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Quantum field theory on projective modules

Victor Gayral, Jan-Hendrik Jureit, Thomas Krajewski, and Raimar Wulkenhaar

Abstract. We propose a general formulation of perturbative quantum field theory on (finitely
generated) projective modules over noncommutative algebras. This is the analogue of scalar
field theories with non-trivial topology in the noncommutative realm. We treat in detail the case
of Heisenberg modules over noncommutative tori and show how these models can be understood
as large rectangular p x ¢ matrix models, in the limit p/q — 6, where 0 is a possibly irrational
number. We find out that the model is highly sensitive to the number theoretical aspect of 6
and suffers from an UV/IR-mixing. We give a way to cure the entanglement and prove 1-loop
renormalisability.
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1. Introduction

In its most general acceptance, quantum field theory (QFT) can be defined as the
theory of infinite-dimensional dynamical systems which are based on geometrical
concepts like, for instance, locality and invariance principles. Within the path integral
approach, one first defines an action functional S[¢], the argument of which is a
field ¢ that belongs to a fixed configuration space €. Then one defines and studies
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the (euclidian) path integral
1215 fg1es
€

(7) =
[ 1Dg1e51
€

(1.1)

where ¥ belongs to a suitable class of functionals of the field. Such a framework
is at the root of our current understanding of the dynamics of elementary particles,
where the configuration space contains matter fields (section of various bundles over
space-time) and gauge fields (connections over these bundles). For a trivial topology
of these bundles, all these fields can be understood as functions over the space-time
manifold M. Then the action functional involves the integral over M of a Lagrangian
density ultimately constructed out of pointwise products of the fields.

Over the last decade a radical modification of this construction has proven to be of
interest in mathematical physics: instead of being grounded in ordinary differential
geometry, QFT can also fruitfully use the concepts introduced in Noncommutative Ge-
ometry. The latter is a branch of mathematics pioneered in the eighties by A. Connes
(see [10] and [12] for an overview of recent developments) which extends geometrical
concepts to a wide class of spaces whose coordinate algebras are noncommutative
instead of being merely functions with the pointwise product. For instance, noncom-
mutative analogues of vector bundles, which are the natural receptacles for matter
fields, are defined as projective modules over the noncommutative algebra of coor-
dinates. Noncommutative field theory (NCFT) has grown up from the need of new
methods in understanding a wide range of problems in theoretical physics, ranging
from the construction of open string field theory [28] to the understanding of the dy-
namics of string theory [27] and M-theory [11] in magnetic backgrounds. Though not
directly related to NCFT, other applications of noncommutative geometry include the
geometry of aperiodic solids [3] as well as the standard model of particle physics [5].

The NCFT’s involved in most of these applications are based on configuration
spaces € which consist of matrices with coefficients in the algebra of quantum co-
ordinates +. The latter are deformations of the commutative algebra of coordinates
over space-time, with deformation parameters depending on some background. In the
language of noncommutative geometry, these configuration spaces correspond to free
modules, which are the analogues of trivial vector bundles. There is first success with
renormalisation to all orders of such NCFT’s [18]. Since noncommutative geometry
is versatile enough to include non-trivial bundles as projective modules, the restric-
tion to free modules appears to be rather unnatural. While projective modules already
appear in the string theory literature (see for instance [29] and [27]), the NCFT’s they
naturally define have not yet been investigated. The present work aims at filling this
gap in the case of the simplest non-trivial projective modules over noncommutative
tori.
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This paper is organised as follows.

In Section 2 we first give a general construction of the configuration space and
the action functional in the framework of noncommutative geometry, making use of a
spectral triple (4, #, D). Then we illustrate the general theory for some Heisenberg
modules over d-dimensional noncommutative tori. These modules are constructed
using representations of the Heisenberg group that can be formulated either using
functions over [R% or holomorphic functions on (E%. In this last case we illustrate
how such a module appears naturally in the study of an electron on a plane in an
external magnetic field which is confined to its ground state in presence of a periodic
potential.

Section 3 is devoted to the construction of the NCFT based on Heisenberg mod-
ules. We first give the perturbative expansion of the path integral using a Hubbard—
Stratonovitch transformation. The resulting theory makes use of planar diagrams
reminiscent of rectangular matrix models and exhibits a duality symmetry. Then we
use the position space formulation to strengthen this analogy with rectangular matri-
ces. Finally, we give the general rules for the computation of Feynman diagrams in
the holomorphic representation.

In Section 4 we use the holomorphic representation to compute 1-loop diagrams.
While the divergent planar diagrams turn out to be renormalisable by standard meth-
ods, new phenomena occur in the non-planar case. If the deformation parameter fulfils
a Diophantine condition, we give explicit bounds on the amplitude showing that they
are renormalised by an extra counterterm.

Section 5 deals with the effect of the new counterterm. It is shown that it is
harmless and does not spoil the general properties of the NCFT.

Finally, in Section 6 we compute the S-functions for the two interacting terms.

2. Classical field theory

2.1. Projective modules in noncommutative geometry. To begin with, let us recall
some basic facts about projective modules in noncommutative geometry and the way
they enter in the construction of a noncommutative field theory. A much more thor-
ough presentation of the subject can be found in [10] (see also [12] for an overview of
recent developments in noncommutative geometry). Here we restrict ourselves to the
amount of material that is necessary in order to construct our noncommutative field
theory.

First we recall that the basic idea of noncommutative geometry is to replace the
commutative data of a space X by a possibly noncommutative algebra + that plays the
role of the complex-valued functions on X. In general, it is necessary to assume that
A is a C*-algebra, which means that it is equipped with an involution * and a norm
which are compatible. This is motivated by the Gelfand—Naimark theorem which
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asserts that commutative C*-algebras with unit are equivalent to compact Hausdorff
spaces.

In the same spirit the notion of a finite-dimensional complex vector bundle is
extended to the noncommutative realm by first looking at the structure of its space
of sections. By the Serre—Swan theorem, spaces of sections of vector bundles over
X are equivalent to finitely generated projective modules & (projective modules for
short) over the algebra of continuous functions over X. Up to an isomorphism such
a module can always be realised as the right /-module eA" , where e is a projection
in the algebra of N x N matrices with coefficients in 4. The relation between the
idempotent and the standard construction of a vector bundle using transition functions
goes as follows. Cover the compact space X by N open sets {U; } defining a good cover
and let ). | f;|* be a partition of unity associated to this cover. Using the transition
functions g;;, we define the N x N matrix e;; = f;*g;; f;, whose entries are complex-
valued functions over X. Then it is straightforward to check that e is a projection
using the cocycle condition g;; = gixgxk;. Accordingly, in the general setting one
defines by duality a noncommutative vector bundle to be a finitely generated projective
module over a possibly noncommutative C*-algebra. From a classical field theoretical
perspective, the module & is the natural receptacle for the matter fields with non-trivial
topology. If the topology is trivial, these fields simply live in a free module A%, the
simplest version being the algebra itself.

Rather than at the C*-level we will work here at the smooth one, i.e., we will
assume that +4 is a Fréchet pre-C*-algebra. This means that +4 is a dense sub-algebra
of a C*-algebra A, which is stable under holomorphic functional calculus and which
is endowed with a Fréchet topology. We will assume that the topology comes from a
set of semi-norms, say {p;}. Without any further structure, & is simply a projective
right module over #; it will be promoted to a topological vector space later on.
There are many reasons why it is preferable to work at the smooth level. First, our
construction of perturbative field theory relies on the theory of distributions, which is
useless at the level of C*-algebras and C*-modules (our projective modules will soon
be endowed with an #A-valued hermitian pairing promoting it to a pre-C*-module).
But also for many interesting examples (e.g. Heisenberg modules and C*-dynamical
systems [8]) one does not lose any geometrical information by passing from C*- to
smooth structures.

To construct a noncommutative field theory out of the previous data, one further
needs a suitable space of differential forms as well as some scalar products on these
forms. Differential forms are defined through a graded differential algebra

Q(A) = EP Qu(A), 2.1

nelN

which is a graded bi-module over +4, together with a nilpotent differential operator

d: Q2,(A) > Qpp1(A), (2.2)
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fulfilling the graded Leibniz rule. Note that in the general noncommutative setting, itis
not assumed that () is graded commutative. Usually one assumes that Q¢ (A) = A
and that Q(+) is equipped with an involution * compatible with those of 4. The
scalar product (-, ), on £, () is assumed to be compatible with the left and right
actions of A,

2.3
(. anyn = (@ . ). (2.3)

for all w,n € 2,(+A) and a € #. In full generality, the scalar product in degree 0
is always obtained from a faithful state W, i.e., a normalised positive-definite linear
functional on +:

(a,b)o := W (a*b), a,b e A. 2.4)

In view of the application we have in mind, it is more appropriate to require that the
state is actually a faithful trace on # so that

(a,b)o = Tru(a™b). (2.5)

For instance, in the simplest version of a (commutative or not) Yang—Mills theory
one starts with a topologically trivial connection given by an anti-hermitian element A
of ©1(+), out of which we define the curvature as F = dA + A% € Q,(+4). The
Yang-Mills action is then constructed as (F, F),, where (-, - ), is an invariant scalar
product on £2,(+). This invariance condition simply states that the left and right
actions of # are compatible with the scalar product. This ensures gauge invariance,
where gauge transformations are given by unitary elements u € #, acting as

A—utAu + u_ldu,

2.6
F — u~ 'Fu. (26)

Such a scalar product encodes an information that goes beyond the topological level
contained in the algebra + alone. For instance, in a four-dimensional Yang—Mills
theory, it amounts to the choice of a conformal structure. Before we come to grips with
such an issue, let us note that one can also define in full generality a noncommutative
Chern—Simons theory out of a cyclic 3-cocycle [4] which is a convenient setting to
develop open string field theory [28]. As a topological theory, the construction of
Chern—Simons theory does not rely on such a scalar product.

Differential forms and their scalar products are conveniently constructed out of a
spectral triple (4, D, #). This involves a Hilbert space J carrying a representation
of the algebra 4 by bounded operators and a self-adjoint unbounded operator £ with
compact resolvent. This data is constrained by compatibility conditions, allowing to
reconstruct a smooth Riemannian manifold when «+ is commutative. For instance,
the commutators of & with the elements of 4 must extend to bounded operators. For
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a spectral triple, there is a notion of dimension given by the growth of the eigenvalues
of |OD|. More precisely, such a triple has spectral dimension d if the resolvent of O
belongs to the d-th weak Schatten ideal £4-°°(H#). The latter is the ideal of compact
operators whose sequence of singular values (in decreasing order and counted with
multiplicity) are @ (n~1/4). With a spectral triple, one defines differential forms as a
representation of the universal differential algebra

apday ...da, — w(aop)[D,n(ay)]...[D,n(a,)]. 2.7

Such representation can be quite pathological since it may happen that the image
of an element of the universal differential algebra is zero, whereas the image of the
differential of this element is not! To overcome this problem, one has to divide the
resulting algebra by a graded differential ideal (the so-called junk ideal). Fortunately
we can ignore this point here. This is because the first non-trivial component of this
ideal occurs at the level of two-forms only. However, this is highly relevant for a
proper formulation of noncommutative Yang—Mills theory in this framework.

For a triple of spectral dimension d, there is a canonical way to define the scalar
product between two differential forms in 2, (4):

(@, 1)n = Trpix(@*n(1 + |D))™9). (2.8)

Here Trpix is any of the Dixmier traces. Such an object is a singular trace defined
on the ideal £1:°°(#) and is heuristically given by the coefficient of the logarithmic
divergence of the ordinary operator trace (see [10] for more details on Dixmier traces).
There is no point to enter here in the mathematical subtleties of the theory of Dixmier
traces. This is because the operator (1 4+ |D[)~¢ we will consider in our example
belongs to the class of ‘measurable operators’. The latter consists of elements of
£ 1% () for which any Dixmier trace gives the same result.

It is important to know that the Dirac operator & encodes the metric aspect of
noncommutative geometry and allows also to define the fermionic action for spinors
yoe Has (Y, DY)ge.

It is worthwhile to mention that the use of a spectral triple to construct noncommu-
tative field theory is highly convenient (mainly because it allows to define differential
forms with scalar products in a canonical way) but not necessary. Indeed, our con-
struction is much more general and works for any differential calculus with scalar
products on each component.

Turning back to the projective module &, one has to define a connection V. This
is an operator that extends to elements of & the differential of a given differential
calculus (€2(+), d). In general, a connection is a linear map

V:E - & Q4 Qi(A), 2.9)
fulfilling the Leibniz rule
V(ga) = V(¢)a + ¢ ® da, (2.10)
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for any ¢ € & and a € A. The projective module & is further equipped with a
hermitian structure (-, )4: & X & — #, which is an #-valued sesquilinear form on
&, satisfying the following compatibility and positivity conditions:

(@, xa)a = (¢, Q) aa,
(@. 04 = (X D)% .11)
(@, ) =0,

forall ¢, y € & and a € A. We recall that a is a positive element of +4 if it can be
written as a = b*b with b € . Besides, the connection has to be compatible with
the hermitian structure in the sense that

d(@, D = (Vo D + (@, VD 4s (2.12)

for all ¢, y € &. We would like to stress that the field theory we are constructing is
Euclidean, precisely because the pairing (2.11) is positive definite.

As a side remark, let us note that one can define the curvature of V as
F = V2, where V has been extended by the Leibniz rule to & ® 4 (). This
is the starting point for the development of a general gauge theory in the framework
of noncommutative geometry.

Within the supplementary structure of an hermitian ~-valued pairing, & can be
promoted to a topological vector space in different ways. When +4 comes from a C*-
algebra A, & is called a pre-Hilbert module and it can be completed with respect to
the norm ||| ||| :== V/||(¢, @) 4ll, where | - || denotes the C*-norm of A. The resulting
Banach space is obviously called a right Hilbert- or C*-module. One can also define
a Fréchet topology on &, finer than the C* one, via the semi-norms {p;} of #A by
setting g; (¢) := / pi (¢, P)4) for all € &. When & is complete with respect to
this topology, which we will assume from now on, we call it a Fréchet projective right
#-module. Finally, when # possesses a faithful trace Tr4, & can be completed to
a Hilbert space J#g using the scalar product (-, - )g obtained by composition of the
trace with the hermitian structure

(0. x)e :=Tral(d, Yl (2.13)

We use the notation Jg for this Hilbert space in order to emphasise its canonical
nature once a trace and an hermitian structure are given.

If we realise the projective module as eAY for some hermitian idempotent
e € Mpy(A), then a connection is easily defined as V(e§) = ed(ef) + eAeé,
£ € AN, where A is an anti-hermitian matrix in My (+). In this case, the hermitian
structure is given by (e€, el)4 = £*e ¢, and the compatibility of the connection
follows from (eAe)* = —eAe.

Finally, let us construct an action functional for a classical field ¢ in a projective
module &. To this aim, we have to extend the scalar product {-,-}; on Q;(+4) to a
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scalar product on & ® 4 21(sA). This will allow us to construct the kinetic term out
of V¢. Let us construct this scalar product on & ® 4 2, () for any n € N. For
DU e & Ry Qy(A), we write

O=) "¢p®@w, Y=) ¥i®n, (2.14)

with ¢;, ¥; € & and w;, n; € Q,(+A). Then one can define the scalar product (-, - ) 4.,
using both (-, ), and (-, )4:

(@ W) pn = Y (i, (B0 V) A n- (2.15)
i,j

In particular, it allows to define the kinetic term as

(Vo V) ai. (2.16)
To construct the mass term, we simply use the scalar product (2.13):
1o (b ble = 15 Tral(d. d)al. 2.17)

For the interaction term, which should be a polynomial in the field, we can extend the
former construction. For instance, the basic )u,b“ interaction reads

5 Tral(¢. #)%4]. (2.18)
More generally, one can construct arbitrary monomials
7 Tral(@. 9)4). (2.19)

We may also consider products of such terms. Despite they look very unnatural from

the point of view of ordinary QFT, they should be needed to obtain a stable quantum

theory; stable with respect to the renormalisation group flow. We will see in the next

sections that for a ¢ -theory on the Heisenberg module such a ‘product of traces’ term

is precisely the missing term which will allow us to cure the UV/IR-mixing problem.
The basic action we shall use in the sequel reads

S[g. ] := (V, V) a1 + 13 Tral(d, )] + 2 Tral(d, )34 (2.20)

Here we have followed the traditional notation of QFT where a complex field ¢ and
its conjugate ¢ are treated as independent variables. In our setting ¢T has to be
considered as an element of the dual module &* which consists of «#-linear forms
on & defined by

T () = (@, A 2.21)

for any y € s. This distinction between ¢ and ¢ will prove to be very convenient
when developing the perturbative path integral approach, for instance in getting the
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right symmetry factors. However, itis important to notice that & * is not the topological
dual of &. Moreover, it should be clear that §* ~ & as alinear space, the identification
being given by ¢ < (¢,-)% = (-, @) 4. Also &* carries the same Fréchet topology
as &.

In the case of a field theory constructed out of a spectral triple, we would like to
stress that the choice of the order n of the monomials (2.19) involved in the interaction
term depends on the spectral dimension d of the triple. In the general setting, n should
be related to the spectral properties of the propagator which is the bounded operator on
Heg given by the inverse of the (densely defined) positive operator H corresponding
to the quadratic part of the action (2.20). More precisely, H is defined in terms of the
following quadratic form on &

(0. Hyle = (Vo.V)a1, ¢.x €& C He. (2.22)

It is precisely because we are going to study a model coming from a spectral triple of
spectral dimension 4 that we focus on a quartic interaction.

It may seem to be quite restrictive to ask for the existence of a faithful trace to
define the classical action. Faithfulness is required in order to guarantee that the
quantum theory has a power-counting properly related to the spectral properties of
the propagator of the model. But traciality is not needed at all, it simply makes
the noncommutative models closer to the commutative one. For instance, there are
numerous noncommutative algebras giving rise to non-trivial spectral triples (e.g.,
SU4(2) [14]) that do not posses any faithful trace. In such circumstance one can
define the classical theory by replacing everywhere the trace Tr 4 by a faithful state
W on A.

It is also worthwhile to notice that this theory is naturally coupled to gauge fields
since it is invariant under

¢ — ugp,

2.23
Vo u® IQI(A))VM_I, ( )

where u is a unitary element of the algebra B := End 4 (&) of A-linear transforma-
tions of &. Thus the gauge invariant action for the field ¢ coupled to a Yang—Mills
connection V reads

S[e. ¢, V] := (F,F)a+(Ve, Vo) a1 +13Tral(p. ) 4l + 2 Tral(d, 9)%4]. (2.24)

which involves the scalar product (-,-), on the the space of 2-forms Q2,(A). As
already mentioned, in the context of spectral triple the curvature is in principle an
equivalence class of 2-forms (modulo the junk ideal). However, we still ignore this
point since we are not going to include a gauge degree of freedom when developing the
quantum theory. For that reason it is preferable to stick to the action functional (2.20).
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2.2. Noncommutative tori

2.2.1. Geometric structures. Let us now work out the previous construction in
the case of a d-dimensional smooth noncommutative torus. The latter is defined
through its algebra of coordinates, g, which is the algebra of all power series
a = ), eza ay Uy, with fast decreasing coefficients {a,} € 8(Z%). Here U, are
unitary elements of #Ag fulfilling

UyUy = 7m0 g4, (2.25)

where © is a skew-symmetric real d x d matrix which defines a 2-cocycle on the
group Z¢ C R¢. The algebra Ag is endowed with its natural Fréchet topology,
coming from the set of semi-norms p,(a) = sup,cza ((1 + |y|2)”|ay|), n €N,
a € A@. In analogy with its commutative counterpart, where the unitaries U, are
nothing but the Fourier modes, the smoothness condition relies on the rapid decay of
the sequence {a, }.

The structure of this algebra depends on the arithmetical properties of the entries
of the matrix ®. Three typical cases have to be distinguished.

* If all the entries of ® are integers, then the algebra Ag is commutative and can
be identified with the algebra of smooth functions on an ordinary torus.

 If all the entries of ® are rational numbers, then g can be realised as a bundle of
matrix algebras over an ordinary torus. This is clear for d = 2, where the unique
parameter 6 = p/q in © determines the size of the matrices to be g. The general
case follows from reducing the matrix ® to a direct sum of 2 x 2 matrices plus a
zero matrix (which corresponds to the null space of ®), using a transformation
in SL(d, Z). The algebra of functions over the underlying torus is nothing but
the centre of Ag.

¢ If all the entries of ® are irrational numbers and ® is invertible, then the centre of
the algebra is trivial and Ag is a noncommutative space that cannot be reduced
to an ordinary space.

In our analysis of noncommutative field theories we are mostly interested in the
irrational case which exhibits some new phenomena. However, it is also interesting
to keep in mind the first two cases since they can always be understood in the context
of commutative field theories with matrix-valued fields. In the discussion of the
non-planar diagrams it will be necessary to single out irrational numbers that fulfil a
Diophantine condition. The latter are irrational numbers that are ‘far away from the
rationals’. The use of the Diophantine condition is not infrequent in noncommutative
geometry. For instance, it appears to be crucial in the computation of the Hochschild
cohomology of Ag [9], as well as for the heat-invariants [17].

The differential algebra can be constructed out of the d commuting derivations

8, (Uy) :=2imy, Uy, y=y1.....vq) € Z9, (2.26)
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which is the infinitesimal form of the proper action of T¢ on Ag given by
(27, 2T U(y) i= 2TV U(y). (2.27)

Elements of 2, (#g) are completely antisymmetric multiplets @, ..., of 4. The
multiplication and the differential in Q2(Ag) obey the same algebraic rules as the
wedge product and the de Rham differential. The algebra 4@ has a faithful trace
Tr 4 defined by

TrA@)( > ayUy) = ao. (2.28)

yezZd

If A@ is commutative, this trace is nothing but the integral over the underlying torus,
with a volume normalised to 1. In the irrational case, Tr 4, is the unique faithful trace
up to normalisation. The scalar product on 2, (4Ag) is made out of the trace

(w0, M)n :=Trag (wljl---l/bn ity (2.29)

where the euclidian metric and Einstein’s summation convention have been used.
This construction follows readily from the general principles, using the spectral
triple (Ag, #, D) where H = A%[d/z] with Ag the completion of Ag with re-
spect to the norm induced by the scalar product (a, b) 4¢, := Trag(a*b), and where
D = iI'*§, is the standard euclidian Dirac operator. Note that a noncommutative
torus is a noncommutative manifold without boundary, in the sense that the integral of
aderivative always vanishes: Tr 4, (6, U,) = 0. This relation is particularly useful in
the study of classical field theories because it allows to derive classical field equations
and invariance laws.

2.2.2. Heisenberg modules. A wide class of projective modules over 4@ can be
constructed as projective representations of groups of the type G x G with
G = R? x Z? x F, where F is a finite Abelian group and G the dual of G [25].
Equivalently, these projective representations can be thought of as representations of
the Heisenberg groups associated to the corresponding central extensions. The group
G x G acts by unitary operators on the Hilbert space L?(G, dg) obtained by comple-
tion of the space of smooth fast decreasing functions §(G) on G. For (g, u) € G x G
and ¢ € L?(G, dg), the action is

Teu¥ (x) = (@) 2pn(x)¥ (x + g). (2.30)

Then, given a lattice " isomorphic to Z¢ in G x G, one can represent the algebra Ag
(acting on the right) on L?(G, dg) by restricting the action (2.30) to the subgroup I':

Uy :=Tgup. ¢ €L*(G.dg). y=(g.n)€T. (2.31)

The multiplication law of the algebra 4@ is satisfied with respect to the so-called
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Heisenberg cocycle: e 2170 = 11 (g")u'(g)~"!. If we assume that (G x G)/T
is compact, then &g := §(G) is a finitely generated projective module called the
Heisenberg module. In particular, this forces the dimension of the noncommutative
torus d to be even, which means that for a € Ag and ¢ € &3, pa = Zy ay@U, is
well defined as an element of &g. This can be proven by elementary Fourier analysis.
The module &g is equipped with a Ag-valued scalar product defined by

@ Do = D_ (- xUy)r2(G,ag)U~y- (2.32)
yell

This pairing takes values in the smooth algebra #Ag and not in its C*-completion.
Again basic Fourier analysis shows that the sequence {(¢, Uy )12(G,4g)}yeza 18 Of
Schwartz class whenever ¢, y € E3.

A connection on & is entirely specified by its covariant derivatives V,, once we
have identified Q;(Ag) with (Ag)?. The canonical Heisenberg connection V is
obtained from the infinitesimal action of the continuous part of the group G x G.In
general, it both involves partial derivatives a;il_ (action of R?) and multiplication by x;
(action of (R?)*). Finally, it is also useful to note that the endomorphism algebra
End 4, (& 5) is nothing but another noncommutative torus generated by the dual lattice
[ € G x G which pairs trivially with T" with respect to the Heisenberg cocycle.

Besides, the curvature of V is defined as F,, := [VM, V,,], which is always an
anti-hermitian element of End 4, (€5).

To construct the action functional for a classical field ¢ € &g, we choose a constant
positive definite matrix g, to define a scalar product between 1-forms so that the
general form of the action given by (2.20) is

Slp. 9] = V8" Trao[(Vud. Vi) sl

R N i (233)
+ Ve Trao[(9. Dol + VE5Tra (9. ) 4]

with g"” denoting the inverse of g, and g its determinant. Since the module we
consider is made out of complex-valued functions, from now on we denote an element
of the dual module €% by ¢. Note that more general terms such as

[Tr e (. #)ao]" 1 (2.34)

can be introduced. In the last section, we shall see that for d = 4 the renormalisation
forces the introduction of such a term withn = 1, k = 2.

The simplest example of a Heisenberg module is constructed explicitly for d = 2
as follows. In the two-dimensional case there is only one deformation parameter in the
matrix ©, namely 6. We will denote by g the corresponding noncommutative torus
algebra. In this case we start with the projective representation (2.30) of R x (R)* on
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the Schwartz space of the real line. Then one defines the lattice I" and its dual [ as

y = (0m,2mn) withm,n € Z},

{r=(
™. - 1 2mxn’ : ro (2.35)
[:={y=@m, =) withm',n" € Z},

with & > 0. The lattices T' and T' define two commuting noncommutative torus
algebras g and End 4, (Es) = #1/¢ actingon ¢ € Eg as

(PU,)(x) := e/ mImne2innx g (x 4 m@),
(U)*,()ﬁ)(x) = el’ amn  2ixn’x

o e 0 ¢(x+m).
In the previous equation we have identified (R x R*)* = R* x R with R x R* so that
the lattice and its dual are both subsets of R x R*.
The Ag-valued scalar product follows from the general form (2.32) and is explicitly
given by

(2.36)

(D, Dty = Z (e”‘"’"" /[R dxp(x)e™nx )((x~|—m0)) U-,. (2.37)

yel
The Heisenberg connection is given by the two covariant derivatives

2imx d¢(x)

0 ¢(x) and Vyp(x) = I (2.38)

This connection minimise the Yang—Mills action [13] and has a constant curvature
given by

Vig(x) = —

57
Fip = [V1. V2] = %. (2.39)

In this example, with the euclidian metric g;,, = §,., the action functional (2.33)
reads
- - d? 472 5 5 -
St d)i= [ dxn( = 5o + o0+ [ drdopeo
B ) R (2.40)
+ 5 Z /[Rdxng(x—l—n—l—mQ)qS(x—i—n)¢(x)¢(x+m9).

mnez

To derive this expression from (2.37), we used the Poisson re-summation formula in
the sense of tempered distributions to write }_ e2/7"* = 3" §(x +n). The kinetic part
of this action is simply the energy of an harmonic oscillator. The interaction takes a
non-local form in x-space because of the summation over m and n, but reduces to the
an-harmonic oscillator for m = n = 0. We shall further comment on the non-local

structure of this interaction in Section 3.3.1 once we have derived the Feynman rules.
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So far we have seen that for the Heisenberg module there are two notions of
dimension. The first one, d, is the spectral dimension of the noncommutative torus
whereas the second, d/2, is the dimension of the representation space entering in
€5(R4/2) = §(R?/2). In the sequel, in view of quantum field application, we will
see that the pertinent notion of dimension is that of the noncommutative torus. In the
following and unless otherwise specified, d will always denote the dimension of the
noncommutative torus, which moreover has to be even.

2.2.3. Symmetries and field equation. We are now going to review the classical
discrete symmetries of the model. First note that this action is invariant under a version
of the Langmann—Szabo duality [24]. If we replace ¢ by its Fourier transform

n(€) = f dxe” 2™ (x), (2.41)
R
then the action is invariant, up to a rescaling of the different parameters:

Si110.010 B = 57 S62.02110.1/6 10 7. (2.42)

This duality is an essential tool in the study of the renormalisability of the model.

Besides the Langmann—Szabo duality, there is another discrete symmetry involv-
ing the Fourier transform. This symmetry is related to the action of the modular group
SL(2, Z) on the modulus 7 in the upper half plane. Here t parameterises the constant
matrix of determinant one, entering in the kinetic term as

1 1 Re(71)
g = —Im(‘r) (Re(r) 1|2 ) . (2.43)

Then the action is invariant under simultaneous changes of the field and the modulus
under the generators S and 7" of the modular group,

—2inx&

1 1
S:¢<x)»ﬁfmd5e P90, T

(2.44)
T:¢(x)—> e%xzqﬁ(x), T—>1+1.
For such a metric the Langmann—Szabo duality must also be accompanied by the
action of § on the modulus. The transformations given by S and 7' define outer
automorphisms of the algebra of the noncommutative torus and correspond to large
diffeomorphisms of the torus. Other outer automorphisms are given by the translations
defined in (2.27), but they do not leave the action invariant because of the non-trivial
connection. Translation invariance can only be recovered by including gauge fields.
We have displayed the construction in the two-dimensional case with the simplest
Heisenberg module. More general modules can easily be obtained in any even dimen-
sion by simply tensoring this module by itself d /2 times. In this case the action takes
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the same form as in (2.40) with x, m and n replaced by d/2-dimensional vectors.
The Langmann—Szabo duality takes the same form as before except that the coupling
constant A transforms as

A 1075 (2.45)

In particular, the coupling constant is invariant in four dimensions.

It is also interesting to look at the classical field equation

5519 9) _,  8SIp. 4l _

5¢_S - k) 8¢ El
where, as usual, the functional derivatives are defined in the weak sense, with respect

to the pairing (2.13). Because the action is “symmetric” in ¢ and ¢, it is sufficient to
look at one of them. The first one reads

(2.46)

Hp=-2pb.0)ay =AY _($.0Uy) 2@y dU—y. (2.47)
yel
where
_ d? 472 5 5
H = _W + WX + Mo (2.48)

is the harmonic oscillator Hamiltonian with frequency 277 /6. In the explicit realisation
of the module &g = §(R) the field equation can be rewritten as

(—d—2 LAy Mg)gb(x) =2 $(x +md(x +n +mO)g(x +mo).

dx2 02 n.mezZ
(2.49)
A very important task would be to study the solutions of the classical field equation.

2.3. Holomorphic representation. For our purposes it is convenient to work with
an equivalent representation of the Heisenberg modules in terms of holomorphic func-
tions. In the general case these are constructed out of the space of square integrable
holomorphic functions on C with respect to the scalar product

(¢.x)B = / du(z,2)p(2) x(2), (2.50)

with the GauBian measure normalised as du(z,z) 1= (w/n)e“”'z‘zdRe(z)dIm(z)
and w > 0 an arbitrary parameter. We denote by #p := L2 (C, du) the correspond-
ing Hilbert space. It also admits a projective representation of C >~ R x R* given by

wlv|?

(Typ)(z) :=e" 2 “Yp(z+v), veC. (2.51)
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The operators T, are unitary with respect to the scalar product (-, -)p and obey the
multiplication rule

w (=

TyTy = e2 w00, (2.52)

Let us choose a square lattice in C parametrised by [ > 0,
[ :={y =I(m+ in) with (m,n) € Z*}. (2.53)

One can define a right action U,, of Ay, with 8 = “’712 by restricting the action (2.51)
to the lattice I', i.e., ¢ U, := T, ¢, y € I'. Here and in the following we make a slight
abuse of notation by denoting by U,, an element of +4¢ as well as the operator acting
on the right on Jp. Note that in this framework the dual lattice is given by

[:={) = Z(m' +in') with (m',n') € Z?} (2.54)

and gives rise to an action of #,¢. The scalar product with values in the algebra ¢
is defined as in (2.32), with (-, - ) p denoting the Bargmann scalar product:

(@ 0ty = D _{®. xUy)B U~y (2.55)

yel

The connection follows from the infinitesimal action of the translation group on
Hp. It reads
d d
Vige) = 2 [ 40 + 00 | ana Vape) = T [ - wzpia)|.
(2.56)

and of course they fulfil the Leibniz rule V; (¢ U,) = (Vi$)U, + ¢ (5;U,),i = 1,2,
where the derivations of 4y have been defined in (2.26). Note that we have introduced
an extra parameter R > 0 which has the dimension of a length and has to be thought
of as the ‘radius’ of the noncommutative torus. It is to be noted that this connection
has constant curvature F1, = [Vy,V,] = cfliz”;z and that Tru, [F12] = 2im 5.
This provides a topological invariant of the bundle analogous to the first Chern class.
Usually one includes the factor # in the trace since it corresponds to the dimension
of the bundle [12]. Therefore the topological invariant belongs to 2i w Z, which holds
for arbitrary projective modules and arbitrary connections over a two-dimensional
noncommutative torus.

From a physical point of view the Bargmann module appears in the analysis of
the motion of an electron confined to the xy-plane in an external uniform magnetic
field of strength B along an orthogonal axis. If we denote by —e and m the charge
and the mass of the electron, the Hamiltonian is, in the Landau gauge,

29 ieB \° 3 ieB \?
H=-—I_2_22 — . 2.57
L m |:(8x % y) + (8y + 7 X) (2.57)
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Translation invariance is realised through the magnetic translation operators

(Tap¥)(x, y) i= e @Dy (x 4,y 4 b), (2.58)

which form a projective representation of the translation group,

TapTay = e @O, oy, (2.59)
Let us now assume that the magnetic field is strong enough so that the electron is
confined to the lowest Landau level, which is the ground state of the Hamiltonian Hy,
with energy hze—,f.
The wave functions pertaining to the lowest Landau level are conveniently written
using a complex coordinate z = x + iy,

U (z,%) = e~ % IZ2Pp(2), (2.60)

where ¢ is an arbitrary holomorphic function with square summable Taylor coeffi-
cients. Thus, the lowest Landau level is infinitely degenerated and its wave functions
are in one-to-one correspondence with analytic functions ¢ in the Bargmann space
Hp with o = %. Besides, a magnetic translation by v = a + ib acts on ¢ via the
action of C on holomorphic functions (2.51).

The noncommutative tori arise naturally when we consider the effect of an atomic
lattice in perturbation theory. Indeed, let us assume that in addition to the magnetic
field the electron is submitted to a potential V' created by a square lattice of spacing /.
Then the potential is Z2-periodic, V(x +Im, y +nl) = V(x, y) forany (m,n) € Z>.
Furthermore, let us make the assumption that the magnetic field is strong enough so
that one can consider the electron to be confined to the lowest Landau level even in the
presence of V. Therefore the implementation of the lattice translations implies that the
lowest Landau level is nothing but the Bargmann module #p over the noncommutative
torus #Ag with a parameter

wl*> eBl> @

9:—: = —,
T 2nh Dy

(2.61)

where ® = BI? is the flux of B through the unit cell of the lattice and ®¢ = @
is the quantum flux. This noncommutative torus may be seen as a Noncommutative
Brillouin zone since it replaces the ordinary Brillouin zone in the presence of the
magnetic field. For this interpretation to hold it is necessary to take R = ZT” which
corresponds to the size of the Brillouin zone. Let us note that the topological invariant
given by Tr 4 (F12) is nothing but the Hall conductivity [2].

If the electron remains confined to the lowest Landau level, then V' has to be
projected on Jp and lattice invariance translates into the statement that V' must

commute with the left action of #g. Therefore, V' is an element of the algebra /¢
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acting on the right. This is a general constraint on the action of V, solely derived
from symmetry considerations and independent of the precise form of V.

Obviously, the projective modules constructed out of the Schwartz space and the
Bargmann space are equivalent, the explicit equivalence being the unitary Bargmann
transform B: #Hs — H g defined as

1/2 w(x2+22
B0e) = (2) /[R dxe™ "+ Vawzx (). (2.62)

and its inverse is

390 = (2)" /C du(z, Be= 2T VG ) (263

for y € L?(R) and ¢ € Hp. This corresponds to the equivalence between the vertical
polarisation on the phase space R x R* and the holomorphic one. Then one defines the
smooth module &g as the image of Schwartz space under the Bargmann transform.
Consider now the projective action 7, 5 of R x R* on the Schwartz functions of
the real line. Its image through the Bargmann transform is an action of C by the
operators Ty given in (2.51) withv = %(a + %). This allows to establish a general

correspondence between the two projective modules, their scalar products and their

connections. In what follows, it is particularly convenient to set = 27” in such a
way that the lattices I" and r read, in the holomorphic formulation,
I = {%(m + in) with (m,n) € Z*} (2.64)
and
I = {%(m’ +in’) with (m’,n’) € Z?}. (2.65)

It amounts to set [ = % in the general square lattice introduced at the beginning

of this section. An arbitrary lattice in C would correspond to an arbitrary lattice in
R x R* using the inverse Bargmann transform. From now on we restrict ourselves to
the preceding values of w and /.

In this framework the two operators representing the connection read

Vi) = = | ) +ozpie) | wa Vi) = =[S -0z
(2.66)
as follows from (2.56) with w = 27”, | = % and R = 1. The operator (2.48)

entering into the definition of the kinetic term is

H = —(Vi)* = (Va)® + 422 = 20 (zdi N %) bl 2.67)
zZ
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which is nothing but the image through the Bargmann transform of the harmonic
oscillator Hamiltonian —;—; + w?x? + u%. Note that there is a constant term in
H even if o = 0. Thus, even in a massless theory there is a priori no infrared
divergences at the tree level. Of course, this picture may change at higher loop order

because of the IR/UV mixing.

In the development of the quantum theory associated to these projective modules,
it will be interesting to have at our disposal higher dimensional analogues of the
previous construction. While the general structure of projective modules over higher
dimensional noncommutative tori is extremely rich [25], we can easily construct

simple examples in any even dimension d by simply taking the %th tensor power of
the previous module. This corresponds to a Bargmann space of holomorphic functions
on C4/2. The corresponding lattices are simply obtained by replacing the integers m,
n, m" and n’ by vectors in Z%. This procedure leads to a noncommutative algebra
4@ with a d X d matrix ® which is a direct sum of 2 x 2 antisymmetric matrices,

0 0
-6 0

O = . (2.68)

0 6
-6 0

To emphasise the difference with a generic noncommutative torus algebra #Ag, we
will denote, as in the two-dimensional case, the algebra corresponding to the specific
choice (2.68) by #Ag.

3. QFT and diagrammatics

3.1. Feynman rules. In this section, we restore the notation ¢, instead of the com-
plex conjugate notation ¢, to denote an element of the dual module &*. The reason is
that we would like to sketch a representation-free construction of Feynman rules for a
field theory on the Heisenberg modules corresponding to the choice (2.68). Otherwise
specified, & can be either &5(R?/2) or §3(C4/2) or even another unitarily equivalent
module. We also emphasise that such a procedure does not rely on the particular
structures of the module studied so that it can be employed for the construction of any
quantum field theory on a projective module.

The action functional S[¢, ¢T] we have defined in the previous section can serve
as a basis for the construction of a perturbative quantum field theory. This amounts
to define and study the (2N )-point functions G,y , given in terms of the functional
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integral
[106106"16 89" & © 9 @ p1)e 510
[1g1pgTe st

as a perturbation of a free GauBian functional integral. Because the projective module
can be realised as a dense subspace of a Hilbert space of functions with a kinetic term
given by a second order differential operator, the free field theory is always well
defined. We will always assume in this section that the functional integral has been
regularised, for example by integrating only over a finite-dimensional subspace of the
projective module. Later on, we shall use other regularisation techniques suitable for
renormalisation.

This means that once the theory is regularised, the Green’s functions G,y define
distributions on the projective tensor product £®V @ & *®N ~ $(RIN)Y (recall that
8 ([Rd/ 2) is a nuclear space). The evaluation of G,y on 2N test functions ¥; € &,

Gaoy = (3.1

ler € &%, i =1,..., N, is given by the following path integral formula:

G2N(XIM“?XZ’¢1MH*¢2) (32)

_ /[D¢] [D¢}] TrtAw/-) [(Xl 5 ¢)A:/-)] Tro"e@ [(¢’ WI )tAuH] ve Trd‘ee) [(Xﬂ B ¢)A@] TreAH [(¢= wn)tAH]e_S[¢.¢T]
. [ ipg1pgeste" '

It has to be noted that the field ¢ and its conjugate ¢ " must occur an equal number of
times, as required by the invariance under global phase multiplication. Any correlation
function not fulfilling this condition vanishes identically. Note that the field ¢ lives
in a module & and its conjugate ¢ ' in the dual module &*, so that the correlation
function with 2N fields is conveniently seen as a linear map from &®¥ to itself.

As usual in QFT, all the correlations functions can be gathered into the generating
functional

/[D¢][D¢T]e—S[¢=¢T]+Tr,A9 [(J,0) g 1+ Tra, [(6,7) 4]

[ 191Dy eI

From Z[J, JT] we define W[J, JT] = log Z[J, J] and T'[¢, ¢'] as the Legendre
transform of W[J, JT],

Tlp. 0] = Tra, [(¢. ))ag] + Tra, [(J. @)l — WIJ, T ]

Z[J,JN = (3.3)

withg = gJ—WT and ot = %—VJV Here Z is obtained as a sum over all Feynman diagrams,

W involves only connected diagrams and I" only 1PI diagrams, i.e., diagrams that
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remain connected if one cuts any internal line. In the sequel, we shall always restrict
our analysis to 1PI diagrams.
Since the action functional can be written as

Slg. ¢ = Tra, (¢, Hp)y + 5(6.6)%, ], (3.4)

itis convenient to rewrite the quartic interaction using a Hubbard—Stratonovitch trans-
form as . 5
_A 2 .
e 5Tray [(¢’¢)A9] — /[DA]B_TI'A’O [% +1)LA(¢,¢)EA,9] ’ (35)

where we integrate over all Hermitian elements A* = A € +4g. From a physical
perspective this amounts to consider A as arandom external field subjected to Gauflian
probability law.

As usual a regularisation is self-understood and we have dropped an irrelevant
normalisation factor. Thus, the correlation function reads

/[D([)][D([)W[DA](([) ® ¢T® R ¢T)6—TM,Q [(@.HP)ay +%+U»A(d>,¢),;g9]

Gon = 5
/[D¢][D¢*][DA]e‘TMe (b Hb) g+ 242 +HiAAS.0) 4, ]

(3.6)
This allows us to derive the Feynman rules in a very simple way. There is a trivial
propagator for the A-field

Note that the field A appears only in internal lines since we compute only correlations
of ¢ and ¢T. We have also used an explicit expansion over the noncommutative
Fourier modes A = Zy A,U,. The fields ¢ and ¢ T propagate according to

— > =—H! (3.8)

where H is defined in (2.67). Because the fields are complex, the propagator is not
symmetric and an orientation on the lines is necessary. We always consider ¢ as
incoming and ¢ as outgoing, so that the propagator makes sense as a linear map
from & to itself. Finally, the interaction vertex is

! — iU, . (3.9)

It is important to note that there is a cyclic ordering of the fields 4, ¢ and ¢ at the
vertices which is due to the fact that the scalar product (¢, ¢) 4, takes its values in
the algebra 4Ag. The vertex (3.9) always has the A-field attached to the right when
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following the arrows of the ¢-field. Exchanging ¢ and ¢ would involve the scalar
product (¢, ¢) g, with values in the commutant of Ag in £(Hg). (Recall that Hg is
the Hilbert space obtained by completion of & with respect to the norm subordinate to
the scalar product (-,-)ge = Trus,[(-,-)x,].) We shall come back to this point when
discussing duality.

It is worthwhile to notice that all the operators entering in the Feynman rules
extend to bounded operators on #g. Instead being interpreted as a distribution, a
typical regularised Feynman diagram with N incoming and N outgoing lines will
then be conveniently seen as a linear map from J#®V to itself.

For instance, an arbitrary diagram with 2N external legs is obtained as follows:

* Draw N oriented lines representing the propagation of the field ¢. Each of
these lines represents an operator from Hg to itself, obtained by multiplying
propagators H ! and interactions U,,.

« If they occur, draw closed oriented loops made of propagators H ~! and vertices
U, and take the traces of the corresponding operators.

¢ Relate all interactions by wavy lines representing the propagation of A and sum
over all the corresponding y.

It is important to know at this stage that the divergences we will encounter may
both come from the traces and the sums over y’s. Because of the orientation of the
lines there are no non-trivial symmetry factors, as e.g. in QED.

The simplest diagram in the 2-point function #Hg — Hg is

4

=-AY) U,H'U,. (3.10)
Y

Here we have made a little abuse of notation, using the same symbol U, to denote an
element of the noncommutative torus and the operator acting (on the right) on #s.
Also the trace which will appear in the next diagram is not the noncommutative torus
trace but the operator trace on #g. A diagram contributing to the 2-point function
involving a closed loop is

=-A) Tr(U_,H U, (3.11)
Y
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The simplest non-planar diagram contributing to the 2-point function is

"1
J Iﬁ ;VZ =22 Y U, B U, H' U, H' Y, 12
Y1,V2

where y, has the same orientation as y;. Analogously, let us list a few diagrams
contributing to the 4-point function Hg @ Hg — Hg ® Heg, starting with the tree
level contribution:

Y =-1) U, ®U,. (3.13)
Y

This diagram simply represents the vertex once the A-field has been integrated out.
The first non-trivial 4-point diagram with a loop is

H =Y WU H ) © (WU, 1), G
V1:Y2

This diagram is planar. A non-planar one can be constructed by exchanging y; and
2 in the second tensor product,

E =22 (U, H'U-y,) ® (Uy, H'Uy,). (3.15)
Y1,V2

With a trace, the simplest example is

V2
=AY T(H Uy H'Uy)U-y, ® Uy,.  (3.16)
Y1,Y2
Y1
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Finally, let us give a more complicated example contributing to the 6-point function
He ® He @ Heg — He @ He ® He,

Vs Y4
V3
Vs
Y6 V>
Y7 Y1

=28 > Uy ® (Uy, H'Uyy) ® (Uy, H Uy H ' Uy, H'U_,)  (3.17)
V15--5V8
“Tr(H'U_),H 'Uy H'U_,, H'U_y ) H'U_, , H'U_,,)
“Tr(H™'U-,,H'U,H'U_,,),

where Y2, V3, Y4, V7, Vs leave the loops and the internal y; and yg first leave and then
arrive, according to the orientation.

Let us note that on the definition of an 1PI diagram we impose the irreducibility
condition only for the ¢-lines, not for the A-lines. In fact, only the ¢-lines are
really internal lines. Thus we reserved the terminology to the latter. The wavy A-
lines are just a convenient way to visualise the interaction and serve to indicate the
identifications of the operators U, inserted in the diagram.

For the simplest example of a Heisenberg module in x-space, we have seen that
the theory is invariant under the Langmann—Szabo duality, see (2.42). This is a
general fact which follows from the existence of two compatible scalar products on
the projective module & under fairly general conditions [25]. Indeed, if we denote by
By the endomorphism algebra End 4, (€), then one defines a scalar product (-, -) g,
on &, which is linear with respect to the left action of By on the first variable and
anti-linear in the second one. The two scalar products are compatible in the sense that

P V) ag = (@, 1) 8y Y (3.18)

for any ¢, y, ¥ € &. The algebra By is in general another noncommutative torus
constructed with the dual lattice. If we denote by Tr g, its normalised trace, then the
interaction can be transformed as

Troag [(D1, 92) g (D3, D2) ] = Troay [(B1, P2(P3, Pa).ag) 4]
= Trs, [(¢1. (P2, ¢3)£9¢4)Ae]
= Trg, [((¢2, P3) 8y P4, P1) 8,]
= Trg, (¢4, $1) 8, (P2, $3) 8, ],

(3.19)
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where we have used Tru, [(¢, x)u,] = Trg,[(x.¢)s,]. We have also labelled ex-
plicitly all the fields in order to better visualise the manipulation we have made.

At the level of the Feynman diagrams, especially for the (total) vertex, this duality
reads

> — Y . (3.20)

yer ipel

Then it is easy to see that this duality exchanges different types of diagrams: for
planar diagrams lines and bubbles are exchanged. The dual of an arbitrary diagram
is constructed in two steps. First, replace any wavy line by a double line. Then, in
each double line, relate the two lines by a new wavy line. The dual theory can also be
written using a Hubbard-Stratonovitch transform with an auxiliary field B € By, but
now the opposite convention has to be used: following the arrows the field B leaves
on the left.

; ; - @ .

For the simple Heisenberg module obtained from Schwartz functions on R, the
scalar product with values in 8y = ;g is simply

1
(Xﬂd))rAl/g = 5 Z(dJ, U?X)LZ([R)U—Q

f/ef‘

1 - inmn 2itnx (322)
=5 S ([ b e Yoy,
yell

One passes from one scalar product to the other by Poisson re-summation. In the study
of the renormalisability it will prove to be helpful to use the Poisson re-summation
for some of the y’s only. This corresponds to a duality operation on only some of the
vertices.
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3.2. Reduced theory. To connect with the standard analysis of divergences of a field
theory in the Moyal plane [15], it is helpful to write the propagator as

H™! =/ dae™H (3.23)
0

Therefore the contribution of any diagram G with N internal lines and M vertices
is expressed as an integral over N Schwinger parameters and a sum over M lattice
elements

/dal...daN Z Ig(oy, ..., &N V1s-- s VM) (3.24)
y

1ses¥YM

We refer to the next section for a precise evaluation of this integral in the Bargmann
representation.

At a heuristic level it is expected that all the divergences arise from the regions
of integration in which one or several Schwinger parameters go to zero. Indeed, if
all the Schwinger parameters are different from zero, the traces in /g as well as the
sums over lattice elements y are convergent as tempered distributions. We shall see
in the next sections the details of this fact for all 1-loop diagrams.

Thus it is interesting to analyse /g (a1, ...,aN;Y1,...,Ym) when all Schwinger
parameters are set to zero. In this case there are no propagators anymore and only the
insertions of U,, remain. For any trace around a closed loop of internal lines, there is
a divergence proportional to the trace of the product of the operators U(y) along the
loop. If we renormalise the trace such that the trace of the identity is 1, this reduced
vertex reads

V3
" V3 Y4
: Y2 . v
| R 2 [ ™ D80 + - + van).
Yn yn -
xw :

(3.25)
where the ordering is given by the orientation of the loop. By the same method we
can reduce an open line. It is important to keep in mind that the reduced diagrams
are also to be thought of as ribbon diagrams because the cyclic orders at the vertices
matters:

i

N 1—[ eIy, oy
Ym - V3 V2 V1 YM --- Y3 Y2 V1

i<j

(3.26)
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where the ordering is again given by the orientation of the line.

The reduced theory behaves as a very simple model with vertices given by the
previous two types of diagrams, propagators equal to one and momenta corresponding
to the lattice elements. External legs of the reduced diagrams are given by the external
legs of the lines that have been reduced and the sum of the lattice elements along the
line corresponds to the external momenta of the reduced diagram. Momentum is
conserved at the internal vertices and only the loops of the reduced diagram involve a
non-trivial summation. Besides, any diagram carries a phase factor, which is readily
computed using the techniques introduced by T. Filk [15].

It follows from this work that the phase associated with a planar diagram (i.e., a
diagram that can be drawn without crossings) depends only on the external momenta
of the reduced diagram. Therefore the diagram is independent of the loop momenta
flowing into the reduced diagram and the corresponding summation is divergent. For
example, in the ladder diagram contributing to the 4-point function, the summation
reads

V1 2 = Z Uy Uy, ® Uy, Uy, = Z Uy ® Uy (Z 1), (3.27)
Y1:¥2 y Y1
N——

constant divergence

with y = y; + y». The remaining sum over y; is obviously divergent and its diver-
gent part is proportional to the vertex Zy U, ® U_, so that one can infer that it is
renormalisable.

The non-planar analogue of the previous diagram behaves very differently. Its
contribution to the 4-point function is

Y1 V2
= Z Uyl U]/2®U—)/1 U—y2 = ZU),@U_V(ZQ_ZHTG(VDV)) .
14

Y1,¥2 Y1

y-constant divergence

(3.28)

In the integral case the phase factor is trivial and the integral diverges for all y as

in the commutative theory. If the phases are all rational, then there is a divergence for

those y such that U,, is central, for other values of y there is an exact cancellation. In

the irrational case there is obviously a divergence when y = 0. We shall see in the

section on 1-loop renormalisation that this is the only divergence when 6 satisfies a
Diophantine condition.

All the properties of the noncommutative field theory we have presented in this

section are independent of the representation we choose. As such they are best derived
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in a general setting, without using any specific representation for the operators H
and U,. In the next two sections we shall use the position space (or equivalently,
by Langmann—Szabo duality, the momentum space representation) to uncover an
analogy with matrix models and with the Grosse—Wulkenhaar model [18], and the
holomorphic representation for an explicit evaluation of Feynman diagrams and their
divergences.

3.3. Position space Feynman rules and relations with other models

3.3.1. Relation with matrix models. Letus come back to the non-local structure of
the interaction in x-space. For the simplest module, i.e., &5 = §(RR?), the interaction
term given by (2.40) can be written as

. dxdydzdiV(x,y,z,0)$(x)p(y)p(2) (1), (3.29)
with

Vix,y,z,t) = % Z 8(y —x —m0)s(z —x —mB —n)é(t —x —n). (3.30)

m,neZ

This leads to a vertex
X X +n

(3.31)

x + méb x+n+mb.

The non-local structure of this interaction given by the vertex (3.30) is intuitively
understood as follows. First let us notice that the interaction involves products of
the fields at the four points x, x + m6 + n, x + n and x 4+ m6. These four points
are identical in the quotient space R/(Z + 6Z) so that the theory would be local
if it could be formulated on such a quotient. This is possible if 8 is rational, but
otherwise the quotient space is badly behaved from a topological viewpoint, namely
because Z + 07 is dense in R when 0 is irrational. Such a quotient space is related
to Kronecker’s foliation and is fruitfully understood using the powerful techniques
presented in [10]. Here we shall content ourselves with a very rough analysis by
disregarding the topological difficulties so that we simply write any real number as
x = [x]+ k6 + [, where [x] is the class of x in the quotient and k and [ are elements
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of Z. Accordingly, the interaction vertex can be written as

[x]+ k60 +1 [X]+ (m+ k)0 +1

(3.32)

X]+k0+14+n [x]+m+k)O0+({+n).

It appears that all the fields are evaluated at a point which corresponds to the
same equivalence class [x], whereas the interaction mixes the integers k and [ in a
particular pattern reminiscent of matrix models. Indeed in a matrix model involving
(p x g)-rectangular matrices with an interaction of the type

VM MT) = 4TeMTMMIM) = £ > (M) j M)y, (MT), j, My, (3.33)
0= Az

the interaction vertex is
I k k l+n

I k+m k+m [+n

The integers k, [, k + m and [ 4+ n correspond to matrix indices i1, j1, i> and js.
In the framework of rectangular matrix models the duality (3.19) exchanges M with
its adjoint M 171

Ifo = g, with p and g two relatively prime positive integers, then the relation with
rectangular matrix models can be established as follows. Define the vector bundle
F — T? over acommutative 2-torus of radius 1/¢q, whose fibres are (p x ¢) complex
matrices, in terms of its module of smooth sections I'>°(F'). The latter is defined as
the set of (p x ¢) matrix-valued smooth functions on [0, 1/¢] x [0, 1/¢], which are
periodic in the second variable but only quasi-periodic in the first:

M(x.y + ) = M(x.y).

. . L (3.34)
M(x + 4. y) = Q,(qy)M(x, y)2,7(=qy).
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where a and b are two integers such that ag + bp = 1 and Qn(y) is the N x N
matrix defined by

Qn(y) = R (3.35)
eziny . 0

Now given ¢ € §(R), one associates an element of I'*°(F') via the map p

p: 8(R) — I'°(F),

¢(x) > Mij(x,y) = Zqﬁ(x +

neZ

iq+jp+ npq>e_2mqy (3.36)
q b

withi € {0,1,...,p—1}and j € {0,1,...,q — 1}. Using the identity

QY] = Z 8 itn_ine2 TRy, (3.37)
X

where only one term in the sum is non-zero, it is easy to prove that M satisfies the
boundary conditions (3.34). Conversely, one can define a function ¢ € §(R) from a
matrix M € I'°°(F) using the map p* (the notation will be justified soon):

p* T®(F) = S(R). M(x.y) > $(x) = ¢ /0 ‘dyMoo(x.y).  (33®)

From the boundary conditions (3.34), it is straightforward to see that the latter is well
defined as an element of §(R).

The map p establishes an isomorphism between & (R) and I'°°(F'), whose inverse
is p*. Moreover, p and p* extend to unitary operators at the level of L2-completions.
To this aim, let L2(T?, F) be the completion of ' (F) with respect to the norm
| - I F induced from the scalar product

1/q 1/q

(M.N)F =g /0 dx [y M )N Gl

Lemma 3.1. For 6 = g, with p and q relatively prime positive integers, the map p
is a unitary operator from L*(R) to L*>(T?, F), whose adjoint is p*.

Proof. First observe that the maps (3.36), p: §(R) — I'*°(F), and (3.38),
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p*: T°(F) — 8(R), are inverse each other. Indeed, for any ¢ € §(R), we have

1/q
(p*pd)(x) = q | dy(pdoox. )

1/q .
=g [y b )T = 5 8, 0905+ 1p) = 9,

neZ neZ

Conversely, for any M € I'*°(F) we find

(p™ M)ij (x, ) = D (p* M) (x + w)
q
nezZ

1/q . . .
=qz dZMoo(X+ lq—"]p+npqu)e—2nrnqy.
nez’0 q

Using the boundary conditions (3.34) and the Poisson re-summation formula (in the
sense of tempered distributions), the former expression reads

1/q 0 (n+1)/q
qy /0 dzM;j(x, z)e 2907 = g% " d2Mij(x.2)8(q7 = qy) = Myj(x. )
neZ nez “"4

Now for ¢, y € 8(R), denote by M, N € I'"*°(F) the corresponding matrices.
Let us also introduce the bijective map

E:{0,1,...,p—1}x{0,1,...,p—1} xZ - Z,

C . . (3.39)
(i, j.,n)—iqg+ jp+npq.

Using this map one has
1 1
q q
(M. N)r =g [dx [ Tay T )N G
0 0

1 —e - =
= Z /qu(]_S(X—f‘—u(l’J’n))X(X‘i‘—u(l’J’n))
2@, jn)ez”? q q
+o0

= dx¢p(x)x(x) = (. X)L2®)-
—00
Therefore, |p¢llF = ¢l 2w) and [|p* M| 2wy = [IM | F for any ¢ € §(R) and
M € T'°°(F). By density, this proves that p and p* extend to isometries on L?(R)
and L2(T?2, F) and that they are adjoint each other. This concludes the proof since
one has already checked that p*p = 172(g), p0* = 112¢72,F). O
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It is worthwhile to notice that the map p possesses more structures. In particular,
it preserves the module structure, where I (F') is equipped with a left action of the
bundle algebra of (p x p)-matrices over T2, with boundary conditions:

A(x,y + 3) = Ax, ),
A(x + 2.9) = Q5@ Alx, 1))

In particular, the two covariant derivatives defining the connection (2.38) on the
Schwartz space translate into

(3.40)

a  2i 0
= L _ZTPY L4 4B and V= — (3.41)
ay q 0x
on the rectangular matrices. In this definition, A and B are two square p x p and
g X g constant diagonal matrices acting by left and right multiplication. Their diagonal
elements are

Vi

2i
Ak = —2impk and By = i) (3.42)
p

Therefore, at rational 6, the Heisenberg module simply describes a bundle of rect-
angular matrices over an ordinary torus. These relations generalise the one given in
[22], which corresponds to the case p = g = 1.

Consider now a rectangular matrix model, with matrix-valued functions satisfying
the boundary conditions (3.34) and an action given by

S[M, MT] = /"dx /qdy Tr[V, M T (x, y) VFM(x, y)
0 0 (3.43)
+udM T, y)M(x, y) + 2(MT(x, y)M(x, y))?.

If we express the matrix M in terms of ¢ via the map p, the matrix model action
agrees with the Heisenberg module action (2.40) up to a factor ¢,

gS[M. M = S[¢. ¢]. (3.44)

The equality for the quadratic part of the action is already contained in the
Lemma 3.1. The interaction term can be treated along the same lines. The matrix
model interaction reads

qi i i _
DY /0 dx /0 dy