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 1997 Elsevier Science B.V.The standard model within non{associative geometryRaimar WulkenhaarInstitut f�ur Theoretische Physik, Universit�at LeipzigAugustusplatz 10/11, D{04109 Leipzig, Germanye-mail: raimar.wulkenhaar@itp.uni-leipzig.deAbstractWe present the construction of the standard model within the frameworkof non{associative geometry. For the simplest scalar product we get thetree{level predictions mW = 12mt ; mH = 32mt and sin2 �W = 38 : Theserelations di�er slightly from predictions derived in non{commutative ge-ometry.PACS: 02.20.Sv; 11.15.-q; 12.10.Ktkeywords: standard model; non{associative geometry;non{commutative geometry1. IntroductionOne of the most important applications of non{commutative geometry [1] tophysics is a uni�ed description of the standard model. The most elegant versionrests upon a K{cycle [2, 1] with real structure [3], see [4, 5] for details and[7, 6] for an older version. There also exist numerous other formulations withinnon{commutative geometry (NCG), see for instance [9, 8]. The author of thispaper has proposed in [10] a modi�cation of non{commutative geometry. In thatapproach one uses unitary Lie algebras instead of unital associative �{algebras.Lie algebras are non{associative algebras { this is the motivation for the workingtitle \non{associative geometry". The only realistic physical model that onecan construct within the most elegant NCG{prescription is the standard model[11]. The advantage of non{associative geometry is that a larger class of physicalmodels can be constructed from the same amount of structures as in the mostelegant NCG{formulation. That class includes the standard model, as we showin this paper.We give in Section 2 a recipe how to construct classical gauge �eld theorieswithin non{associative geometry. The arguments why this recipe works can befound in [10]. Section 3 contains the construction of the standard model. Wederive the geometric structures and write down the bosonic action for the simplestscalar product. The fermionic action will not be displayed, because it is identicalwith the classical formulation.2. The Recipe of Non{associative GeometryThe basic object in non{associative geometry is an L{cycle (g;h;D;�;�) ; whichconsists of a �{representation � of a unitary Lie algebra g in bounded operatorson a Hilbert space h; together with a selfadjoint operator D on h with compactresolvent and a selfadjoint operator � on h; �2 = idh ; which commutes with �(a)and anticommutes with D: The operator D may be unbounded, but such that1



2 R. Wulkenhaar[D;�(g)] is bounded. L{cycles are naturally related to physical models if thefollowing input data are given:1) The (Lie) group of local gauge transformations G :2) Chiral fermions  transforming under a representation ~� of G :3) The fermionic mass matrix fM ; i.e. fermion masses plus generalizedKobayashi{Maskawa matrices.4) In the case of Grand Uni�ed Theories: The symmetry breaking pattern ofG :Take g = C1(X)
 a as the Lie algebra of G ; where a is a matrix Lie algebraand C1(X) the algebra of smooth functions on the (compact Euclidian) space{time manifold X : Take h = L2(X;S)
CF as the completion of the Euclidianfermions, where L2(X;S) is the Hilbert space of square integrable bispinors. Take� = id
 �̂ as the di�erential ~�� ; where �̂ is a representation of a in MFC : PutD = D
1F +
5
M ; where D is the Dirac operator on X and M2MFC suchthat 
5
M coincides with fM on chiral fermions. The chirality properties ofthe fermions are encoded in � = 
5
 �̂: In Grand Uni�cation models, additionalinformation on the spontaneous symmetry breaking pattern is contained in thepart of the mass matrix M that vanishes on chiral fermions.The recipe towards the (classical) gauge �eld theory associated to the L{cycleis the following: Let 
1a be the space of formal commutators!1 =P�;z�0[az�; : : : [a1�;da0�] : : : ] ; ai� 2 a ;where d is the universal di�erential. Apply linear mappings �̂ : 
1a!MFC and�̂ : 
1a!MFC de�ned by�̂(!1) :=P�;z�0[�̂(az�); : : : [�̂(a1�); [�iM; �̂(a0�)]] : : : ] ; (1)�̂(!1) :=P�;z�0[�̂(az�); : : : [�̂(a1�); [M2; �̂(a0�)]] : : : ] : (2)De�ne 
na3 !n =P�[!1n;�; [!1n�1;�; : : : [!12;�;!11;�] : : : ]] ; where !1i;� 2
1a : Extend�̂ and �̂ recursively to 
na by�̂([!1;!k]) := �̂(!1)�̂(!k)� (�1)k�̂(!k)�̂(!1) ;�̂([!1;!k]) := �̂(!1)�̂(!k)� �̂(!k)�̂(!1)� �̂(!1)�̂(!k)� (�1)k�̂(!k)�̂(!1) :De�ne for n� 2 �̂(J na) := f �̂(!n�1) ; !n�1 2 
n�1a\ker �̂ g : (3)De�ne spaces r0a�MFC and r1a�MFC elementwise byr0a=�(r0a)� = �̂(r0a)�̂ ; r1a=�(r1a)� =��̂(r1a)�̂ ;[r0a; �̂(a)]� �̂(a) ; [r0a; �̂(
1a)]� �̂(
1a) ; (4)fr0a; �̂(a)g � f�̂(a); �̂(a)g+ �̂(
2a) ; fr0a; �̂(
1a)g � f�̂(a); �̂(
1a)g+ �̂(
3a) ;[r1a; �̂(a)]� �̂(
1a) ; fr1a; �̂(
1a)g � �̂(
2a)+f�̂(a); �̂(a)g :De�ne spaces j0a;j1a;j2a�MFC elementwise byj0a:=c0a ; j1a:=c1a ;j2a:=c2a+ �̂(J 2a)+f�̂(a); �̂(a)g ; where (5)c0a=�(c0a)� = �̂(c0a)�̂ ; c1a=�(c0a)� =��̂(c0a)�̂ ;



The standard model within non{associative geometry 3c2a= (c0a)� = �̂(c0a)�̂ ;c0a � �̂(a) = 0 ; c0a � �̂(
1a) = 0 ;c1a � �̂(a) = 0 ; c1a � �̂(
1a) = 0 ;[c2a; �̂(a)] = 0 ; [c2a; �̂(
1a)] = 0 :The connection form � has the structure�=P�(c1�
m0�+ c0�
5
m1�) ; c1� 2 �1 ; c0� 2 �0 ; m0� 2 r0a ; m1� 2 r1a ; (6)where �k is the space of di�erential k{forms represented by gamma matrices.The curvature � is computed from the connection form � by� = d�+�2� if
5
M;�g+ �̂g(�)
5+J2g ;J2g= (�2
 j0a)� (�1
5
 j1a)� (�0
 j2a) ; (7)where d is the exterior di�erential and �̂g the extension of �̂ to elements of theform (6). Select the representative e(�) orthogonal to J2g ; i.e. �nd j 2 J2g suchthate(�) = d�+�2� if
5
M;�g+ �̂(�)
5+j ; ZXdx tr(e(�)j2) = 0 8j2 2 J2g :The trace includes the trace in MFC and over gamma matrices. Compute thebosonic and fermionic actionsSB = ZXdx 1g20 F tr(e(�)2) ; SF = ZXdx �(D+i�) ; (8)where g0 is a coupling constant and  2 h: Finally, perform a Wick rotation toMinkowski space. 3. The ConstructionOur constructions requires that the mass matrices of all fermions of the sametype (including neutrinos) are di�erent from zero and non{degenerated. In par-ticular, the Kobayashi{Maskawa matrix in both the quark and the lepton sectormust be non{trivial. This is necessary to avoid certain degeneracy e�ects. Thematrix Lie algebra of the standard model isa= u(1)� su(2)� su(3) :The Hilbert space is C48 ; because we need right neutrinos. We label elements ofC48 in a suggestive way by the fermions of the �rst generation:(uL ; dL ; uR ; dR ; �L ; eL ; �R ; eR)T 2C48 ;



4 R. Wulkenhaarwhere uL;dL;uR;dR 2C3
C3 and �L;eL;�R;eR 2C3 : The representation �̂ ofa on C48 is�̂((a1;a2;a3)) = (9)if0diag(1313
13 ; 1313
13 ; 4313
13 ;�2313
13 ;�13 ;�13 ; 03 ;�213)+0BBBBBBBBBB@
(a3+if313)
13 ; i(f1�if2)13
13 0 0i(f1+if2)13
13 ; (a3�if313)
13 0 00 0 a3
13 00 0 0 a3
13 OO if3
13 ; i(f1�if2)
13 0 0i(f1+if2)
13 ; �if3
13 0 00 0 03 00 0 0 03

1CCCCCCCCCCA:Here, the matrix a3 2 su(3)�M3C is written down in the standard matrix rep-resentation, a2 =�if3 ; i(f1� if2)i(f1+if2) ; �if3� 2 su(2) ; for f1;f2;f3 2R ; and a1 = if0 2u(1)� iR : The generalized Dirac operator isM=0BBBBBBBBBB@
0 0 13
Mu 00 0 0 13
Md13
M�u 0 0 00 13
M�d 0 0 OO 0 0 M� 00 0 0 MeM�� 0 0 00 M�e 0 0

1CCCCCCCCCCA;where Mu;Md;M� ;Me 2M3C are the mass matrices of the fermions. It is easyto see that for ai� = (ai1;�;ai2;�;ai3;�) 2 a one has�1 :=P�;z�0[�̂(az�); : : : [�̂(a1�); [�iM; �̂(a0�)]] : : : ] = (10)i0BBBBBBBBBB@
0 0 �b213
Mu b113
Md0 0 ��b113
Mu b213
Mdb213
M�u ; �b113
M�u 0 0�b113
M�d ; �b213
M�d 0 0 OO 0 0 �b2
M� b1
Me0 0 ��b1
M� b2
Meb2
M�� ; �b1
M�� 0 0�b1
M�e ; �b2
M�e 0 0

1CCCCCCCCCCA;�b1b2�= X�;z�0az2;�az1;� � � �a12;�a11;�a02;�a01;��01� 2C2 : (11)The matrix (10) is the general form of an element of �̂(
1a) : The grading operatoris �̂ = diag(�13
13 ;�13
13 ; 13
13 ; 13
13 ;�13 ;�13 ; 13 ; 13) :One has �̂2 = 148 ; [�̂; �̂(a)] = 0 ; f�̂;Mg= 0 and f�̂; �̂(
1a)g= 0 : Let�if3 ; i(f1� if2)i(f1+if2) ; �if3� :=�i(jb2j2�jb1j2) ; �2ib1�b2�2i�b1b2 ; �i(jb2j2�jb1j2)� 2 su(2) ;Mud =MuM�u�MdM�d ; M�e =M�M�� �MeM�e ;Mfudg =MuM�u +MdM�d ; Mf�eg =M�M�� +MeM�e :



The standard model within non{associative geometry 5Then we havef�1; �1g=i0BBBBBBBBBB@
if313
Mud ; i(f1�if2)13
Mud 0 0i(f1+if2)13
Mud ; �if313
Mud 0 00 0 09 00 0 0 09 OO if3
M�e ; i(f1�if2)
M�e 0 0i(f1+if2)
M�e ; �if3
M�e 0 00 0 03 00 0 0 03

1CCCCCCCCCCA (12)�(kb1k2+kb2k2)diag�13
Mfudg ; 13
Mfudg ; 13
2M�uMu ; 13
2M�dMd ;Mf�eg ; Mf�eg ; 2M��M� ; 2M�eMe� : (13)Next, for �1 = �̂(!1) given by (10) we obtain with (2)�̂(!1)=P�;z�0[�̂(az�); : : : [�̂(a1�); [M2; �̂(a0�)]] : : : ] = (14)i0BBBBBBBBBB@
if313
Mud ; i(f1�if2)13
Mud 0 0i(f1+if2)13
Mud ; �if313
Mud 0 00 0 09 00 0 0 09 OO if3
M�e ; i(f1�if2)
M�e 0 0i(f1+if2)
M�e ; �if3
M�e 0 00 0 03 00 0 0 03

1CCCCCCCCCCA;�if3 ; i(f1� if2)i(f1+if2) ; �if3� :=X�;z�0�az2;�; : : :�a12;�;�a02;�;� i2 00 � i2��� : : :� 2 su(2) :Choosing!10 = da02+[a12; [a12;da02] ; a02 =�0 ii 0� 2 su(2) ; a12 =�i 00 � i� 2 su(2) ;we have !10 2 ker �̂ due to (a02+a12a12a02)�01� = �00� ; see (11). On the other hand,�̂(!1) 6= 0 is the matrix (14), with f1 = 0;f2 =�3;f3 = 0 : Obviously, each matrixof the form (14) can be represented as �̂(!1) ; for !1=P�;z�0[az�; : : : [a0�;!10 ] : : : ]2ker �̂ : Therefore, each element of �̂(J 2a) is precisely of the form (14), see (3):�̂(
1a)� �̂(J 2a) : (15)Comparing the results (15) and (14) with (12) and (13) we getf�1; �1g=�(kb1k2+kb2k2)diag �13
Mfudg ;13
Mfudg ;13
2M�uMu ;13
2M�dMd ;Mf�eg ; Mf�eg ; 2M��M� ; 2M�eMe� mod �̂(J 2a) :(16)It is clear that the representative chosen in (16) is orthogonal to �̂(J 2a) : Onecan prove that �̂(
na) = �̂(J na) for all n� 3 : (17)Next, we need the structure of the space f�̂(a); �̂(a)g : A simple calculationyields for elements of f�̂(a); �̂(a)g the formf�̂(a); �̂(a)g 3 diag(Aq+�q ; A`+�`) ;



6 R. WulkenhaarAq=X� i0BBBBBBB@�( 13 �̂0�+�3�+�0�)a3;�+13 i�̂3�13 � �(�1��i�2�)a3;�+13 i(�̂1��i�̂2�)13 � 0 0�(�1�+i�2�)a3;�+13 i(�̂1�+i�̂2�)13 � �( 13 �̂0���3�+�0�)a3;�� 13 i�̂3�13 � 0 00 0 (�0�+43 �̂0�)a3;� 00 0 0 (�0�� 23 �̂0�)a3;�
1CCCCCCCA
13 ;A` =X� i0BB@ �i�̂3�13 ; �i(�̂1�� i�̂2�)13 0 0�i(�̂1�+i�̂2�)13 i�̂3�13 0 00 0 03 00 0 0 03 1CCA ; (18)�q = diag�(�+~�+19 �̂)13;(�+~�+19 �̂)13;(�+ 169 �̂)13;(�+49 �̂)13�
13 ;�` = diag�(~�+ �̂)13 ; (~�+ �̂)13 ; 03 ; 4�̂13� ;where a3;� 2 su(3) and �0�;�1�;�2�;�3�; �̂0�; �̂1�; �̂2�; �̂3�;�; ~�; �̂ 2R :In order to write down the structure of the connection form we must �nd thespaces r0a and r1a ; see (6). The evaluation of (4) yields in the case of genericmass matrices Mu;Md;M� ;Me the simple resultr0a= �̂(a) ; r1a= �̂(
1a) :In the course of this evaluation it is essential that a non{trivial Kobayashi{Maskawa matrix occurs in both the quark and lepton sectors. Otherwise anal-ogous particles of di�erent generations could have di�erent electric charges. Inparticular, right neutrinos must exist. Since it is also necessary to invert themass matrices Mu;Md;M� ;Me ; all neutrinos must be massive. For generic massmatrices, equations (5) have the solution j0a= 0 ; j1a= 0 andj2a= �̂(J 2a)� �f�̂(a); �̂(a)g+diag(R136 ;R112)�3 J2�diag(Aq ; A`)�diag(Jq ; J`) ;Jq = diag�(�1+19�0)13 ; (�1+19�0)13 ; (�1+�3+169 �0)13 ; (�1+�3+49�0)13�
13 ;J` = diag�(�2+�0)13 ; (�2+�0)13 ; (�2+�3)13 ; (�2+�3+4�0)13� ; (19)for J2 2 �̂(J 2a) and �0;�1;�2;�3 2R :In order to write down the bosonic action it is necessary to select the repre-sentative e(f�1; �1g) of f�1; �1g+ j2a orthogonal to j2a : This problem is easy tosolve. Let~Mfudg :=MuM�u+MdM�d � 13tr(MuM�u+MdM�d )13 ;~Mf�eg :=M�M�� +MeM�e � 13tr(M�M�� +MeM�e )13 ;~Muu :=M�uMu� 124 tr(5MuM�u+3MdM�d �M�M�� +MeM�e )13 ;~Mdd :=M�dMd� 124tr(3MuM�u+5MdM�d +M�M�� �MeM�e )13 ;~M�� :=M��M�� 124 tr(�3MuM�u+3MdM�d +7M�M�� +MeM�e )13 ;~Mee :=M�eMe� 124tr(3MuM�u�3MdM�d +M�M�� +7MeM�e )13 :Then, the canonical embedding e(f�1; �1g) of f�1; �1g into M48C is given bye(f�1; �1g) =�(kb1k2+kb2k2)diag�13
 ~Mfudg ; 13
 ~Mfudg ; 13
2 ~Muu ; 13
2 ~Mdd ;~Mf�eg ; ~Mf�eg ; 2 ~M�� ; 2 ~Mee� : (20)



The standard model within non{associative geometry 7Now we include the four dimensional Riemannian spin manifold X and choosea selfadjoint local basis f
�g�=1;2;3;4 of �1 : The connection form � has due to(6), (9) and (10) the structure�=��q 00 �`� ; (21)�q =0BB@(A+i( 13A0+A3)13)
13 ; i(A1�iA2)13
13 �i
5 ��213
Mu �i
5�113
Mdi(A1+iA2)13
13 ; (A+i( 13A0�A3)13)
13 i
5 ��113
Mu �i
5�213
Md�i
5�213
M�u i
5�113
M�u (A+ 43 iA013)
13 0�i
5 ��113
M�d �i
5 ��213
M�d 0 (A� 23 iA013)
131CCA;�` =0BB@ i(�A0+A3)
13 i(A1� iA2)
13 �i
5 ��2
M� �i
5�1
Mei(A1+iA2)
13 i(�A0�A3)
13 i
5 ��1
M� �i
5�2
Me�i
5�2
M�� i
5�1
M�� 03 0�i
5 ��1
M�e �i
5 ��2
M�e 0 �2iA0
13 1CCA;where A 2 �1 
 su(3) ; ~A := �iA3 ; i(A1� iA2)i(A1+iA2) ; �iA3� 2 �1 
 su(2) ; A0 2 �1and �1;�2 2 �0 
C : In formula (7) for the curvature note that �̂(!1) = 0mod �̂(J 2a) : Inserting (21) into (7) we obtain for the bosonic action givenin (8)SB= 148g20 ZXdx tr(e(�)2) = ZXdx (L2+L1+L0) ; (22)L2= 14g20 tr((dA+ 12fA;Ag)2)+ 14g20 tr((d ~A+ 12f ~A; ~Ag)2)+ 56g20 tr((dA0)2) ;L1= 124g20 tr�jd�1+i(A0+A3)�1+i(A1� iA2)(�2+1)j2++jd�2+i(A0�A3)(�2+1)+ i(A1+iA2)�1j2���tr(3MuM�u+3MdM�d +M�M�� +MeM�e ) ;L0= 1192g20 (j�1j2+ j�2+1j2�1)2tr(1)��tr(6 ~M2fudg+12 ~M2uu+12 ~M2dd+2 ~M2f�eg+4 ~M2��+4 ~M2ee) :We perform the reparameterizationsA=P8a=1 ig02 Ga�
�
�a ; ~A=P3a=1 ig02 W a�
�
�a ; A0 = ig02 q35W 0�
� ;�i = g0�i =qtr(MuM�u +MdM�d + 13M�M�� + 13MeM�e ) ; i= 1;2 ; (23)where f�ag are the Pauli matrices and f�ag the Gell-Mann matrices. Usingtr((
�^
�)(
�^
�)) = 4(������ � ������) ; tr(
�
�) = 4��� ; tr(1) = 4and performing a Wick rotation to Minkowski space we obtain for (22) preciselythe bosonic action of the standard model, see [12]. The Weinberg angle �W andthe masses mW ;mZ and mH of the W , Z and Higgs bosons are given bymW = 12qtr(MuM�u+MdM�d + 13M�M�� + 13MeM�e ) = 12mt ;mZ =mW =cos�W ; sin2 �W = 38 ;mH =vuuttr( ~M2fudg+2 ~M2uu+2 ~M2dd+ 13 ~M2f�eg+ 23M2��+ 23Mee)tr(MuM�u+MdM�d + 13M�M�� + 13MeM�e ) = 32mt ; (24)



8 R. Wulkenhaarwhere mt is the mass of the top quark. Here we have neglected the other fermionmasses against mt : The analogous relations in non{commutative geometry readfor the simplest scalar product [6]mW = 12mt ; mH =q6928mt ; sin2 �W = 1229 : (25)Inserting (21) and (23) into the fermionic action in (8) we arrive after a Wickrotation to Minkowski space and imposing the chirality condition �h= h at theusual fermionic action of the standard model [12]. In our model, general scalarproducts as discussed within NCG for instance in [4] are possible as well. Theycorrespond to di�erent weights of quark and lepton contributions to the entirebosonic action. References[1] A. Connes, Non commutative geometry, Academic Press, New York 1994.[2] A. Connes and J. Lott, The Metric Aspect of Noncommutative Geometry, Proceedings of1991 Carg�ese Summer Conference, ed. by J. Fr�ohlich et al, Plenum, New York 1992.[3] A. Connes, Noncommutative geometry and reality, J. Math. Phys. 36 (1995) 6194{6231.[4] B. Iochum, D. Kastler and T. Sch�ucker, Fuzzy Mass Relations in the Standard Model,preprint hep-th/9507150.[5] C. P. Mart��n, J. M. Gracia{Bond��a and J. C. Varilly, The standard model as a noncommu-tative geometry: the low energy regime, preprint hep-th/9605001.[6] D. Kastler and T. Sch�ucker, The Standard Model �a la Connes-Lott, preprint hep-th/9412185.[7] D. Kastler and T. Sch�ucker, A Detailed Account of Alain Connes' Version of the StandardModel in Non{Commutative Di�erential Geometry IV, Rev. Math. Phys. 8 (1996) 205{228.[8] R. Coquereaux, G. Esposito{Far�ese and G. Vaillant, Higgs Fields as Yang{Mills Fields andDiscrete Symmetries, Nucl. Phys. B 353 (1991) 689{706.[9] R. Coquereaux, G. Esposito{Far�ese and F. Scheck, Noncommutative Geometry and GradedAlgebras in Electroweak Interactions, Intern. J. Mod. Phys. A 7 (1992) 6555{6593.[10] R. Wulkenhaar, Noncommutative geometry with graded di�erential Lie algebras, J. Math.Phys. 38 (1997) 3358{3390.[11] F. Lizzi, G. Mangano, G. Miele and G. Sparano, Constraints on uni�ed gauge theories fromnoncommutative geometry, Mod. Phys. Lett. A 11 (1996) 2561{2572.[12] M. Guidry, Gauge Field Theories, Wiley, New York (1991).


