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thonormal frame approach. We find a particular solution, which corresponds to the Fubini—Study
metric and which equips the Moyal algebra with the geometry of a noncommutative sphere.
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I. INTRODUCTION

Noncommutative geometry provides a unified framework to describe classical, discrete as well as singular or de-
formed spaces [3, [10]. Most of the examples studied so far were constructed with a fixed metric, allowing only small
pertubations of the gauge type. Only recently a class of models with conformally modified noncommutative metrics
was constructed for the noncommutative tori [5] allowing for the computation of the scalar curvature using different
approaches [, [6H8, [16]. Some general approaches to the curvature of noncommutative spaces were also proposed
[20-23).

The Moyal deformation of a plane [Il [I5] is one of the oldest and best-studied noncommutative spaces. Motivated
by the appearence in the string-theory target space [I7] it is often used as model of noncommutative space-time
(see [I8] for a review) and a background for a noncommutative field theory [19]. However, so far the only explicit
computations were performed in the case of the flat geometry, which corresponds to the constant metric on the plane,
though several authors [20H22] studied formal gravity models on twisted deformations of the Euclidean or Minkowski
spacetimes. In this paper we introduce a class of conformally rescaled metrics on the two-dimensional Moyal plane
using the orthonormal frame formalism adapted to the noncommutative setting [6]. We compute the scalar curvature
and look for the solutions of the constant curvature condition, thus finding the Moyal-Fubini—Study metrics.

The paper is organized as follows: first, we recall the classical (commutative) constant curvature solutions, then
we briefly review the noncommutative Moyal plane and compute the scalar curvature using conformally rescaled
orthonormal frames. We discuss explicit solutions in the matrix basis for the Moyal algebra as well the first order
perturbative correction to the Fubini-Study metric using smooth functions on the plane.

II. CLASSICAL FUBINI-STUDY METRIC ON THE PLANE

The classical Fubini-Study metric is a standard well-known piece of Riemannian geometry. However, it is rarely
approached from the viewpoint of finding all constant curvature invariant under rotations metrics on the plane. To
facilitate the comparison of the results for the Moyal-deformed plane and make the article self-contained, we present
the standard classical derivation and the properties of the solutions.

Consider the conformally rescaled metric on the plane:

k(x, y)Q(d:l:2 + dy2).

We assume that k = k(r), then the scalar curvature is:

R(k) = 2k(r)™* <k'(r)k’(r) - @k/(r) - k(r)k‘”(r)) )

r

Now, let us look for k such that R(k) = C' = const. We obtain the differential equation:

k(r)

r

k(r)k" (r) + E'(r) — K (r)K (r) = CE*(r),

which has a family of nondegenerate solutions for A >0, a > 1 and b > 0:

A’I"a71
k(r) = ———
(T) b + 7“2‘1 b
so that the scalar curvature is:
8a2b
R(k) = ?a
the volume:
A2
V(k)=mr—



and the Gauss—Bonnet term:

/ VgR = 8ma.
More generally, assume that we have a class of conformally rescaled metrics for which the asymptotics of k(r) at
infinity is given by:
E(r) ~r™® + Cr= 2t 4 Oyr— 2
One can easily verify that the scalar curvature is regular, that is:

lim R(r) < oo,

T—00

ifCi=0and a < 2.
We can now compute the Gauss—Bonnet term for such metrics:

= Ar OOTT 7,72 /7‘/7'7@/7’7 Nk (r
[ Vit =ax [ rar ke (o) - 200 - kow' )

r

—dn /O:Zr (rk(r) 72K (r)k' (r) — k(r) "'k (r) — rk(r) 'K (1))
0

- 47r/ dr (—rk' (r)k(r)™1) = dm (=7 (r)k(r) ™ )oo — (=K' (r)k(r)"1)o) .
0
Assuming that k(r) and its derivatives are regular at » = 0 and that k(r) behaves like r~¢ at » — oo we obtain:

VIR(g) = 4ma.
RZ

Note that the special case, where a = 2, which is the Fubini—-Study metric yields the correct Gauss—Bonnet term for
the sphere.
On the other hand, if we require that the metric alone remains bounded at r = 0o, we have, after change of variables
1
p = 3, that

120, 1) —4
;I_I)%k (p )p < 00.

This happens if the asymptotics of k(r) is r~¢ for @ > 2. Moreover, if we require that the metric does not vanish at
r = oo then o = 2 is the only solution for the asymptotic behavior of k(r).

III. THE FLAT GEOMETRY OF THE MOYAL PLANE

We begin by reviewing here shortly basic results on Moyal geometry. We take the algebra of the Moyal plane, Ay,
as a vector space (S(R?), %), (S is the Schwartz space), equipped with the Moyal product * defined as follows through
the oscillatory integrals [15]:

(Fro)@)i=@m [ e fa - 106 gly) dy ', 1)
R2Z xRR?2
where © = ( —09 (9) ), 0 € R. With the product defined in it is easy to see that

f— f(z)d =z
Rﬂ.

is a trace on the Moyal algebra and the standard partial derivations 0,,,0,, remain derivations on the deformed
algebra.

The algebra can be faithfully represented on the Hilbert space of L?-sections of the usual spinor bundle over R?
(which is # = L?(R?) ® C?) acting by Moyal left multiplication L®(a). It was demonstrated first in [J] that the
Moyal plane algebra with one of its preferred unitizations yield nonunital, real spectral triples for the standard Dirac
operator on the plane arising from the flat Euclidean metric.



A. DMatrix basis for the Moyal algebra

It will be convenient to work with the matrix basis for the Moyal algebra [9]. We define first:
foo = 2e~ 7 (@ata3)

then the algebra Ay has a natural basis consisting of:

1 *\1MN n
fm,nZ\/W(a) *foo*(a) )

(n—m)
mMnm:%AMWZ#MmM<¢}) v (5)e @

We have for each m,n, k,1 > 0:

or more explicitly:

fm,n * fk,l = 6knfm,l7 f':@,n = fn,m-

In particular for all £ > 0 all f; ; are pairwise orthogonal projections of rank one.
The natural (not normalized) trace on the Moyal algebra is:

7(f) = /R2 d*z f(x), T(fmn) = 2700,

It is convenient to work with the linear combinations of derivations:

1 1

0= —(0y, —i0,), 0= —=(0a, +i0n,).
= (01, — i0,.) (O, + i)
Then:
n m+1
afmn Hfm,n—l 9 fm+1 ny
m n+1
8fm,n - 0 fm—l,n 0 fm,n-i—l
Furthermore,
00 = (0%, + 03,)

B. Radial functions in the matrix basis

We define radial functions on the Moyal plane as those which in their presentation in the matrix basis have only
diagonal elements f, ,, so:

h= i B from-

n=0

Each function F applied to h is easily computable, since f,, ,, are projections, we have:

F(h) =Y F(hy) fun-
n=0



From the orthogonality of matrix basis f, ,, the explicit representation and known integrals of Laguerre poly-
nomials one deduces

S0 B —81152) o).
n=0

In particular,

Therefore the inverse of the conformal factor for the Fubini-Study metric, which is a linear function of 72, k(r)~! =
4 (b+1?) has the following expansion:

1 g 1 e
b7 )fZ;(20n+b+9)fW.

IV. CONFORMALLY RESCALED METRIC ON THE MOYAL PLANE

There are several approaches to the conformal rescaling of the metric and computing the curvature for the non-
commutative torus and — by analogy — the Moyal plane. Note that each of them uses a different notation and they
do not give compatible results in the case of the noncommutative torus.

First of all, one can take a conformal rescaling of the flat Laplace operator: A, = hAh, which in the case of the
noncommutative torus was studied by Connes—Tretkoff [5]. This corresponds to the rescaling of the metric by h=2

A second approach uses the language of orthonormal frames [6]. It replaces the standard (flat) orthonormal frames,
understood as derivations on the algebra, by the conformally rescaled ones, 6; — hd;, where h is from the algebra (or,
more generally, from its multiplier). Applying the classical formula for the scalar curvature, which easily adapts to
the noncommutative case, one obtains a noncommutative version of the scalar curvature. This corresponds also to
the rescaling of the metric by h=2.

Thirdly, one can use the formalism developed in [20H22] based on a deformed diffeomorphism algebra.

Finally, extending the computations of Jonathan Rosenberg for the Levi-Civita connection [16] on the noncommu-
tative torus one might obtain a similar generalization of the expression for the scalar curvature.

We shall concentrate on the case of orthonormal frames and try to determine whether there exists a radial conformal
rescaling for which the scalar of curvature is constant.

A. The orthormal frame approach

Instead of using the metric tensor, the definition of which is somewhat ambiguous in the noncommutative setup,
we shall rather use the formalism of orthonormal frames [6]. These are understood as the local choice of basis in the
sections of the tangent bundle, identified as vector fields and assumed to be orthonormal. If e;, ¢ = 1,..., N is such
a basis, which has the following commutation relations,

[6i7 eﬂ = Cijk€k,

then the covariant Levi-Civita connection reads
1
Ve (ej) = 5(%‘1@ + Crij + Crji)er

and its scalar curvature is [0 (2.1)],

1 1
R =2e(cijj) — criicrjj — 1 CiskCijk = 5CijkChji - (3)
Note that the above formula has no ambiguities even if the product is not commutative and therefore allows a
straightforward generalization to the setting of noncommutative geometry. An explicit computation of the curvature
given by formula for the noncommutative torus was presented in [6].



The usual standard basis of orthonormal frames on the flat algebra over the Moyal plane is spanned by two
derivations §;, ¢ = 1,2. For the conformally rescaled metric we shall assume that the new basis of frames be e; = hd;
for h in the Moyal algebra or its multiplier [24]. We assume that h is positive and invertible, by h; ! we denote the
inverse with respect to the Moyal product, similarly all powers are also Moyal powers.

We have:
[e1,e2] = hx 61(h) x h;Yes — hx do(h) * h tey,
so that
cioo = h*61(h) xh;t,  cio1 = —hx6a(h) x bt
and

Co12 = —h*él(h)*hzl, C211 :h*az(h)*h;1
We compute the scalar curvature with using formula :
1 1
R =2hx6;(hx8;(h)*h ") — (h*&(h)*h;")?— 5 (R di(h) h1)? — 5 (R 6i(h) * ho')?,

which after simplifications yields:

R =2h% % (65h) x bt 4 2h % 8;(h) % 8;(h) * byt — 202 % §;(R) % ht  6;(h) * hy ' — 2h8;(h) % 8;(h) * b !
= 2h% % (8;h) * hyt — 2h2 % 6;(h) * hi7t % 6;(h) x ho L. (4)
So, to solve the equation R(h) = C' = const we need to solve:
(AR) — 6;(h) * hiyt % 6;(h) = Ch;*,
where A is the standard flat Laplace operator, A = §? + 63.

We shall present the proof of the existence of the solution in the matrix basis as well as compute explicitly the first
term of the perturbative expansion for the Fubini-Study metric.

B. Solution in the matrix basis

Ansatz: First we look for a radial solution:

h=2 6nfun
n=0

Using the action of partial derivatives and the Laplace operator on the basis,

A= 5 (~(mn 1) b T DT D) ft i VI o101

we obtain the following equation:

Z (_(277’ + 1)¢n - n¢i¢;ﬁ1 - (’I’L + 1)¢Z¢7:i1) fn,n + Z(n + 1)(¢n+1 + ¢n)fn+1,n+1 + Zn(qsnfl + (bn)fnfl,nfl

n

=R- d);lfn,na

where we have set R = C#. It yields the following recurrence relation:

n+1 n _

———(dh1 — OR) + (@h1—0n) =R ¢, ()

Pr+1 bn—1
for n > 1. Note that although is of the second order, it has only one degree of freedom, since for n = 0 we have

¢
o —df =R~ (6)

b0



The recurrence relation is a quadratic one, solving it for x = ¢, 11 we have:

n R
1) o (S - ) - ) ek D6 =0,
¢n71 ¢n
and it is easy to see that it has only one positive root. It can also be easily seen that the sum of roots is positive and
since their products is —¢? then the positive root must be bigger than ¢,. Hence the solution will be an increasing
positive sequence. Since h needs to be a positive operator, we should start with an initial value ¢ > 0 and take the

positive root at each step to have ¢,, > 0 for every n € N. Note that ¢g = 0 is not allowed in .

C. Asymptotic behavior and Gauss—Bonnet term

As we have shown, there exists a family of solutions yielding a positive constant scalar curvature for the Moyal
plane. We shall now look for some special solutions and their asymptotic behavior. First of all, observe that in the
orthonormal frame formalism we have /g = h~2, so we can take as the noncommutative volume element h;2. In
order to have a finite volume, the growth of the sequence ¢,, must be faster than \/n so that ¢, 2 gives a summable
series.

For each solution of the recurrence relation we shall compute now the Gauss—Bonnet term:

T(\/g*R):/R2\/§R=

where, again, /g is the noncommutative Moyal volume element. Note that the expression has no ambiguity because
of the trace property of 7 and we need to compute:

/R? VIR =7 (2 ((AR) — 6;(h) « bt % 6;(h)) x h™ ")

- %ﬁ D> { [-@n+1) = ngudits = 0+ 1)gudrly] fun
n=0

+ (n+ 1) (Gns10n" + 1) frusinsr + n(dn10, " + 1)fn—1,n71}-

Now recall that fooo rdr fnn(r) = 0 for all n € N. However, to compute the integral with need to introduce a cut-off
in the series. We thus have

N N+1 N-1
S [E@n41) = ngndyly — (n+ Dénd, by + > n(dnd, s+ 1)+ > (n+1)(¢ndyty +1)
n=0 n=0 n=0

= (N +1)(ons105" — ondN' )

The expression above has a finite and nonvanishing limit as N — oo if the sequence hy = qSNqﬁEl_l has a limit 1
and N(hy — 1) has a finite limit. This requirement alone is not sufficient to determine the asymptotic form of the
solution. As the recurrence relation is highly nonlinear we can only check that some asymptotics are compatible with
the relations as well as the above requirement for the Gauss—Bonnet term. In particular, possible asymptotics include
the power-growing sequences ¢,, ~ An® as well as power-growing sequences modified by logarithms.

To have an insight into the entire family of possible solutions we have carried out a numerical study of the solutions
(see fig. , which confirms that the asymptotics is of that type and gives a glimpse of the relation a = a(¢y).

Assuming that asymptotically ¢, ~ An® as n tends to oo for some A,a > 0, then
Jim (N4 1)(ev10y" — ondnY,) =20,
and

VR = 8ra,
R2

which is, in fact, quite similar to the classical case.
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FIG. 1. The above plots were obtained by a numerical computation of ¢n up to n = 5000 starting from a given value of ¢o.
The asymptotic exponent a is then computed as log¢n/log N at N = 5000. The error bars are obtained by performing the
numerical computation for N = 6000 (upper) and N = 4000 (lower). They show the stability of the numerical algorithm.

D. The Moyal-Fubini—Study metric

It is obvious from the above computations that in the case of linear asymptotics ¢, ~ n, that is @ = 1, we obtain the
same Gauss—Bonnet term as for the classical sphere and therefore the solution to with ¢,, ~ n could be understood
as the Moyal-Fubini-Study solution.

Although we cannot solve exactly the recurrence relation even in this particular case, one can systematically find
the asymptotics of ¢,,. Explicit computations give up to 0(%):

1 11 13R+91 1/ 1 2_ 20 .\ 1
w=nt (Rl 4ot mI 2 (2 Dp g
dn=nt5(R+D+30 -0 n2+32< 4+9R+18R)n3+

We remark as well that the case a = 1 corresponds exactly to the asymptotic behavior of the coefficients of the
classical Fubini-Study metric. Therefore the Moyal-Fubini-Study is, in fact, a perturbation of the classical Fubini—
Study metric.

E. Curvature a la Rosenberg

In this section we would like to compare the above computation to the curvature & la Rosenberg [16]. To recall
briefly, in two dimensions we have (classically)

R = gl"l/RHV — gungARn,u,Ay — 2911922R1212.
In Rosenberg’s convention g'* = g2 = e~ = H~! and (see [16, (4.3)])
Risia = —1 (A(H) — 6;(H)H '6;(H)).

Note, that since [H, §(H)] # 0, the scalar curvature is not uniquely defined in this framework as we can always choose
g 1 R12129%% # g'1g?2R1512. However, if we are interested in the case of the constant curvature it does not affect the
equation:

A(H) - 6;(H)H *5;(H) = —CH*. (7)

If one takes a radial ansatz for H as we did in Section one discovers that yields a recursion relation very
similar to ,

1
%wiﬂ — )+

S (0ha = ) = s,



Let us note that both formulae (4) and (7)) have correct classical (i.e. [H,§(H)] = 0) limits since

R(gi; = Hbij) = H™® (8;(H)8;(H) — HAH)

This suggests that the curvature a la Rosenberg is the same as the one obtained in the orthonormal frame formalism
with H = h~=2. However, although this is true in the commutative limit, the formulae do not match exactly in the
non-commutative framework. Indeed,

Rp(H = h™2) = h(AR) + (AR)h — hi(h)h=28:(h) — 8i(h)h=8,(h)h + 8;(h)8;(h) — hé;(h)h=28;(h)h.

Remark TV.1. It is also possible to compare our result with the outcomes of the formalism based on a deformed
diffeomorphism algebra [20H22]. If one sets Gi11 = G2 = H and uses formulae (8.23), (9.3), (9.4) and (9.5) from
[20], then one obtains (unambiguously) R = —H_ ' % (8,0,H — (0,H) * H™* % (0, H)) » H_*. This leads to the same
equation for the scalar curvature as the one obtained in Rosenberg’s formalism .

V. PERTURBATIVE SOLUTION FOR THE MOYAL-FUBINI-STUDY METRIC

In the physics literature the deformation parameter 6 is frequently treated as a small perturbation parameter and
all possible physical quantities and fields are computed up to certain order in §. We can follow this principle and
attempt to solve the equation up to the next leading order around the classical Fubini-Study solution. We
begin with some technical computations.

A. Perturbative expansion of the Moyal product

Using the formal expression for the Moyal product of two functions on R2:

(f*9)(p) = (e%”qf(p)g(q)) :

‘P:q

we obtain the following perturbative expansion of the Moyal product of two radial functions:

92
frg="rf9-< (f"d" + f'9"),

where derivatives are with respect to the argument r.
As a consequence the following gives the perturbative formula for the Moyal inverse of the radial function:

92
T S L (V0 e i R

We shall also need the formula for the perturbative expansion of the following product:

Explicit computations give:

1 ' — 11 1ol op— 1 / —

*ﬁ(f)3f 2—§ﬁff f 1+r7(f)4f 3

3L e M Ll g g g 2 e
472 472

11

27

! 1" p— /! " p— ! " — 11 " el p—
— T U T S S U R A 1>.
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FIG. 2. The graph of the Moyal-Fubini-Study conformal factor h(r)™" up to the order o(6?), for different values of . The
parameters are chosen Cy = —2n (which yields €(0) = 0) and n = & (which corresponds to R =1).

B. The Moyal-Fubini-Study metric up to order 6>

We look for the solution of the constant curvature equation in the form:
h(r) = hps(r) + 02%€(r) + o(6?).

The classical Fubini-Study solution is hrg(r) = n(1+r2), using the pertubative expansion derived above one obtains
the following differential equation in order 62:

" 1 4T / 4 1 _r2
0+ (= 1) Y0 )+ g =0

The most general solution is of the form:

1
e(r) = C1(r? = 1) 4+ Ca((r* — 1) log(r) — 2) — 271 e ((1 —rHlog(1 4+ 72) 4+ 2(r* — 1) log(r) + 12 — 2),
r

which, however, might have a logarithmic singularity at »r=0. However, setting one of the integration constants,
Cy = %77, fixes the problem. The second integration constant determines the value of € at r=0 as €(0) = —Cy — %77.

In fig. 2| we present the plot showing how the Fubini—Study conformal factor gets altered by the deformation
parameter 6. Note that we have displayed the graph of 1/h, which is equal to the conformal factor k from Section 2,

in the case when 6 = 0.

VI. CONCLUSIONS AND DISCUSSION

We have demonstrated that on the Moyal plane there exists a family of metrics which resemble the classical Fubini—
Study metric and for which the scalar curvature computed in the orthonormal frame formalism is constant.
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Unlike in the situation of the noncommutative torus some explicit computation and explicit solutions for the
conformally rescaled metric are possible both in the matrix basis formalism and as a perturbative solution in 6. Since
the C*-completion of the Moyal algebra is the algebra of compact operators, it is natural to consider its simplest
unitization as a model for the quantum sphere like the standard Podle$ sphere [I4]. As the C*-algebras describe
only topology this alone cannot distinguish between different geometries, which could be constructed over these
noncommutative topological spaces. Therefore only the examples of metrics in fact provide relevant noncommutative
geometries.

The metric we have found would be a natural candidate for the “Moyal sphere”, a spherical noncommutative
geometry with a metric that has constant scalar curvature. This is a basis to further studies of such geometries and
their extensions. First of all, it would be interesting to see whether the constructed metric leads to a finitely summable
spectral triple of dimension 2 over the unitized Moyal algebra (note that the unitization is different from the one in
[9]) and to verify whether the distance function between the states on the Moyal algebra, in particular vector states
and coherent states (see [2, [12]) is bounded from above.

A further question concerns the existence and description of a three-dimensional noncommutative sphere with an
action of U(1) group so that the “Moyal sphere” is a fixed-point subalgebra (homogeoneous space). This would lead
to the construction and studies of Moyal magnetic monopole solutions.

As Moyal deformation is used as a model for noncommutative space-time (in 4 dimensions) one can check whether
similar Fubini—Study type solutions and geometries exist in higher dimensions.

The sphere-like metric could also provide a method for the regularization of the quantum field theory over the
Moyal space. The usual approach has a severe infrared problem [13] as result of unbounded distances. The metric
regularization might provide an alternative solution to the harmonic oscillator approach [11].
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