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We formulate the flipped SU(5) x U(1)-GUT within a Lie-algebraic approach to non-
commutative geometry. It suffices to take the matrix Lie algebra su(5) as the input;
the u(1l)-part with its representation on the fermions is an algebraic consequence. The
occurring Higgs multiplets (24, 5,45, 50-representations of su(5)) are uniquely deter-
mined by the fermionic mass matrix and the spontaneous symmetry breaking pattern
to SU(3) X U(1)gas- We find the most general gauge invariant Higgs potential that
is compatible with the given Higgs vacuum. Our formalism yields tree-level predictions
for the masses of all gauge and Higgs bosons. It turns out that the low-energy sector is
identical with the standard model. In particular, there exists precisely one light Higgs
field, whose upper bound for the mass is 1.45m;. All remaining 207 Higgs fields are
extremely heavy.
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1. Introduction

One of the most important applications of non-commutative geometry (NCG) to
physics is a unified description of the standard model. The most elegant version rests
upon a K-cycle!? with real structure?, see Refs. 4,5,6 for details of the construction.
The standard model is the only realistic physical model that one can formulate
within the most elegant NCG-prescription”. On the other hand, there exist good
reasons® why one could be interested in Grand Unified Theories (GUT’s): GUT’s
explain the quantization of electric charge, yield a fairly well prediction for the
Weinberg angle, explain the convergence of running coupling constants at high
energies, include massive neutrinos to solve the solar neutrino problem, produce the
observed baryon asymmetry of the universe, etc. However, the results of Ref. 7 imply
that one needs additional structures or different methods for a NCG-formulation of
these models.

Perhaps the most successful NCG-approach towards grand unification was pro-
posed by Chamseddine, Felder and Frohlich. In the SU(5)-model® !, the authors
start to construct an auxiliary K-cycle. Within this framework they construct the
bosonic sector. Then they interpret some of these bosonic quantities as Lie alge-
bra valued and consider Lie algebra representations on the physical Hilbert space
to obtain the fermionic sector. An aesthetic shortcoming of that approach is the
auxiliary character of the K-cycle, which of course is inevitable in view of Ref. 7.
The SO(10)-model'! by Chamseddine and Frohlich fits well® into the NCG-scheme.
The reason why this model was excluded in Ref. 7 is that only models possessing
complex fundamental irreducible representations were admitted in that article.

%Nevertheless, the use of Lie algebras instead of algebras could probably justify certain assumptions
made in Ref. 11.
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The author of this paper has proposed in Refs. 12,13 a modification of non-
commutative geometry. In that approach one uses skew-adjoint Lie algebras instead
of unital associative x-algebras. Differential geometry is formulated in terms of
graded differential Lie algebras. The advantage of that framework is that a larger
class of physical models can be constructed from the same amount of structures as
in the most elegant NCG-prescription. That class includes the standard model'*
and the flipped SU(5) x U(1)-GUT as well, as we show in this paper. For the
classical treatment of that model see Ref. 15.

We give in Sec. 2 a recipe how to construct classical gauge field theories within
our NCG-framework. The arguments why this recipe works can be found in Ref.
13. In Sec. 3 we construct the matrix part of the SU(5) x U(1)-model: In Sec. 3.1 we
consider relevant su(5)-representations. The remaining ingredients of our scheme
are defined in Sec. 3.2. Then it is not difficult to derive in Sec. 3.3 the matrix part
of the connection form. Finally, we perform in Sec. 3.6 the factorization of the
curvature with respect to a canonically given ideal constructed in Sec. 3.5.

In Sec. 4 we include the space-time part and derive the action for our model:
Out of the curvature obtained in Sec. 4.1 we build in Sec. 4.2 the bosonic action. To
compare it with usual formulae of gauge field theory we write down this action in
terms of local coordinates, see Sec. 4.3. The fermionic action is derived in Sec. 4.4.
Comparing it with phenomenology we can identify certain parameters of the gener-
alized Dirac operator with fermion masses and Kobayashi-Maskawa mixing angles.
This information is essential for deriving the masses of the Higgs bosons in Sec. 5.

2. NCG with Graded Differential Lie Algebras

The basic object in our approach is an L-cycle (g, h, D, 7, T"), which consists of a
x-representation 7 of a skew-adjoint Lie algebra g as bounded operators on a Hilbert
space h, together with a selfadjoint operator D on h with compact resolvent and a
selfadjoint operator I' on b, I'? = id}, , which commutes with 7(g) and anticommutes
with D . The operator D may be unbounded, but such that [D,n(g)] is bounded.
L-cycles are naturally related to physical models on a space-time manifold X if the
following input data are given:

1. A unitary matrix Lie group G and its associated gauge group ¢ = C*°(X)®G .
Here, C*°(X) denotes the algebra of real-valued smooth functions on X.

2. Chiral fermions 9 transforming under a representation 7y of G'. The induced
representation of the gauge group G is 7 = id ®7 .

3. The fermionic mass matrix M containing fermion masses and generalized
Kobayashi—-Maskawa matrices.

4. Possibly the spontaneous symmetry breaking pattern of G'.

For technical reasons we pass to a compact Euclidian spin manifold X. We take
g =C>*(X)® a as the Lie algebra of G. Here, a = a’ ® a” is a skew-adjoint matrix
Lie algebra, where a’ is semisimple and a” Abelian. We shall only consider the case
that the Abelian part is not present, i.e. a = a’. We choose h = L?(X,S) ® CI" as
the Hilbert space of Euclidian fermions 1. Here, L?(X,S) is the Hilbert space of
square integrable bispinors. We take 7 = 1 ® 7 as the differential 7, , where 7 is
a representation of a in MpC. We define D = D ® 1r + v° ® M, where D is the
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Dirac operator associated to the spin connection and M € MpC. Here, v o M
must coincide with M on chiral fermions. The chirality properties of the fermions
are encoded in I' = 4% ® T, where {I’, M} = 0 and [[', 7(a)] = 0.

The recipe towards the (classical) gauge field theory associated to the L-cycle is
the following: Let Q'a be the space of formal commutators

wh = Za,zzo[afw [ i [a(l)u da?y] i ]] ) afy ca. (]_)

Apply linear mappings # : Q'a = MpC and 6 : Q'a = MpC defined by

W) = Ya ool (@d), [ [7(ad), [ iM, 7 (@] - 1], (2a)
G(w') = Y ssolft(@d), [ [7(ag), IM?, 7 (a)]] - .. ]] (2b)
Define Q"a 3 W™ = Y [wh o) [Wh 105+ W5 0rWI o) - -]], Where w}, € Q'a. Ex-

tend 7 and & recursively to 2"a by

Define spaces 7% C MyC and rla C MrC elementwise by
rl% = —(r%)* = (%)l rla=—(rla)* = -I'(ra)l,
[r%, 7 (a)] C 7(a), [rf, 7 (' a)] C 7(Q'a) (5)
{r%, #(a)} C {#(a),7(a)} + 7(Q%a), {r,7(Q*a)} C {#(a),7(Q'a)} + 7(Q3a) ,
[rla, 7(a)] C 7#(Q'a), {rlta,7(Q'a)} C #(Q%a) + {7 (a), 7 (a)} .

Define spaces j'a, j'a, j%a € MpC elementwise by

%, 7t(a)] =
The connection form p has the structure

p=>,(ckomd +cdy> @m)),

1 1 0 0 0 £ 4.0 1 1
c, €N, c €N, myuera, mig€Era,
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where A¥ is the space of differential k-forms represented by gamma matrices. The
curvature @ is computed from the connection form p by

0 =dp+p* —i{y" ® M,p} +64(p)y" + 1% ,

8
Ta=(A®5%) @AY @i e (A ®j%), ®

where d is the exterior differential and 64 the extension of id ®6 to elements of the
form (7). Select the representative ¢(d) orthogonal to J% , i.e. find j € J% such that

e(f) =dp+p* —i{r°" @ M, p} +3(p)V° +i ,

[ s )iz =0, VizeTh. )
X

The trace tr. includes the trace in MpC and over gamma matrices. Compute the
bosonic and fermionic actions

1 : * .
SB = /Xd.’L' gS—F trc(e(e)z) ’ SF = /de"p (D+1p)¢ ’ (10)

where gp is a coupling constant and 1) € h. At the end, perform a Wick rotation to
Minkowski space.

3. The Matrix Part of the Unification Model

3.1. The representations under consideration

We shall adapt our notations to the SU(5) x U(1)-model. In contrast to what one
could expect from the classical treatment!® of that model, the matrix Lie algebra
we use is not su(5) @ u(l) but a = su(5). In our approach, the u(1)-part is not an
input of the model but an algebraic consequence. The internal Hilbert space is

C = (LWeselelssiel)aC aC, (11)
where 10,10%, 5,5, 1 are representations of su(5) . Since we consider linear operators

on C'? | we need the decomposition rules for homomorphisms between the su(5)-
representations occurring in (11):

End(10) End(107) =10010* =1®2407  (12a)
End(3) End(5%) =5®5" =1024 (12b)
End(1) =1 (12¢)

Hom(5,10)  =Hom(10*,5") =5"®10  =5&45" (12d)
Hom(5, 10%) Hom(10,5%) =5"®10° =10 40" (12e)
Hom(5%, 5) =5®5 =10®15 (12f)
Hom(10", 10) =10®10 =5"045®50 (12g)
Hom(L,5) = Hom(5%,1) =5 (12h)
Hom(1, 10) Hom(10%,1) =10 (12)
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We identify the Lie algebra su(5) with its 24-representation. Then, we get a natural
representation 7 of su(5) in End(C'?) by selecting the 24-representations in (12):

7'('10((1) 0 0
0 7r5(a) 0 O
0 0 0
#(a) = - ® 16 (13)
7'('10((1) 0 0
0] 0 ms5(a) 0
0 0 03

Here, 719 and 75 denote the embeddings of 24 into the r.h.s. of Egs. (12).
We define the 75-representation of su(5) occurring in the decomposition (12a)
as the set v of 10 x 10-matrices of the form

v:={vesu(l0), tr(vmo(a))=0 Yaca}. (14)
The 5-representation is given by
b={0b=1i(by,bo,b3,b4,b5)" , b; €C}. (15)

We define a linear map # of b in End(C'%?), putting

m10,10(0)  m10,5(b) 0
O 7T10,5(b)T 0 m5,1(D)
#(b) = 0 ms,1(b)" 0 % 1.
—m10,10(b)"  —m10,5(b) 0
—m10,5(b)* 0 —m5.1(b) 6)
0 —m5,1(b)* 0 (16a)

The matrices 719,10 (D), 710,5(b) and 75 1 (b) are the embeddings of b € 5 into 10®10,
5" ®10 and 1 ® 5", see (12). Observe that

[#(a), 7(b)] = #(ab) € #(b) , a€a, bED. (16b)

Due to the first three formulae in (12), the 24-parts and the 1-parts of
mi,5(b)mi ;(b)*, respectively, must be correlated. Indeed, we find with

(b,b)" := bb* — L tr(bb™)1;5 € i (17a)
the identities'®
b)* = 17T10( (b,b)l) + %(b*b)].lo s
T10,5(0)m10,5(b)" = —17T10('(b b)) + 2(b*b)110
7T10,5( ) 75(b 75 (i(b, )) %( b)1s , (17b)
7T571(b)7T571 b)T = —17T5( (b b) ) + %(b*b)15 s
7T571(b)T7T571(b) = (b*b) .

7T10,10( )7T10 10

—~~
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Moreover, we consider the 45-representation of su(5) occurring in (12d). It is
the vector space to of 10 x 5-matrices determined by

w = { w € Hom(C°,C*) , tr(wmos(d)*)=0 Vbe5}. (18a)
One has
[a,w] ;= mp(a)w —wrs(a) E, wEW, a€a. (18b)

Finally, we consider the 50-representation of su(5) occurring in (12g). It is the
vector space ¢ of symmetric complex 10 x 10-matrices determined by

c:= { ce€MC, c= CT s tr(Cﬂ'lo,lo(b)*) =0 Vbeb } . (19&)

One has

[a, ] := mo(a)c — emioa) = mo(a)e + empp(a)’ €¢, aca, cec. (19b)

3.2. The mass matrix

Now we define the mass matrix M of the L-cycle. Let (Ejj)ixi, i =1,...,k, j =
1,...,1, be the k x [-standard matrix, whose entry at the intersection of the i*®
row with the j*® column is one and whose other entries are zero. Since k, [ will not
exceed 10 throughout this paper, we write 4, j = 0 instead of 7,5 = 10. Let

m = —ims(im) = diag(—2,-2,-2,2,%) e ia,
e —imolim) = dna(}, 3.3 3444,
n=—ims,(in) = (Eu)sx1 €10,
n:=—imos(in) = (Ei1 + Ex + E33 — Eos)10x5 , (20)
n = —17T10 10(171) = ( Ey; — Esg — Egg — Erg — Egs — E96)10><10 )
m’ (—Eoo0)10x10 €ic,
= (B + B2 + E33 + 3Ep5)10x5 € it0,
n' = —imo0(in') = (2Esr + 2Es5 + 2Es9 — 2E74 — 2Es5 — 2E96)10x10 -
Then we put
Mp 0 0 [Mio0 Mios O
0 M5 0 M?Oﬁ 0 M571
0 0 0 0 ML 0
M = " — — 2.1 , where (21la)
Mio10 Mios L Mio 0 0
I075 0 M5’1 0 M5 0
0 50| 0 0 0
Mloz—m(@M{O, M5:m®Mé,
Miogo = —n® My—m'® My, Msy=-n® M, (21b)

Mios =—n®@ M, —n' @ M, .
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Here, My, ML, My, M, M}, M., M} are 6 x 6-matrices of the block structure

05 M; My 03
M! = ¢ M, = 22
‘ (Mi* 03)’ ! (03 Mf>7 (22)

for i € {5,10} and f € {d,d,e,n, N} . We demand
My=MF, My =ML . (23)

The final input of our L-cycle is the grading operator I, which we choose as

R “159" O . 1; 0
( Ogg 16 ® IV ’ 0 -13 ( )

One easily verifies [[', 7(a)] = {I’, M] = 0. Thus, (a, C1*2, M, #,T) is an L-cycle.
Hence, we have in terms of 4 x 4-block matrices with entries in 48 x 48-matrices:

A0O0O 0 M; M; 0 ~14550 0 0
R 0A00 M0 0 My . 0 1,50 0
= _ = JE— F:
MW=l o0a0] MT| a0 0 M| 0 0l 0 |
000A 0 M;ME 0 0 0 0 —1l4
A :=diag (mio(a) ® 13, m5(a) ® 15, 03) , (25)
/\/li::diag(—m@Mlo,m@Ms;03);
—n®Mg—m'® My @ Mg —n'® M 0
Mpi=| =aToMI —n'T @ MT 0 —n®M, | =M;7.
0 -nToMI 0

3.3. The structure of 7(Q'a) and 7(Q%a)

We recall (2a) that elements 7 € 7(Q'a) are of the form

T = Yozl (ad), [ [F(ag), [-iM, 7 (@Q)]] - 1] - (26)

Using (16b), (18b), (19b) and the fact that 7 is a representation we obtain the
explicit structure of elements 7! € #(Qa):

- (27a)
b)@ Mg (| mi0,5(b) @ M;
o 0 0 710,10 d , @l
mo(a)®Mig +c@My +wMj
- b) oMy
0 m@ed o ||| 0 e
0 0 0 0 msa®)TeM.T 0
- VTR | W vy S 7
”13’;822)1\4@;1 d { Wﬁg\i 0 | —me(e)@M, 0 0
— b oMi* AV Y7
o I A
0 —7r5,1(b)*®Mé* 0 0 0 0
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a=3,.5ol0% [ -lag, [(im),a3]].. ] € a, (27b)

b=3 02004 anag(—in) €0, (27¢)

w =340l [ lag, [(in),ag]] - ]l € W, (27d)

¢ =3 0500 [ lag, [(im'),ag]] ... ] € c. (27¢)
(

Here, the commutators (27d) and (27e) are understood in the sense (18b) and
(19b). It is obvious that a, b, ¢, w are independent as elements of different irreducible
representations of su(5) .

Next, we are going to construct #(2%a) . According to (3), elements 72 € 7(2%a)
are obtained by summing up elements of the type

~—

2= %{71,71} , e 7(Qa) . (28)
Thus, using (17b) we get from (27a) the structure
Tio  Tigs Tl | 700 Tios 0
* T T
7'1375 T 0 Ti05 0 T51
* T
. T 0 il 0 T 0
2= io’l T 5,1 , where (29a)
T10,10 T710,5 0 T10 Tios T10,1
N — T
0,5 0 75,1 7'10~:5 T5 0
* T T
0 TS 0 Tio,1 0 Ti

10 = imo(i(b, b)) @ (MLML* — MiM}*) — (b*b)1yo ® (MM + 2MiMY)
+ 3{mo(a), mo(a)} ® Miy
—ww*@MLML* —wrio5(b)* @ MLML* — mo5(b)w* ® My M};*
—ec® @ MNyMy™ — emio10(b)* @ My M)* — mi0,10(b)c* @ MiMy*
75 = ims(i(b,b)") @ (M;MT — My*My) — (b*D)1s ® (3 My" My + £ M M)
+3{ms(a),m5(a)} ® M;*
—w*w ® ML* M, — w*mo5(b) @ ML*My — mo,5(b) w ® M, * M}, ,
n =—bbe MM, (29b)
T10,10 = m10,10(ab) @ L (M{o My + MjM{g")
+ (m10(@)m10,10(b) = m10,10(0)m10(0) ") ® 5 (Mio Mg — MMi")
+ (m0(a)c + emip(a)T) ® %(M{OMJ'V + MjM;h)
+ (mo(a)e — emo(a)) © §(MipMy — My Migh)
T10,5 = T10(a)mio,5(b) ® M{gM} — m105(b)m5(a) @ My M.
+ mo(a)w ® M{gM: — wrs(a) ® M}, M, ,
Tise = —m10.10(0)T ® M4ML — ¢ @ Mp ML — cmio5(b) @ MM}
= 75,1 (ab) @ MLT M! 0.1 = —wms,1 (b)) @ MLM! .

e

&
=
|

3.4. The structure of the connection form

We know from (7) that for constructing the connection form p we need knowledge
of the spaces r% and r'a determined by Egs. (5). To compute the structure of
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elements 7° € r% we first decompose 1° according to (12) into irreducible su(5)-
representations, each of them tensorized by MgC. Then, the condition [r%, #(a)] C
#(a) yields the block structure

n° = #t(a) +idiag(lio @ mig, 1s @ m& , mf, 1o ® miy, 15 @ my, mf),

’1 0511051 AT€ selfadjoint elements of MgC. The condition r% =

['(r%)I implies m! = diag(m;,m;) , for m;,m; € M3C.
We insert this structure into the condition [r%, 7(Q'a)] C #(Qa). Using (27a),
(16b), (18b) and (19b) we obtain from the off-diagonal blocks the equations

where a € a and m

— _ i~ — il
mioMy — Mymg=—iaMy , mioMy — Mymgg=—ia'My ,
mloMﬁ — M@mg) = —iaMﬁ s mlgMﬁ — Mﬁm5 = —ia”M;L s (303)
AT _ AfTory — T AT AfTo — — 3 g T
mgM; — Mzmp=—iaMy , mgMy — Mzmgp=—ia" Mg ,
i T A
mgM, — M,m; = —ial, , miM; — M, ms=—iaM, ,

for a,a’,a" € C. The same equations hold for 7;, with the same parameters
a,a’, /" . Multiplying the first equation by M from the right and subtracting the
Hermitian conjugate of the resulting equation we get for instance
[myo, MyMj] = —i(a + a) MM} .
Applying the trace and respecting tr(MqM;) > 0 we get o = iX, for A € R.
Analogously, we have o' =i\ and /' =i A" . Thus, we find the equations
[mlo,MdM;] = [mlo,MNMj(,] = [mlo,MﬁM}:] = [mlg,MﬁM;;] = 0 . (30b)

For generic mass matrices Mg n 4,7 , these equations can only be satisfied for mg =

(u—%)\)lg , for v € R. We assume that My . are invertible and find the solution
mio=(v—3N)13, ms = (v —3N)1z, my = (v —3N1;, (30¢)
mm:(u+%)\)13 , mgz(u+%)\)13 , mi:(u+%)\)13 ,

where v, A € R. For m; we get the same equations, with the same A but possibly a
different © instead of v . Inserting this result into the m¢-block we get the equations

(v — )Mo = Mo , (v —D)M{y = —BMj, ,
which are only compatible with ¥ = ¥. Thus, we obtain the preliminary result
n° =#(a) + 7(u(l)) +ivligs , (31a)
#(iA) =1 diag(—3110, 315, =2, 1159, —215, 2)® 16 . (31b)

Now, one finds'® that the u(1)-part 7 (u(1)) is compatible with the two conditions
{r%, 7 (a)} C {7(a),7(a)} + 7(Q2%a) and {r, 7(Q'a)} C {7(a),7(N'a)} + 7(Q3%a),
whereas the identity part iv1192 is not. Here, one has to use the following identities:

tr(mio(a) mo(a)) = tr(mo(a) mo(a)) = 3 tr(aa) ,
e (s (a) 5 (a)) = tr(ms (@) T3 (@) = tr(aa) , (32a)
i{m10(a), m0(a)}2a = §mi0(i{7s(a), m5(a)}24) , (32b)
(m10(a)m10,5(b))s = §7m10,5(ab) (m10,5(b)7s(a))s = —7710,5(abd) , (32¢)
(m10(a)m10,5(b))as = (m10,5(b)75(a))as » (m10(a)w)s = (wms(a))s ,
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foraca,beband wew.

The evaluation of the formulae for r'a in (5) yields for a generic choice of the mass
matrices Mg 4,¢,7,10,5 the simple result rla = ﬁ(Qlu). Therefore, the connection
form has the structure

p€ (A ® (7(a) +7(u(1))) & (A"Y® ® #('a)) . (33)

We see that our formalism generates an additional u(1)-part for the connection
form and determines uniquely its representation (31b) on the fermionic Hilbert
space. Remarkably, this representation is realized in nature!

3.5. The ideal j’a

We recall (4) that for the analysis of 7#(7%a) we must find the space of elements
6(w'), where w! € Q'anker . For the computation of 6(w!') we need knowledge
of M2, see (2b). We define

R 1 1 11 :
Vo = dlag(_§7_§7_§7_§7_§7_§7§7§7§71)EIU7

13 = —iﬂ'5(1[3) = dlag(() 0 0, ;,—% y (34&)
13 ::—171'10(113) dlag(2,2,%, ;,——,—l 0 0 0 0)
M! = ML+ M}, M := M} —3M (34b)

analogously for the primeless matrices My, 4.7 - Then, using (20) and (21), we find
the following formula for M? :

(M1 (Mz)105 0 (M*H1010 (M?)105 0

M) (M)T 0 (M 0 (M2,
M2 0 0 (M2)1 0 (Mz)g’l 0 (35 )
= p—— f—— y a
(M?)io10 M?)105 0 M)y (M?)gs O
(Mios 0 Msr| (M) (M) 0
0 Mz, 0 0 0 (M)
where

(M2)10 =110 ® (e M{g + MM + SMIM)" + 2 MM + S MyMy™)
vo @ (M} —2(M M’* + M}, M’*)+4M ML* + MNMN )
(%m — I3) @ (M, M" — MyM}")
51 @ (M7 — A(Mg My~ + M My*) + 8My My* + My My™)
15 @ (M2 + 2 MMy, + MMy + LM
(3m — Is) ® (MM — M}*My) (35b)
m® (§ML? — 4(ML* M} + ML* ML) +8ML* ML),
(M?)y = MM,
(M?)10,10 = —% ® $(Mjo My + MgM{g")

n®
i © 5(MijgMg—MaMio") + B2m' @ 5(MjoMy+My M)

+ o+

(M?)s

++

MlH
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(M?)51=—2n@MITM!

(M5 =0 ® (%M{oMé + %MéMé - %M{OMTLI/ + %M%Mé)
+n' @ (=M M}, + 2MIML + 2 M ML — SMLIML)

(/\/12)1(7;5 =n"® MyM! .

Here, n" = (Eos)10x5 € 40 is a generator of the 40*-representation of su(5) occurring
in the decomposition (12e).

Due to (4), the ideal #(J2a) is given as the set of elements j» of the form

2= Za,zzo[ﬁ-(ag)’ [ [#(ag), M, 7(ag)]]---]] , where (36a)
0= (@), [ [(ag), [-iM, & (@Q)]. . ]] - (36b)

Obviously, terms in M? proportional to the identities 1,9, 15,1 do not contribute
to j . Next, the term (M?)51 = —2n® M7 M] gives a contribution to j» , which is
2 ® MLT times (from the left) the contribution of —i M5 1 = in® M/ to (36b), and
hence equals zero. For the same argument, all terms in (M?)10.19 and (M?)195 do
not contribute to j» . The same is true for the terms proportional to 1 and m . Thus,
there remain only contributions from the terms (%m—fg)@)Mi,m , (%m—13)®M%75 ,
—vp ® MZ and n" ® M M|, , where

M = M| — 2(MLML* + MLML* —2MLML*) (37a)
M3 1 := M, M* — MyM}* M3 5 = M{M" — M* M, . (37b)

Since the irreducible representations 24,75, 5, 45", 50,40% are independent, it is al-
ways possible to fulfil (36b) and to generate by the commutators (36a) represen-
tations of arbitrary elements of 75 and 40*. Moreover, it can be checked that the
generator %m — I occurring in M? generates independent elements of the 24-
representation. Hence, j, € Jo := 7(J?a) takes the form

i (38)

i7r10(.a)®M§’10 ic”®Mj'Vm 0
+iv® My,
L 0)

(ic" @ MADML)* (ims(a) © M3 5)7T 0
0 0 0

(i 7'('10((1) ® M3 S oo AT AT ,

T ] @ VAT o
0)

(ic' @ MyM;)T ims(a) @ M35 0
0 0 0

where a € a, v € v and ¢ € 40" .
Let Jo := {#(a),7(a)}. From (13) and (32) we conclude that elements jo € Jy
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are of the form

Jo = (39)
%Ozllo-l-%iﬂ'lo(a)-FiU 0 0
0 %a15+i7r5(a)T 0 O
0 0 0
faliptgimo(a)’+ivh 0 T
O 0 §a15+i7r5(a) 0
0 0 0

where a ER, a€aandv € v.
It remains to find the spaces j%,j'a, % occurring in (6). For generic mass
matrices Mg 4,510, the result is!®

%a=1{0}, jla={0}, jla=#x(T%a)+ {7(a),7(a)} + Rlygy . (40)

Let J3 := Rligo. It is advantageous to construct an orthogonal decomposition
Jo+ Jo + Js = (Jo + J3) ® J5 . The result is that elements jj € J} are of the form
(38) with the replacements
M?A,w > Mg = M%,w - 21_4 tr(leO + Mi,5)16 )
Mfa,s) = M7, = M,2475 - %tr(Mfa,lo + Mi,5)16 ) (41a)
MY~ MY = My — (M)l (41b)

3.6. The factorization

Due to (40), the problem of solving (9) is equivalent to finding for each given
72 € #(9%a) an element j € J such that

tr(j*(r*+4)) =0, VjeJ. (42)

Due to the structure of .J, the off-diagonal blocks 7; ; except of 757 do not con-
tribute to (42). In the parts m0,5(i(b,b)") we can (and must) modulo J; replace

MM = MGM,™ > MM~ MM, = MM}~ M ML~ MAMY®

! 43
M!M!'T—ML* ML — M!*M! —ML* ML = —3ML* ML —3ML* ML+9ML* ML (43)
see (34b). In the diagonal part of 72 in (29b) let us define
Alo ::%{mo(a),mo(a)} y A5 = %{7(5(0/),7'(5(0/)} y
B:=—b*b, (b,b)" :=bb* — % tr(bb*)15 ,
U= —¢cc* U0 := —cmig,10(b)*
V10— —ww* , V10:= V10 —im(i(b, b)) , (44)
Vo= —wrw VO i=V5 +9ims(i(b, b)) ,
Wi .= _7710,5(b)w* ) W0 = W10 — iﬂlo(i(ba b)l) )

W2 = —w*m5(b) , W5 :=W?> — 3im;(i(b, b)) .
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It is necessary to split A0, U0 U0 V10 10 according to (12a) and A5, V3, W5
according to (12b) into irreducible components, the non-vanishing of which are

A10—A1069A1 ®A75, A% = A} @AM,
v =UP o UR oUX, U0=UR, (45)
V1o V_ V V75 ) Ve = Vf @Vi,
Wlo:W% Wi , W5:W2574.
For these components we find
Aio = 13—0 tr(A%)1y0 , Ai = % tr(A%)15 , Ag = AlO—Aﬁ—AiO ,
Ag4 = A5—%tr(A5)15 , Aﬁ = —%171'10(11434) ,
U =& (U)o, W3 =WP-Ws), Uj =Uw-U{’-Us ,
V= % tr(V°) 1y , VP =L a(Vo)15, V2 =V0-VP-V]%, (46a)
Vi = VP—Ltr(V3)1549ims(i(,b)') , Vy = —imo(iVy,+i(b,0)")
Wl +Wai ™ = —£imo(iW +iW) Wy —Wai™ = $mo(W°-W°")
where, for {§;},=1,. 24 being an orthonormal basis of a, i.e. tr(5;3;) = —d;; ,
Vg, = =350, tr(iV10m0(8)8; - (46D)
Due to (37a) we can modulo J, replace A8 ® Mg by
A75 ® (2MLML* + 2MLML* — AML ML — —MNMJ’V*) . (47)

Now, it is easy to determine the representative 72 € 72+.J orthogonal to J, see (42):

10 = tr(A%) 110 © M0 + tr(U'°) 150 © M + tr(V)110 © M2 + Blyp © MY
—Limp(idd) ® M10 + U © MY + Vi @ MO —imo(iVyy) ® ML

— $imo(AW® +iW5) @ M{J,, + $imo(W> — W) @ My,
+ (Viy —4A0) ® M10 + (U — 3AR) © M) + (Ug9 + Uzg) © Moy
+i(U7 — Ugd) ® Moy + (Wis + Wig™ + 4A10) © M),
+i(Wis — Wad™) @ M0, (48)
75 = tr(A%)15 @ M2, + tr(U°)15 @ M2, + tr(V°)15 ® M2, + Bls ® M;,
+ AL @ MZ, + Vi ® My, —im (iVa!) ® MY, —img (1Us)) ® Mg,
+ (W2 + W) @ MP, 0y +i(W° = W) © Mp,,,
7 =tr(A%) @ M}, +tr(U'°) @ M}, + B® M}, +tr(V?) @ M}, |
55 = —(m10,10(0)W)10 ® MGM,;, — (cW)10 ® My M,
— (m10,10(D)W)a0 ® M — (3(cW)a0 + $emio5(b) © My, ,

where the matrices Ml’z , Ml’z , M k and M k are given in Appendix A. The remaining

matrix elements 7; ; coincide w1th Ty j glven in (29).
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The last step before including the function algebra is to apply the map & o 77!
defined in (2b) to elements 71 € #(Q'a). Calculating 607~ (r!) means to calculate
j2 in (36a), however with the r.h.s. of (36b) equal to the given element 7! and not
equal to zero. We have listed the matrix elements of M? in (35). Again, terms
in M? proportional to the identities 119,15,1 do not contribute to j, . Next, the
terms proportional to —vg, (317 —I3), (§m — I3) and n”" contribute to the ideal
#(J%a), as explained above. Since we regard 6 o #71(7!) modulo #(J2a), it is not
necessary to consider these terms. Therefore, there remain only the terms

i © H(EM{P — 4MLML* — AMLML* + 8MLML* + My My~ (49a)
m @ (LML — 4ML* M} — AM}* M}, + 8 ML * M) (49b)

in the diagonal blocks (M?)1p and (M?)5 as well as the off-diagonal blocks (M?); ; ,
which give a contribution to 6 o #71(7!). As we have already noticed, the contri-
bution of (M?)51 is £ ® MLT times the contribution of in ® M/ to (36b). We get
analogous contrlbutlons from the other terms (M?); ; and (M?); . Thus, we obtain
in the same notations as in (27a) the formula

o10 0 0 |o1w,0 o105 O
0 ol 0 0%5 0 o051
0 0 0 0 I 0
o l(rl) = | — — 5. , where (50)
010,10 010,5 0 010 0 0
01‘075 0 5.1 0 o5 0
0 oy 0| O 0 0
o10 = —imo(a) ® (M| — AMIML* — AMLM* + 8MLML* + My My™)
o5 = —ims(a) @ (ML — AML* M} — AML* ML + 8ML*MY)

10,10 = L 710,10(b) © 3 (M{oMg+MMig")
+ %7"10,10(7”) ® %(M{OMQ_ML;M{OT) - 151 %(M{()MN + MNM{O) )
05,1 = %iﬂm(b) ® MiTM!
010,5 = i7l'1075(b) ® (_;_OM{OMTIJ/ — iMLMI QMIOML — §M,,%Mé)
+iw® (AM{ M} — 2 MM — B M{ M) + & MLMY)
Now, it remains to perform the factorization in the diagonal blocks (49a) and (49b).
The same method as before yields that the representatives orthogonal to J are
(49a) = —$imio(a) ® (§Mag — 8M{0,y +8My) + 24M)0 + M.Y) (51a)
(49b) = —ims(a) © (F My, — 8M{yny + SMy, +8My, + $1M7,) . (51b)

4. The Action of the Unification Model
4.1. The curvature

Now we are able to construct the bosonic action of the flipped SU(5) x U(1)-grand
unification model. We choose X to be a four dimensional Riemannian spin mani-
fold. When using a local basis {y*},=1,2,3,4 of A! then the basis elements v are



Graded differential Lie algebras and SU(5) x U(1)-grand unification 15

selfadjoint as complex sections of the Clifford bundle. Elements of A! are locally

represented by real linear combinations of {y*},=12,3.4 . The grading operator is
AP = a2yt

The first step is to write down the connection form p, which has according to
(33) the structure

p=m(A) + 7(A") +r(H) ,

52
AeAN @suB), A"eAMoul), HeA®0a. (52)

Here, v° acts componentwise and m = id ®7 , where the matrix parts of 7(A) and

m(A") are given by (13) and (31b), respectively. Elements of 7#(Q2'a) are specified

by elements of a,b,c and w, see (27). Thus, we consider H as a sum
H=i(v+®+=Z+17),

53
Vel ®ia, 2ecA’®ib, ZeA’®ic, YTeA'®iw. (53)

Inserting (52) and (53) into Eq. (8) for the curvature, we find with (50)

0 =dr(A) +dr(A") + L{r(A),7(A)}
=Y (dr(i(T +@+E+1T)) + [r(A)+7(4"),7({(T + @+ =+ 1)) —i M])
+A{rQT+2+E+ ), 71T+ +E+ X))}
+{r({(T+ @ +Z+17)),—iM} +64(p) mod A’ ® j%), (54a)

where

Gg(p) == — 1 1) ® 5(M{oMy+MyM,"))

+3m(m10,10(1T) ® §(MigMg—MMi,"))
+ La(m10,10(i®)) @ 5(MioMg+MgMig") + Fm(ms 1 (1®) @ Mg M)
—im(m0,5(1®) ® (55 Mg My + 56 My Mg — § Mg My, + § M M)
—im(iY @ (- M{ M} + S MIML + 2 M M) — =M ML) (54b)
— im(mo(iW) @ (§Myg — 8M{),y + 8MY), + 24M)0 + M.J))
—im(ms (i 0) © (§Mg, — 8MP,y + SM), +8M), + £ M) .

Here we have denoted by 7 the embedding of the selected matrix elements of (50)

into the matrix (50). We have

Hr((T+2+Z2+ 7)), 7(((T+ 2+ E+ 1)} + {r({(¥+ 2+ =+ 7)), —iM}
=Hr((T+2+E+71)),7((T+&+=+7T))} + M?, where (55a)

U:=V+m, ®:=®+n, Z==24+m, T:=7T+n'. (55b)
Let

64(p) := Eq. (54b) with T ¥, &3, Z==, Y==Y. (56)
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Then we obtain from (54a) and (35)

0 =dn(A) + {r(A4),7(4)} +dr(A") (57)
— P Ar(i(T+ P +E4T)) + [7(A) + 7(4"), 7({(T + @ + =+ T))])
+ A {rET+2+E2+ 7)), 71T+ S +E+ 1))} + 64(p)
+ diag (Lig @ (§Mad+Mpg +12M30+ ML) , 15 ® (LM, +M,+120M},,+M3.) "
Mo+ My+12M + M, Lo ® (§ Mg +My) +12M0 + M)
15 @ (EMZ,+ My +12M}5, + M), (EM,,+Mjy+12M}, +M])T)
mod A° ® j%a) .

We define
\i’::—iﬂ'lo(i\il), TCZ—iF10710(iT), i)iz—iﬁlo75(i~), (58)
A:=m(A), P :=—imo10(i®), (E2%) := —imyy (i(EZ%)24) -
Using (48) and (29) we obtain the following matrix representation of e(6):
b0 Oi55 01 | 0000 Or05 O
0;‘(7’,5 6F 0 | 65 0 651
05 0 oF
e(8) = | 2%t 0 L OT R , where (59a)
fo10 105 i 010 b5 thoa
%05 0 651 0%3 05 0
o 6, o0 |6h, 0 6

Bro = (dA + L{A, A}) ® 14 — LdA" 1,0 © 16 — i7°(dT + [A, ¥]) © M,
+qi1l10 ® M0 + goLio @ MY + gslio ® ML + qulio ® M0
+3imo(iq) ® Mg +imo(ige) © My, +imo(ids) ® My,
+3imo(ids) ® Mg,y + 5imo(ids) ® My, +imo(ids) ® M,
— G OMM, — M, — sOML) — @MY — 5@ M0, — Ge® M5,
05 = (dA + {4, A}) ® 15 — 2dA"1; ® 15 +i7°7m5 (AT + [A, ¥]) ® M
+ @115 @ M2, + qu15 @ MJ, + qs1s @ M2, + qu15 @ M2,
@1 @ Mg, — G2 ® My, — @3 © My, — @0 © My — @5 © My — G © M,
O = —2dA" "1+ q1 @ M}, + g2 @ My + g3 @ M}, + g @ M, , (59b)
B1010 = i7°(d® + Ad + BAT — A"®) © M/, +i7°(dE + AZ + ZAT — A"E) @ MY
- 7710,10(7“) ® %(M{OML; + M(IiM{OT) —-r® %(M{OMIIV + MJIVM{OT)
— 1 ® §(M{ogMy—MgMig") — 7> ® 5 (M{gMy — MyMig')
Bro5 = —i7°(d® + Ad — dA +A"®) © ML —i75(dT + AT — TA+A"T)) @ M},
— 71 @ M{gM}, — 7o @ MM, — 73 @ M{, M/ — 74y ® M} M ,
051 =—17°(d® + A® + A"®) @ M! — r @ ML*M!
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fr0,1 = —s @ MM, ,
055 = —51 @ MgMy — 55 © My My — 81 © Mg, — 32 ©@ My,

and
Q1=g—tf(‘i’2): @=1-90"0,
g3 =12 — tr(TY*) | @ =1-tr(Z2"),
G =" - p (P21 - 17,
Go =TT — L tr(T*Y)15 — 8F + 98P — 2 tr(dD*)15 ,
G = (YT*) — 80 — &&* + L tr(®®*)15 ,
G =T"® + T + 8% — 686" + £tr(33%)15 |
i = i(T*® — 1), jo = (B2%) — 1¥ |
=TT —40? - Len(T*T-120%) 150 + imo(i((TT*) =292+ L tr(92)15)) |
Go = BT +TE* 4487 — & tr(F2) 110 + Limyo(i(T*®+3* T+452— 2 tr(32)15)) |
gz =1 (é'f* — Y‘i* — %mo(f*é — é*'f)) , (59c¢)
Gy =E5 102 = L(tr(Z2) = 2 (%) 1y + imp(i(E27) — 282+ L tr(92)15)))
is = 20% + B* | jo = (20" — B=*) |
r=9%- 2§, F=UE 42T - 23
=0 — 07T 4+ 1T 7y = UE - 29T
=00 — 2417 Py = —(® + &+ 17)
Fs =T + 24— 1T Fs = —(T¥+ 26— L),
5= (1) =19,
= (T 9)f 8 = (L(T"E)u0 + 3(25)7
s=-T1T%

4.2. The bosonic action

The computation of the bosonic action is not difficult now. All what one needs are
the orthogonality of different irreducible representations and the relations

tr(mio(a)mio(a)) = 3'61"(71’5((1)71:5 (a)) = 3:cr(aé) -
tr ((A — 11—0 tr(A)110 — AE)(A — 11—0 I“(A)].lo — A4 ) (60)
=tr(AA) — 11—0 tr(A) tr(A) — tr( EAL) ,

for a,a € a and skew-adjoint A, A € M;oC. We compute the Lagrangian £ =
o2 27 tre((e(#))?), where go is a coupling constant and tr. the combination of the

trace over the matrix structure with the trace in the Clifford algebra. For functions
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f € C®(X) we have tr.(f) =4f. We find:

o trc(( ©)*) = L2+ L1+ Lo, (61a)
Ly = 7oz tre((dA + 3{4, A})%) + 727 tr((dA")?) (61b)
L1 = Jrpo tre((A¥ + [4, ¥])?) (61c)

i tre((d® + (A + A"15)@)"(d + (A + A"15)®))
+31z tr.((dT + AT — TA + A"T)*(dY + AT - TA+ A"Y))
+ Lpg tre((dS + AS+ EAT - A"E)"(dS + A= + 24T - 4"3)),

Eoz

Tigz UG+ G+ O+ e + s + 1020 (61d)

+ iRy + i s + 1q2q + 10q3q

+ @° tr(P*) + it tr(7ars) 4+ a8 Re(tr(77y)) + A Im(tr (7 75)

4 p8 tr(rr®) + b tr(FL ) + opt tr(FEE) 4+ o tr(FaEy) + pk tr(FEs)

+ b tr(F5Fy) 4+ p™ Re(tr(7772)) + p® Re(tr(773)) + p° Im(tr(f 73))

+ pP Re(tr (7 7a) + tr(r373)) + pd Im(tr (7] 7a) + tr(7373))

+ p" Re(tr(37y)) + p Im(tr(7574)) + p® Re(tr(#574))

ot tr(ss®) + i t(EET) + a7 (5157 + 8 tr(5253) + 4 Re(ta (5,

+ i Tt (55))+utr( s
)

+ i tr(q7) + A
+ 4 tr(gidga) +
)+

,\\_/

$3))
§5) + @™ Re(tr(5257)) + 4" Im(tr(s,
tr(q3) + A tr(q3) + ° tr(@3
A" te(Gida) + A te(@ids) + i tr(deds)

A" tr(gada) + 3" tr(dsds) + f° tr(gads)

A€ tr(G2de) + A tr(Gads) + A° tr(qade) + A" tr(Gsds)
ﬂr (42) + A% tr(Giga) + i tr(Gids) + i tr(G2gs)

b te(ds) + @ tr(Gads) + A tr(Gade) + ' tr(dsds)

+ 4™ tr(qigs) + " tr(g2ga) + ﬂ r(g3qa) + i tr(q1gs) + A* tr(gags)

+ 0" tr(dsgs) + f° tr(Gids) + A° tr(dade) + A" tr(dsds) }

)

\/

~f

R

where the coefficients u? are given in Appendix B.

The group of local gauge transformations associated to our model is

Uo(g) = exp(m(C*(X)@(su(5)@u(1)))) = C*(X)@(SU(5) x U(1)) - (62)
The Lagrangian (61) is invariant under the gauge transformations
Yu(A) = usdug + us Aug, Yul(A) = urodusy + uroAugy
Yu(A") =urduf + A",
Yu(T) = uguro Yug | Yu(T) = ufuio Tuly
~ 2 2 (63a)
VU(\II) = u5\Ilu5 ) ’Yu( A) = ulO\II’U’AlO )
”yu(t?) = U,1U5‘~I) Yu(®) = uruoPuf |
Yu(®) = wiuroPuly | Yu(E) = ufuioZuly , where
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U5 = exp(t5) R U1g = exp(mo(t;))) R ts € COO(X) &® su(5) R

u; = exp(ty) , t1 € C*(X)®u(l). (63b)

To determine the spontaneous symmetry breaking pattern, we must search for a
local minimum of the Higgs potential Ly . This problem is easy to solve. We know
that, applying the transformation (55b) in the other direction, the A%-part of the
curvature ¢(f) (and hence the Higgs potential Lo) is zero for

=0, &=0,
bV=m, ®=n,

[1]x (1]

=0, T=0 or
. (64

=m', T
Since the Higgs potential £ is not negative as the trace of the square of the A°-part
of the selfadjoint matrix e(f) , the point (64) is a global minimum of Ly . But (64) is
clearly a local minimum as well: In the vicinity of (64), the A%-part of ¢(f) is linear
in the components of ¥, ®, = and T so that the Higgs potential Ly is in lowest order
quadratic in these components.

We underline that, given the fermion masses and the spontaneous symmetry
breaking pattern as the input, our formalism provides a straightforward algorithm
to determine the occurring Higgs multiplets and their most general gauge invariant
Higgs potential.

4.3. The bosonic Lagrangian in local coordinates

In this subsection we will write down the Lagrangian (61) in terms of local coordi-
nates. We shall write our formulae in terms of the “physical” fields ¥, ®,=, T given
by (55b). The subgroup of C*°(X) ® (SU(5) x U(1)), which leaves (64) invariant, is
the group C*°(X)®(SU(3) x U(1) z),) - The Higgs mechanism consists in reducing
the symmetry of the whole theory to the symmetry of the vacuum. This means that
we fix the gauge transformations corresponding to

C(X) ® ((SU(5) x U(1) / (SUB)e x U(L) )

in such a way that the Higgs multiplets ¥, ® and = take the form

4 8 3
—/ =Pl3+ ¥ 0
T = 15 g R D 2 DY A (65a)
0 \/§W012 + ¥y a=1 a=1
b1 +idy
P P
= (@9) . @, =|By+ids |, <1>w:<0°) , (65b)
e b3 +iPg
o =N o 5—_%6(5_& E%)* =,
- Ep + 1e(Ze) Eg EP)" B
== =0 =0 =, = (65¢)
—E —F =C —c
=T =T =* =
—a —b —c —=0
= (— SoFEoo + %(51—1550)(E11+E22+E33) + %(EZ_iESI)(Ell_EQQ)
+ %(54—1553)(E12+E21) + %(55—i554)(E13+E31) + %(Ea—ifss)(E%%-Eaz)
+ ﬁ(53—1552)(E11+E22—2E33) + %(57_1556)(E44+E55+E66)
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+ (55— Z57) (Bas—Ess) + Z5(Z10— 1 Fso) (Bas+Esa) + =5(Z11— 1 Ze0)(Eas+Hoa)
+ %(Eg 1 Z58)(Eaa+FEs5—2Ee6) + ﬁ(513+i562)(E77+Ess+E99)

+ %(5 iZ61)(Es6+Ess) + 7(514+1563)(E77—E88) + %(516+1565)(E78+E87)
+ ﬁ(f 5+1Z64a)(E77+Ess—2Eq9) + %(519_i568)(E14+E25+E36+E41+E52+E63)
+ 75 (Err+iZes) (Ero+Eor) + 5(S20— i Zoo) (Bra—Eas+Ea1 —Esz)

+ %(5 s+1Z67)(Eso+FEos) + \/1_2(“21_1:70)(E14+E25—2E36+E41+E52—2E63)

+ 3(522—157)(Brs+Eoat Es1+Baz) + 3(523—1572) (Bre+Esat Eor+Eas)

+ 5(524—1573) (Bao+ Bss +Eeo+Ess) + 5(Z25— 1 514) (Brs+Ear+Esi+ Er2)

— 1(526—1575)(E1s—Ear+Es1—Er2) + 3(Z27— 1 Zv6) (BE1r— Eos+Er1— Es»)

+ 3(Z2s—1577)(Bro+Esr+ Eo1+Ers) — 3(Z20— i 57s) (Bro— Esr+ Eo1 — Ers)

+ 3(Z30—1579)(B20+E3s+Eo2+Es3) — (531~ i 5s0) (E20— B33+ Eo2— Es3)

+ \/%(532—1 Es1)(E17+E28—2E39+E7 +Es2—2Eo3) + %(541+1590)(E10+E01)

+ 2(Z33—15s2)(Bas+Esr+Esa+Ers) — 3 (34— i Zs3) (Eas— Es7+Esa—Ers)

+ 1(S35—1 Zs4) (Bar—Ess+Era—Ess) + 5(S36— i Sss) (Bag+Esr+Eoa+Ere)

— 5(Z37—15s6)(Eao—Esr+Eos—Er6) + 5 (538~ 1 Ss7) (Bso+ Eos+Eos+Ess)

+ \/%(540_ 1 Z59)(Far+Ess—2FEs9+E74+Ess—2Fos) + 7(~43+1_92)(E30+E03)

+ <5 (Sar—1506)(2E70+2Eor—Es+Ess— Ee2+Es3) + —5 (Saa+1 Zos) (Eao+Eoa)

+ \/%(548 i 597)(2E80+2Eo0s+E16—E3a+Es1—Ea3) + %(545+1594)(E50+E05)

+ \/%(549—1 Z98)(2E90+2FEg9—FE15+FE2u—Es1+Es0) + %(5‘464_1595)( I

_ %(539— 1 HSS)(ESQ E68+E95—E36) + %(5424' i 591)(E20+E02))

where =y € C°(X) is a real function and ¥,, 9!, &;,=; € C°(X). Here, \* are
the Gell-Mann matrices and ¢ the Pauli matrices. The matrix Y is an arbitrary
element of it , where 7; € C*°(X) and (¢(A4))ap = Zi’;:l €apyAy

Ta Yo+ Ty T,
= ey (66)
Ty —tr(Tp) tr(Ta)
= ( (Yo +1%45)(Ev1 + E22 + Ess +3Eps) + (Y1 +1Y46)(E12 + E21)
—i(Ye +iYa7)(E12 — E21) + (Vs +1Yus)(F11 — Eas) + (Tu +iYu9)(E13 + E31)
—i(T5 +1iT50)(Ers — Ea1) + (Vs +1751)(E2s + Es2) — i(Y7 +1752)(Ezs — Es2)
+ %(TS +1253)(E11 + E22 — 2E33)
+ T(Tg +i754)(E14 + E4s — Ess + Fo2) + (Y12 +iTs7)(E14a — Eus)
+ 75 (Yo +1T55) (B2 + Bss + Brs — Eor) + (Y13 +1158) (B2 — Ess)
+ T(TH +1256)(Es4 + Eos — Era + Es1) + (Y14 +1Y50) (Ess — Egs)
+V2(X15 +1%60)Ers + V2(Yi6 +1261) E2s + V2(217 +1%s2) Ess
+ %(Tw +1263)(E41 + Es2 + Ees — 3Eo4) + (Y10 +1264) (Ea2 + E51)
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—i(Y20 +1%65)(Eaz — E51) + (o1 +1%66) (Fa1 — Es2) + (T2 +1%67)(Eaz + Ee1)
— (Y23 +1%6s8)(Eas — Es1) + (Yoa +1%69)(Es3 + Eoz) — (Y25 +1270)(Ess — Eez)
+ %(Tze +iYn)(Eau + Es2 — 2Ee3) + %(TSQ +iY77)(En + Es2 — 2Eg3)

+ \/§(T27 +1Ys0)FEas + \/E(TQS +1%61)E54 + \/E(ng +1%62)Fea

+ 5 (L0 +1275)(En1 + Es2 + Eos) + (51 +1Y76)(Er1 — Es2)

+ (V3 +127s8)(Er2 + Es1) + (Va4 +1270)(Ers + Eo1) — (V35 +1130) (Es3 + Eos)
+V2(T36 — i Ys1)Era + V2(Y37 — i Ts2) Esa + V2(V35 — i Vs3) Eoa

+ \/§(T39 —1Ys4)E75 + \/§(T40 —1Y%s5)Es5 + \/§(T41 —173%6)Eos

+ \/§(T42 —1iY%7)Eo1 + \/§(T43 —172%s)Eo2 + \/§(T44 — ing)E03> loxs
X

For A and A” we make the ansatz

i £A1;+ G X : :
_lgO 15 3 _ aya _ a_a

A= - \/gA’l , G=) G\, W=) W,
—/EAL, + W p=i a=1
X1—ix? yloiy?

X:(X,Y), X=| x*—ixt |, Y= vi-iv* |, (67)
X5-iX® Yy5—iy®

Al =0, /2]

where A',G*, W X Y% A € A'. In terms of the local basis {7"}u=123.4 of A
we put

G=G", G =G", Wi=Wit, A=Aaq", A=A,

X =X,7", X=X, X*=X;9", Y=Y, ", YO=Yi".

Moreover, we introduce the abbreviation Sj,T,) := 5,1, — S, T}, . Now, a straight-
forward calculation yields for (61b)

Ly = Lerngh (S0 GG, + 30 W We, + Al AL+ AgAL
+ Yy O X 0 XY + Sy O Y 0 Y,) + LT, (68a)

where .7 stands for additional interaction terms involving X*, Y* we are not in-
terested in. Moreover, we have put

Go, = 0Go = 90 Xp oy farcGLGS . Wik, = 0 Wi = 90 Y oy Earc WL
A;w = O I Aﬁ“’ = a[uAV] ) (68D)

v]

where fup. and g4 are the structure constants of su(3) and su(2).
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Next, the Lagrangian £4 given in (61c) equals

L1 = "500m (35 0ula 0¥ + Yooy 0,0, 0,0,) + 6" 320 0,84 0,
+ %MV >0 0uTi 0T + %6“'/ Yt 0uZi 0,5
+ (1 + 12p2)0" (WAWE + WEW 2+ (69)
UFEREROERVEE WG ESVER TRV #)
a0t (4B AL+ \[2A,) (434, 1\ [24,)
+ 0 S0 (2p0+pn 1200 +203) X O XE + (2p0+3202+23) YY) + 1T

where I.T stands for tri- and quadrilinear interaction terms.
We perform the orthogonal transformation by Euler angles

Zy cospp —singgp 0\ /1 0 0 cosyyp —sinyg 0 pr

;IL =|singy cos¢pp 0]|0 cosfp —sinfg||sinygy cosvy O A;L

P, 0 0 1/\0 sinfg cosfg 0 0 1/ \A,
(70a)

The photon P, is the massless linear combination, which is perpendicular to the

plane spanned by (W} — %AL—l—\/%fLL) and (4\/§A2L—|—\/gfiu), see (69). Calcu-
lating the vector product yields immediately

Pu=2ws 4[4, -3, (70b)

which implies cosfg = —\/g, sinfp = \/g, cosp = %, sinyg = %. The
Euler angle ¢ is determined by the diagonalization of the mass matrix:

tan 205 = —32 + 2156y, | W= % . (70c)

We choose cos¢pp < 0 and singg > 0. Then, the inverse transformation is for
Oy < 1 given by

WEZ\/gzujL\/gPH_‘/é%f i
A= [0 32/200) 7, + [P+ SR+ B 02, (70d)
Ay =30+ A 0i)Z, 2P+ 20— 12/ 642,

The Lagrangian (69) requires to perform the reparametrizations

g/i:,/lgguowia 1=0,...,8, !pi’: lgguowga i=1,...,3,
&= ¢, i=0,..,6, (71)
Ti:\/lg(;ﬁvl" iZO,...,gg, E,: gousgi; 1207 798
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It remains to compute the quadratic terms of the Higgs potential (61d). Due to the
extremely rich Higgs structure we need computer algebra for that calculation. It is
advantageous to perform an orthogonal transformation in the {¢g, v }-sector:

— 1 !
< o >:< cosa —sina )( ¢? )7 tan o = /1282 (72)
Vo sina  cosa Up m

The motivation for this transformation is that the linear combination ¢ receives a
much smaller mass than all other Higgs fields, see below. We present the quadratic
terms of the Higgs potential in Appendix C.

We perform a Wick rotation from the Riemannian manifold X to the Minkowski
space X s by introduction of a global minus sign in the action and by replacing®

S s —ghv g™ = diag(1,—1,—1,-1) . (73)
We define P, := 9|, P, and

my = (2m +24p) My = wme = W

o

m%, = 323 cos? (Ow —0Yy) sin By = ) (74)

mx = (4p0 + 2 + 24 py + 4p3) m3 = (4o + 64 o + 4p3) .

Now we can write down the final formula for the bosonic Lagrangian:

L= 19" (Cums (GiaGh) + PMPW)

+ Y0 (=39 g™ 0y, WA] N + 59" miy WiW,)

+ (=599 01 Zx) Oy 2gwmzz Z,)

+ (=199 0. 25 02y + 59" Mm% 2, 7)) + Low(P,W, Z,2') (75a)

+ Za:1(_zgwg)\ya[nX>\] a[qu] §g””mXXﬁX,‘})

+ Y0 (Z 59 g OV LY + §g MY YY) + L + 1T
Lew(P,W,Z,2Z") (75b)

= 90 g™ g (0 W Wi W3+, W3 WAW ) +0, W3 Wi W)

= 5 05(g"" g =g g (W W WRW AW W WIW S+ WEWIWIW)

Lo = 59" (g 0utbi Ovthi + iy 0t Ot} + 0 8oy + 8w vy (T5¢)
+ Yo Outi i+ Y00 0 D+ 032, 9vi ,03) — Lo -

This is precisely the bosonic Lagrangian of the flipped SU(5) x U(1)-model, where
the masses of the gauge bosons are given in (74). The parameters py, p2, s will be
determined in Sec. 4.4 when discussing the fermionic action. Within our framework
there is no possibility to determine ug . However, we will find in Sec. 4.4 that the X

and Y bosons lead to proton decay, which is only suppressed if po > max(u1, p2) -
Then, it remains to derive the masses of gauge and Higgs bosons in Sec. 5.

®The minus sign in §# — —g*¥ is due to (3°)* = —4° on the Minkowski space.
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4.4. The fermionic action

Now we write down the fermionic action Sp defined in (10). However, we pass imme-
diately to the Minkowski space Xj; . We denote the gamma matrices in Minkowski
space by {##} and use the convention

01 0 —o¢ 1 0
~0 2 ~a ~5 « 20212223 2
v (12 0)7 K <0a 0 >’ H K (0 —12> ( )

Then, the invariant fermionic action is

Sp=3%[ dep"3°(D+ipu)p . (77)
Xnr

The factor % additional to (10) occurs because we are going to impose constraints on
1), which require precisely the form (77) for the action, see below. More explicitly,
inserting (52) and (53) and using (25) we obtain

D+i7(A+A") —4°7(¥ 4+m) —A°7(®+E+T) 0
Pr(P)*  D+iw(A+A") 0 —A3 7 (®+E+T)
PRELELT) 0 D-ARATAR ) |
0 A7 (P+E+T)* Pr(E)T D - A(Am(A+A"))F

A'"lp)®1s, 7 (A-34"15)7*®15, —34"®13),
7(¥) == diag (¥ + 1) ® Mio, — (¥ +m)® M; , 03x3) , (78b)

[ (® +n) ® My } { (® +71) ® My 0
o +E+m') @ My] [+(T +n') @ M5
F(®+E4T) == (@ +n)" @ MT =
|:—|—(T+7’L’)T®Mg 0 (<I>+n) ®Me
0 (® +n)* oML 0

We have used that within our convention (76) we have 4° = —(5°)* and [D, f] =
—42[D, f]3? . Recall'® that #(A+A") is given by commutators of D ® 1192 with an
arbitrary number of elements of the form f ® #(a), where a € a and f € C®(X).
This fact and the complex conjugation in (13) are the reasons why terms of the
form [D, f] occur in #(A+A").

Minkowskian fermions 1) live in the space hy = L*(X s, S) ® C'%2 and have in

terms of the decomposition (78a) the form

Y= (¢17¢27¢37¢4)T ) '(/Ji € L2(XM75) ®C* . (79)

However, we shall restrict ourselves to the subspace of hps invariant under the
charge conjugation C, the chirality operator I' and a symmetry transformation S
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defined in terms of 48 x 48-blocks by

0 0 —?®1i 0 0 155 0 0
0 0 0 —4’*®ls 1,5 0 0 0
C:= S =
_;)\/2®148 0 0 0 < 0 0 O 148
0 —4’®14 0 0 0 0 145 0
[:=diag(—7* @ 1z, —7° @ 1ag, ° @ Lug, 7° @ 143) , (80)

where c.c means complex conjugation. Thus, we consider elements @ € hjys of the
form

L(1 =4y, 3 (1=
P R | s(@=9)
Y=Cp=Ty =8¢ = _%2(1 +ﬁ5)A211,:b1 | -32L 1 - 45, (51
—1(1+ 9529, 7231 =4°),

Observe that the choice (80) for the chirality operator breaks the structure of the
model, which is precisely our intention. Since I' commutes with 7#(a), the gauge
invariance is not destroyed. But I no longer anticommutes with the whole D . We
see that D +1py , applied on chiral fermions (81), differs from the matrix (78a) by
the absence of 4°%(¥). In other words, the choice (80) for the chirality condition
eliminates the disturbing terms 4°7#(¥) in the fermionic action.

Within our conventions one has the block structure

0
%o
where L?(X ;) denotes the space of square integrable functions on the Minkowski

space. In local bases we have D =199, , A = A,4" and A" = Aj4*. We define
0°=56%=15and 6* = —0%, a =1,2,3, or in a symbolic notation

L1 4%y, = ( ) Ly € LA (Xa) 0 C2 0 CH | (82)

Uu:{1270a} ’ &u:{127_0_a} ’ ,u:07172737 02172,3. (83)

Then, from (77), (78a), (81) and (76) we get
1 « T o 16"(0, + T(Au+A))) ;. — 7(d+E+T) ¥,
=3 /X;M (5. o) ( —A(B+E+T)" 5 10" (0, + F(Au+AY) )<o2¢_o> '
(84)

This formula can be further simplified, because we have

/X Vit %0 0% 10" (0 + (A +AY)) 0", = / var P 1(6")7 (O + 7 (Au+ A7),

X

_ /X var (=10, 87) (6" Py + BT ()7 (=17 (A, + A7) o) (85)

M

_ /XVM W16 (9, + F(Au+AD) ) -

M
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Here, we have integrated by parts and made use of 7(A,+A4)) = —7(A,+A4})".
In the last step we took into account that in quantum mechanics the fields
are annihilation operators and the fields 1,[7_0 creation operators. In normal ordered
products, all creation operators must stand on the left of all annihilation operators.
This means that in (85) we have to exchange 1, and 1), . But since they represent
fermions, which anticommute, this change of order gives a minus sign. Now, (84)
takes the form

Sp = /X Var (316 (D + 7 (A + Ay — L (57 (@+E+T)0% g + he)) , (86)
M

where h.c denotes the Hermitian conjugate of the preceding term, without change

of signs when exchanging fermion fields. For v, € L?(X ;) ® C? ® C*® we choose

the following parametrization:

_ T b g r b g 2 Jr 27) 27] 2=
¢0—(uL,uL,uL,dL,dL,dL, o°dp,0°dy ,0°dy, , 0°VR,
2= 2-b 2-9 25 \¢
—U’LLR,—UUR,—U'UR, eL,IJL,UeR),
2.0 2T 2:=b 29 2 Jr 2 7b 2 79 r b
U¢0—(UuL,auL,auL,adL, dy , o%d} ,—dy ,—d% ,—d% ,—vr,
r b g 25 25 t
UR,UR,UR,—UGL,UI/L,—GR),
(87)

where u?,...,egr € L*(Xp) ® C> ® C* and ? means transposition only of the row,
without transposing the matrix elements.

Inserting the matrix structures of (65), (66) and (67) into Egs. (78b), it is
straightforward to write down the explicit formula for the fermionic action (86).
Here, one must insert the explicit form'® of the embeddings 10, 710,10, m10,5 and
75,1 . The transformation (70d) requires some care. Let us derive the coefficients of
P,Z,7Z' corresponding to the left electron. From (78b), (67) and (74) we find for
0y < 1 in good approximation

WeL(AmLAZ) =-iZ W3 [A’__[A — 5o 9“{0 T )Zu—iéZ;nLief’u,
P, := P, — tan(8w —20}y,) Z,, + (G5 +20w) 2, Z, =7, — (1+2V150},)Z,, ,
Z{L = ZL + 46y, tanOw Z,, e :=sinfwgp , €:=cosBwgo . (88)

Moreover, we express @9, Py, Z4,...,5¢,La,...,T, in terms of the physical Higgs

bosons ¢g, g, &4, - .., &, VA, ..,Vg, see (65), (66) and (71). Then we arrive at the
following formula for the fermionic Lagrangian:

Sp = / var (Ly + Lo+ Lo+ Lo + Lo+ L4+ L), where (89a)
Xm
i, - 2aq,
(2005(0W Z%V)Z _%Q(W/} _IW;%)]'?’
* * ~ _— u
L:q = (uL, dL) (o'” +3 EP EZ ) 0, — %QGM i ® 13)((12)

S W +1WILe |~ (o =y 20
—1eP,—%eZ))13
+up(0"(i0, — LG, — (3eP, — 362,)13) © 13)ug
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+df (0" (10, — LG, — (—2eP, — L6Z))15) ® 13)dR, (89b)
10, — (mﬁ’wa)ZﬁéZL) - (W, —iWg)

Le= (vi,eL)(e" ) i0 ——n 7] |®1 v
14 ( L L) (0' —%Q(Wl} +iW/f) 10u ( gcos(gwlzg ) 3)(€L
—eP,+éZ),)

+ Vi (010, — €Z1) ® 13)vp + € (0" (10, — (—eFy + €Z)) © 13)er, (89c)
L= (—dp(13® (Ma+ —S=hoMa) — (f%)* ® My)dg

—ep(Me + A=¢doM.)er UL(13®(M + Jam %o Ma) + 7504 © Mi)ug
_ y}j(MT + g MY — £ (vg +ivas) M] s
d2(4\g/L’UB ® Mz)ug — eL(4j’é°T(U18 +ives) ® Mg)uR
+up ((€R)" © My)dr — vgoa(My + \/%%foMN)VR) +h.c, (89d)
Ly, =L(—uj(6"0%e(X,) ® 13)dg — d} (6"0%e(Y,) ® 15)dR
+u} (6"0%Y, ® 13)vg — d} (6"0°X, ® 13)7g

—vi(6to 2YT ® 1s)ag + e} (6"0 2X ® 13)ag) +h.c, (89e)
Ly = \/W( —ul{o? e(d)g) ® My}dp + I/R{LTzd)g ® Mg}dgr
—uj{o’py ® Ma}er +di{o*d, © Mz},

dp{o’e(¢y) © Mzlug — uk{o?d, ® M.}er) +h.c, (89f)
4\9/% (u}, (0% (v + vp) ® Mp)er — dj,(0° (Vg — vp) ® Mp)p,

— di(0%(ve — €(va)) ® Mp)ug — uf (0ve ® My)p + dj (0°va ® My)er,

— e} (vi ® M} )dg + vi(v; ® Mi )dg — vi(o?v] @ My)ug) +h.c, (89g)
"= \/%0%( — tuj (0%64 © My)ur, —up(0”(Ep — $e(6) © My)dy,

+ul (& ® My)vg — 2d} (0% @ My)dy, + df (& ® My)vg

+ 1dj (0260 ® My)dg + df (026 © My)vg) + h.c. (89h)

cp =

The Lagrangian £, contains the kinetic terms and the strong and electroweak in-
teractions of quarks. The Lagrangian £, contains the kinetic terms and electroweak
interactions of leptons. The Lagrangian £,, contains the mass terms of the funda-
mental fermions and their interactions with the Higgs fields ¢, &%, €%, &, va and
vp . The masses of the u,c,t-quarks, the d, s, b-quarks and the e, u, 7-leptons are
the eigenvalues of M., My and M, . The mass Lagrangian of the neutrino sector is

0 —M,, 21%9
L(—v}, vhoo) ( M, My >< i )—l—h.c. (90)

The diagonalization of the mass matrix occurring in (90) yields the masses of the
neutrinos. The mixing angles are small for ||MN|| > ||M,||. In this case, the left-

(NI

handed neutrinos receive a mass of the order ;'H e i T and the right-handed neutrinos

a mass of the order £||My/||. Thus, for ||M,]|| and ||[My|| being of the order of the
mass of the top quark and the umﬁcatlon scale, respectively, we obtain very low
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masses for the left-handed neutrinos compatible with experiments (seesaw mech-
anism). Moreover, the matrices M, My, M., M,, and My contain mixing angles
between the fermions, which constitute generalized Kobayashi—-Maskawa matrices.
Finally, the Lagrangians £,, Ly, L}, and L} describe the coupling of the fermions
to the X and Y leptoquarks, the Higgs bosons ¢4 and the remaining Higgs bosons
v; and &; . All terms of these Lagrangians contribute to the proton decay.

Observe that the Lagrangians £, and L, differ from the corresponding La-
grangians of the standard model in two aspects: First, there occurs the massive
gauge field Z', which of course is not a terrible problem if its mass is sufficiently
large. Second, the universal Weinberg angle y of the standard model is modified
by angles of the order 6}, . However, this angle 67, is extremely small if mz is very
large against mz . This means that experiments will certainly not detect 65, .

5. The Masses of Yang—Mills and Higgs Fields

The final step is to compute the boson masses. For that purpose we must compute
the parameters p?, if, i?, ¢ of the Higgs potential given in Appendix C, which
depend according to Appendix B on the mass matrices occurring in the generalized
Dirac operator M . We have found in Sec. 4.4 that the eigenvalues

of M,M; are m2,m2 m?, of MqM; are m3,m2,m; , (91)
2

of M.,M? are m?2 m? m?,

I

referring to the usual names of the fermions. By unitary transformations we can
achieve that M, is diagonal. It is necessary to make several assumptions to sim-
plify the calculation: Since the Kobayashi-Maskawa matrix between M, and My is
approximately the identity matrix, let us assume that M, is diagonal as well:

M, = diag(m,, m.,m;) , My = diag(ma, ms, mp) . (92a)

The experimental data show that m; is much bigger than all other eigenvalues.
Among the remaining eigenvalues we neglect all but m; and m? . For simplicity we
also neglect m? against mj , although this is not completely justified. Unfortunately,
there are no experimental values for the matrix M,, . Therefore, we can only estimate
its contribution: We assume that in the case (92a) we have

M,, = diag(0,0,e'*m,,) . (92b)

Quantum corrections suggest that my, is of the order m; . Using (34b) we find for
the parameters p; and ps given in Appendix B approximately

= %mg + 91—6(me + 6mym,, cos x +m?2) + imi , (03)
pa = 557(mi — 2mymy, cos x +m3,)
which yields according to (74) for the mass my of the W boson
miy = 5 (m +mp + 3my, + 5m7) . (94)

The comparison with the experimental values for m; and my, requires that m,, is
small against m; . Thus, we shall neglect m,, against m; whenever this is possible.
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Since (at energies accessible at present) the standard model is in excellent agree-
ment with experiments, the parameter pg ~ tr(MyM},) must be very large to give
a huge mass to the Z' boson. We choose the parametrization

My =mpy U diag(sinfy cos ¢y , sinfy sin oy , COSHN)UT , (95)

for U € U(3), where the parameter my > m; determines the mass scale.

The mass of the X and Y bosons must be very large in order to suppress the
proton decay. This could be achieved by a sufficiently large us , however, there are
also Higgs bosons which induce an insufficient lifetime for the proton if pg is too
small. Therefore, we must demand

max(tr(MyoM,) , tr(MsMZ)) > tr(M, M) . (96)
We put®
Mig=M13+myg, Ms=Mlz+ms, MEeR, (97)

where myg,ms € M3C are perturbations, which we consider for the time being
as small against M13. Thus, we obtain for the parameters po, .. 3 in Appendix B
approximately

_ 12 _ 3.2 12 1,2
po =3 M", H1 = 35my K2 = 357 H3 = gMy - (98)

Inserting the leading approximation (97) into the quadratic terms of the Higgs
potential given in Appendix C, we can distinguish linear combinations of u' to
that do not depend on M . It turns out that the following combinations are essential:

T " = P =G = (MU MMM =2 Xy,
YR TR YA VI Y T I Y 1
= %tr(MnM,’;jLMnMT’;) = \m2m?,
TG VUYL VTS VT (99a)
= %tr(MuM;+MuM;+MnMJ+MnMJ) =: 2X2m}m,, cos x ,
pe—2pt4p® =11 tr (M M+ M, M =M, M} — M, M) =: 2X3m3m,, sinx ,

I T T

ol

where
M, =migM, — Myms M, =mioM, — Mymj , (99b)
M, =mioM, — M,ms , My, =mi M, — M,m} ,
see (34b) and Appendix B. Within our assumptions (92) we have
M=h=h=M=r<L, (99¢)

The matrices M/, and M} enter the matrices in Appendix A only quadratically.
Neglecting quadratic terms in mi¢ and ms; we have

M? = diag(M?13 + M (m; +m}), M*13 + M(m; +m7})), i=10,5.

¢The choice M1g = (M13 +mi9) , Mz = e X0(M13 + ms) yields the same results.
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Thus, we may assume mj9 = mj, and ms = m}. Moreover, we may assume
tr(mig) = 0, because the transformation ms — ms + v1s and mig — mig + vlsz,
for v € R, leaves the matrices M/, and M_, invariant. Therefore, we make the
ansatz

8 8
M5 =D VA + e, o = 2,0 v A (100)
where A% are the Gell-Mann matrices and v/ € R. We introduce the abbreviations

cos* O + sin® On(cos pn + sint py) = (1 +2cos® xn) ,

o - 101

v =250 02, (W10 + (1)} = Lmosinysingcos g’ . (0D
For physical reasons we assume

M,my > Amg, > mg > mp, My, My . (102)

Inserting (92), (95) and (100) into the parameters of Appendix B and this result into
the Higgs potential given in Appendix C, we find that — apart from the combinations
(99a) — only the following parameters are relevant in leading approximation:

W= it b =
= gemy pE = 12M*mi

e %mgyfo sin? ¥ sin? ¥’ sin” ¥ = = ™= %M%n% ,

pk = %ut—iM%?, pt=pP =t = 3MPmy

fi* = thsmiy (1 + 16 cos® xn) , fi = Zm3mi(|142 cos xn cos X|-2) ,
it = ggmiymi(|14+2cosxn cosX|=3) , i =2M*m3,

A" = emi it = qgemi (103)
B = St P = i sin’ §

= 63—4m? sin? x| i° %mf sin? x ,

fi* = 2mpy (L4 2cos” xn) — 3) cos® X, ¢ = &mimi(|14+2cos xn cos x|-1) ,
fe _ 32

i = Zmimi (|1 + 2 cos xn cos {|—1) .

The parameters ¥ and x, are complicated functions of the mass matrices. Now we
find for (75c) in tree-level approximation

L = 59" (0ud 0wy + 0uvj 005 + 0uvas Oy (104)
+ 0,10 Outho + Oty 0u1b3 + 0,60 0,&0)
()\2 mivg + 3/\2m%1}f5 + nj\f‘,—}l‘z’(ﬁ cos? Yo + 54 cos® X cos? Xa )V}
+ 48}\/12(458'[1’6 + 34 N + 3 (4H + i IS
+ (395 + 2 sin” O)mi 8fwm(?m+?M%%
o (478 + 481 + S — S )06 — ot o)
+%guv (0,01 By + Outhh Oubhy + 018 Oy 18 + Opss3 Oy Us3)

12
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2 . 2 2 5 ‘
—l(?\y‘;(lh cos’ Xa+5i40052XNcoszxa)( 1+ )+%/\sz(1)%8—|—1)§3))

+%g“”(2i 1 0uti Oui + Z?:l 0,vi Oy vi + Z?iw Opvi Oyv;
+ Zz 53 Ou&i Ov&i + Ez g2 Ou&i Ovi)

g . 8 ‘
— (5 (g cos? a2y cos? iy cos” Xa) TpyE + OMA( 5, €84 X120, &)

+ (Am2 +Msin‘ ysin? ¢/ sin? ¢ (05, 0?2 + 3222 o v2)
+%9W(Zz 1901 Vi Opv; +Ez 6400 0i Oy v; +Ez 250u&i v +Ez 740u&i 0v&)
2 ((NPmy + =2 mivio gin? xsin? ¢/ sin? ¢ (70,07 + 1, v2)
+9M2(Z?225 & +Zz 71&))
+%g’“’(zz 1 0udi Oy +El o Opv; Oyu; + 2?254 0, vi Oy v;
+ 8 0 0uvi Byvi + 350 9,05 Dy + Yy i Dyui + o0 g, DU Dy
+ 10 Oubi Ou€i + 6 0ui Dui + X0l aa Oubi O + 34205 046 D6
+ 147 Oni 0 + 1% g6 0ui 0:)
LM (S, 67+ Titg v + X025 vF + Sigg v} + Yioes v3)
+AMP (5159 V7 + Yt U + Mg & + Lites 6 + Nitar & + Ling &)
+ (M? +m3 (5 cos” Xa + 3 cos” X €05” Xa)) (Disss & + Xim03 €2))
+§g (221878“5,6 &+ Zz 56 ufla &+ Zz 41 ufla &i +Ez 90 ufi 0u&i
+ Zl 15 0ui Oyu; + Zl 60 Oui OpU; + Ei:“ Opvi Oyv; + Zi:87 0 vi Oy vy
+Zl 36 OuVi Oy U5 + Zl g1 Ouvi 0,0;)
— (M v+ 2_'—21 12V} + Xy v})
AP (g VP VI 2 i €7) + 16M7 (2 5 8400700 €F)
+ (M + miy(F5 cos” X + 3 cos® xv cos” %)) (D241 € + 21200 62)
+%9W(Zz o7 Ouvi Oy u; +Zz 72 Oui Oy vy +Zz 1 0u&i 0,8 +Ez 50 Oui 0v&i)
— S AMP (T, €+ Y50 &) + M2 (X225, 07 + Xilp 7)) -
It remains to find the eigenvalues of the quadratic form? determined by the

{#p, 0,8} sector in (104). We use the general result that the smallest (largest)
eigenvalue is smaller (larger) than the smallest (largest) diagonal matrix element.

This means that the mass of the ¢f, Higgs field is smaller than 4/ 2909803 me ~ 1.45m; .

We assume %8 e > %ﬂa ,or M2 > %m%\, . Then, the large parameter [i° occurring
in the coefficient of ¢3 stabilizes the other two eigenvalues near the diagonal matrix
elements 5]\1/‘,2/1 and —5- T L(2p* + 15ﬂa) , respectively.

For convenience we list in Table 1 our tree-level predictions for the masses of
the Higgs fields and the masses of the gauge fields derived in Sec. 4.3. We recall
that m, is the mass of the top quark, my the mass scale of the right neutrinos and

4The corresponding matrix is positive definite by construction. This is not apparent when inserting
(103), because there are complicated relations between xn, Xa, X -
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Table 1. The particle masses for the SU(5) x U(1)-model

‘ Particle ‘ Mass H Particle ‘ Mass

1. The completely neutral Higgs fields:

B (0...1.45)m; I (Va5 -/ F)my
g Amy Va5 %\/gkmt
Yo Zmy ¥y 0...% 13—1)%
2. The colour-neutral Higgs fields of charge F1:
L (v1s % i vs) L/3m, L ivs) |0...% Lymy
3. The neutral Higgs fields, for i =0,...,7:
V1t (0... L/ L)mx
(e A A N)my, Ugsti A ANy,
E324i 3M E81+i 3M
4. The Higgs fields of charge ¥1, fori=0...7:
Loy Fivea)| (A A+ X)ma | (s i ikrans) 3M |

5. The Higgs fields of charge $% ,fori=0,1,2and j =0,...,5:

\/L—(leJri +1i¢ay) M %(U9+i +ivsayi) M
\%( 12+i £ 105744) M %(U39+i +ivggys) 2M
5 (aavi 103 41) M 5 (Earvi £ 1o6+1) 2M
%(5194—]’ +i&6s+5) 2M %(Usoﬂ Tivrsyy) M
6. The Higgs fields of charge j:% ,fori=0,1,2and j =0,...,5:
\Lf(um, +ivgosi) M %(U%H +ivgiyq) 2M
5 (Vao i £ivs7440) M 5 (Earvi £1o0+1) M
5 &y £1656145) 2M 75 (€135 £i8e21;) 4M
7. The Higgs fields of charge ¢§ ,fori=0,1,2and j=0,...,5:
‘%(W?ﬂ +ivra4) M H \%(flﬂ' +i5045) ‘ 2M ‘
8. The neutral massive gauge fields:
Z é my A % %mN
9. The massive gauge fields of charge £1:
| LwFiw) | L, | Weinberg angle: sin’ 6y =2 |

10. The leptoquarks leading to proton decay, for i = 0,1,2:

%(XH, FiXarg) M charge: ¥ 1

f(Yl_,_, FiYays) M charge: + 2
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M the grand unification scale, where we have assumed mn, M > m;. Moreover,
we have introduced the abbreviation

v 2,2
A=A+ T —A>0.

It is interesting to perform the transformation (72) in the Yukawa Lagrangian
Ly, of the fermionic action (89). The contribution of the coupling of the ¢ Higgs
field to the fermions takes the form

E‘% = (—dz(lg &® (Md + ))dR - 62(M6+

9 HM 9 M
Vil +13m 20 M Tt Me)en

—up(13® (MU'*‘\/ﬁ‘bBMU))UR - VE(MEWL\/ﬁ%Mg)VR)WLh-C
= (—di(13© (1+ £¢5)Mg)dr — €7 ((1+ £ ¢p) M. )er
—up (13 ® (1+ 22 ¢p) Mu))ur — vi((1 + 2¢5) My )vr) +hc . (105)

Thus, the Higgs field ¢{, has the same properties as the standard model Higgs field.

All other Higgs fields are too massive to observe. All Higgs and gauge fields
with fractional-valued charge lead to proton decay. Without exception they receive a
mass of the order of the grand unification scale M , which must be chosen sufficiently
large to ensure the observed stability of matter. The mass of the remaining Higgs

fields with integer-valued charge is of the order M, Am;, Am,,,mpy or mWN These

mass scales are situated somewhere between m; and M . By assumption, my and

2
m—]\}[" are very close to M . Moreover, for generic choices of the mass matrices Mg
and Ms , also Am; and Am,, are close to M .

6. Conclusion

1. We have succeeded in formulating the flipped SU(5) x U(1)-GUT within a NCG-
framework based upon graded differential Lie algebras. We have found inter-
esting tree-level relations between fermionic and bosonic parameters: Given the
fermionic parameters (fermion masses and Kobayashi-Maskawa mixing angles)
and two 3 x 3-matrices determining the unification scale as input, we were able
to compute all bosonic quantities:

the occurring multiplets of Higgs fields,

the spontaneous symmetry breaking pattern,
the masses of all Higgs fields,

the masses of all Yang—Mills fields,

the Weinberg angle.

However, since not all input parameters are known, we were forced to be satisfied
with estimations for some of the masses.

2. The representation of the U(1)-part of the SU(5) x U(1)-model is not an input
but an algebraic consequence of the theory. This U(1)-representation is unique
and realized in nature.

3. In the SU(5) x U(1)-model there occur Higgs fields in complex 5-, complex
50-, complex 45- and real 24-plets. After the spontaneous symmetry break-
ing, there survive 12 Higgs fields of the 24-representation, 7 Higgs fields of the
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5-representation, 99 Higgs fields of the 50-representation and 90 Higgs fields of
the 45-representation, and 16 gauge fields become massive.
4. There occur three mass scales in the model under consideration:

e The scale of the fermion masses reaching from the neutrino masses to
the mass of the top quark. Moreover, also the electroweak gauge fields
Z,WT,W~ belong to this scale, and — remarkably — one Higgs field as well.

e The mass of all fields leading to proton decay is of the order of the grand
unification scale M .

e The masses of Higgs fields which do not lead to proton decay lie between
the fermions scale and the GUT-scale M , generically close to M .

5. There exists precisely one light Higgs field ¢ , which has exactly the same proper-
ties as the standard model Higgs field. It couples to a fermion of the mass my with
the coupling constant gomys/m; . Moreover, it has the same couplings with the
intermediate vector bosons Z, W1, W~ as the standard model Higgs field. The
Higgs field ¢, is a certain linear combination of the 5- and 45-representations.
This linear combination is the only one corresponding to a zero mode of the
GUT-sector. That the mass of ¢ is generically different from zero is due to the
fermion masses. Therefore, the Higgs field ¢ receives a mass of the order my:
For m; = 176 GeV we have mg < 255GeV. The reason that only an upper
bound can be given is the incomplete knowledge of the input parameters. The
upper bound is independent of all parameters related to grand unification.

6. The standard model is in perfect agreement with experiment. However, we have
shown that the low energy sector of the SU(5) x U(1)-GUT is identical with
the standard model. Thus, one must be careful with the extrapolation of the
standard model to higher energies.

Appendix A. The Generation Space Matrices

ML= EMP+(Eaa+Ca)le MY = EMEM +(Eau+(u)ls
M = EMLML +(Bav+(v)1e
My = EMME™+2M My +(2ap+(s)16 ,
M0 = M{32+Bale+304 M2, MY = My ML +1 08y Lg+0y M7,
MY = MM +28u16+0u My, M0 = LBv1s+0v My, ,
My = 5 (MM + M My *)+Bw Ls+30w Mz,
MO = L (ML ML*— ML ML)+ By 16 +36, M2,
i= MLML*+yy lo+ey MY, MY = My My +ypleter MY
M0y = $(My Mg+ MiMy*)+5u Le+Er M

|

My = (My My —MiMy™)+3y 1e+E M,
M0,y = (Mg M+ My M*)+yw Lo +ew My
M[luon] = %(MéMé*—M%Mé*)‘W{vlﬁ-i‘ﬁle\Q/ )
M3, = M +(Raa+(a)ls M, = (Rau+(u)ls
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My, = My M +(3av+(v)ls

MbSb = 4M'*M'+ M M!T+ ( ap+(p)ls ,
Mga = Mg2+6A16+6AMen ) Mzn = M;L*Mrlf'_BVlﬁ_'_SVMeZn )
Mr?n = 5V16+5VM3n s M?c = ﬂU16+6UM3n R

M}y o= %(Mé*M5+M5*M1)+ﬁwle+6wM3n :
M}, = 5 (MG* Mg =My M)+ By Le+0y M,

[un] en
M;a - CA]-G ) Mrlm = <V16 ’
M} = (uls M}, = MY M!4Cp16
N tr(M’ M' M!
Ma’m = MuIlMﬂ’ - r d ( ) ) MNMA )
tr((Mz’er’L)(M’ M})*)
My, = M T — O™ 5

“ (ML ML) (MY MY)*)

The real constants «a, ...y are determined by Eq. (42). The solution is

aq = —ttr(M{)+35 tr(ML?) ap = —+tr(MyM}*)+% tr(M]M]*)
ay = —o5 tr(MyMy™) ay =0,
Ca = 35 tr(M{g") — 55 tr(Mg?) (v = —g5 tr(MyME")

(g = — 35 tr(MyM") + g tr(MMg") — 45 tr(M/M]")
CU = %tr(M]'VM;V*) 5
tr(M{OZMgd + Mé2Me2n)

Ba=—Lte(M?) — L tr(M]?), 04 =— : ==,
8 ( 5 ) 24 ( 10) tr(3(M5d)2 + (Mezn)z)
tr (MY MA* M2,)
:_lt M ML * &= — NN ud
ﬂU 8 r( NN )7 U 3tr(3(M3d)2+(M82n)2) )
Py = _%tr(MrizMriz*) ) /BV = _%tr(M'rLLM'rLL*) )
5, — _  WBMIMGTM,,) 5, — QMG MME)
tr(3(M3,)* + (MZ,)%) tr(3(M3y)* + (MZ,)*)
Bw = — 35 tr(MyM* + MLML*) Bw = — o tr(MgMy* — MEME™)
o (LML 4 MMM, + (M My + My M) M)
2 tr(3(M, ) + (ME,)?) ’
s w((MEMET — MMy ) My, + (My" Mg — My™ M;)Me,)
v 21 tr(3(M ) + (MZ,)?) ’
) A tr(ML ML ME)
’YV:——tr(M'-M- ), €y =———— =
o tr((M7)?)
tr((MLML* + MLML*) M
7W:_11_2tr(MéM%*+MTLLMé*); EW:—r(( wtn + n u) V)7

2 tr((M3)?)
tr((MLML* — MLML*) M3
’Y{/{/:_%tr(MéM;l*_MéMé*); 6I‘/V:_r(( [ ‘n N u) V)7
21 tr((M3)?)
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tr(My My * M2)
1 ! I * N-""N |4
’)/U:——tr(MNMN), U=~ =5 - >
° tr((M7)?)

~ R tr((M’ M'* +MIMI *)MZ)

:_Ltr MI MI*+MIMI* , & = — N d - d N \%4
Yu 12 ( NiMg aIN ) U 9 tr((M‘%P)

t MI MI*_MIMI*M2

o = - UMY - MM,y = — T = MaMAT)M )

2i tr((MZ)?)

Appendix B. The Coefficients Occurring in the Higgs Potential

o = 5 r(3MI? + M) | po =k
& tr(MA M)

= te(EH MUMY* + S MM+ AMIM>), pp =
p* = tr 10(M1°) +5(Mg,)* + (My,))

(M, o) +5(Mbb) (Mblb)z) )

(M“’) +5(0M5,)° + (M),)%)

pd = te(20M 1O NIL0 + 10NI5, NIZ, + 2001 ML) |

(16
(
pP = tr(
(
(
1S = tr(20M L, M0 + 1003, M5 +2M} M}
(
(3
t
(
(
(

10
u = tr(10

(M7 M)

pf = tr(0ME MY + 10M7, M2, + 2ME ML)
pE = tr(§ (Mg Mg + MgMuo" )(Mlon + MgMyoh)* + 2(MT)2 MM
ph = % r((MigMg — MgMig")(Mio Mg — MgMigh)*)
p=tr(2ML ML* M| 2 W= tr(2ML* MLML?) |
p* = tr(2MLML* M| 2 pt = tr(2ML* ML MLE?) |
p™ = tr(4My M My™ Mi,) p" = Re(tr(4My My " Mig))
p® = Im(tr(4Mz M7 " Mig")) 1P = Re(tr(4Mz MM ™ M)
p? = Im(tr(4Mg MM " Miy)) p" = Re(tr(4My* My Mz?))
p® = Im(tr(4ML* ML ML?)) | pt = tr(4MLMIML*M],) ,
pt = tr(2ML*MLMIM!T) | p = tr(2ML ML MIMYY)
p" = tr(2M g Mgy
i = tr(10(MY)* + 5(M,)° + (Mp.)*)
fi° = tr(20M 0N + 1032 M2, + 2ME ML)
fi¢ = tr(20 ML MY + 10M2. M, + 2M 2, M},)
it = tr(20M 0 M1 + 10N M3, + 2M LML)
i° = g tr((MigMy + My Mig")(MigMy + My Mig')")
ﬂf = %t ((MwMN MIIVM{OT)(M{OMJIV - MI,VM{OT)*) )
pE = %R (tr((MioMpy — MJIVM{()T)(M{OML; MdM{OT)*)) )
ﬂh = % m (tr((My My — MJIVM{()T)(M{OMin — MgMj, )*)) )
=tr

7;<
A H

ML ML* MG My™) ' = Re(tr(4M} M} * My My*))

?
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fi = Im(tr(AMEM" My M) i = tr(2My, My,")

™ = Re(tr(4My; My, ) fi* = Im(tr(4Mg My,"))

i = (5 (M) + (M3,)%) | AP = tr(3(Myp)* + (My,)?)

i€ = tr(3(M2)2 + (M2,)?) , B = (5 (M{0,0)° + (M7)7)

i = tr(5(M{g)? + (M{n)?) A= tr(2Mad Myy +2M3 M)
i = tr(2MMN MY + 2M3 M2 it =tr(3 Mg M),y + 2M5,M?,,0)
i =tr(3 My Mp +2M3, M}, i} = tr(6M0 M + 205 M2 )
ik = tr(2M10M{un} + 2M§';nM{un}) , o= tr(2M10M[un] + 2MnnM[un]) ,
B = tr(2Mpp Mgy +2Mp, M7, ) 5 i = tr(2Mpy Moy + 2Mp My, )
A = (5 My Miny + 2M iy M)

P = tr((M,9)%) it = tr((M]5,))%)

it = (M) it = tr(2M ”M{un}>

it = tr(2M0 MyD,) i = tr(2M g M)

= tr(3(ML)?* + (M2)%) , i = tr(2M2O M0 4 203 M2 )

i = tr(6 M0N0 + 203 MDY % = tr(6MOMI + 203 MDY
i = tr(2M) Mg,y + 2M2 M7, ) it = tr(2M10Mun] +2M5 M)
[ = tr((M0)?) | =t ((M{5)%)

il = te((My)*) = tr(2Me Mcyy) |

i = tr(2M ) M) il = tr(2M {0, ML)

i = tr(2M0 0710 = tr(2MO M, L)

i = tr(2M10M[un]) AP = tr(2M {0 M,0)

A% = tr(2M {0 M{3,,y) ft = tr(2M{cd}M[un])

i° = tr(2My M) it = tr(2Mpy M9,

= te( My M) -

Appendix C. The Quadratic Terms of the Higgs Potential

Lo = g7 { oy @0 (81" +11520 +96" 4 2T 17 1084 i - 20T 41024 ) — 2612
— 1024 ™ 195637 +256/1° —256/1°)

6_ 1 8 96
+\/; oo 8y 496p -2 32
~ f ~ ~m ~ ~ ~
—512j di 352M +?§Mg 352uh 512 J+512u +512 12380,1{13_%11}_’_@“5)
+VB i dovo(y/ AL (384p° +16p" + 43 i+ 1510 i° 46477 4 522 ) — B84k — 200
250 1P+ 128 i1 647%) 4 [ 42 (— 320" —192p" — B2 ;P4 2260 ¢ — 4B T8 ) 41536

+10524 ~1m 512 +256ﬂs))

32~c_32~d, 32 ~e_ 80sm_ 80N ~b 512
+2 +84"—5124°—
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