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Introduction
@000

Introduction

@ The Standard Model is a perturbatively renormalisable
quantum field theory.

@ Scattering amplitudes can be computed as formal power
series in coupling constants such as e? ~ 11@

The first terms agree to high precision with experiment.

@ The radius of convergence in &? is zero!
We are far away from understanding the Standard Model
(see e.g. confinement).
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Introduction
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@ Refined summation techniques (e.g. Borel) may establish
reasonable domains of analyticity.

@ Unfortunately, this also fails for QED due to the Landau
ghost problem.

It is expected to work for non-Abelian gauge theories
because of asymptotic freedom.

But these theories are too complicated.

QFT’s on noncommutative geometries may provide toy models
for non-perturbative renormalisation in four dimensions.
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Introduction
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¢4-theory on Moyal space with oscillator potential

action functional

S[¢] = /d“x(;d)* (-ALOP 4 12)pt 2dx k6% 8) (x)

Moyal product « defined by © and X := 20" . x
parameters: 42, A € R, O € [0,1], redef'n ¢ — Z2¢, Z € R,

@ renormalisable as formal power series in X [Grosse-W.]
means: well-defined perturbative quantum field theory
@ S-function vanishes to all orders in A for O = 1
[Disertori-Gurau-Magnen-Rivasseau]
means: model is believed to exist non-perturbatively

Up to the sign of 12, this model arises from a spectral triple.
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Introduction

[e]e]e] ]

The matrix basis of noncommutative Moyal space
dy dk

f = f 10.k iky
(ra)0= [ G xboR) oty
@ central observation (in 2D):
foo = 26_%(X“2+X§) = fOO * foo = foo
@ left and right creation operators applied to fyo lead to

o n-m 2
fnlp ) = 20-1)" R0 (Fo) e LT (Ge?)

@ x-product becomes simple matrix product'

frnn * fk/ = 5nkfm/ s /d Xfmn det 271'@ Smn

@ (—A +0%x2 + 1®)fmn
= (u2+§(1+92)(m+n+1))fmn(x)

S0 (Vmn Ty 1 p 4+ /(M) (1) o 001)
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The 4D-action functional for Q2 = 1

expand ¢(x) = Zm1,m2,n1,n2 Gmn fmyny (X1, X2) fmon, (X3, Xa)
© matrices (0mn);, pere © Ma with cut-off Ain matrix size
@ correlation functions generated by partition function

20 =N [ (Tl neng d6mn) %0 (— Slo] + ()

We are interested in N5 — N2, Correlation functions ill-defined
unless S[¢] is a suitably divergent function of A:

)
Slel= Y 50maMmnénm + V(¢)

m,neN2

Himn = Z(1aretIml+In]) . V(0) === Y bmnnkdim
m,n,k,IENZ

with |m| = my + m. and divergent ppare[A, Al Z[A, A

There is no separate A-dependence in A!
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Ward identity + Schwinger-Dyson
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Ward identity

@ inner automorphism ¢ — UpU' of My
inﬁniteSima”y Gmn > ¢mn +1 ZkeNf\(Bmkﬁbkn - ¢kakn)

@ not a symmetry of the action, but translation invariance of
the measure D¢ = Hm ,,GN% domn gives

0 o S+i(9J)
15Bab Z 1653[, 9B, i0Bgap (tr(¢J)))

=3 /D<;5 zn: (Hnb — Han)®bn®na + (#pndna — an¢na)) o= S+u(9J)

where W[J] = In Z[J] generates connected functions

perturbation trick ¢mp ﬁ

= {Zn (( Han) 6an 5Jan (Jnaﬁ - anﬁ))
X exp < — V(W)> ez 2pg JPqHEJqp}
(o]
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Interpretation

The insertion of a special vertex V/}° .= Z(Ha,, — Hpp)bbn®na

n
into an external face of a ribbon graph is the same as the
difference between the exchanges of external sources
and

Z(lal - |bl)

Z(la| - b))G%. =

The two-point function of noncommutative {;‘)j-theory
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Two-point Schwinger-Dyson equation

()
Fap = - e Moy 2t 2 =
a b b b ~b \gpé b \\p b

@ vertex is Z2\, connected two-point function is Gap:
first graph equals 22\ )", Gag
@ in other two graphs we open the p-face and compare with
insertion into connected two-point function; it inserts
@ cither into one-particle reducible line

@ orinto 1Pl function:
a

a 4
ps S RS aadl
laple = b " b b b

p P\ ~ P S~ b
p 3 9p

@ amputation of G: _
last two graphs together equal Z2\ >p G;,J Gfgf,]b
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Ward identity + Schwinger-Dyson
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Result (using G, = Hap — [ ap):

, Gy — G
Fao = 22X (Gap + Gy Gilgyp) = 227 (Gap — Gy ﬁ)
D P

1 1 1 (Tpo—T ap)
= 72\ - - g
zp:(pr—rbp Hap —Tap  Hpp — rpr(]p|—|a|))
@ This is a self-consistent functional equation for I 4.

It is non-linear and singular. Its singular part at (a, b = 0)
already appeared in [Disertori-Gurau-Magnen-Rivasseaul].

@ We perform the renormalisation directly in the SD-equation
for I' 5. The Z-factors are essential for that.

® Taylor: Tap = Zjifar — 42+ (Z-1)(1a+ b)) + T
= Guy = Hap —Tav=|al + b + 4 — T

@ g3’ =0and (/") = O determine 15, and Z.
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Integral representation

@ We replace discrete indices a, b, p € N2 by continuous
indices a, b, p € (R, )?, and sums by integrals.

@ This captures the A — oo behaviour of the discrete version
(or defines another interesting field theory).

@ The mass-renormalised Schwinger-Dyson equation
depends only on the length |a| = a1 + a.. Partial
derivatives a%_ needed to extract Z are equal.
Therefore, ')’ depends only on |a| and |b|.

-(N) A\
o Hence, /( o1 0z (1) = /O bl dlpl £(Ip))
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Integral representation
(o] Jele]e]

Mass renormalisation = subtraction at O:

(Z—1)(lal +[b]) + T2

:A/Ap! d\p!( £ + z L Lz
0 |Bl+lpl+p2=TE  lal+Ipl+u? T35 |pl+u2—Tg
- z o —Tap  Z r6%”)
|bl+lpl+p2=T5 Pl =&l p+u2=Tgy |p|

@ perturbative solution depends on combination 12 and 25
@ change of variables

—. 2@ _. 2 B _. 2 P
1—af 1 £
ren 2 / 2
= 1— A= —
Fab =i 1 (1—a)(1 —a)( Gaﬁ) ’ i

) - 0
® 52 laco = dala to extract Z
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Theorem [Grosse-W., 2009]

The renormalised planar connected two-point function G, of
self-dual n.c. gbi—theory satisfies (and is determined by)

G 1+)\(11 OjB(M'B ﬁﬁ 63))_'_15/8(/\/‘0( N ay)
—a)(1- (1-5
+(ﬁﬁwlﬂ“%ﬁ_1nh-?mJUh+NmN@)
175 G(yﬁ’
1 f()gﬁ ( GO(}, N 1) (M(y_;c(,\a“r(l/,/\/’(yo)>

with a, 8 € [0,1) and

;

/d My = | dp & Gap

1—p o T—ap

Nagiz/dpm y:”mM
0 p— a—0 «
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Integral representation
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Discussion

@ The previous integral equation for G, is non-perturbatively
defined. It is non-linear and singular (at 1).

@ Nonlinearity and singularity can be resolved in perturbation
theory. Then: Is the perturbation series analytic at A = 07?

@ Non-perturbative approach:
e There are methods for singular but linear integral
equations (Riemann-Hilbert problem).
e Non-linearity treatable by implicit function theorem (or
Nash-Moser theorem), but singularity is problematic.

If we could solve the equation for G, then all other n-point
function should result from a hierarchy of Ward-identities and
Schwinger-Dyson equations which are linear (and
inhomogeneous) in the highest-order function.
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Integral representation
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Theorem

The renormalised planar 1Pl four-point function I, g5 of
self-dual n.c. gbj—theory satisfies (and is determined by)

(1 - (=020 Cus=Gog

vs(1=6)(a—7)
/ d 1 —B)(1—ad)GppGsp I sy — raﬂwé)
FosmA. (1-Bp)(1-dp) p—a
o a566p1 —f)
Gaé"‘)‘((Mﬁ_ﬁﬁ a6+/d m

/ dp 1 5 )(1—ad)Gs, (Gps Gaa))
—Bp)(1=dp)  (p—a)

Corollary

lasys = 0is not a solution!
We have a non-trivial (interacting) QFT in four dimensions!
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Perturbation theory

[ Jole}

Perturbative solution

@ We look for an iterative solution G,z = >~ )\”Gaﬁ
@ This involves iterated integrals labelled by rooted trees.

Up to O()\3) we need

I, = =—In(1-a),
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Perturbation theory
oeo

In terms of /; and A := B:.= =5

oz‘d

aﬁ’

Gag =1+ MA(ls — 8) + Bl — a)}
+ X2{A(Bls — Bls) — aAB((Is)? — 2815 + Iy)
+B(als — aly) — BBA((la)? — 2aly + 1)
+AB((Is — @) + (I = B) + (I — ) = B) + aB(((2) + 1)) |
+ X2 { AW + aAB( = Us + lals + I Iy) + aA®BV;
+ BWa + BBA( — U + Il + 15 lo) + BB*AVy
+AB(T5 + Ta — I5(la)? — /a(lﬁ)z —~ 6lalp)
+AB((1 = a)(ls = a) +Blaly + 15 la + I3(1a)?)
+BA((1 = B)(Is — B)+Bluls + Ia Is + la(15)?) b + O(X*)
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Perturbation theory
[e]o] J

where

Tp = Bls = Blg+ (Is = B) ,
Us =Bl s — (I)> + Blsls + 215 I + 5((2) s — 25((3)
—2(I5)2 + B(Is)> + 5 + Bls + 205 — B,
Vs = Blg — 8315 —26°((3) + 2815 Is — I} + 2815¢(2) - 36%((2)

+ (1= 8)(281s — 315+ 3815 — 3l5 + ).

Wi = (1 —86(2)) — s 57 + 30 = (U3 =) = 5(1a=6) - 572

|
L Ig—p Bx

Remark: A ax T ix

(optimal family of iterated integrals not yet determined)
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Beyond perturbation
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Beyond perturbation

Ansatz (suggested by perturbation, but consistent in general)

2 2 — ) 1 3 2l
Gaﬁ_1+(1 aﬁ)ﬁ gﬂ+(1 a,@) G + (11 a5) (125 ) BGap
@ coupled system of integral equations for G, G,z

@ The 1 inserted into M, produces A\ In(1 — «) in G, which
spreads everywhere

° GLOQ TTa 2g becomes singular at some 0 < «(A) < 1 for
any A < 0.

This could be cancelled by a common zero of
M y—Lo+aN,o, Which is hard to control.
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Beyond perturbation
[o] lelelele)

New strategy
@ To avoid In(1—«) we need G, = —1+S,, with Iim1 S =0
oa—r

@ This additional condition distinguishes one special value of
A = )\ at which we want to prove existence of the theory.

ansatz with

lim,_.1 So = 0 equivalent to

A /1 pQSp /1 5 /1 >
1= d -3 dppS,+ [ dppTs *
1+;<0 1=, 5 pP°S, ; ppTop | (%)

@ (*) is intrinsically non-perturbative
@ insert (*) back into equation for G, = —1 + S,:
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Beyond perturbation
[e]e] lelele)
PR

Sa—i-A/ dp K(o, p)S,
5 J0

A ( (—a)V+(1-a)

= TP
+3
Y
/ 11— ag)“) Top = (1 = O‘m”>>
with
1 (1=  (1-a)(1-p) (1-0o)
Kla.p) = 1—/)(1—04))3 (1—ap)® 2_31—app2

1 1
y:1+3/ dp p? —/ dp pTop
0 0

@ integral operator K is unbounded, rhs
@ but K is bounded on functions vanishing polynomially at 1

]
/0 dp K(a, p)(1 — p)” (1 — )’ O<v<A

(Munster)
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Beyond perturbation
[e]e]e] lele)

We put S, = (1 — a)g(a) and K(a, p) = (::Z)K(a; p)

—~
—

K): C([0,1]) — C([0,1]) is invertible for |A| < 3, with

(i

A B Al
id + K ‘<
H1+ ( 1+ 3 ) =L

We put 7,, = 0 and define recursively go = 0

Ao/ MK T L
gn+1=1+g(1d+ 5 (Qn—1)(1+3/0 dp p?(1 = p)gn(p))

with
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Let 7o, = 0 and |\| < {2 = 0.218. Then:
@ The sequence (gn) is uniformly convergent to

g =lim, gn € C([0,1]).

Q@ S. = (1—a)g(a) e Cy([0,1]) is the unique solution of our
integral equation, with

12-43|\|—+/(12-55]A[)(12—31[A])
6[A|

Sal < (1-0)< 2N ~ a

Q forall o € [0,1].

Equation for 7, is regular in first approximation!

With careful discussion of signs, this extends to —& < A\ < £.
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The next steps

S, — Sa
p—
@ interpret equation for 7" as recursion 77+ (7", S") with

79 = 0 and S° from Proposition

© compute 7' and re-iterate (g5,) for smaller ||
© iterate the procedure

"
@ establish differentiability of S,, to control / dp
0

Vision
The resulting function G,z solves the original problem only for

1 1 1 PZS/J 1 2 1
A_—z—/o dp1_p—|-3/0 dppSp—/o dp pTop

This equation defines the value of A at which there is a realistic
chance to prove non-perturbative existence of the theory.
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