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Abstract

We study the noncommutative ¢j-quantum field theory at the self-duality
point. This model is renormalisable to all orders as shown in earlier work
of us and does not have a Landau ghost problem. Using the Ward identity of
Disertori, Gurau, Magnen and Rivasseau, we obtain from the Schwinger-Dyson
equation a non-linear integral equation for the renormalised two-point function
alone. The non-trivial renormalised four-point function fulfils a linear inte-
gral equation with the inhomogeneity determined by the two-point function.
These integral equations are the starting point for a perturbative solution. In
this way, the renormalised correlation functions are directly obtained, without
Feynman graph computation and further renormalisation steps.
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1 Introduction

In order to improve the problems of four-dimensional quantum field theory it was sug-
gested to include “gravity effects” through deforming space-time. The canonical defor-
mation is particularly simple, but the resulting models suffer from the UV /IR-mixing
).

In our previous work [B] we found a way to handle this problem. We realised that the
model defined by the action

5= [da(5o(-a+ @ + 10+ Jox6x0x0) (0) (1)

is renormalisable to all orders of perturbation theory. Here, x refers to the Moyal product
parametrised by the antisymmetric 4 x 4-matrix ©, and & = 207 'z. The model is
covariant under the Langmann-Szabo duality transformation [J] and becomes self-dual at
(1 = 1. Certain variants have also been treated, see [[] for a review.

Evaluation of the S-functions for the coupling constants 2, A in first order of perturba-
tion theory leads to a coupled dynamical system which indicates a fixed-point at 2 = 1,
while A remains bounded [B, f]. The vanishing of the S-function at {2 = 1 was next proven
in [ at three-loop order and finally in [§] to all orders of perturbation theory. It implies
that there is no infinite renormalisation of A, and a non-perturbative construction seems
possible [d]. The Landau ghost problem is solved.

The vanishing of the -function to all orders has been obtained using a Ward identity
B]. We extend this work and derive an integral equation for the two-point function alone
by using the Ward identity and Schwinger-Dyson equations. Usually, Schwinger-Dyson
equations couple the two-point function to the four-point function. In our model, we
show that the Ward identity allows to express the four-point function in terms of the two-
point function, resulting in an equation for the two-point function alone. This is achieved
in the first step for the bare two-point function. We are able to perform the mass and
wavefunction renormalisation directly in the integral equation, giving a self-consistent
non-linear equation for the renormalised two-point function alone.

Higher n-point functions fulfil a linear (inhomogeneous) Schwinger-Dyson equation,
with the inhomogeneity given by m-point functions with m < n. This means that solving
our equation for the two-point function leads to a full non-perturbative construction of
this interacting quantum field theory in four dimensions.

So far we treated our equation perturbatively up to third order in A\. The solution
shows an interesting number-theoretic structure. It takes values in a polynomial ring with
generators

11—« 1
a? /6’1—0{/8’1

-

Loyt 4 2
et {Iue}, {Lip} (2)
and rational coefficients, where the I, are iterated integrals labelled by rooted trees.

Similar structures also appeared in toy models for the Connes-Kreimer Hopf algebra [I(].
The I,(q) evaluate to polylogarithms and zeta functions [[[T].
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We hope that a detailed analysis of our model will help for a non-perturbative treat-
ment of more realistic quantum field theories.

2 Action functional and Ward identity

It is convenient to write the action ([[) in the matrix base of the Moyal space, see [|, [J].
It simplifies enormously at the self-duality point 2 = 1. We write down the resulting
action functionals for the bare quantities, which involves the bare mass pipere and the
wave function renormalisation ¢ — Z %gb. For simplicity we fix the length scale to 8 = 4.
This gives

1
m,nEN?\
) 72
Hun = 2 (e + Iml 4 [nl) . V(6) = == > Grnbukbribim - (4)
m,n,k‘,lGNi

It is already used that this model has no renormalisation of the coupling constant [§. All
summation indices m,n, ... belong to N? with |m/| := m; +my. The symbol N3 refers to
a cut-off in the matrix size. The scalar field is real, ¢, = Grm.

We recall the derivation of the Ward identity from [§]. We study a unitary transfor-
mation ¢, — Zk,leN?\ UmkqbklUlTn and its infinitesimal version

keNg

In contrast to the action functional, the partition function
Z[J]=N / D¢ e 5T4(@)) (6)

will be invariant under such a transformation. The measure is D¢p = Hm,neNi APmn, again
with cut-off in the matrix size. The trace is given by tr(¢.J) = ZkJeNi O Ji. We consider
the variation of the generating functional W = In Z of connected functions:

_ow 1 05 0 _Stte(6)
V=058, " Z / D¢ ( B, 6B, (tr(¢J))>e

= %/DQS Z ((Hnb - Han)¢bn¢na + (¢bn<]na — an¢na))e—5+tr(qﬂ) ) (7)

In the perturbative expansion, the fields in interaction vertices are written as derivatives

with respect to the sources, ¢, — —>—. After functional integration, we obtain the

éJnm
Ward identity

2
0= { > ((Hnb - Han)wjﬁ + (Jna%nb - Jb"%))

n

X exp ( — V(%))e% 2 JmHT;}J‘W}C . (8)



Only the connected functions (symbolised by the subscript ¢) are generated. The Ward
identity () tells us that inserting into the connected graphs one special insertion vertex

aiI:w = Z(Han - Hnb)ébn(éna (9)

n

is the same as the difference between the exchanges of external sources .J,, — J,, and
Jan = an-

We write Feynman graphs in the Langmann-Szabo self-dual ¢}-model as ribbon graphs
on a genus-g Riemann surface with B external faces. Adding for each external face an
external vertex to get a closed surface, the matrix index is constant at every face. Inserting
the special vertex V7** leads, however, to an index jump from a to b in an external face
which meets an external vertex. The corresponding external sources at the jumped face
are thus J,, and Jy, for some other indices m,n. According to the Ward identity, this is
the same as the difference between the graphs with face index b and a, respectively:

Z(la| = [b))Gi... = G : (11)
The dots in (1)) stand for the remaining face indices. We have used H,, — H,, =

Z(lal = [0]).

3 Two-point Schwinger-Dyson equation

We consider the Schwinger-Dyson equation for the one-particle irreducible (1PI) planar
two-point function with respect to the leftmost vertex:

A double circle in ([[3) stands for 1PI subgraphs, a single circle for connected graphs. In
the graphs contributing to $£ we open the p-face and compare it with the insertion into
the connected two-point function. There are two different places of an insertion: either



into a one-particle-reducible propagator, or into an 1PI two-point function:

ins a b a b a b
[aplb — = + (13)
P b P b p \ b
p S _>

We amputate the upper Gy, two-point function and sum over p. After multiplication by
the vertex Z2)\, the result is precisely the combination ¥ of graphs:

Gpr - Gba

p—a (1)

Sh = 2N (Ga) 'Glisy = —ZA) (Ga) ™!
p p

The last step follows from ([[1]). The special case a = b = 0 and Z = 1 of ([4) already
appeared in [§. The fact that we obtained this formula for all a,b € N* allows us to
derive a Schwinger-Dyson equation ([I§) which involves only the two-point function, not
the four-point function as usual. Noting that

Gl =Hy—Tu (15)
and Tjy = Z°A Y Gaq in ([F), we have for the connected function

_ Gb - Gba _
2 E E 1 _ 1
Z° A\ - Gaq —Z\ - (Gab) m = ab — Gab . (16)

We stress that the two-point function is by definition symmetric, Iy, = 'y, although this
is not manifest in ([[@)!

We express this Schwinger-Dyson equation in terms of the 1PI function I'y,, because
renormalisation is performed in the 1PI part. After rearranging of 1 = G, Gy, = Gpr;bl,
we have

1 1 1 Iy — Ty
For = Zz)\zp: <pr - Pbp - Heyp — Fap - pr - 1—‘bp (Z(|Z| - |a|>)) . (17)
To pass to renormalised quantities, we Taylor expand
Lab = Zpthare — 1* +(Z = 1)(lal + [b]) + T3, (18)
Dt =0 (Ao =0, (19)
where OI'"®" is any of the derivatives with respect to ay, as, b1, bo. This implies
Gy = lal + 0] + i = T3 . (20)



Hence, p is the renormalised mass, and both G, and I'y, should be regular if the cut-off
in the matrix indices is removed. The resulting equation is

Zptpare — 1* + (Z = 1)(Jal + [b]) + T

B Z 72
BN R e A e e
p p :u bp a p :U’ ap
2 Tiory

— 21
o+ o[+ 72 — T (pl — Ja) 21)

Notice the difference of the exponent of Z in the two tadpoles! Separating the first Taylor
term we obtain

D~ DY (i Ty )
" = \pl+p2 =T [l +p2 =T [pl

and

(Z = D)(lal +[b]) + Tg"

Z 72 22+ 7
= )\ Z ( 2 ren + 2 ren - 2 ren
P ‘b|+|p‘+:u _Fbp \a|—i—|p\+,u _Fap |p‘+:u _FOp
7 ren __ Zen 7 [ren
- 2 ren d ’ _'_ 2 ren e > N (23>
0] + |p| + p> = T3 Il —lal  p+p> =TG5 [p]

Deriving (B3) at 0 with respect to a; and b; leads to a self-consistent system of equations for
Z, e, In the next section we analyse this system for continuous indices a,b € Ry x R,..

4 Integral representation

For simplicity we replace the indices in N by continuous variables in R, . It is crucial that
(B3) depends only on the sums |a| = a3 + ag, |b] = by + by and |p| = p1 + p2 of indices.
Therefore, also the two-point function I'7¢" must depend on these sums only. This means
that the sum ) is replaced by the integral fOA |p|d|p|, where we already introduced
a cut-off |p| = p; + pa < A. Instead of (B3) we thus have

(Z = D(Jal +[b]) + T5"

A A 72 72+ 7
= ‘p| d|p‘< 2 ren + 2 ren 2 ren
0 bl + [p| + p2 =T al + [pl + p2 = Then |p[ + p? — TG
Z ren __ Z@n Z ren
- 2 ren bp : 2 ren O ) I (24)
0l + [p[ + p2 = T3 (Ipl = lal)  |p| + p? = TH" |p]



with |al, |b], |p| € R4. We introduce a change of variables

.2 @ 2 P .2 P 4 pdp
lal =1 Ibl—-u—l_ﬁ, |p|—-u—1_p, |p|d|p|—u7(1_p)3
I §
ren 2 aff 2
a = y A:: — 25
N e Ty:) S (25)
and obtain
« 6 Faﬁ
Z—1< )
S Nl ) A (e Ty
:Afﬁ pdp (Z2(1—a) 7 )
o =p2\l—ap—-T,, 1-T,,
¢ Z(1-T Z Ig,—T 7
o l=p)\1=0p—Tgy, 1-0p—Ty, p—a 1 =Ty,
We have %}a:o = %‘a:O =(1- a)zﬁ‘azo = %‘a:o so that we obtain with I, :=

lim,_.q w the following two relations for Z:
3 + I
o (1=p) (1—"To)
¢ pd p+ T 1 S dp 1 T
Z—1:Z2A/ e %__ —Z)\/ “ (28
0(1—p)2<(1—F0p)2 1—F0p) o (l=p)1 =Ty, p (28)
We now express (2§) in terms of the connected function G,z defined by
1—ap
l—af—Tus = : 29
aff = Tap Gos (29)
The result is
(1-a)(1—p)
ZGup—1—(Z2 -1 Go
3 ( ) I af 3
1—a)(1-0) /5 pdp (1 —a)G,
_ ZQ ( P _
AZ"Gap 1—af 0 (1—,0)2( 1—ap GO”)
(1-a)(1-5) /ﬁ ap
+\ZG, G
’ 1—ap o (1—p) v
¢ od G G
P P Bp @ fa
- XM (l—-a)(1-p / - . 30
( ) ) 0 (1—/))(1—6/)/)—@ l—ﬁap—a> (30)
Using p + 17, = -+ ggz, equation (R7) is rewritten as
S dp ,
(Z—-1)=—-Z)\ ﬂ(pGop + Gop) : or (31)
o 1—
3 G 3 !
Z7'=1+2 d&—A/d -2 ). 2
oA [Cdpe = [P (6, - 72) (32)



We insert (B1]) into the last term of the first line of (B{]) and divide by Z:

o= 21+ 2, L= 0= 0) /05 ( pdp>2 ((1 —a)Gap _ G0p>

VA 1—ap 1—p 1—ap
(1-a)1-p) (¢ Go
FACag— 2 /Odp<G0p—1_pp>
¢ dp p Gpg a  Gpa
_A(l_a)(l_m/o (1—p)<1—ﬁpp—2_1—ﬁw—a)' (33)

Insertion of (B2) gives

— a1 — £ — @)Gap
Gaﬁ(l 1_)(041/6 ﬁ)/o (1/)_d//)))2((11_£ —Gop)

¢ Gop
1 —r _ — i
+>\/0 dpl_p A/O dp(Gop 1_p)

+ ((1 _10‘_)%5_ D os— 1) /0g dp(Go, - 1G_/°”p)

_(1—a)(1—ﬁ)/0§(dp (+- Cop 0 Gﬁa)}. (34)

1-p)\1—fpp—a 1-Bap—a

Rational fraction expansion yields

=
(P )
P s £5) - S0 ) | &
where
M= [ o s R @
pr /0€ dp(f_()f’p) , Ve /0€ dp(GO,,— (1G_6”p)) B3R

The functions S, X¢,In(1 — &) are singular for ¢ — 1. Fortunately, these singularities



cancel. For that we evaluate (BJ) separately for a = 0 and = 0:

Gos =1+ A(((l — 3)Gop — DV + M5 — cg) , (39)
- (1— @)KE — Xt + M§ — L&
Gao = 1+ A(Gao{ TG —am(1-¢)}
4 (1= )Gy — DYE — aN§O> . (40)

Taking the symmetry G,o = Gy, into account, the term in braces in ({0]) must be equal
to M§, — L& + aN?,, so that (BJ) becomes

B 1= Gag/\ e e ey, (L) =0) e
Ga5—1+)\<1_aﬁG0a(/\/{a £a+a/\/a0)+( T Gup 1)37

1-—
1—ap

+ 1—ap

1
(Mf )_u([ﬁ +N§ )) . (41)
We have checked the equality between (BJ) and ({1]) perturbatively up to second order in
A; actually we discovered it in this way.
Since the model is renormalisable [], the limit £ — 1 can be taken. We have thus
proven:

Theorem 1 The renormalised planar connected two-point function G,p of self-dual non-
commutative ¢}-theory (with continuous indices) satisfies the integral equation

G 1+>\< 2 (Ma—£-09) + _fﬁ(/\/la—ﬁa—ay)
1—6 Gaﬁ Oé(l ﬁ)
1—aﬁ<G0a_1)(Ma_£a+aNa0) ﬁ(ﬁﬁ—i‘/\/‘aﬁ N)
(1-a)(1—-5)
+ 1 — Oéﬂ (Gaﬁ - 1)y) , (42)

where a, B € [0,1),

1 G — G 1 G— Gy
ﬁaiz/dplpfop, M., / 1_ Naﬁ::/dpM7 (43)
0 P ap 0

Ma

and Y = lim,_,

5 Perturbative solution

The integral equation (fJ) is the starting point of a perturbative solution G.p =

Yoo )\"Gi"ﬁ). This gives directly the renormalised planar two-point function, without
need of Feynman graph computation and further renormalisation steps. In particular,
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all integrals in L,, M,g, N5 are regular (explicitly verified to O(\?)). The solution is
conveniently expressed in terms of iterated integrals labelled by rooted trees:

1 .
: :/0 dr ﬁﬁ - —2Li3< . 1f‘a) ~ 9Lig(e) — In(1 — a)C(2)

+1In(1 — a)Lig(ar) + é(ln(l — a))3 , (44)

Similar iterated integrals appeared in toy models for the Hopf algebra of Connes-Kreimer
[[0] (where the root is above). We find up to third order

Gog =1+ )\{A(Iﬁ —8)+ B(I, — a)}
+ )\Q{A(m? — Bls) — aAB((I5)* — 2815 + I5)
+ B(als —al,) — BBA((I.)> - 20l + 1)
+ AB((I3 = 0) + (Is = B) + (I — a)(Is = B) + aB(((2) + 1)) }
+ A3{Awﬁ + QAB(~ Uy + Lds + Ia Iy) + aA>B(Vy)
+ BWo + BBA(~Ua + Il + 121) + BB2A(V,)

+ AB(T5 + 1o, — I5(10)* — 1o(Ig)* — 61415)
+ AB* (1 — a)(Io — a) + 3115 + Is 1o + 15(15)?)

+ BA((1= B)(Iy — B) + 8lals + Iy Iy + L(Is)?) | + O(XY). (45)
where we have defined
1—« 1-7
A= Bi=—
1—af’ 1—af’

T5:=pls — Blg+ (Is — ) ,

Us = =PI 5 = (Ip)° + BlsIg + 215 Iy + 5C(2)15 — 26((3)
= 2(I5)* + B(Ip)* + Io + Bls + 205 — 52,

Vs =By — 071 5 —26%C(3) + 261015 — If + 2615((2) — 35%((2)
(1= B)(2681, — 313+ 381, — 315 + ),

Wa = (I = B6(2) - 5122 4 S0 — (1 = ) = 5= B) = 55 ()




We notice that up to third order, the solution G,z is a polynomial with rational coefficients
in a, 8, A, B, ((2), ¢(3) and the iterated integrald] (4). It is remarkable how the non-
symmetric equation () leads to the symmetric solution for G,g!

It is tempting to conjecture that G.g is at any order n a polynomial with rational
coefficients in «, 3, A, B, (multiple) zeta values [[T]] and iterated integrals labelled by
rooted trees with at most n vertices. Proving this conjecture is a main step to prove
Borel summability of the two-point function. Note that there are n! (not necessarily
connected) rooted trees (with multiplicities) with n vertices, which means that at order
n in the perturbation series there would be only O(n!) independent contributions.

We show in the next section for n = 4 that the corresponding Schwinger-Dyson equa-
tion for an (n > 2)-point function is linear and inhomogeneous, with the inhomogeneity
given by m-point functions with m < n. Such equations are straightforward to estimate
if the two-point function is known. After all, this would be the very first construction of
an interacting quantum field theory in four dimensions.

6 Four-point Schwinger-Dyson equation

Here we demonstrate for the planar four-point function that the knowledge of the two-
point function permits a successive construction of the whole theory. Starting point is the
Schwinger-Dyson equation for the planar connected four-point function Ggp.q. Following
the a-face in direction of the arrow, there is a distinguished vertex at which the first ab-line
starts. For this vertex there are two possibilities for the matrix index of the diagonally
opposite corner to the a-face: either ¢ or a summation vertex p:

a|ld
a 7 N\ d
bl]| c

(1)

abe
product of the vertex Z2\, the left connected two-point function, the downward two-point

function and an insertion, which is reexpressed by means of the Ward-identity:

We let G\ , and Gg)cd be the corresponding two graphs on the rhs. We write G

abc 4 as a

‘ 1
Gltea = ZP NGy GGy = ZAGayGre—— (God — Gaa)

(el 1)
1 1 1
= ZAG o GpeGeaGaa -—). 48
nGantr =15~ G o

I, —« !
IThere appears the integral —= = / dp , which seems to be more appropriate than I,
« 0

itself.

0
1—ap
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In the last graph in ([[7]) we open the p-face to get an insertion. However, this insertion
is not into the full connected four-point function! The connected four-point function G peq
contains at least one ab-line, which is not present in the subgraph under consideration.
Therefore, we have to subtract from the general four-point insertion the insertion into the
G two-point function:

2
Gt(zb)cd = 72\

= 7%\ (49)

In the very last graph, the whole ab-line is considered as part of the lower bubble, giving the
insertion Gfng}b- The remaining upper bubble has the two-point function G, amputated,
but together with the Gy, prefactor in front of the sum we obtain the full connected
four-point function. In summary, we have

Gl = 22N 3 GGt — CiipGama)
p
1
=7\ Zp: Gabm (prcd - Gabcd)
1
—ZA ; m (pr - Gab)Gabcd

1
=7\ Z =T (GabGpbed — GppGlabed) - (50)
p

After amputation of the external two-point functions we obtain the Schwinger-Dyson
equation for the renormalised 1PI four-point function Guped = GapGocGeaGaal niny as fol-
lows:

1 1 1 1 Gy
ren - _ 7\ ( _ _) )\ G ( pFren __Tren ) . 51
abed |a| _ |C| Gad ch Zp: |CI,| _ |p| pb Gad pbed abed ( )
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In terms to the 1PI function (B0) we have

[ren _ [ren
Z—ll—w;le)?d — )\(1 __ ~ad cd )

laf = le Ty — Thit
+A§:F+Hﬂ+¢i—§§ =l
~ [p| + [0 + p2 = T3 pl + [d] + 1 = T35
| Dup -y
AT o=l )

~ (Ipl + [o] + p = TE)(Ip| + [d] + p® = T30

Passing to the integral representation and the variables (), we find for Tng,s := 57,

Z_lraﬁ'y5 — )\(1 _ (1 _ 7)Fa5 - (1 _ a)r75>

(1=0d)(a=7)
Fpﬁvé - Faﬁ%

¢ (1-B1l-ad—Tu) p-a
+A/ d @
o P U= Bp—Ty,)  1-0dp—Ts

(1=p)las— (1 =)L,
AT /5 pdp (1-(-9)- (;—p) ’)
)y (1=p) (1= Bp—Tp)(1 —dp—T5,)

Gas GasGrs(1—0)(a—7)
¢ (1 - ﬂ)(l - aé)GﬁpGép Fpﬁﬁ/é - Faﬁfy&
+A/o pdv Gas(1 = Bp)(1 —dp) p—a
- ¢ (1 - ﬁ)(l - aé)Gﬁp (Gp5 - Gaé)
A”WAp@@m—Wm—m (h—a)

¢ Gg BGg Ggp(1 = B)
+AFQM/0 dp(l—pp_l—ﬂpp_ (1—5pp)(1—6p)) ' (53)

Now we insert (BJ) for Z~! and bring the last two lines to the lhs. It arises a combination
where the limit £ — 1 exists:

- 3(A — 000 38)(Gus — Go)
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Theorem 2 The renormalised planar 1PI four-point function I'yg,s of self-dual noncom-
mutative ¢i-theory (with continuous indices o, 3,7,6 € [0,1)) satisfies the integral equa-
tion

! (1 - 6)(1 - O‘5>GﬁpG5p Fpﬁvé — Faﬁ%
+/o”d” (1= 3p)(1—0p) p—a )
b GasGsp(1—0)
R S i
— — @0)Gpp (bps — Gag
+/o =5 G —a) )

Lagys = A- (54)

In lowest order we find

(1-—7)Uy—a)— (1 —a),—7)
a—7
L (L= 0)(s 6; —UZ =) o). (55)

Note that T, is cyclic in the four indices, and that Togeo = A + O(A3).

Pagns = A= X2(
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