Let us show (a) = (b). Write u = 2*, and let A C p code P(A\) NV as in the
statement of Theorem 3.3. Inside V, let C' € [H,+]<* be club such that if X € C,
then

X < (Hyu+;€,A).
By (a) and Corollary 3.4, there is some D € [HZK]O‘ N W such that D C {X N
HZK: X € C} and D is club in W. Inside W, let £ be the set of all extenders £
with p(E) = g+ 1 and ran(m}¥') N HZ‘_{ e D.

As ) is supercompact in W, £ is rich inside W, via Magidor’s characterization
of “supercompactness,” cf. e.g. [7, Problems 4.29 and 10.21]. It is easy to see that

the hypotheses of Theorem 4.4 are satisfied. We then get (b) by the conclusion of
Theorem 4.4. O
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