
published in: Lie Theory and its Applications in Physics,ed. by H.-D. Doebner et al, World Scienti�c (1996) 149{158.c 1996 World Scienti�c, Singapore.Graded Lie Algebras with Derivationand Model Building�R. Matthes, G. Rudolph and R. WulkenhaarInstitut f�ur Theoretische Physik der Universit�at LeipzigAugustusplatz 10/1104109 Leipzig, GermanyAbstractGiven an algebra, a �nite projective right module and a di�erential al-gebra over this algebra, a graded Lie algebra with derivation is constructed.It is shown that the algebraic structure used in the Mainz-Marseille ap-proach for the derivation of the standard model can be obtained from thisgeneral construction as a special case. Thus, a rigorous mathematical linkbetween Connes' noncommutative geometry and the Mainz-Marseille ap-proach is established.1 IntroductionAmong recent approaches to describe the fundamental interactions within oneuni�ed theory the ideas of noncommutative geometry play an important role. Inparticular, the approach of Connes, cf. [2] and [3], has been the starting point fornumerous attempts of this type. The main achievements are, perhaps, the iden-ti�cation of the Higgs �eld as a part of a uni�ed gauge �eld and the possibilityto include chiral fermions in a natural way, the latter being for instance prob-lematic in theories of Kaluza-Klein type. There is a canonical way to introducefermions within the K-cycle concept. In some versions one gets predictions forthe Weinberg angle and for the masses of physical particles on tree level, see e.g.[4]. In particular, one can get predictions for the mass of the (still not found)Higgs particle. Such predictions should be compared with recent estimates uponrenormalization group arguments within the standard model and the (by now)quite exact knowledge of the top quark mass, see e.g. [5]. For the standard modelwith one Higgs doublet the author of [5] predicts 130GeV < mHiggs < 200GeV:An { at �rst sight { from the mathematical point of view completely di�erentapproach is the Mainz-Marseille approach [6]. Here one starts from a certainZ2-graded Lie algebra with derivation and postulates uni�ed gauge �elds and�Presented at an International Workshop \Lie Theory and Applications in Physics",Clausthal (Germany), August 1995. 1



their transformation properties rather ad hoc. Also fermions are introduced {comparing with Connes' theory { in a completely di�erent way, namely usingthe representations theory of graded Lie algebras. There are di�erences betweenthese two approaches concerning their phenomenological output, for a discussionof this point see [7]. The main di�erence seems to be the fact that in the Connes-Lott approach one gets predictions of the boson masses in terms of the fermionicmass parameters, whereas in the Mainz-Marseille model there are no relations ofthis type at all.The aim of this contribution is to show that, nonetheless, there is a deep struc-tural link between the two above-mentioned theories. The main idea is to usea �nite projective module (a notion which was avoided by the Mainz-Marseillegroup) and a di�erential algebra over the (underlying) algebra to construct agraded Lie algebra with derivation, which may be mapped by a partial homo-morphism onto the graded Lie algebra of the Mainz-Marseille approach. Trans-porting geometrical objects like connections and curvatures of Connes' theoryvia this mapping we arrive at the objects postulated in the Mainz-Marseille ap-proach, which leads to a deeper geometrical understanding of the latter. Here wewill only sketch the main mathematical ideas and refer to our paper [9] for alldetails. Moreover, we only mention, that there is a nice physical application ofour method: Avoiding the \projection" to the Mainz-Marseille algebra, but nev-ertheless using the ideas of [6], it is possible to derive the standard model fromthe simplest two-point K-cycle originally used in [3] to derive the electroweaktheory, see the last section of [9] and [10] for further details.2 Basic notions of noncommutative geomtryIn this section we recall some notions of noncommutative geometry necessaryfor our construction. A central notion is that of an even K-cycle. This is atuple (A; h; �;D;�), where A is a unital �-algebra, h is a Hilbert space, � is a �-representation of A in B(h), D is an (in general) unbounded selfadjoint operatoron h with the following properties: [D; �(a)] 2 B(h) for a 2 A, (1 + D2)�1 iscompact. � is a grading operator, i.e. � = �� 2 B(h), �2 = idh, and ful�lls[�; D]+ = 0 = [�; �(a)].Any K-cycle gives rise to a canonically related di�erential algebra 
D overA. One starts with the universal di�erential algebra 
A (universal di�erentialenvelope) de�ned as follows: 
A =L1k=0
kA, where 
0A = A, 
1A = ker(m :A
A �! A), 
kA = 
1A
A � � �
A
1A. The di�erential d : A �! 
1A is givenby da = 1
a�a
 1, d : 
1A �! 
2A by d(Pi ai
dbi) =Pi dai
dbi, and thedi�erential on higher forms is given inductively by d(!1
A!k�1) = d!1
A!k�1�!1 
A d!k�1. It follows that !k 2 
kA can be written as !k =Pi a0i da1i � � �daki ,omitting the 
A between the di�erentials. In this representation, the di�erentialis given by d!k =Pi da0i da1i � � �daki . 
A becomes a �-algebra with (da)� = d(a�).2



The �-representation � : A �! B(h) can be extended to a �-representation� : 
A �! B(h) of algebras by�(a0da1 � � �dak) = (�i)k�(a0)[D; �(a1)] � � � [D; �(ak)] :J0 = ker � � 
A is an ideal, and J = J0 + dJ0 is a di�erential ideal of 
A.Therefore, 
DA = L1k=0
kDA, where 
kDA = 
kA=Jk, Jk = J \ 
kA, is againa di�erential algebra over A (assuming �jA faithful gives 
0DA = A). Since(ker �)k � Jk, there is a vector space isomorphism
kDA �= �(
kA)=�(Jk) = �(
kA)=�(dJk�10 ) ;in particular (because of J00 = ker(�jA) = 0)
1DA �= �(
1A) = fXi �(ai)[D; �(bi)] j ai; bi 2 Ag :Examples:(i) Consider the Dirac K-cycle (C1(X); L2(X;S); Dcl; N+1), where X is anN = 2n-dimensional compact Riemannian spin manifold, L2(X;S) the Hilbertspace of square integrable sections of the spinor bundle, Dcl is the classical Diracoperator, and N+1 is the product of N orthonormal sections of the linear partof the cli�ord bundle. Then one hasTheorem 1 
DclC1(X) �= �(X).Here, �(X) is the classical algebra of di�erential forms over X.(ii) Consider the K-cycle (C2;Cn �Cn;M; ~�), whereM = � 0 MM� 0 � ; ~� = � 1n�n 00 1n�n � ; M 2MnC ;C acts by multiplication in each component of Cn � Cn (faithfully). One canshow �(dJk0 ) = 0 in this case, therefore,
kDC2 = �(
kC2) = 8>><>>: � C(MM�)k=2 00 C(M�M)k=2 � ; k even� 0 C(MM�)(k�1)=2MC(M�M)(k�1)=2M� 0 � ; k oddWe denote M t1 = (MM�)t, M t2 =M t1M , M t4 = (M�M)t, M t3 = M�M t4 and noticethat there is a positive integerm such that in each series (M tq)t=0;1;::: (q = 1; 2; 3; 4)just the �rst m terms are linearly independent in MnC. Therefore,
lDC2 � 2m+1Xk=0 
kDC2 for l > 2m+ 1;3



where on the right hand side there stands an inner direct sum.(iii) Consider the K-cycle consisting ofA = C1(X)
C2;h = L2(X;S)
 (Cn �Cn) = L2(X;S)
Cn 
C2;D = Dcl 
 id+ N+1 
M = � Dcl 
 idCn N+1 
MN+1 
M� Dcl 
 idCn � ;�� f1f2 � = � f1 
 idCn 00 f2 
 idCn � ;� = N+1 
 ~�;which is the skew tensor product of the K-cycles of the two foregoing examples.This K-cycle was used in [3] for a construction of the Weinberg-Salam theory.An explicit description of 
DA for this K-cycle was given in [8]. The resultsobtained there may be summarized as follows: Let us denote M t1 = (MM�)t,M t2 = M t1M , M t4 = (M�M)t, M t3 = M�M t4 and notice that there is a positiveinteger m such that in each series (M tq)t=0;1;::: (q = 1; 2; 3; 4) just the �rst m termsare linearly independent in MnC. Then we have
kDA = � Lmt=0 �k�2t 
CM t1 Lmt=0 �k�2t�1N+1 
CM t2Lmt=0 �k�2t�1N+1 
CM t3 Lmt=0 �k�2t 
CM t4 � ;where �k denotes the space of di�erential k-forms on X and the right multiplica-tion with N+1 is nothing but (a certain variant of) the Hodge star. The product� in 
DA is given by� �1 
M t11 �2N+1 
M t22�3N+1 
M t33 �4 
M t44 � � � �l11 
M s11 �l22 N+1 
M s22�l33 N+1 
M s33 �l44 
M s44 �
= 0BBBB@ �1 ^ �l11 
M t1+s21+(�1)l3�2 ^ �l33 
M t2+s3+11 �1 ^ �l22 N+1 
M t1+s22+(�1)l4�2 ^ �l44 
M t2+s42(�1)l1�3 ^ �l11 N+1 
M t3+s13+�4 ^ �l33 N+1 
M t4+s33 (�1)l2�3 ^ �l22 
M t3+s2+14+�4 ^ �l44 
M t4+s44

1CCCCA ; (1)where we put M ti = 0 for t > m, and the upper index of the �'s denotes theform degree. This is just multiplication of 2� 2-matrices combined with exteriorproduct of di�erential forms plus suitable signs arising from the exchange ofa di�erential form with N+1, and the following rules for the multiplication ofthe M ti (coming also from matrix multiplication): M t2M s3 = M t+s+11 , M t3M s2 =M t+s+14 , M tiM sj = M t+sk(i;j) for the other values of (i; j) (k(1; 1) = 1, k(1; 2) = 2,k(2; 4) = 2, k(3; 1) = 3, k(4; 3) = 3, k(4; 4) = 4).4



The di�erential d̂ can be written asd̂ = d+ [!N+1; :]g;where d is the componentwise ordinary exterior di�erential,!N+1 = �i� 0 N+1 
MN+1 
M� 0 � 2 
1DA ;and [:; :]g denotes the graded commutator with respect to the product �. Noticethat 
DA is also a di�erential algebra with di�erential d.Now, let us recall the notions of a Hermitian �nite projective module and of aconnection on such a module. Every �nite projective right module over an algebraA may be de�ned as a submodule of some free module Ap of the form E = eAp,where e 2 EndA(Ap), e2 = e. A Hermitian metric on E is a nondegenerate A-sesquilinear map ( : ; : )E : E � E �! A. Such a metric always exists, it can beobtained by restricting the canonical metric on Ap to E . We will always take thismetric, and assume e = e�. Given a di�erential algebra (�A; d) over A, a connec-tion in E is a C-linear map r : E �! A
A�1A with r(�a) = (r�)a+ �
A da. ris said to be compatible with ( : ; : )E if d((�; �0)E) = (r�; �0)1;0E +(�;r�0)0;1E (where( : ; : )1;0E and ( : ; : )0;1E are natural extensions of ( : ; : )E). There is a canonical con-nection given by r00B@ �1...�p 1CA = e0B@ d�1...d�p 1CA, where we have identi�ed e with anelement of Mp(A) and E 
A �A �= e(�A)p. The connection form of a connectionr is de�ned to be � = r�r0 2 HomA(E ; E 
A �1A). r is compatible i� � = ��.Extending r in a natural manner to a map E 
A �1A �! E 
A �2A, one obtainsthe curvature � = r2 2 HomA(E ; E
A�2A). The group of gauge transformationsis the unitary group of the module, U(E) = fu 2 EndA(E) j uu� = u�u = idEg.Connection, connection form, and curvature are gauge transformed as follows:r �! uru�, � �! u�u� + udu�, � �! u�u�.3 The algebraic structure of the Mainz-Marseille approachThe central mathematical object of this approach is a certain Z2-graded Liealgebra with derivation contained in the Z2-graded di�erential algebra �(X) 
M4C, the latter one being considered as the Z2-graded tensor product of �(X)andM4C. Even and odd parts ofM = � A BC D � 2M4C are de�ned to beM0 =12(M + �0M�0) = � A 00 D � and M1 = 12(M � �0M�0) = � 0 BC 0 �. With5



the usual matrix multiplication, M4C becomes a Z2-graded algebra, and withthe corresponding graded commutator a Z2-graded Lie algebra, which we denoteby pl(2; 2). The graded di�erential is introduced as the graded commutator withthe odd element m = �i� 0 12�212�2 0 �. It is also a graded di�erential of thegraded Lie subalgebra sl(2; 2) = fM 2 M4C j tr(�0M) = 0g of pl(2; 2), where�0 = � 12�2 00 �12�2 � 2 M4C. Now, it is standard to de�ne the graded tensorproduct �(X) 
 M4C of di�erential algebras. Notice, in particular, that thedi�erential d can be written in the form d(b = � 
M) = d� 
M + (�1)@�� 
[m;M ] = db + [1 
 m; b]g. It turns out that �(X) 
 spl(2; 2) � �(X) 
M4Cas a graded di�erential Lie subalgebra. Now, de�ne a graded Lie subalgebra of�(X)
 spl(2; 2) by�(X)
 spl(2; 1) = fb 2 �(X)
 spl(2; 2) j b = ebeg;where e = 0@ 12�2 00 � 1 00 0 � 1A. Elements of �(X)
 spl(2; 1) just have zeroesin the last row and column. The di�erential d descends to a derivation (not adi�erential!) of �(X)
 spl(2; 1) given byDb = edb = db+ [1
 eme; b]g :A connection in the Mainz-Marseille approach is an operatorr = ed+ awith a = �a� = 0BB@ A11 A12 �i�1 0A21 A22 �i�2 0�i�1 �i�2 B 00 0 0 0 1CCA 2 �(X)
 spl(2; 1) ;and Aij = � �Aji 2 �1(X), B = � �B 2 �1(X), A11 + A22 = B, �i 2 �0(X). Thecurvature of such a connection is de�ned by f = r2 = e(de)(de)e+Da+ 12 [a; a]g:Gauge transformations are de�ned on the in�nitesimal level: t(a) = a�Dt+[t; a]gwith t = �t� = 0BB@ T11 T12 0 0T21 T22 0 00 0 T33 00 0 0 0 1CCA 2 �(X) 
 spl(2; 1), where Tij = � �Tji 2�0(X) and tr(�0t) = 0.In [6], the gauge and Higgs bosons of the electroweak theory were uni�edin the \connection form" a. Notice that the above constructions may be easilygeneralized using M2pC instead of M4C, which leads to pl(p; p), spl(p; p) etc.6



4 A general construction of graded Lie algebraswith derivationLet us start with the following data: Let A be a unital �-algebra over C, let(�A; �; �; d) be an involutive di�erential algebra over A (�0A = A), and let E = eApbe a �nite projective right A-module with Hermitian structure (:; :)E . We putE� = 1Mk=0 Ek; where Ek = E 
A �kA:E� is a right �A-module in a natural way, and there are natural extensions of theHermitian metric to mappings (:; :)k;lE : Ek � E l �! �k+lA . Now, we de�neH = 1Mk=0 Hk; Hk = HomA(E ; Ek):H can be given the structure of an associative N-graded involutive algebra overC: The product � is de�ned by(�k � �l)(�) = (idE 
A �) � (�k 
A id�lA) � �l(�):idE is the unit for this multiplication, and the involution is de�ned by(�; (�k)�(�0))0;kE = (�k(�); �0)k;0E :With the graded commutator, H becomes also an N-graded Lie algebra, and itacts from the left on E�: �k � �l = (idE 
A �) � (�k 
A id�lA)(�l). Finally, there isa graded derivation DH : Hk �! Hk+1 inherited from the canonical compatibleconnection r0 on E , which stems from the di�erential d of �A:(DH�k)(�) = r0(�k(�))� (�1)k�k � (r0(�)):DH fails to be a di�erential:D2H(�) = �0 � �� � ��0;where �0 is the curvature of r0. For the curvature of a connection r = r0 + �,one obtains � = �0 +DH�+ � � �:These de�nitions have a nice matrix form: Let (�i)pi=1 be the canonical basisof Ap (�i having the unit of A as entry at the i-th place, zeroes at the otherplaces). Then, the projection e is given by e(�i) = �jeji, eji 2 A with eijejk = eik.� 2 E is characterized by (e�)i = eij�j = �i. An element � 2 Hk is characterizedby a matrix (�ij)pi;j=1, �ij 2 �kA, with eij�jkekl = �il (in short, e�e = �), the7



multiplication in H is given by matrix multiplication, (� � �0)ij = �ik � �0kj, andthe derivation DH is given by componentwise action of d: (DH�)ij = eikd�klelj(DH� = ed�e). Notice that (�0)ij = eikdekl � delmemj.In order to come from these general de�nition of an algebra with derivationto the algebraic structure of the Mainz-Marseille approach, we have �rst to spe-cify the data of our de�nition. For the chosen case, it is possible to introduce asuitable condition of tracefreeness on H and a certain surjective mapping whoseapplication just leads to the structures of the foregoing section. First, we take thealgebra A = C1(X)
C2 and the di�erential algebra �A = 
DA of the K-cycledescribed in the example of section 2. For this case, and for any module E , wecan construct a certain graded Lie subalgebra H0 of H as follows: We de�ne aC-linear map T� : �A �! �(X) byT��� �1 
M t11 �2N+1 
M t22�3N+1 
M t33 �4 
M t44 �� = �1 + �4:This is a generalized trace in the sense that T�(��[�; �0]g) = 0, where �� =� 1
 1n�n 00 �1
 1n�n � 2 A. Now, we de�ne TH : H �! �(X) byTH(�) = pXi=0 T�(���ii);which is also a generalized trace: TH([�; �0]g) = 0. Therefore, H0 = L1k=0Hk0 ,Hk0 = f� 2 HkjTH(�) = 0g; is a graded Lie subalgebra of H.Recall that there are two di�erentials d̂ and d on 
DA. For both we canconstruct, using the corresponding compatible connections r̂0 and r0, gradedderivations D̂H and DH of H, which turn out to be also graded derivations of H0.They are related by D̂H� = DH�+ [�; �]g;where � = e(1p�p 
 !N+1)e 2 H1.To come to the Mainz Marseille setting, we now have to perform two steps:1. In matrix representation, elements of H are p � p-matrices with entries from�A � �(X) 
 End(Cn) 
M2C. We treat them now as 2 � 2-matrices withentries from �(X)
 End(Cn) 
MpC. This is just going from one standardrepresentation of a Kronecker product of matrices to the other one. Moreover,we can remove the N+1 without loosing information. Thus, we get an injectioni : �A 
MpC �! �(X)
MpC
 End(Cn)
M2Cof vector spaces. Elements of i(�kA 
MpC) have the form� Ak�2t11 
M t11 Ak�2t2�12 
M t22Ak�2t3�13 
M t33 Ak�2t44 
M t44 �8



with Alq 2 �l(X) 
MpC. Moreover, we have i(e) = � e1 00 e4 � with eq =e2q = e�q 2 C1(X)
MpC. Elements of i(H) are characterized by A1 = e1A1e1,A2 = e1A2e4, A3 = e4A3e1, A4 = e4A4e4, those of i(H0) in addition bytrA1 = trA4. Transporting the product � of H leads to a product of thesame form as in �A = 
DA, formula (1). One has to replace there � �! A,� �! B, one has to omit N+1 and one has to interprete ^ as exterior productof forms combined with multiplication of p� p-matrices.2. We de�ne a surjection p : i(�A 
MpC) �! �(X)
M2pC byp� A1 
M t11 A2 
M t22A3 
M t33 A4 
M t44 � = � A1 A2A3 A4 � :Theorem 2(i) p � i(H0) = fb 2 �(X)
 spl(p; p) j b = ebegwith e = i(e) = � e1 00 e4 � (see above).(ii) (p � i(�))� = p � i(��), � 2 H.(iii) p � i([�k; �l]g) = [p � i(�k); p � i(�k)]g for k + l � 2m+ 1, �k 2 Hk, �l 2 Hl.(iv) p � i(D̂H(�k)) = D(p � i(�k)) for k � 2m, �k 2 Hk.Notice that also the analogue p � i(DH(�k)) = d(p � i(�k)) of (iv) is true.The theorem says that p � i is a partial homomorphism of Z2-graded in-volutive Lie algebras with derivation. This mapping is not injective on H orH0, its restriction, however, to any sum of subsequent homogeneous components(�kA � �k+1A ) 
MpC is injective. Since we assume MM� =2 C1, we have m � 1.Therefore, in particular, p is a monomorphism on the graded Lie subalgebrai(H0�H1), and it commutes with the derivation of elements of i(H0) and i(H1).However, under the application of p the N-grading of i(H) is lost and only aZ2-grading remains.It is now easy to see, that we arrive at the algebraic setting ofthe Mainz-Marseille approach starting with the choice p = 2 and e =0BB@ � 1 00 1 � 00 � 1 00 0 � 1CCA. Using the above theorem, it is almost obvious thatunder the mapping p � i the geometric objects living in the projective mod-ule E = eA2 are transformed into corresponding objects of the Mainz-Marseillescheme. In particular, due to the partial injectivity of p � i discussed above, noinformation about the objects relevant for gauge theories (connections and cur-vatures) is lost. Moreover, the scheme is completed by giving a natural de�nitionof the (nonin�nitesimal) gauge group and of the module where the connectionacts. 9
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