
published in: Int. J. Mod. Phys. A 13 (1998) 2627{2692.1998 World Sienti�, SingaporeGRADED DIFFERENTIAL LIE ALGEBRAS ANDSU(5)�U(1)-GRAND UNIFICATIONRAIMAR WULKENHAARInstitut f�ur Theoretishe Physik, Universit�at Leipzig, Augustusplatz 10/11D{04109 Leipzig, GermanyJune 19, 1997We formulate the ipped SU(5) � U(1)-GUT within a Lie-algebrai approah to non-ommutative geometry. It suÆes to take the matrix Lie algebra su(5) as the input;the u(1)-part with its representation on the fermions is an algebrai onsequene. Theourring Higgs multiplets (24; 5; 45; 50-representations of su(5)) are uniquely deter-mined by the fermioni mass matrix and the spontaneous symmetry breaking patternto SU(3)C � U(1)EM . We �nd the most general gauge invariant Higgs potential thatis ompatible with the given Higgs vauum. Our formalism yields tree-level preditionsfor the masses of all gauge and Higgs bosons. It turns out that the low-energy setor isidential with the standard model. In partiular, there exists preisely one light Higgs�eld, whose upper bound for the mass is 1:45mt. All remaining 207 Higgs �elds areextremely heavy.PACS: 02.40.{k; 12.10.Kt; 12.60.{i; 14.80.Cpkeywords: non-ommutative geometry; grand uni�ation; masses of Higgs bosons1. IntrodutionOne of the most important appliations of non-ommutative geometry (NCG) tophysis is a uni�ed desription of the standard model. The most elegant version restsupon a K-yle1;2 with real struture3, see Refs. 4,5,6 for details of the onstrution.The standard model is the only realisti physial model that one an formulatewithin the most elegant NCG-presription7. On the other hand, there exist goodreasons8 why one ould be interested in Grand Uni�ed Theories (GUT's): GUT'sexplain the quantization of eletri harge, yield a fairly well predition for theWeinberg angle, explain the onvergene of running oupling onstants at highenergies, inlude massive neutrinos to solve the solar neutrino problem, produe theobserved baryon asymmetry of the universe, et. However, the results of Ref. 7 implythat one needs additional strutures or di�erent methods for a NCG-formulation ofthese models.Perhaps the most suessful NCG-approah towards grand uni�ation was pro-posed by Chamseddine, Felder and Fr�ohlih. In the SU(5)-model9;10, the authorsstart to onstrut an auxiliary K-yle. Within this framework they onstrut thebosoni setor. Then they interpret some of these bosoni quantities as Lie alge-bra valued and onsider Lie algebra representations on the physial Hilbert spaeto obtain the fermioni setor. An aestheti shortoming of that approah is theauxiliary harater of the K-yle, whih of ourse is inevitable in view of Ref. 7.The SO(10)-model11 by Chamseddine and Fr�ohlih �ts wella into the NCG-sheme.The reason why this model was exluded in Ref. 7 is that only models possessingomplex fundamental irreduible representations were admitted in that artile.aNevertheless, the use of Lie algebras instead of algebras ould probably justify ertain assumptionsmade in Ref. 11. 1



2 R. WulkenhaarThe author of this paper has proposed in Refs. 12,13 a modi�ation of non-ommutative geometry. In that approah one uses skew-adjoint Lie algebras insteadof unital assoiative �-algebras. Di�erential geometry is formulated in terms ofgraded di�erential Lie algebras. The advantage of that framework is that a largerlass of physial models an be onstruted from the same amount of strutures asin the most elegant NCG-presription. That lass inludes the standard model14and the ipped SU(5) � U(1)-GUT as well, as we show in this paper. For thelassial treatment of that model see Ref. 15.We give in Se. 2 a reipe how to onstrut lassial gauge �eld theories withinour NCG-framework. The arguments why this reipe works an be found in Ref.13. In Se. 3 we onstrut the matrix part of the SU(5)�U(1)-model: In Se. 3.1 weonsider relevant su(5)-representations. The remaining ingredients of our shemeare de�ned in Se. 3.2. Then it is not diÆult to derive in Se. 3.3 the matrix partof the onnetion form. Finally, we perform in Se. 3.6 the fatorization of theurvature with respet to a anonially given ideal onstruted in Se. 3.5.In Se. 4 we inlude the spae-time part and derive the ation for our model:Out of the urvature obtained in Se. 4.1 we build in Se. 4.2 the bosoni ation. Toompare it with usual formulae of gauge �eld theory we write down this ation interms of loal oordinates, see Se. 4.3. The fermioni ation is derived in Se. 4.4.Comparing it with phenomenology we an identify ertain parameters of the gener-alized Dira operator with fermion masses and Kobayashi{Maskawa mixing angles.This information is essential for deriving the masses of the Higgs bosons in Se. 5.2. NCG with Graded Di�erential Lie AlgebrasThe basi objet in our approah is an L-yle (g; h;D; �;�) ; whih onsists of a�-representation � of a skew-adjoint Lie algebra g as bounded operators on a Hilbertspae h ; together with a selfadjoint operator D on h with ompat resolvent and aselfadjoint operator � on h ; �2 = idh ; whih ommutes with �(g) and antiommuteswith D : The operator D may be unbounded, but suh that [D; �(g)℄ is bounded.L-yles are naturally related to physial models on a spae-time manifold X if thefollowing input data are given:1. A unitary matrix Lie groupG and its assoiated gauge group G = C1(X)
G :Here, C1(X) denotes the algebra of real-valued smooth funtions on X .2. Chiral fermions  transforming under a representation ~�0 of G : The induedrepresentation of the gauge group G is ~� = id
~�0 :3. The fermioni mass matrix fM ontaining fermion masses and generalizedKobayashi{Maskawa matries.4. Possibly the spontaneous symmetry breaking pattern of G :For tehnial reasons we pass to a ompat Eulidian spin manifold X . We takeg = C1(X)
 a as the Lie algebra of G : Here, a = a0 � a00 is a skew-adjoint matrixLie algebra, where a0 is semisimple and a00 Abelian. We shall only onsider the asethat the Abelian part is not present, i.e. a = a0 : We hoose h = L2(X;S)
 C F asthe Hilbert spae of Eulidian fermions  : Here, L2(X;S) is the Hilbert spae ofsquare integrable bispinors. We take � = 1 
 �̂ as the di�erential ~�� ; where �̂ isa representation of a in MF C : We de�ne D = D 
 1F + 5 
M ; where D is the



Graded di�erential Lie algebras and SU(5) �U(1)-grand uni�ation 3Dira operator assoiated to the spin onnetion and M 2 MF C : Here, 5 
Mmust oinide with fM on hiral fermions. The hirality properties of the fermionsare enoded in � = 5 
 �̂; where f�̂;Mg = 0 and [�̂; �̂(a)℄ = 0 :The reipe towards the (lassial) gauge �eld theory assoiated to the L-yle isthe following: Let 
1a be the spae of formal ommutators!1 =P�;z�0[az�; [: : : [a1�; da0�℄ : : : ℄℄ ; ai� 2 a : (1)Apply linear mappings �̂ : 
1a! MF C and �̂ : 
1a! MF C de�ned by�̂(!1) :=P�;z�0[�̂(az�); [: : : [�̂(a1�); [� iM; �̂(a0�)℄℄ : : : ℄℄ ; (2a)�̂(!1) :=P�;z�0[�̂(az�); [: : : [�̂(a1�); [M2; �̂(a0�)℄℄ : : : ℄℄ : (2b)De�ne 
na 3 !n = P�[!1n;�; [!1n�1;�; : : : [!12;�; !11;�℄ : : : ℄℄ ; where !1i;� 2 
1a : Ex-tend �̂ and �̂ reursively to 
na by�̂([!1; !k℄) := �̂(!1)�̂(!k)� (�1)k�̂(!k)�̂(!1) ; (3)�̂([!1; !k℄) := �̂(!1)�̂(!k)� �̂(!k)�̂(!1)� �̂(!1)�̂(!k)� (�1)k�̂(!k)�̂(!1) :De�ne for n � 2 �̂(J na) := f �̂(!n�1) ; !n�1 2 
n�1a \ ker �̂ g : (4)De�ne spaes r0a � MF C and r1a �MF C elementwise byr0a = �(r0a)� = �̂(r0a)�̂ ; r1a = �(r1a)� = ��̂(r1a)�̂ ;[r0a; �̂(a)℄ � �̂(a) ; [r0a; �̂(
1a)℄ � �̂(
1a) ; (5)fr0a; �̂(a)g � f�̂(a); �̂(a)g+ �̂(
2a) ; fr0a; �̂(
1a)g � f�̂(a); �̂(
1a)g+ �̂(
3a) ;[r1a; �̂(a)℄ � �̂(
1a) ; fr1a; �̂(
1a)g � �̂(
2a) + f�̂(a); �̂(a)g :De�ne spaes j0a; j1a; j2a � MF C elementwise byj0a := 0a ; j1a := 1a ;j2a := 2a+ �̂(J 2a) + f�̂(a); �̂(a)g ; where (6)0a = �(0a)� = �̂(0a)�̂ ; 1a = �(0a)� = ��̂(0a)�̂ ;2a = (0a)� = �̂(0a)�̂ ;0a � �̂(a) = 0 ; 0a � �̂(
1a) = 0 ;1a � �̂(a) = 0 ; 1a � �̂(
1a) = 0 ;[2a; �̂(a)℄ = 0 ; [2a; �̂(
1a)℄ = 0 :The onnetion form � has the struture� =P�(1� 
m0� + 0�5 
m1�) ;1� 2 �1 ; 0� 2 �0 ; m0� 2 r0a ; m1� 2 r1a ; (7)



4 R. Wulkenhaarwhere �k is the spae of di�erential k-forms represented by gamma matries. Theurvature � is omputed from the onnetion form � by� = d�+ �2 � if5 
M; �g+ �̂g(�)5 + J2g ;J2g = (�2 
 j0a)� (�15 
 j1a)� (�0 
 j2a) ; (8)where d is the exterior di�erential and �̂g the extension of id
�̂ to elements of theform (7). Selet the representative e(�) orthogonal to J2g ; i.e. �nd j 2 J2g suh thate(�) = d�+ �2 � if5 
M; �g+ �̂(�)5 + j ;ZXdx tr(e(�) j2) = 0 ; 8 j2 2 J2g : (9)The trae tr inludes the trae in MF C and over gamma matries. Compute thebosoni and fermioni ationsSB = ZXdx 1g20 F tr(e(�)2) ; SF = ZXdx  �(D + i �) ; (10)where g0 is a oupling onstant and  2 h : At the end, perform a Wik rotation toMinkowski spae.3. The Matrix Part of the Uni�ation Model3.1. The representations under onsiderationWe shall adapt our notations to the SU(5) � U(1)-model. In ontrast to what oneould expet from the lassial treatment15 of that model, the matrix Lie algebrawe use is not su(5)� u(1) but a = su(5) : In our approah, the u(1)-part is not aninput of the model but an algebrai onsequene. The internal Hilbert spae isC 192 = �10� 5� � 1� 10� � 5� 1�
 C 2 
 C 3 ; (11)where 10; 10�; 5; 5�; 1 are representations of su(5) : Sine we onsider linear operatorson C 192 ; we need the deomposition rules for homomorphisms between the su(5)-representations ourring in (11):End(10) = End(10�) = 10
 10� = 1� 24� 75 (12a)End(5) = End(5�) = 5
 5� = 1� 24 (12b)End(1) = 1 (12)Hom(5; 10) = Hom(10�; 5�) = 5� 
 10 = 5� 45� (12d)Hom(5; 10�) = Hom(10; 5�) = 5� 
 10� = 10� 40� (12e)Hom(5�; 5) = 5
 5 = 10� 15 (12f)Hom(10�; 10) = 10
 10 = 5� � 45� 50 (12g)Hom(1; 5) = Hom(5�; 1) = 5 (12h)Hom(1; 10) = Hom(10�; 1) = 10 (12i)



Graded di�erential Lie algebras and SU(5) �U(1)-grand uni�ation 5We identify the Lie algebra su(5) with its 24-representation. Then, we get a naturalrepresentation �̂ of su(5) in End(C 192 ) by seleting the 24-representations in (12):�̂(a) := 0BBBBBBBB� �10(a) 0 00 �5(a) 0 O0 0 03 �10(a) 0 0O 0 �5(a) 00 0 03
1CCCCCCCCA
 16 : (13)Here, �10 and �5 denote the embeddings of 24 into the r.h.s. of Eqs. (12).We de�ne the 75-representation of su(5) ourring in the deomposition (12a)as the set v of 10� 10-matries of the formv := f v 2 su(10) ; tr(v �10(a)) = 0 8a 2 a g : (14)The 5-representation is given byb = f b = i(b1; b2; b3; b4; b5)T ; bi 2 C g : (15)We de�ne a linear map �̂ of b in End(C 192 ) ; putting�̂(b) = 0BBBBBBB� �10;10(b) �10;5(b) 0O �10;5(b)T 0 �5;1(b)0 �5;1(b)T 0��10;10(b)� ��10;5(b) 0��10;5(b)� 0 ��5;1(b) O0 ��5;1(b)� 0

1CCCCCCCA
 16 :(16a)The matries �10;10(b); �10;5(b) and �5;1(b) are the embeddings of b 2 5 into 10
10 ;5� 
 10 and 1
 5� ; see (12). Observe that[�̂(a); �̂(b)℄ = �̂(ab) 2 �̂(b) ; a 2 a ; b 2 b : (16b)Due to the �rst three formulae in (12), the 24-parts and the 1-parts of�i;j(b)�i;j(b)� ; respetively, must be orrelated. Indeed, we �nd with(b; b)0 := bb� � 15 tr(bb�)15 2 i a (17a)the identities16 �10;10(b)�10;10(b)� = i�10(i(b; b)0) + 35 (b�b)110 ;�10;5(b)�10;5(b)� = � i�10(i(b; b)0) + 25 (b�b)110 ;�10;5(b)��10;5(b) = i�5(i(b; b)0) + 45 (b�b)15 ;�5;1(b)�5;1(b)T = � i�5(i(b; b)0) + 15 (b�b)15 ;�5;1(b)T�5;1(b) = (b�b) : (17b)



6 R. WulkenhaarMoreover, we onsider the 45-representation of su(5) ourring in (12d). It isthe vetor spae w of 10� 5-matries determined byw := f w 2 Hom(C 5 ; C 10 ) ; tr(w �10;5(b)�) = 0 8b 2 5 g : (18a)One has [a; w℄ := �10(a)w � w�5(a) 2 w ; w 2 w ; a 2 a : (18b)Finally, we onsider the 50-representation of su(5) ourring in (12g). It is thevetor spae  of symmetri omplex 10� 10-matries determined by := f  2 M10C ;  = T ; tr( �10;10(b)�) = 0 8b 2 5 g : (19a)One has[a; ℄ := �10(a)� �10(a) � �10(a)+ �10(a)T 2  ; a 2 a ;  2  : (19b)3.2. The mass matrixNow we de�ne the mass matrix M of the L-yle. Let (Eij)k�l ; i = 1; : : : ; k ; j =1; : : : ; l ; be the k � l-standard matrix, whose entry at the intersetion of the ithrow with the jth olumn is one and whose other entries are zero. Sine k; l will notexeed 10 throughout this paper, we write i; j = 0 instead of i; j = 10 : Letm � � i�5(im) := diag(� 25 ;�25 ;� 25 ; 35 ; 35 ) 2 i a ;m̂ := � i�10(im) � diag( 15 ; 15 ; 15 ; 15 ; 15 ; 15 ;�45 ;� 45 ;�45 ; 65 ) ;n � � i�5;1(in) := (E41)5�1 2 i b ;n̂ := � i�10;5(in) � (E11 +E22 +E33 �E05)10�5 ;�n := � i�10;10(in) � (�E47 �E58 �E69 �E74 �E85 �E96)10�10 ;m0 := (�E00)10�10 2 i  ;n0 := (E11 +E22 +E33 + 3E05)10�5 2 iw ;�n0 := � i�10;10(in0) � (2E47 + 2E58 + 2E69 � 2E74 � 2E85 � 2E96)10�10 : (20)
Then we putM = 0BBBBBBB� M10 0 0 M10;10 M10;5 00 M5 0 MT10;5 0 M5;10 0 0 0 MT5;1 0M�10;10 M10;5 0 M10 0 0M�10;5 0 M5;1 0 M5 00 M�5;1 0 0 0 0

1CCCCCCCA ; where (21a)M10 = �m̂
M 010 ; M5 = m
M 05 ;M10;10 = ��n
M 0d �m0 
M 0N ; M5;1 = �n
M 0e ; (21b)M10;5 = �n̂
M 0~u � n0 
M 0~n :



Graded di�erential Lie algebras and SU(5) �U(1)-grand uni�ation 7Here, M 010;M 05;M 0N ;M 0~u;M 0d;M 0e;M 0~n are 6� 6-matries of the blok strutureM 0i = � 03 MiM�i 03 � ; M 0f = � Mf 0303 Mf � ; (22)for i 2 f5; 10g and f 2 f~u; d; e; ~n;Ng : We demandMd =MTd ; MN =MTN : (23)The �nal input of our L-yle is the grading operator �̂, whih we hoose as�̂ =  �116 
 �̂0 096096 116 
 �̂0 ! ; �̂0 = � 13 00 �13 � : (24)One easily veri�es [�̂; �(a)℄ = f�̂;M℄ = 0 : Thus, (a; C 192 ;M; �̂; �̂) is an L-yle.Hene, we have in terms of 4�4-blok matries with entries in 48�48-matries:�̂(a) =0BB�A 0 0 00 A 0 00 0 �A 00 0 0 �A1CCA ; M =0BBB� 0 Mi Mf 0M�i 0 0 MfM�f 0 0 Mi0 M�f MTi 0 1CCCA ; �̂=0BB��148 0 0 00 148 0 00 0 148 00 0 0 �1481CCA ;A := diag ��10(a)
 13 ; �5(a)
 13 ; 03� ; (25)Mi := diag �� m̂
M10 ; m
M5 ; 03� ;Mf := 0� ��n
Md �m0 
MN �n̂
M~u � n0 
M~n 0�n̂T 
MT~u � n0T 
MT~n 0 �n
Me0 �nT 
MTe 0 1A �MTf :3.3. The struture of �̂(
1a) and �̂(
2a)We reall (2a) that elements �1 2 �̂(
1a) are of the form�1 =P�;z�0[�̂(az�); [: : : [�̂(a1�); [� iM; �̂(a0�)℄℄ : : : ℄℄ : (26)Using (16b), (18b), (19b) and the fat that �̂ is a representation we obtain theexpliit struture of elements �1 2 �̂(
1a):�1 = (27a)0BBBBBBBBBBBBBBBBBB�
�10(a)
M 010 0 0 "�10;10(b)
M 0d+
M 0N #"�10;5(b)
M 0~u+w
M 0~n # 00 �5(a)
M 05 0 "�10;5(b)T
M 0~uT+wT
M 0~nT # 0 �5;1(b)
M 0e0 0 0 0 �5;1(b)T
M 0eT 0"��10;10(b)�
M 0d���
M 0N #"��10;5(b)
M 0~u�w
M 0~n # 0 ��10(a)
M 010 0 0"��10;5(b)�
M 0~u��w�
M 0~n� # 0 ��5;1(b)
M 0e 0 ��5(a)
M 05 00 ��5;1(b)�
M 0e� 0 0 0 0

1CCCCCCCCCCCCCCCCCCA;



8 R. Wulkenhaara =P�;z�0[az�; [: : : [a1�; [(im); a0�℄℄ : : : ℄℄ 2 a ; (27b)b =P�;z�0 az� � � � a1�a0�(� in) 2 b ; (27)w =P�;z�0[az�; [: : : [a1�; [(in0); a0�℄℄ : : : ℄℄ 2 w ; (27d) =P�;z�0[az�; [: : : [a1�; [(im0); a0�℄℄ : : : ℄℄ 2  : (27e)Here, the ommutators (27d) and (27e) are understood in the sense (18b) and(19b). It is obvious that a; b; ; w are independent as elements of di�erent irreduiblerepresentations of su(5) :Next, we are going to onstrut �̂(
2a) : Aording to (3), elements �2 2 �̂(
2a)are obtained by summing up elements of the type�2 := 12f�1; �1g ; �1 2 �̂(
1a) : (28)Thus, using (17b) we get from (27a) the struture�2 = 0BBBBBBBB� �10 �g10;5 �10;1 �10;10 �10;5 0��g10;5 �T5 0 �T10;5 0 �5;1��10;1 0 �1 0 �T5;1 0��10;10 �10;5 0 �T10 �g10;5 �10;1��10;5 0 �5;1 �Tg10;5 �5 00 ��5;1 0 �T10;1 0 �T1
1CCCCCCCCA ; where (29a)�10 = i�10(i(b; b)0)
 (M 0~uM 0~u� �M 0dM 0d�)� (b�b)110 
 ( 25M 0~uM 0~u� + 35M 0dM 0d�)+ 12f�10(a); �10(a)g 
M 0102� ww�
M 0~nM 0~n� � w�10;5(b)� 
M 0~nM 0~u� � �10;5(b)w� 
M 0~uM 0~n�� � 
M 0NM 0N� � �10;10(b)� 
M 0NM 0d� � �10;10(b)� 
M 0dM 0N��5 = i�5(i(b; b)0)
 ( �M 0eM 0eT �M 0~u�M 0~u)� (b�b)15 
 ( 45M 0~u�M 0~u + 15 �M 0eM 0eT )+ 12f�5(a); �5(a)g 
M 052� w�w 
M 0~n�M 0~n � w��10;5(b)
M 0~n�M 0~u � �10;5(b)�w 
M 0u�M 0~n ;�1 = �b�b
M 0eT �M 0e ; (29b)�10;10 = �10;10(ab)
 12 (M 010M 0d +M 0dM 010T )+ (�10(a)�10;10(b)� �10;10(b)�10(a)T )
 12 (M 010M 0d �M 0dM 010T )+ (�10(a)+ �10(a)T )
 12 (M 010M 0N +M 0NM 010T )+ (�10(a)� �10(a)T )
 12 (M 010M 0N �M 0NM 010T ) ;�10;5 = �10(a)�10;5(b)
M 010M 0~u � �10;5(b)�5(a)
M 0~uM 05+ �10(a)w 
M 010M 0~n � w�5(a)
M 0~nM 05 ;�g10;5 = ��10;10(b)w 
M 0d �M 0~n � w 
M 0N �M 0~n � �10;5(b)
M 0N �M 0~u ;�5;1 = �5;1(ab)
M 05TM 0e ; �10;1 = �w�5;1(b)
M 0~n �M 0e :3.4. The struture of the onnetion formWe know from (7) that for onstruting the onnetion form � we need knowledgeof the spaes r0a and r1a determined by Eqs. (5). To ompute the struture of



Graded di�erential Lie algebras and SU(5) �U(1)-grand uni�ation 9elements �0 2 r0a we �rst deompose �0 aording to (12) into irreduible su(5)-representations, eah of them tensorized by M6C : Then, the ondition [r0a; �̂(a)℄ ��̂(a) yields the blok struture�0 = �̂(a) + i diag(110 
m010 ; 15 
m0~5 ; m01 ; 110 
m0f10 ; 15 
m05 ; m0~1) ;where a 2 a and m010;~5;1;f10;5;~1 are selfadjoint elements of M6C : The ondition r0a =�̂(r0a)�̂ implies m0i = diag(mi; m̂i) ; for mi; m̂i 2 M3C :We insert this struture into the ondition [r0a; �̂(
1a)℄ � �̂(
1a) : Using (27a),(16b), (18b) and (19b) we obtain from the o�-diagonal bloks the equationsm10Md �Mdmf10 =� i ��Md ; m10MN �MNmf10 =� i ��0MN ;m10M~u �M~um5 =� i�M~u ; m10M~n �M~nm5 =� i�00M~n ;m~5MT~u �MT~u mf10 =� i�MT~u ; m~5MT~n �MT~nmf10 =� i�00MT~n ;m~5Me �Mem~1 =� i ��Me ; m1MTe �MTe m5 =� i ��MTe ; (30a)for �; �0; �00 2 C : The same equations hold for m̂i ; with the same parameters�; �0; �00 : Multiplying the �rst equation by M�d from the right and subtrating theHermitian onjugate of the resulting equation we get for instane[m10;MdM�d ℄ = � i(�+ ��)MdM�d :Applying the trae and respeting tr(MdM�d ) > 0 we get � = i� ; for � 2 R :Analogously, we have �0 = i�0 and �00 = i�00 : Thus, we �nd the equations[m10;MdM�d ℄ = [m10;MNM�N ℄ = [m10;M~uM�~u ℄ = [m10;M~nM�~n℄ = 0 : (30b)For generi mass matriesMd;N;~u;~n ; these equations an only be satis�ed for m10 =(�� 12�)13 ; for � 2 R : We assume that Md;~u;e are invertible and �nd the solutionm10 = (� � 12�)13 ; m5 = (� � 32�)13 ; m1 = (� � 52�)13 ;mf10 = (� + 12�)13 ; m~5 = (� + 32�)13 ; m~1 = (� + 52�)13 ; (30)where �; � 2 R : For m̂i we get the same equations, with the same � but possibly adi�erent �̂ instead of � : Inserting this result into the �10-blok we get the equations(� � �̂)M10 = �M10 ; (� � �̂)M�10 = ��M�10 ;whih are only ompatible with � = �̂ : Thus, we obtain the preliminary result�0 =�̂(a) + �̂(u(1)) + i �1192 ; (31a)�̂(i �) := i� diag(� 12110 ; 3215 ; � 52 ; 12110 ; � 3215 ; 52 )
 16 : (31b)Now, one �nds16 that the u(1)-part �̂(u(1)) is ompatible with the two onditionsfr0a; �̂(a)g � f�̂(a); �̂(a)g+ �̂(
2a) and fr0a; �̂(
1a)g � f�̂(a); �̂(
1a)g+ �̂(
3a) ;whereas the identity part i �1192 is not. Here, one has to use the following identities:tr(�10(a)�10(a)) = tr(�10(a)�10(a)) = 3 tr(aa) ;tr(�5(a)�5(a)) = tr(�5(a)�5(a)) = tr(aa) ; (32a)if�10(a); �10(a)g24 = 13�10� if�5(a); �5(a)g24� ; (32b)(�10(a)�10;5(b))5 = 34�10;5(ab) ; (�10;5(b)�5(a))5 = � 14�10;5(ab) ;(�10(a)�10;5(b))45 = (�10;5(b)�5(a))45 ; (�10(a)w)5 = (w�5(a))5 ; (32)



10 R. Wulkenhaarfor a 2 a ; b 2 b and w 2 w :The evaluation of the formulae for r1a in (5) yields for a generi hoie of the massmatries M~u;d;e;~n;10;5 the simple result r1a = �̂(
1a) : Therefore, the onnetionform has the struture� 2 ��1 
 (�̂(a) + �̂(u(1)))�� ��05 
 �̂(
1a)� : (33)We see that our formalism generates an additional u(1)-part for the onnetionform and determines uniquely its representation (31b) on the fermioni Hilbertspae. Remarkably, this representation is realized in nature!3.5. The ideal j2aWe reall (4) that for the analysis of �̂(J 2a) we must �nd the spae of elements�̂(!1) ; where !1 2 
1a \ ker �̂ : For the omputation of �̂(!1) we need knowledgeof M2 ; see (2b). We de�nev0 := diag(� 13 ;�13 ;� 13 ;�13 ;� 13 ;�13 ; 13 ; 13 ; 13 ; 1 ) 2 i v ;I3 � � i�5(i I3) := diag (0; 0; 0; 12 ;�12 ) ; (34a)Î3 := � i�10(i I3) � diag ( 12 ; 12 ; 12 ;�12 ;� 12 ;�12 ; 0; 0; 0; 0)M 0u :=M 0~u +M 0~n ; M 0n :=M 0~u � 3M 0~n ; (34b)analogously for the primeless matriesMu;n;~u;~n : Then, using (20) and (21), we �ndthe following formula for M2 :M2 = 0BBBBBBBB� (M2)10 (M2)g10;5 0 (M2)10;10 (M2)10;5 0(M2)�g10;5 (M2)T5 0 (M2)T10;5 0 (M2)5;10 0 (M2)1 0 (M2)T5;1 0(M2)�10;10 (M2)10;5 0 (M2)T10 (M2)g10;5 0(M2)�10;5 0 (M2)5;1 (M2)Tg10;5 (M2)5 00 (M2)�5;1 0 0 0 (M2)T1
1CCCCCCCCA ; (35a)where(M2)10 = 110 
 ( 925M 0102 + 410M 0~uM 0~u� + 610M 0dM 0d� + 1210M 0~nM 0~n� + 110M 0NM 0N�)� v0 
 (M 0102 � 2(M 0~uM 0~n� +M 0~nM 0~u�) + 4M 0~nM 0~n� + 12M 0NM 0N�)+ ( 12m̂� Î3)
 (M 0uM 0u� �M 0dM 0d�)+ 13m̂
 ( 15M 0102 � 4(M 0~uM 0~n� +M 0~nM 0~u�) + 8M 0~nM 0~n� +M 0NM 0N�) ;(M2)5 = 15 
 ( 625M 052 + 125 M 0~n�M 0~n + 45M 0~u�M 0~u + 15 �M 0eM 0eT )+ ( 12m� I3)
 ( �M 0eM 0eT �M 0n�M 0n) (35b)+m
 ( 15M 052 � 4(M 0~u�M 0~n +M 0~n�M 0~u) + 8M 0~n�M 0~n) ;(M2)1 =M 0eT �M 0e ;(M2)10;10 = � 35 �n
 12 (M 010M 0d +MdM 010T )� 12 �n0 
 12 (M 010M 0d�MdM 010T ) + 125 m0 
 12 (M 010M 0N+M 0NM 010) ;



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 11(M2)5;1 = � 35n
M 05TM 0e ;(M2)10;5 = n̂
 ( 920M 010M 0~u + 320M 0~uM 05 � 34M 010M 0~n + 34M 0~nM 05)+ n0 
 (� 14M 010M 0~u + 14M 0~uM 05 + 1920M 010M 0~n � 720M 0~nM 05) ;(M2)g10;5 = n00 
M 0NM 0n :Here, n00 = (E05)10�5 2 40 is a generator of the 40�-representation of su(5) ourringin the deomposition (12e).Due to (4), the ideal �̂(J 2a) is given as the set of elements j2 of the formj2 =X�;z�0[�̂(az�); [: : : [�̂(a1�); [M2; �̂(a0�)℄℄ : : : ℄℄ ; where (36a)0 =X�;z�0[�̂(az�); [: : : [�̂(a1�); [� iM; �̂(a0�)℄℄ : : : ℄℄ : (36b)Obviously, terms in M2 proportional to the identities 110;15; 1 do not ontributeto j2 : Next, the term (M2)5;1 = � 35n
M 05TM 0e gives a ontribution to j2 ; whih is3 i5 
M 05T times (from the left) the ontribution of � iM5;1 = in
M 0e to (36b), andhene equals zero. For the same argument, all terms in (M2)10;10 and (M2)10;5 donot ontribute to j2 : The same is true for the terms proportional to m̂ andm: Thus,there remain only ontributions from the terms ( 12m̂�Î3)
M2A;10 ; ( 12m�I3)
M2A;5 ;�v0 
M2V and n00 
M 0NM 0n ; whereM2V :=M 0102 � 2(M 0~uM 0~n� +M 0~nM 0~u� � 2M 0~nM 0~n�) ; (37a)M2A;10 :=M 0uM 0u� �M 0dM 0d� ; M2A;5 := �M 0eM 0eT �M 0n�M 0n : (37b)Sine the irreduible representations 24; 75; 5; 45�; 50; 40� are independent, it is al-ways possible to ful�l (36b) and to generate by the ommutators (36a) represen-tations of arbitrary elements of 75 and 40�: Moreover, it an be heked that thegenerator 12m � I3 ourring in M2 generates independent elements of the 24-representation. Hene, j2 2 J2 := �̂(J 2a) takes the formj2 = (38)0BBBBBBBBBBBBBB�
�i�10(a)
M2A;10+ i v 
M2V � i 00 
M 0NM 0n 0(i 00 
M 0NM 0n)� (i �5(a)
M2A;5)T 0 O0 0 0 �(i�10(a)
M2A;10+ i v 
M2V )T � i 00 
M 0NM 0n 0O (i 00 
M 0NM 0n)T i�5(a)
M2A;5 00 0 0

1CCCCCCCCCCCCCCA;where a 2 a ; v 2 v and 00 2 40� :Let J0 := f�̂(a); �̂(a)g : From (13) and (32) we onlude that elements j0 2 J0



12 R. Wulkenhaarare of the formj0 = (39)0BBBBBBB� 35�110+ 13 i�10(a)+ i v 0 00 25�15+i �5(a)T 0 O0 0 0 35�110+ 13 i�10(a)T+ i vT 0 0O 0 25�15+i �5(a) 00 0 0
1CCCCCCCA
 16 ;where � 2 R ; a 2 a and v 2 v :It remains to �nd the spaes j0a; j1a; j2a ourring in (6). For generi massmatries M~u;d;e;~�;10;5 the result is16j0a = f0g ; j1a = f0g ; j2a = �̂(J 2a) + f�̂(a); �̂(a)g+ R1192 : (40)Let J3 := R1192 : It is advantageous to onstrut an orthogonal deompositionJ0 + J2 + J3 = (J0 + J3)� J 02 : The result is that elements j02 2 J 02 are of the form(38) with the replaementsM2A;10 7!M2ud :=M2A;10 � 124 tr(M2A;10 +M2A;5)16 ;M2A;5 7!M2en :=M2A;5 � 18 tr(M2A;10 +M2A;5)16 ; (41a)M2V 7! ~M2V :=M2V � 16 tr(M2V )16 : (41b)3.6. The fatorizationDue to (40), the problem of solving (9) is equivalent to �nding for eah given�2 2 �̂(
2a) an element j 2 J suh thattr(~j �(�2 + j)) = 0 ; 8 ~j 2 J : (42)Due to the struture of J ; the o�-diagonal bloks �i;j exept of �g10;5 do not on-tribute to (42). In the parts �10;5(i(b; b)0) we an (and must) modulo J2 replaeM 0~uM 0~u��M 0dM 0d� 7!M 0~uM 0~u��M 0uM 0u� = �M 0~uM 0~n��M 0~nM 0~u��M 0~nM 0~n� ;�M 0eM 0eT�M 0~u�M 0~u 7!M 0n�M 0n�M 0~u�M 0~u = �3M 0~u�M 0~n�3M 0~n�M 0~u+9M 0~n�M 0~n ; (43)see (34b). In the diagonal part of �2 in (29b) let us de�neA10 := 12f�10(a); �10(a)g ; A5 := 12f�5(a); �5(a)g ;B :=�b�b ; (b; b)0 := bb� � 15 tr(bb�)15 ;U10 :=�� ; ~U10 :=��10;10(b)�~V 10 :=�ww� ; V 10 := ~V 10 � i�10(i(b; b)0) ;~V 5 :=�w�w ; V 5 := ~V 5 + 9 i�5(i(b; b)0) ;~W 10 :=��10;5(b)w� ; W 10 := ~W 10 � i�10(i(b; b)0) ;~W 5 :=�w��10;5(b) ; W 5 := ~W 5 � 3 i�5(i(b; b)0) : (44)



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 13It is neessary to split A10; U10; ~U10; V 10;W 10 aording to (12a) and A5; V 5;W 5aording to (12b) into irreduible omponents, the non-vanishing of whih areA10 = A101 � A1024 �A1075 ; A5 = A51 �A524 ;U10 = U101 � U1024 �U1075 ; ~U10 = ~U1075 ;V 10 = V 101 � V 1024 � V 1075 ; V 5 = V 51 � V 524 ;W 10 =W 1024 �W 1075 ; W 5 =W 524 : (45)For these omponents we �ndA101 = 310 tr(A5)110 ; A51 = 15 tr(A5)15 ; A1075 = A10�A1024�A101 ;A524 = A5� 15 tr(A5)15 ; A1024 = � 13 i�10(iA524) ;U101 = 110 tr(U10)110 ; W 1075 =W 10�W 1024 ; U1075 � U10 � U101 � U1024 ;V 101 = 110 tr( ~V 5)110 ; V 51 = 15 tr( ~V 5)15 ; V 1075 = V 10�V 1024 �V 101 ; (46a)V 524 = ~V 5�15 tr( ~V 5)15+9 i�5(i(b; b)0) ; V 1024 = � i�10(i ~V 024+ i(b; b)0) ;W 1024+W 1024 � = � 13 i�10(iW 5+ iW 5�) ; W 1024�W 1024 � = 13�10(W 5�W 5�) ;where, for f�jgj=1;:::;24 being an orthonormal basis of a ; i.e. tr(�i�j) = �Æij ;i ~V 024 = � 13P24j=1 tr(i ~V 10�10(�j))�j : (46b)Due to (37a) we an modulo J2 replae A1075 
M 0102 byA1075 
 (2M 0~nM 0~u� + 2M 0~uM 0~n� � 4M 0~nM 0~n� � 12M 0NM 0N�) : (47)Now, it is easy to determine the representative �̂2 2 �2+J orthogonal to J , see (42):�̂10 = tr(A5)110 
 M̂10aa + tr(U10)110 
 M̂10 + tr(V 5)110 
 M̂10nn +B110 
 M̂10bb� 13 i�10(iA524)
M10aa + U1024 
M10 + V 1024 
M10nn � i�10(i V 524)
 �M10nn� 13 i�10(iW 5 + iW 5�)
M10fung + 13 i�10(W 5 �W 5�)
M10[un℄+ (V 1075 � 4A1075)
 ~M10nn + (U1075 � 12A1075)
 ~M10 + ( ~U1075 + ~U1075 )
 ~M10fdg+ i( ~U1075 � ~U1075 )
 ~M10[d℄ + (W 1075 +W 1075 � + 4A1075)
 ~M10fung+ i(W 1075 �W 1075 �)
 ~M10[un℄ (48)�̂5 = tr(A5)15 
 M̂5aa + tr(U10)15 
 M̂5 + tr(V 5)15 
 M̂5nn +B15 
 M̂5bb+A524 
M5aa + V 524 
 �M5nn � i��110 (iV 1024 )
M5nn � i��110 (iU1024 )
M5+ (W 5 +W 5�)
M5fung + i(W 5 �W 5�)
M5[un℄�̂1 = tr(A5)
 M̂1aa + tr(U10)
 M̂1 +B 
 M̂1bb + tr(V 5)
 M̂1nn ;�̂g10;5 = �(�10;10(b)w)10 
M 0dM ~n0 � (w)10 
M 0NM ~n0� (�10;10(b)w)40 
M 0d~n � ( 14 (w)40 + 34�10;5(b))
M 0Nu ;where the matriesMkij ; ~Mkij ; M̂kij and �Mkij are given in Appendix A. The remainingmatrix elements �̂i;j oinide with �i;j given in (29).



14 R. WulkenhaarThe last step before inluding the funtion algebra is to apply the map �̂ Æ �̂�1de�ned in (2b) to elements �1 2 �̂(
1a) : Calulating �̂Æ �̂�1(�1) means to alulatej2 in (36a), however with the r.h.s. of (36b) equal to the given element �1 and notequal to zero. We have listed the matrix elements of M2 in (35). Again, termsin M2 proportional to the identities 110;15; 1 do not ontribute to j2 : Next, theterms proportional to �v0 ; ( 12m̂ � Î3) ; ( 12m � I3) and n00 ontribute to the ideal�̂(J 2a) ; as explained above. Sine we regard �̂ Æ �̂�1(�1) modulo �̂(J 2a) ; it is notneessary to onsider these terms. Therefore, there remain only the termsm̂
 13 ( 15M 0102 � 4M 0~uM 0~n� � 4M 0~nM 0~u� + 8M 0~nM 0~n� +M 0NM 0N�) ; (49a)m
 ( 15M 052 � 4M 0~n�M 0~u � 4M 0~u�M 0~n + 8M 0~n�M 0~n) (49b)in the diagonal bloks (M2)10 and (M2)5 as well as the o�-diagonal bloks (M2)i;j ;whih give a ontribution to �̂ Æ �̂�1(�1) : As we have already notied, the ontri-bution of (M2)5;1 is 3 i5 
M 05T times the ontribution of in
M 0e to (36b). We getanalogous ontributions from the other terms (M2)i;j and (M2)i : Thus, we obtainin the same notations as in (27a) the formula�̂ Æ �̂�1(�1) = 0BBBBBBB� �10 0 0 �10;10 �10;5 00 �T5 0 �T10;5 0 �5;10 0 0 0 �T5;1 0��10;10 �10;5 0 �T10 0 0��10;5 0 �5;1 0 �5 00 ��5;1 0 0 0 0
1CCCCCCCA ; where (50)�10 = � i�10(a)
 13 ( 15M 0102 � 4M 0~uM 0~n� � 4M 0~nM 0~u� + 8M 0~nM 0~n� +M 0NM 0N�) ;�5 = � i�5(a)
 ( 15M 052 � 4M 0~n�M 0~u � 4M 0~u�M 0~n + 8M 0~n�M 0~n) ;�10;10 = 3 i5 �10;10(b)
 12 (M 010M 0d+M 0dM 010T )+ i2�10;10(w) 
 12 (M 010M 0d�M 0dM 010T )� 12 i5 
 12 (M 010M 0N +M 0NM 010) ;�5;1 = 3 i5 �5;1(b)
M 05TM 0e ;�10;5 = i�10;5(b)
 (� 920M 010M 0~u � 320M 0~uM 05 + 34M 010M 0~n � 34M 0~nM 05)+ iw 
 ( 14M 010M 0~u � 14M 0~uM 05 � 1920M 010M 0~n + 720M 0~nM 05) :Now, it remains to perform the fatorization in the diagonal bloks (49a) and (49b).The same method as before yields that the representatives orthogonal to J are(49a) 7! � 13 i�10(a)
 ( 15M10aa � 8M10fung + 8M10nn + 24 �M10nn +M10 ) ; (51a)(49b) 7! � i�5(a)
 ( 15M5aa � 8M5fung + 83M5nn + 8 �M5nn + 13M5) : (51b)4. The Ation of the Uni�ation Model4.1. The urvatureNow we are able to onstrut the bosoni ation of the ipped SU(5)�U(1)-granduni�ation model. We hoose X to be a four dimensional Riemannian spin mani-fold. When using a loal basis f�g�=1;2;3;4 of �1 then the basis elements � are



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 15selfadjoint as omplex setions of the Cli�ord bundle. Elements of �1 are loallyrepresented by real linear ombinations of f�g�=1;2;3;4 : The grading operator is5 = 1234 :The �rst step is to write down the onnetion form � ; whih has aording to(33) the struture� = �(A) + �(A00) + 5�(H) ;A 2 �1 
 su(5) ; A00 2 �1 
 u(1) ; H 2 �0 
 
1a : (52)Here, 5 ats omponentwise and � = id
�̂ ; where the matrix parts of �(A) and�(A00) are given by (13) and (31b), respetively. Elements of �̂(
1a) are spei�edby elements of a; b;  and w ; see (27). Thus, we onsider H as a sumH = i(	 + � + �+�) ;	 2 �0 
 i a ; � 2 �0 
 i b ; � 2 �0 
 i  ; � 2 �0 
 iw : (53)Inserting (52) and (53) into Eq. (8) for the urvature, we �nd with (50)� = d�(A) + d�(A00) + 12f�(A); �(A)g� 5�d�(i(	 + �+ � +�)) + [�(A)+�(A00); �(i(	 + �+ � +�))� iM℄�+ � 12f�(i(	 + � + � +�)); �(i(	 + �+ � +�))g+ f�(i(	 + � + � +�));� iMg+ �̂g(�) mod �0 
 j2a� ; (54a)wherê�g(�) := � 12 i5 �(i �) 
 12 (M 010M 0N+M 0NM 010T ))+ i2�(�10;10(i �)
 12 (M 010M 0d�M 0dM 010T ))+ 3 i5 �(�10;10(i �))
 12 (M 010M 0d+M 0dM 010T ) + 3 i5 �(�5;1(i �)
M 05TM 0e)� i�(�10;5(i �)
 ( 920M 010M 0~u + 320M 0~uM 05 � 34M 010M 0~n + 34M 0~nM 05))� i�(i �
 (� 14M 010M 0~u + 14M 0~uM 05 + 1920M 010M 0~n � 720M 0~nM 05)) (54b)� 13 i�(�10(i 	)
 ( 15M10aa � 8M10fung + 8M10nn + 24 �M10nn +M10 ))� i�(�5(i 	)
 ( 15M5aa � 8M5fung + 83M5nn + 8 �M5nn + 13M5)) :Here we have denoted by � the embedding of the seleted matrix elements of (50)into the matrix (50). We have12f�(i(	 + �+ � +�)); �(i(	 + �+ � +�))g+ f�(i(	 + �+ � +�));� iMg= 12f�(i( ~	 + ~� + ~� + ~�)); �(i( ~	 + ~� + ~� + ~�))g+M2 ; where (55a)~	 := 	+m ; ~� := �+ n ; ~� := � +m0 ; ~� := �+ n0 : (55b)Let �̂g(~�) := Eq. (54b) with 	 7! ~	 ; � 7! ~� ; � 7! ~� ; � 7! ~� : (56)



16 R. WulkenhaarThen we obtain from (54a) and (35)� = d�(A) + 12f�(A); �(A)g + d�(A00) (57)� 5(d�(i( ~	 + ~� + ~� + ~�)) + [�(A) + �(A00); �(i( ~	 + ~� + ~� + ~�))℄)+ � 12f�(i( ~	 + ~� + ~� + ~�)); �(i( ~	 + ~� + ~� + ~�))g+ �̂g(~�)+ diag �110 
 ( 65M̂10aa+M̂10bb +12M̂10nn+M̂10 ) ; 15 
 ( 65M̂5aa+M̂5bb+12M̂5nn+M̂5)T ;65M̂1aa+M̂1bb+12M̂1nn+M̂1 ; 110 
 ( 65M̂10aa+M̂10bb +12M̂10nn+M̂10 )T ;15 
 ( 65M̂5aa+M̂5bb+12M̂5nn+M̂5) ; ( 65M̂1aa+M̂1bb+12M̂1nn+M̂1)T �mod �0 
 j2a� :We de�ne~̂	 := � i�10(i ~	) ; ~̂� := � i�10;10(i �) ; ~̂� := � i�10;5(i ~�) ; (58)Â := �10(A) ; �~� := � i�10;10(i ~�) ; (~�~��)0 := � i��110 (i(~�~��)24) :Using (48) and (29) we obtain the following matrix representation of e(�):e(�) = 0BBBBBBBB� �10 �g10;5 �10;1 �10;10 �10;5 0��g10;5 �T5 0 �T10;5 0 �5;1��10;1 0 �1 0 �T5;1 0��10;10 �10;5 0 �T10 �g10;5 �10;1��10;5 0 �5;1 �Tg10;5 �5 00 ��5;1 0 �T10;1 0 �T1
1CCCCCCCCA ; where (59a)�10 = (dÂ+ 12fÂ; Âg)
 16 � 12dA00110 
 16 � i 5(d ~̂	 + [Â; ~̂	℄)
M 010+ q1110 
 M̂10aa + q2110 
 M̂10bb + q3110 
 M̂10nn + q4110 
 M̂10+ 13 i�10(i ~q1)
M10aa + i�10(i ~q2)
 �M10nn + i�10(i ~q3)
M10nn+ 13 i�10(i ~q4)
M10fung + 13 i�10(i ~q5)
M10[un℄ + i�10(i ~q6)
M10� q̂1
 ~M10nn � q̂2
 ~M10fung � q̂3
 ~M10[un℄ � q̂4
 ~M10 � q̂5
 ~M10fdg � q̂6
 ~M10[d℄ ;�5 = (dA+ 12fA;Ag)
 16 � 32dA0015 
 16 + i 5�5(d~	 + [A; ~	℄)
M 05+ q115 
 M̂5aa + q215 
 M̂5bb + q315 
 M̂5nn + q415 
 M̂5� ~q1 
M5aa � ~q2 
 �M5nn � ~q3 
M5nn � ~q4 
M5fung � ~q5 
M5[un℄ � ~q6 
M5�1 = � 52dA0016 + q1 
 M̂1aa + q2 
 M̂1bb + q3 
 M̂1nn + q4 
 M̂1 ; (59b)�10;10 = i 5(d ~̂� + Â ~̂� + ~̂�ÂT �A00 ~̂�)
M 0d + i 5(d~� + Â~� + ~�ÂT �A00~�)
M 0N� �10;10(r)
 12 (M 010M 0d +M 0dM 010T )� r̂ 
 12 (M 010M 0N +M 0NM 010T )� ~r1 
 12 (M 010M 0d�M 0dM 010T )� ~r2 
 12 (M 010M 0N �M 0NM 010T ) ;�10;5 = � i 5(d ~̂� + Â ~̂�� ~̂�A+A00 ~̂�)
M 0~u � i 5(d~� + Â~�� ~�A+A00 ~�))
M 0~n� �r1 
M 010M 0~u � �r2 
M 0~uM 05 � �r3 
M 010M 0~n � �r4 
M 0~nM 05 ;�5;1 = � i 5(d~� +A~� +A00 ~�)
M 0e � r 
M 05�M 0e ;



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 17�10;1 = �s
M 0~n �M 0e ;�g10;5 = �~s1 
M 0d �M 0~n � ~s2 
M 0N �M 0~n � ŝ1 
M 0d~n � ŝ2 
M 0Nuandq1 = 65 � tr( ~	2) ; q2 = 1� ~�� ~� ;q3 = 12� tr( ~�~��) ; q4 = 1� tr(~�~��) ;~q1 = ~	2 � 15 tr( ~	2)15 � 15 ~	 ;~q2 = ~�� ~�� 15 tr( ~�� ~�)15 � 8~	 + 9~�~�� 95 tr(~�~��)15 ;~q3 = (~�~��)0 � 83 ~	� ~�~�� + 15 tr(~�~��)15 ;~q4 = ~�� ~̂� + ~̂�� ~� + 8~	� 6~�~�� + 65 tr(~�~��)15 ;~q5 = i( ~�� ~̂�� ~̂�� ~�) ; ~q6 = (~�~��)0 � 13 ~	 ;q̂1 = ~�~���4 ~̂	2 � 110 tr( ~�� ~��12~	2)110 + i�10(i(( ~�~��)0�43 ~	2+ 415 tr( ~	2)15)) ;q̂2 = ~̂�~��+~�~̂��+4 ~̂	2 � 65 tr( ~	2)110 + 13 i�10(i( ~�� ~̂�+~̂�� ~�+4~	2� 45 tr( ~	2)15)) ;q̂3 = i � ~̂�~�� � ~�~̂�� � 13�10( ~�� ~̂�� ~̂�� ~�)� ; (59)q̂4 = ~�~��� 12 ~̂	2 � 110 (tr(~�~��)� 32 tr( ~	2))110 + i�10(i((~�~��)0� 16 ~	2+ 130 tr( ~	2)15))) ;q̂5 = ~��~�� + �~�~�� ; q̂6 = i(~��~�� � �~�~��) ;r = ~	~�� 35 ~� ; r̂ = ~̂	~� + ~� ~̂	T � 125 ~� ;~r1 = ~̂	�~�� �~� ~̂	T + 12 ~̂� ; ~r2 = ~̂	~�� ~� ~̂	T ;�r1 = ~̂	~̂�� 920 ~̂� + 14 ~� ; �r2 = �( ~̂�~	 + 320 ~̂� + 14 ~�) ;�r3 = ~̂	~�+ 34 ~̂�� 1920 ~� ; �r3 = �( ~�~	+ 34 ~̂�� 720 ~�) ;~s1 = (~�� �~�)T10 ; ~s2 = (~��~�)T10 ;ŝ1 = (~�� �~�)T40 ; ŝ2 = ( 14 ( ~��~�)40 + 34 ( ~̂�~�))T ;s = �~�~� :4.2. The bosoni ationThe omputation of the bosoni ation is not diÆult now. All what one needs arethe orthogonality of di�erent irreduible representations and the relationstr(�10(a)�10(~a)) = 3 tr(�5(a)�5(~a)) = 3 tr(a~a) ;tr �(A� 110 tr(A)110 �A24)( ~A � 110 tr( ~A)110 � ~A24)�= tr(A ~A)� 110 tr(A) tr( ~A)� tr(A24 ~A24) ; (60)for a; ~a 2 a and skew-adjoint A; ~A 2 M10C : We ompute the Lagrangian L =1192 g20 tr((e(�))2) ; where g0 is a oupling onstant and tr the ombination of thetrae over the matrix struture with the trae in the Cli�ord algebra. For funtions



18 R. Wulkenhaarf 2 C1(X) we have tr(f) = 4f : We �nd:1192 g20 tr((e(�))2) = L2 + L1 + L0 ; (61a)L2 = 14 g20 tr((dA+ 12fA;Ag)2) + 54 g20 tr((dA00)2) ; (61b)L1 = 1g20 �0 tr((d~	 + [A; ~	℄)2) (61)+ 1g20 �1 tr((d~� + (A+A0015)~�)�(d~� + (A+A0015)~�))+ 1g20 �2 tr((d~� + Â~�� ~�A+A00 ~�)�(d~� + Â~�� ~�A+A00 ~�))+ 1g20 �3 tr((d~� + Â~� + ~�ÂT �A00~�)�(d~� + Â~� + ~�ÂT �A00~�)) ;L0 = 124 g20 ��aq21 + �bq22 + �q23 + �dq1q2 + �eq1q3 + �fq2q3 (61d)+ ��aq24 + ��bq1q4 + ��q2q4 + ��dq3q4+ ��e tr(r̂r̂�) + ��f tr(~r2~r�2) + ��g Re(tr(~r1~r�2)) + ��h Im(tr(~r1~r�2))+ �g tr(rr�) + �h tr(~r1~r�1) + �i tr(�r�1�r1) + �j tr(�r�2�r2) + �k tr(�r�3�r3)+ �l tr(�r�4�r4) + �mRe(tr(�r�1�r2)) + �nRe(tr(�r�1�r3)) + �o Im(tr(�r�1�r3))+ �pRe(tr(�r�1�r4) + tr(�r�2�r3)) + �q Im(tr(�r�1�r4) + tr(�r�2�r3))+ �rRe(tr(�r�2�r4)) + �s Im(tr(�r�2�r4)) + �tRe(tr(�r�3�r4))+ �u tr(ss�) + �v tr(~s1~s�1) + �w tr(ŝ1ŝ�1) + ��i tr(~s2~s�2) + ��jRe(tr(~s1~s�2))+ ��k Im(tr(~s1~s�2)) + ��l tr(ŝ2ŝ�2) + ��mRe(tr(ŝ2ŝ�1)) + ��n Im(tr(ŝ2ŝ�1))+ ~�a tr(~q21) + ~�b tr(~q22) + ~� tr(~q23) + ~�d tr(~q24) + ~�e tr(~q25)+ ~�f tr(~q1~q2) + ~�g tr(~q1~q3) + ~�h tr(~q1~q4) + ~�i tr(~q1~q5) + ~�j tr(~q2~q3)+ ~�k tr(~q2~q4) + ~�l tr(~q2~q5) + ~�m tr(~q3~q4) + ~�n tr(~q3~q5) + ~�o tr(~q4~q5)+ �̂a tr(~q26) + �̂b tr(~q1~q6) + �̂ tr(~q2~q6) + �̂d tr(~q3~q6) + �̂e tr(~q4~q6) + �̂f tr(~q5~q6)+ ~�p tr(q̂21) + ~�q tr(q̂22) + ~�r tr(q̂23) + ~�w tr(q̂1q̂2) + ~�t tr(q̂1q̂3) + ~�u tr(q̂2q̂3)+ �̂g tr(q̂24) + �̂h tr(q̂25) + �̂i tr(q̂26) + �̂j tr(q̂4q̂5) + �̂k tr(q̂4q̂6) + �̂l tr(q̂5q̂6)+ �̂m tr(q̂1q̂4) + �̂n tr(q̂2q̂4) + �̂o tr(q̂3q̂4) + �̂p tr(q̂1q̂5) + �̂q tr(q̂2q̂5)+ �̂r tr(q̂3q̂5) + �̂s tr(q̂1q̂6) + �̂t tr(q̂2q̂6) + �̂u tr(q̂3q̂6)	 ;where the oeÆients �i are given in Appendix B.The group of loal gauge transformations assoiated to our model isU0(g) = exp(�(C1(X)
(su(5)�u(1)))) �= C1(X)
(SU(5)�U(1)) : (62)The Lagrangian (61) is invariant under the gauge transformationsu(A) = u5du�5 + u5Au�5 ; u(Â) = u10du�10 + u10Âu�10 ;u(A00) = u1du�1 +A00 ;u( ~�) = u1u10 ~�u�5 ; u( ~̂�) = u�1u10 ~̂�uT10 ;u( ~	) = u5 ~	u�5 ; u( ~̂	) = u10 ~̂	u�10 ;u(~�) = u1u5 ~� ; u( ~̂�) = u1u10 ~̂�u�5 ;u(�~�) = u�1u10 �~�uT10 ; u(~�) = u�1u10~�uT10 ; where (63a)



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 19u5 = exp(t5) ; u10 = exp(�10(t5)) ; t5 2 C1(X)
 su(5) ;u1 = exp(t1) ; t1 2 C1(X)
 u(1) : (63b)To determine the spontaneous symmetry breaking pattern, we must searh for aloal minimum of the Higgs potential L0 : This problem is easy to solve. We knowthat, applying the transformation (55b) in the other diretion, the �0-part of theurvature e(�) (and hene the Higgs potential L0) is zero for	= 0 ; �= 0 ; �= 0 ; �=0 or~	=m ; ~�= n ; ~�=m0 ; ~�= n0 : (64)Sine the Higgs potential L0 is not negative as the trae of the square of the �0-partof the selfadjoint matrix e(�) ; the point (64) is a global minimum of L0 : But (64) islearly a loal minimum as well: In the viinity of (64), the �0-part of e(�) is linearin the omponents of 	;�;� and � so that the Higgs potential L0 is in lowest orderquadrati in these omponents.We underline that, given the fermion masses and the spontaneous symmetrybreaking pattern as the input, our formalism provides a straightforward algorithmto determine the ourring Higgs multiplets and their most general gauge invariantHiggs potential.4.3. The bosoni Lagrangian in loal oordinatesIn this subsetion we will write down the Lagrangian (61) in terms of loal oordi-nates. We shall write our formulae in terms of the \physial" �elds 	;�;�;� givenby (55b). The subgroup of C1(X)
 (SU(5)�U(1)) ; whih leaves (64) invariant, isthe group C1(X)
(SU(3)C�U(1)EM ) : The Higgs mehanism onsists in reduingthe symmetry of the whole theory to the symmetry of the vauum. This means thatwe �x the gauge transformations orresponding toC1(X)
 �(SU(5)�U(1)) = (SU(3)C �U(1)EM )�in suh a way that the Higgs multiplets 	 ; � and � take the form	 = 0��q 415	013 +	g 00 q 35	012 +	w1A ; 	g = 8Xa=1	a�a ; 	w = 3Xa=1	 0a�a ; (65a)� =  �g�w! ; �g = 0B��1 + i�4�2 + i�5�3 + i�61CA ; �w =  �00 ! ; (65b)� = 0BBB� �A �D � 12"(�) (�0E)� �a�D + 12 "(�) �B (�0F )� �b�0E �0F �C ��Ta �Tb �� ��0 1CCCA (65)= ���0E00 + 1p3 (�1� i�50)(E11+E22+E33) + 1p2 (�2� i�51)(E11�E22)+ 1p2 (�4� i�53)(E12+E21) + 1p2 (�5� i�54)(E13+E31) + 1p2 (�6� i�55)(E23+E32)+ 1p6 (�3� i�52)(E11+E22�2E33) + 1p3 (�7� i�56)(E44+E55+E66)



20 R. Wulkenhaar+ 1p2 (�8� i�57)(E44�E55) + 1p2 (�10� i�59)(E45+E54) + 1p2 (�11� i�60)(E46+E64)+ 1p6 (�9� i�58)(E44+E55�2E66) + 1p3 (�13+ i�62)(E77+E88+E99)+ 1p2 (�12� i�61)(E56+E65) + 1p2 (�14+ i�63)(E77�E88) + 1p2 (�16+i�65)(E78+E87)+ 1p6 (�15+ i�64)(E77+E88�2E99) + 1p6 (�19� i�68)(E14+E25+E36+E41+E52+E63)+ 1p2 (�17+ i�66)(E79+E97) + 12 (�20� i�69)(E14�E25+E41�E52)+ 1p2 (�18+ i�67)(E89+E98) + 1p12 (�21� i�70)(E14+E25�2E36+E41+E52�2E63)+ 12 (�22� i�71)(E15+E24+E51+E42) + 12 (�23� i�72)(E16+E34+E61+E43)+ 12 (�24� i�73)(E26+E35+E62+E53) + 12 (�25� i�74)(E18+E27+E81+E72)� i2 (�26� i�75)(E18�E27+E81�E72) + 12 (�27� i�76)(E17�E28+E71�E82)+ 12 (�28� i�77)(E19+E37+E91+E73)� i2 (�29� i�78)(E19�E37+E91�E73)+ 12 (�30� i�79)(E29+E38+E92+E83)� i2 (�31� i�80)(E29�E38+E92�E83)+ 1p12 (�32� i�81)(E17+E28�2E39+E71+E82�2E93) + 1p2 (�41+ i�90)(E10+E01)+ 12 (�33� i�82)(E48+E57+E84+E75)� i2 (�34� i�83)(E48�E57+E84�E75)+ 12 (�35� i�84)(E47�E58+E74�E85) + 12 (�36� i�85)(E49+E67+E94+E76)� i2 (�37� i�86)(E49�E67+E94�E76) + 12 (�38� i�87)(E59+E68+E95+E86)+ 1p12 (�40� i�89)(E47+E58�2E69+E74+E85�2E96) + 1p2 (�43+ i�92)(E30+E03)+ 1p12 (�47� i�96)(2E70+2E07�E26+E35�E62+E53) + 1p2 (�44+ i�93)(E40+E04)+ 1p12 (�48� i�97)(2E80+2E08+E16�E34+E61�E43) + 1p2 (�45+ i�94)(E50+E05)+ 1p12 (�49� i�98)(2E90+2E09�E15+E24�E51+E42) + 1p2 (�46+ i�95)(E60+E06)� i2 (�39� i�88)(E59�E68+E95�E86) + 1p2 (�42+i�91)(E20+E02)�10�10 ;where �0 2 C1(X) is a real funtion and 	a; 	 0a; �i; �i 2 C1(X) : Here, �a arethe Gell-Mann matries and �a the Pauli matries. The matrix � is an arbitraryelement of iw ; where �i 2 C1(X) and ("(A))�� =P3=1 "��A :� = 0BBB� �A �a +�b ��B �d �a ��b�C � "(�a) �e �f��g � tr(�B) tr(�A) 1CCCA (66)= � 1p6 (�0 + i�45)(E11 +E22 +E33 + 3E05) + (�1 + i�46)(E12 +E21)� i(�2 + i�47)(E12 �E21) + (�3 + i�48)(E11 �E22) + (�4 + i�49)(E13 +E31)� i(�5 + i�50)(E13 �E31) + (�5 + i�51)(E23 +E32)� i(�7 + i�52)(E23 �E32)+ 1p3 (�8 + i�53)(E11 +E22 � 2E33)+ 1p2 (�9 + i�54)(E14 +E45 �E83 +E92) + (�12 + i�57)(E14 �E45)+ 1p2 (�10 + i�55)(E24 +E55 +E73 �E91) + (�13 + i�58)(E24 �E55)+ 1p2 (�11 + i�56)(E34 +E65 �E72 +E81) + (�14 + i�59)(E34 �E65)+p2(�15 + i�60)E15 +p2(�16 + i �61)E25 +p2(�17 + i�62)E35+ 1p6 (�18 + i�63)(E41 +E52 +E63 � 3E04) + (�19 + i�64)(E42 +E51)



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 21� i(�20 + i�65)(E42 �E51) + (�21 + i�66)(E41 �E52) + (�22 + i�67)(E43 +E61)� i(�23 + i�68)(E43 �E61) + (�24 + i�69)(E53 +E62)� i(�25 + i �70)(E53 �E62)+ 1p3 (�26 + i�71)(E41 +E52 � 2E63) + 1p3 (�32 + i�77)(E71 +E82 � 2E93)+p2(�27 + i�60)E44 +p2(�28 + i �61)E54 +p2(�29 + i�62)E64+ 2p6 (�30 + i�75)(E71 +E82 +E93) + (�31 + i �76)(E71 �E82)+ (�33 + i�78)(E72 +E81) + (�34 + i�79)(E73 +E91)� i(�35 + i�80)(E83 +E94)+p2(�36 � i�81)E74 +p2(�37 � i �82)E84 +p2(�38 � i�83)E94+p2(�39 � i�84)E75 +p2(�40 � i �85)E85 +p2(�41 � i�86)E95+p2(�42 � i�87)E01 +p2(�43 � i �88)E02 +p2(�44 � i�89)E03�10�5 :For A and A00 we make the ansatzA = i g02 0�q 415A013 +G XX� �q35A012 +W1A ; G = 8Xa=1Ga�a ; W = 3Xa=1W a�a ;X = �X ; Y� ; X = 0� X1� iX2X3� iX4X5� iX6 1A ; Y = 0� Y 1� iY 2Y 3� iY 4Y 5� iY 6 1A ; (67)A00 = i g02 q 25 ~A ;where A0; Ga;W a; Xa; Y a; ~A 2 �1 : In terms of the loal basis f�g�=1;2;3;4 of �1we putG = G�� ; Ga = Ga�� ; W a =W a�� ; A0 = A0�� ; ~A = ~A�� ;X = X�� ; X = X�� ; Xa = Xa�� ; Y = Y�� ; Y a = Y a� � :Moreover, we introdue the abbreviation S[�T�℄ := S�T� � S�T� : Now, a straight-forward alulation yields for (61b)L2 = 14Æ��Æ���P8a=1Ga��Ga�� +P3a=1W a��W a�� +A0��A0�� + ~A�� ~A��+P6a=1 �[�Xa�℄ �[�Xa�℄ +P6a=1 �[�Y a�℄ �[�Y a�℄�+ I:T ; (68a)where I:T stands for additional interation terms involving Xa; Y a we are not in-terested in. Moreover, we have putGa�� = �[�Ga�℄ � g0P8b;=1 fabGb�G� ; W a�� = �[�W a�℄ � g0P3b;=1 "abW b�W � ;A0�� = �[�A0�℄ ; ~A�� = �[� ~A�℄ ; (68b)where fab and "ab are the struture onstants of su(3) and su(2) :



22 R. WulkenhaarNext, the Lagrangian L1 given in (61) equalsL1 = 8�0g20 Æ���P8a=0 ��	a ��	a +P3a=1 ��	 0a ��	 0a�+ 4�1g20 Æ�� P6a=0 ���a ���a+ 8�2g20 Æ�� P89i=0 ���i ���i + 4�3g20 Æ�� P98i=0 ���i ���i+ (�1 + 12�2)Æ���W 1�W 1� +W 2�W 2�++(W 3� �q 35A0� +q 25 ~A�)(W 3� �q 35A0� +q 25 ~A�)� (69)+ �3Æ��(4q 35A0� +q 25 ~A�)(4q 35A0� +q 25 ~A�)+ Æ��P6a=1 �(2�0+�1+12�2+2�3)Xa�Xa� + (2�0+32�2+2�3)Y a� Y a� �+ I:T ;where I:T stands for tri- and quadrilinear interation terms.We perform the orthogonal transformation by Euler angles0�Z�Z 0�P�1A=0�os�E � sin�E 0sin�E os�E 00 0 11A0�1 0 00 os �E � sin �E0 sin �E os �E 1A0�os E � sin E 0sin E os E 00 0 11A0�W 3�A0�~A�1A:(70a)The photon P� is the massless linear ombination, whih is perpendiular to theplane spanned by (W 3��q 35A0�+q 25 ~A�) and (4q 35A0�+q 25 ~A�) ; see (69). Calu-lating the vetor produt yields immediatelyP� =q 38W 3� +q 140A0� �q 35 ~A� ; (70b)whih implies os �E = �q 35 ; sin �E = q 25 ; os E = 14 ; sin E = q 1516 : TheEuler angle �E is determined by the diagonalization of the mass matrix:tan 2�E = � 34 + 52p15�0W ; �0W := (�1+12�2)10p15 �3 : (70)We hoose os�E < 0 and sin�E > 0 : Then, the inverse transformation is for�0W � 1 given byW 3� =q 58Z� +q 38P� �p6 �0WZ 0� ;A0� = �q 3200 (1� 32q35 �0W )Z� +q 140P� +q 2425 (1 +q 320 �0W )Z 0� ;~A� = 35 (1 + 4p15 �0W )Z� �q 35P� + 15 (1� 12q35 �0W )Z 0� : (70d)The Lagrangian (69) requires to perform the reparametrizations	i = g0p16 �0 i ; i = 0; : : : ; 8 ; 	 0i = g0p16 �0 0i ; i = 1; : : : ; 3 ;�i = g0p8�1 �i ; i = 0; : : : ; 6 ; (71)�i = g0p16 �2 �i ; i = 0; : : : ; 89 ; �i = g0p8�3 �i ; i = 0; : : : ; 98 :



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 23It remains to ompute the quadrati terms of the Higgs potential (61d). Due to theextremely rih Higgs struture we need omputer algebra for that alulation. It isadvantageous to perform an orthogonal transformation in the f�0; �0g-setor:� �0�0 �=� os� � sin�sin� os� �� �00�00 � ; tan� =q 12�2�1 : (72)The motivation for this transformation is that the linear ombination �00 reeives amuh smaller mass than all other Higgs �elds, see below. We present the quadratiterms of the Higgs potential in Appendix C.We perform a Wik rotation from the Riemannian manifold X to the Minkowskispae XM by introdution of a global minus sign in the ation and by replaingbÆ�� 7! �g�� ; g�� = diag(1;�1;�1;�1) : (73)We de�ne P�� := �[�P�℄ andm2W = (2�1 + 24�2) ; m2Z = 1os2(�W��0W )m2W ;m2Z0 = 32�3 os2(�W��0W ) ; sin �W =q 38 ; (74)m2X = (4�0 + 2�1 + 24�2 + 4�3) ; m2Y = (4�0 + 64�2 + 4�3) :Now we an write down the �nal formula for the bosoni Lagrangian:L = � 14g��g��(P8a=1(Ga��Ga��) + P��P��)+P2a=1(� 14g��g���[�W a�℄ �[�W a�℄ + 12g��m2WW a�W a� )+ (� 14g��g���[�Z�℄ �[�Z�℄ + 12g��m2ZZ�Z�)+ (� 14g��g���[�Z 0�℄ �[�Z 0�℄ + 12g��m2Z0Z 0�Z 0�) + Lew(P;W;Z; Z 0) (75a)+P6a=1(� 14g��g���[�Xa�℄ �[�Xa�℄ + 12g��m2XXa�Xa� )+P6a=1(� 14g��g���[�Y a�℄ �[�Y a�℄ + 12g��m2Y Y a� Y a� ) + LH + I:T ;Lew(P;W;Z; Z 0) (75b)= g0 g��g��(�[�W 1�℄W 2�W 3�+�[�W 2�℄W 3�W 1�+�[�W 3�℄W 1�W 2� )� 12 g20(g��g���g��g��)(W 1�W 1�W 2�W 2�+W 1�W 1�W 3�W 3�+W 2�W 2�W 3�W 3� ) ;LH = 12g���P8i=0 �� i �� i +P3i=1 �� 0i �� 0i + ���00 ���00 + ���00 ���00+P6i=1 ���i ���i +P98i=0 ���i ���i +P89i=1 ���i ���i��L0 : (75)This is preisely the bosoni Lagrangian of the ipped SU(5) �U(1)-model, wherethe masses of the gauge bosons are given in (74). The parameters �1; �2; �3 will bedetermined in Se. 4.4 when disussing the fermioni ation. Within our frameworkthere is no possibility to determine �0 : However, we will �nd in Se. 4.4 that the Xand Y bosons lead to proton deay, whih is only suppressed if �0 � max(�1; �2) :Then, it remains to derive the masses of gauge and Higgs bosons in Se. 5.bThe minus sign in Æ�� 7! �g�� is due to (̂5)� = �̂5 on the Minkowski spae.



24 R. Wulkenhaar4.4. The fermioni ationNow we write down the fermioni ation SF de�ned in (10). However, we pass imme-diately to the Minkowski spae XM : We denote the gamma matries in Minkowskispae by f̂�g and use the onvention̂0 = � 0 1212 0 � ; ̂a = � 0 ��a�a 0 � ; ̂5 = i ̂0̂1̂2̂3 = � 12 00 �12 � : (76)Then, the invariant fermioni ation isSF = 14 ZXMdx  �̂0(D + i �M ) : (77)The fator 14 additional to (10) ours beause we are going to impose onstraints on ; whih require preisely the form (77) for the ation, see below. More expliitly,inserting (52) and (53) and using (25) we obtainD + i �M = (78a)0BBB�D+ i ~�(A+A00) �̂5~�(	 +m) �̂5~�(~�+~�+~�) 0̂5~�( ~	)� D+ i ~�(A+A00) 0 �̂5~�(~�+~�+~�)̂5~�(~�+~�+~�)� 0 D� ̂2(i ~�(A+A00))̂2 �̂5~�( ~	)0 ̂5~�(~�+~�+~�)� ̂5~�( ~	)T D� ̂2(i ~�(A+A00))̂21CCCA ;where~�(A+A00) := diag(Â� 12A00110)
13 ; ̂2(A� 32A0015)̂2
13 ; � 52A00
13) ;~�( ~	) := diag �(	̂ + m̂)
M10 ; � (	 +m)
M5 ; 03�3� ; (78b)~�(~�+~�+~�) := 0BBBBB� � (�̂ + n̂)
Md+(� +m0)
MN� � (�� + �n)
M~u+(�+ n0)
M~n� 0� (�� + �n)T 
MT~u+(�+ n0)T 
MT~n � 0 (� + n)
Me0 (� + n)� 
MTe 0
1CCCCCA :We have used that within our onvention (76) we have ̂5 = �(̂5)� and [D; �f ℄ =�̂2[D; f ℄̂2 : Reall13 that ~�(A+A00) is given by ommutators of D
 1192 with anarbitrary number of elements of the form f 
 �̂(a) ; where a 2 a and f 2 C1(X) :This fat and the omplex onjugation in (13) are the reasons why terms of theform [D; �f ℄ our in ~�(A+A00) :Minkowskian fermions  live in the spae hM = L2(XM ; S)
 C 192 and have interms of the deomposition (78a) the form = ( 1; 2; 3; 4)T ;  i 2 L2(XM ; S)
 C 48 : (79)However, we shall restrit ourselves to the subspae of hM invariant under theharge onjugation C ; the hirality operator ~� and a symmetry transformation S



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 25de�ned in terms of 48� 48-bloks byC :=0BB� 0 0 �̂2
148 00 0 0 �̂2
148�̂2
148 0 0 00 �̂2
148 0 0 1CCA Æ . ; S := 0BB� 0 148 0 0148 0 0 00 0 0 1480 0 148 0 1CCA ;~� := diag(�̂5 
 148 ; �̂5 
 148 ; ̂5 
 148 ; ̂5 
 148) ; (80)where : means omplex onjugation. Thus, we onsider elements  2 hM of theform = C = ~� = S =0BB� 12 (1� ̂5) 112 (1� ̂5) 1� 12 (1 + ̂5)̂2 � 1� 12 (1 + ̂5)̂2 � 11CCA�0BBB� 12 (1� ̂5) 112 (1� ̂5) 1�̂2 12 (1� ̂5) 1�̂2 12 (1� ̂5) 11CCCA : (81)Observe that the hoie (80) for the hirality operator breaks the struture of themodel, whih is preisely our intention. Sine ~� ommutes with �̂(a) ; the gaugeinvariane is not destroyed. But ~� no longer antiommutes with the whole D : Wesee that D+ i �M ; applied on hiral fermions (81), di�ers from the matrix (78a) bythe absene of ̂5~�( ~	) : In other words, the hoie (80) for the hirality onditioneliminates the disturbing terms ̂5~�( ~	) in the fermioni ation.Within our onventions one has the blok struture12 (1� ̂5) 1 = � 0 0� ;  0 2 L2(XM )
 C 2 
 C 48 ; (82)where L2(XM ) denotes the spae of square integrable funtions on the Minkowskispae. In loal bases we have D = i ̂��� ; A = A�̂� and A00 = A00�̂� : We de�ne�0 = ~�0 = 12 and ~�a = ��a ; a = 1; 2; 3 ; or in a symboli notation�� = f12; �ag ; ~�� = f12;��ag ; � = 0; 1; 2; 3 ; a = 1; 2; 3 : (83)Then, from (77), (78a), (81) and (76) we getSF = 12 ZXMvM � �0 ;  T0 �2� i ~��(�� + ~�(A�+A00�)) ; � ~�(~�+~�+~�)�~�(~�+~�+~�)� ; i��(�� + ~�(A�+A00�)) !�  0�2 0� :(84)This formula an be further simpli�ed, beause we haveZXMvM  T0 �2 i��(�� + ~�(A�+A00�))�2 0 = ZXMvM  T0 i(~��)T (�� + ~�(A�+A00�)) 0= ZXMvM �(� i�� T0 )(~��)T 0 + T0 (~��)T (� i ~�(A�+A00�))T 0� (85)= ZXMvM  �0 i ~��(�� + ~�(A�+A00�)) 0 :



26 R. WulkenhaarHere, we have integrated by parts and made use of ~�(A�+A00�) = �~�(A�+A00�)� :In the last step we took into aount that in quantum mehanis the �elds  0are annihilation operators and the �elds  0 reation operators. In normal orderedproduts, all reation operators must stand on the left of all annihilation operators.This means that in (85) we have to exhange  0 and  0 : But sine they representfermions, whih antiommute, this hange of order gives a minus sign. Now, (84)takes the formSF = ZXMvM � �0 i ~��(�� + ~�(A�+A00�)) 0 � 12 ( �0~�(~�+~�+~�)�2 0 + h:)� ; (86)where h: denotes the Hermitian onjugate of the preeding term, without hangeof signs when exhanging fermion �elds. For  0 2 L2(XM ) 
 C 2 
 C 48 we hoosethe following parametrization: 0 = �urL ; ubL ; ugL ; drL ; dbL ; dgL ; �2 �drR ; �2 �dbR ; �2 �dgR ; �2��R ;��2�urR ; ��2�ubR ; ��2�ugR ; �eL ; �L ; �2�eR�t;�2 � 0 = ��2�urL ; �2�ubL ; �2�ugL ; �2 �drL ; �2 �dbL ; �2 �dgL ;�drR ;�dbR ;�dgR ;��R ;urR ; ubR ; ugR ;��2�eL ; �2��L ;�eR�t;(87)where urL; : : : ; eR 2 L2(XM )
 C 2 
 C 3 and t means transposition only of the row,without transposing the matrix elements.Inserting the matrix strutures of (65), (66) and (67) into Eqs. (78b), it isstraightforward to write down the expliit formula for the fermioni ation (86).Here, one must insert the expliit form16 of the embeddings �10; �10;10; �10;5 and�5;1 : The transformation (70d) requires some are. Let us derive the oeÆients ofP;Z; Z 0 orresponding to the left eletron. From (78b), (67) and (74) we �nd for�0W � 1 in good approximation�eL(A�+A00�) = � i g02 (W 3��q 35A0� 32q 25 ~A�) = � i g02 os(�W�2�0W ) ~Z�� i ~e ~Z 0�+i e ~P� ;~P� := P� � tan(�W�2�0W )Z� + ( 4p15+ 125 �0W )Z 0� ; ~Z� := Z� � 12 (1+2p15�0W )Z 0� ;~Z 0� := Z 0� + 4�0W tan �WZ� ; e := sin �W g0 ; ~e := os �W g0 : (88)Moreover, we express �0; �g ; �A; : : : ; �; �A; : : : ; �g in terms of the physial Higgsbosons �0; �g ; �A; : : : ; �; �A; : : : ; �g ; see (65), (66) and (71). Then we arrive at thefollowing formula for the fermioni Lagrangian:SF = ZXMvM (Lq + L` + Lm + Lx + Lh + L0h + L00h) ; where (89a)Lq = �u�L ; d�L��~��0BBBBBB�264 i �� � g02 G��( g02 os(�W�2�0W ) ~Z�+ 23 e ~P�� 13 ~e ~Z0�)13 375 � g02 (W 1� � iW 2�)13� g02 (W 1� + iW 2�)13 264 i �� � g02 G��(� g02 os(�W�2�0W ) ~Z�� 13e ~P�� 13 ~e ~Z0�)13 3751CCCCCCA
 13� uLdL!+ u�R���(i �� � g02 G� � ( 23e ~P� � 13 ~e ~Z 0�)13)
 13�uR



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 27+ d�R���(i �� � g02 G� � (� 13e ~P� � 13 ~e ~Z 0�)13)
 13�dR ; (89b)L` = ���L ; e�L��~��0B�i �� � ( g02 os(�W�2�0W ) ~Z�+~e ~Z0�) � g02 (W 1� � iW 2�)� g02 (W 1� + iW 2�) "i �� � (� g02 os(�W�2�0W ) ~Z��e ~P�+~e ~Z0�) #1CA
 13� �LeL!+ ��R���(i �� � ~e ~Z 0�)
 13��R + e�R���(i �� � (�e ~P� + ~e ~Z 0�))
 13�eR ; (89)Lm = �� d�L(13 
 (Md + g0p8�1 �0Md)� g0p8�3 (�0F )� 
MN )dR� e�L(Me + g0p8�1 �0Me)eR � u�L(13 
 (Mu + g0p8�1 �0M~u) + g04p�2 �A 
M~n)uR� ��L(MTn + g0p8�1 �0MT~u � 3g04p6�2 (�0 + i �45)MT~n )�R� d�L( g04p�2 �B 
M~n)uR � e�L( 3g04p6�2 (�18 + i �63)
MT~n )�R+ u�L((�0E)� 
MN )dR � 12�TR�2(MN + g0p8�3 �0MN )�R�+ h: ; (89d)Lx = g02 �� u�L(~���2�(�X�)
 13)�dR � d�L(~���2�(�Y�)
 13)�dR+ u�L(~���2Y� 
 13)��R � d�L(~���2X� 
 13)��R� ��L(~���2YT� 
 13)�uR + e�L(~���2XT� 
 13)�uR�+ h: ; (89e)Lh = g0p8�1 �� u�Lf�2�(��g)
Mdg�dL + �TRf�2��g 
MdgdR� u�Lf�2�g 
M~ug�eL + d�Lf�2�g 
M~ug��L+ dTRf�2�(�g)
M~uguR � uTRf�2 ��g 
MegeR�+ h: ; (89f)L0h = g04p�2 �u�L(�2(�a + �b)
M~n)�eL � d�L(�2(�a � �b)
M~n)��L� dTR(�2(�C � �(�a))
M~n)uR � u�L(�2� 
M~n)��L + d�L(�2�d 
M~n)�eL� e�L(��e 
MT~n )dR + ��L(��f 
MT~n )dR � �TR(�2��g 
M~n)uR�+ h: ; (89g)L00h = g0p8�3 �� 12u�L(�2�A 
MN)�uL � u�L(�2(�D � 12"(�))
MN)�dL+ u�L(�a 
MN)�R � 12d�L(�2�B 
MN)�dL + d�L(�b 
MN )�R+ 12dTR(�2�C 
MN )dR + dTR(�2� 
MN )�R�+ h: : (89h)The Lagrangian Lq ontains the kineti terms and the strong and eletroweak in-terations of quarks. The Lagrangian L` ontains the kineti terms and eletroweakinterations of leptons. The Lagrangian Lm ontains the mass terms of the funda-mental fermions and their interations with the Higgs �elds �0; �0E ; �0F ; �0; �A and�B : The masses of the u; ; t-quarks, the d; s; b-quarks and the e; �; � -leptons arethe eigenvalues of Mu;Md and Me : The mass Lagrangian of the neutrino setor is� 12�� ��L ; �TR�2�� 0 �Mn�Mn MN �� �2��L�R �+ h: : (90)The diagonalization of the mass matrix ourring in (90) yields the masses of theneutrinos. The mixing angles are small for kMNk � kMnk : In this ase, the left-handed neutrinos reeive a mass of the order kMnk22kMNk and the right-handed neutrinosa mass of the order 12kMNk : Thus, for kMnk and kMNk being of the order of themass of the top quark and the uni�ation sale, respetively, we obtain very low



28 R. Wulkenhaarmasses for the left-handed neutrinos ompatible with experiments (seesaw meh-anism). Moreover, the matries Mu;Md;Me;Mn and MN ontain mixing anglesbetween the fermions, whih onstitute generalized Kobayashi{Maskawa matries.Finally, the Lagrangians Lx;Lh;L0h and L00h desribe the oupling of the fermionsto the X and Y leptoquarks, the Higgs bosons �g and the remaining Higgs bosons�i and �i : All terms of these Lagrangians ontribute to the proton deay.Observe that the Lagrangians Lq and L` di�er from the orresponding La-grangians of the standard model in two aspets: First, there ours the massivegauge �eld Z 0 ; whih of ourse is not a terrible problem if its mass is suÆientlylarge. Seond, the universal Weinberg angle �W of the standard model is modi�edby angles of the order �0W : However, this angle �0W is extremely small if mZ0 is verylarge against mZ : This means that experiments will ertainly not detet �0W :5. The Masses of Yang{Mills and Higgs FieldsThe �nal step is to ompute the boson masses. For that purpose we must omputethe parameters �i; ~�i; ��i; �̂i of the Higgs potential given in Appendix C, whihdepend aording to Appendix B on the mass matries ourring in the generalizedDira operatorM : We have found in Se. 4.4 that the eigenvaluesof MuM�u are m2u;m2 ;m2t ; of MdM�d are m2d;m2s;m2b ;of MeM�e are m2e;m2�;m2� ; (91)referring to the usual names of the fermions. By unitary transformations we anahieve that Mu is diagonal. It is neessary to make several assumptions to sim-plify the alulation: Sine the Kobayashi{Maskawa matrix between Mu and Md isapproximately the identity matrix, let us assume that Md is diagonal as well:Mu = diag(mu;m;mt) ; Md = diag(md;ms;mb) : (92a)The experimental data show that mt is muh bigger than all other eigenvalues.Among the remaining eigenvalues we neglet all but m2b and m2� : For simpliity wealso negletm2� againstm2b ; although this is not ompletely justi�ed. Unfortunately,there are no experimental values for the matrixMn : Therefore, we an only estimateits ontribution: We assume that in the ase (92a) we haveMn = diag(0; 0; ei�mn) : (92b)Quantum orretions suggest that mn is of the order mt : Using (34b) we �nd forthe parameters �1 and �2 given in Appendix B approximately�1 = 18m2b + 196 (9m2t + 6mtmn os�+m2n) + 124m2� ;�2 = 1384 (m2t � 2mtmn os�+m2n) ; (93)whih yields aording to (74) for the mass mW of the W bosonm2W = 14 (m2t +m2b + 13m2n + 13m2� ) : (94)The omparison with the experimental values for mt and mW requires that mn issmall against mt : Thus, we shall neglet mn against mt whenever this is possible.



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 29Sine (at energies aessible at present) the standard model is in exellent agree-ment with experiments, the parameter �3 � tr(MNM�N ) must be very large to givea huge mass to the Z 0 boson. We hoose the parametrizationMN = mN U diag(sin �N os�N ; sin �N sin�N ; os �N )UT ; (95)for U 2 U(3) ; where the parameter mN � mt determines the mass sale.The mass of the X and Y bosons must be very large in order to suppress theproton deay. This ould be ahieved by a suÆiently large �3 ; however, there arealso Higgs bosons whih indue an insuÆient lifetime for the proton if �0 is toosmall. Therefore, we must demandmax(tr(M10M�10) ; tr(M5M�5 ))� tr(MuM�u) : (96)We put M10 =M13 +m10 ; M5 =M13 +m5 ; M 2 R ; (97)where m10;m5 2 M3C are perturbations, whih we onsider for the time beingas small against M13 : Thus, we obtain for the parameters �0;:::;3 in Appendix Bapproximately�0 = 14M2 ; �1 = 332m2t ; �2 = 1384m2t ; �3 = 148m2N : (98)Inserting the leading approximation (97) into the quadrati terms of the Higgspotential given in Appendix C, we an distinguish linear ombinations of �i to �tthat do not depend onM : It turns out that the following ombinations are essential:14�i+ 14�j+ 14�k+ 14�l�14�m+14�n� 12�p+14�r�14�t = 12 tr( ~Mu ~M�u+M̂uM̂�u) =: ~�21m4t ;14�i+ 14�j+ 94�k+ 94�l�14�m�34�n+ 32�p�34�r�94�t= 12 tr( ~Mn ~M�n+M̂nM̂�n) =: ~�22m2tm2n ;12�i+ 12�j� 32�k� 32�l�12�m�12�n+�p�12�r+ 32�t (99a)= 12 tr( ~Mu ~M�n+M̂uM̂�n+ ~Mn ~M�u+M̂nM̂�u) =: 2~�23m3tmn os� ;�o�2�q+�s = 12 i tr( ~Mu ~M�n+M̂uM̂�n� ~Mn ~M�u�M̂nM̂�u) =: 2~�24m3tmn sin� ;where ~Mu =m10Mu �Mum5 ; M̂u =m�10Mu �Mum�5 ;~Mn =m10Mn �Mnm5 ; M̂n =m�10Mn �Mnm�5 ; (99b)see (34b) and Appendix B. Within our assumptions (92) we have~�1 = ~�2 = ~�3 = ~�4 � � < Mmt : (99)The matriesM 010 andM 05 enter the matries in Appendix A only quadratially.Negleting quadrati terms in m10 and m5 we haveM2i = diag(M213 +M(mi +m�i ) ; M213 +M(mi +m�i )) ; i = 10; 5 :The hoie M10 = (M13 +m10) ; M5 = ei�0(M13 +m5) yields the same results.



30 R. WulkenhaarThus, we may assume m10 = m�10 and m5 = m�5 : Moreover, we may assumetr(m10) = 0 ; beause the transformation m5 7! m5 + �13 and m10 7! m10 + �13 ;for � 2 R ; leaves the matries M iaa and M̂ iaa invariant. Therefore, we make theansatz m5 =P8a=1 �5a�a + 1p3�50 ; m10 =P8a=1 �10a �a ; (100)where �a are the Gell-Mann matries and �ja 2 R : We introdue the abbreviationsos4 �N + sin4 �N (os4 �N + sin4 �N ) � 13 (1 + 2 os2 �N) ;�210 = 2P8i=1(�10i )2 ; (�101 )2 + (�102 )2 = 1p2�10 sin ~� sin ~�0 os ~�00 : (101)For physial reasons we assumeM;mN � �mt;� mt � mb;mn;m� : (102)Inserting (92), (95) and (100) into the parameters of Appendix B and this result intothe Higgs potential given in Appendix C, we �nd that { apart from the ombinations(99a) { only the following parameters are relevant in leading approximation:�b = 351160m4t ; � = 137680m4t ;�f = 39320m4t ; �g = 12M2m2b ;�h = 12m2b�210 sin2 ~� sin2 ~�0 sin2 ~�00 �i = �j = 12�m = 94M2m2t ;�k = �l = 12�t = 14M2m2t ; �n = �p = �r = 32M2m2t ;��a = 1120m4N (1 + 16 os2 �N ) ; �� = 310m2Nm2t (j1+2 os�N os �̂j�54 ) ;��d = 1120m2Nm2t (j1+2 os�N os �̂j� 54 ) ; ��e = 2M2m2N ;~�b = 1176m4t ; ~�d = 9176m4t ; (103)~�k = 388m4t ; ~�p = 1192m4t sin2 �̂ ;~�q = 364m4t sin2 �̂ ; ~�s = 132m4t sin2 �̂ ;�̂a = 2m4N((1 + 2 os2 �N )� 14 ) os2 �̂a ; �̂ = 188m2Nm2t (j1+2 os�N os �̂j�1) ;�̂e = 388m2Nm2t (j1 + 2 os�N os �̂j�1) :The parameters �̂ and �̂a are ompliated funtions of the mass matries. Now we�nd for (75) in tree-level approximationLH = 12g��(���00 ���00 + ���00 ���00 + ���45 ���45 (104)+ �� 0 �� 0 + �� 03 �� 03 + ���0 ���0)� 12��2m2t�20 + 34�2m2t�245 + m4NM2 ( 1144 os2 �̂a + 154 os2 �N os2 �̂a) 032+ 148M2 ( 485 ��e + 29 �̂a) 20 + 12m2N (4��a + 815 �̂a)�20+ ( 207110 + 29 sin2 �̂)m2t�002 + 18p15Mmt (� 323 �̂ + 323 �̂e) 0�00+ 1p24mNmt (4�� + 48��d + 645 �̂ � 645 �̂e)�00�0 � 29p10MmN �̂a 0�0�+12g��(�� 01 �� 01 + �� 02 �� 02 + ���18 ���18 + ���63 ���63)



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 31� 12�m4NM2 ( 1144 os2 �̂a + 154 os2 �N os2 �̂a)( 012 +  022) + 34�2m2t (�218 + �263)�+12g��(P8i=1 �� i �� i +P8i=1 ���i ���i +P53i=46 ���i ���i+P40i=33 ���i ���i +P89i=82 ���i ���i)� 12�m4NM2 ( 1144 os2 �̂a+ 154 os2 �N os2 �̂a)P8i=1 2i + 9M2(P40i=33 �2i+P89i=82 �2i )�+ (�2m2n + m2b�210m2t sin2 ~� sin2 ~�0 sin2 ~�00)(P8i=1 �2i +P53i=46 �2i )+12g��(P26i=19���i ���i +P71i=64���i ���i +P32i=25���i ���i +P81i=74���i ���i)� 12�(�2m2n + m2b�210m2t sin2 ~� sin2 ~�0 sin2 ~�00)(P26i=19 �2i +P71i=64 �2i )+ 9M2(P32i=25 �2i +P81i=74 �2i )�+12g��(P6i=1 ���i ���i +P14i=9 ���i ���i +P59i=54 ���i ���i+P35i=30 ���i ���i +P80i=75 ���i ���i +P41i=39 ���i ���i +P86i=84 ���i ���i+P24i=19 ���i ���i +P73i=68 ���i ���i +P46i=44 ���i ���i +P95i=93 ���i ���i+P49i=47 ���i ���i +P98i=96 ���i ���i)� 12�M2(P6i=1 �2i +P14i=9 �2i +P59i=54 �2i +P35i=30 �2i +P80i=75 �2i )+ 4M2(P41i=39 �2i +P86i=84 �2i +P24i=19 �2i +P73i=68 �2i +P49i=47 �2i +P98i=96 �2i )+ (M2 +m2N( 112 os2 �̂a + 29 os2 �N os2 �̂a))(P46i=44 �2i +P95i=93 �2i )�+12g��(P18i=7 ���i ���i +P67i=56 ���i ���i +P43i=41 ���i ���i +P92i=90 ���i ���i+P17i=15 ���i ���i +P62i=60 ���i ���i +P44i=42 ���i ���i +P89i=87 ���i ���i+P38i=36 ���i ���i +P83i=81 ���i ���i)� 12�M2(P17i=15 �2i +P62i=60 �2i +P44i=42 �2i +P89i=87 �2i )+ 4M2(P38i=36 �2i+P83i=81�2i+P12i=7 �2i+P61i=56 �2i ) + 16M2(P18i=13 �2i+P69i=62 �2i )+ (M2 +m2N( 112 os2 �̂a + 29 os2 �N os2 �̂a))(P43i=41 �2i +P92i=90 �2i )�+12g��(P29i=27 ���i ���i +P74i=72 ���i ���i +P6i=1 ���i ���i +P55i=50 ���i ���i)� 12�4M2(P6i=1 �2i +P55i=50 �2i ) +M2(P29i=27 �2i +P74i=72 �2i )� :It remains to �nd the eigenvalues of the quadrati formd determined by thef�00;  0; �0g setor in (104). We use the general result that the smallest (largest)eigenvalue is smaller (larger) than the smallest (largest) diagonal matrix element.This means that the mass of the �00 Higgs �eld is smaller thanq 2083990 mt � 1:45mt :We assume 485 ��e � 29 �̂a ; orM2 � 55864m2N : Then, the large parameter ��e ourringin the oeÆient of  20 stabilizes the other two eigenvalues near the diagonal matrixelements 15M2 ��e and 1m2N (2��a + 415 �̂a) ; respetively.For onveniene we list in Table 1 our tree-level preditions for the masses ofthe Higgs �elds and the masses of the gauge �elds derived in Se. 4.3. We reallthat mt is the mass of the top quark, mN the mass sale of the right neutrinos anddThe orresponding matrix is positive de�nite by onstrution. This is not apparent when inserting(103), beause there are ompliated relations between �N ; �̂a; �̂ :



32 R. WulkenhaarTable 1. The partile masses for the SU(5) � U(1)-modelPartile Mass Partile Mass1. The ompletely neutral Higgs �elds:�00 (0 : : : 1:45)mt �0 (q 160 : : :q 74 )mN�00 �mt �45 12p3�mt 0 q 25mN  03 (0 : : : 112q 113 )m2NM2. The olour-neutral Higgs �elds of harge �1 :1p2 (�18 � i �63) 12p3�mt 1p2 ( 1 � i 2) (0 : : : 112q 113 )m2NM3. The neutral Higgs �elds, for i = 0; : : : ; 7 : 1+i (0 : : : 112q 113 )m2NM�1+i (� : : : �+��)mn �45+i (� : : : �+��)mn�32+i 3M �81+i 3M4. The Higgs �elds of harge �1 ; for i = 0 : : : 7 :1p2 (�19+i � i �64+i) (� : : : �+��)mn 1p2 (�25+i � i �74+i) 3M5. The Higgs �elds of harge � 13 ; for i = 0; 1; 2 and j = 0; : : : ; 5 :1p2 (�1+i � i�4+i) M 1p2 (�9+i � i �54+i) M1p2 (�12+i � i �57+i) M 1p2 (�39+i � i�84+i) 2M1p2 (�44+i � i �93+i) M 1p2 (�47+i � i �96+i) 2M1p2 (�19+j � i �68+j) 2M 1p2 (�30+j � i�75+j) M6. The Higgs �elds of harge � 23 ; for i = 0; 1; 2 and j = 0; : : : ; 5 :1p2 (�15+i � i �60+i) M 1p2 (�36+i � i�81+i) 2M1p2 (�42+i � i �87+i) M 1p2 (�41+i � i �90+i) M1p2 (�7+j � i �56+j) 2M 1p2 (�13+j � i �62+j) 4M7. The Higgs �elds of harge � 43 ; for i = 0; 1; 2 and j = 0; : : : ; 5 :1p2 (�27+i � i �72+i) M 1p2 (�1+j � i �50+j) 2M8. The neutral massive gauge �elds:Z q 25 mt Z 0 12q 53mN9. The massive gauge �elds of harge �1 :1p2 (W1 � iW2) 12mt Weinberg angle: sin2 �W = 3810. The leptoquarks leading to proton deay, for i = 0; 1; 2 :1p2 (X1+i � iX4+i) M harge: � 131p2 (Y1+i � iY4+i) M harge: � 23



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 33M the grand uni�ation sale, where we have assumed mN ;M � mt : Moreover,we have introdued the abbreviation�� =r�2 + m2b�210m2tm2n � � � 0 :It is interesting to perform the transformation (72) in the Yukawa LagrangianLm of the fermioni ation (89). The ontribution of the oupling of the �00 Higgs�eld to the fermions takes the formL�00 = ��d�L(13 
 (Md + g0p8(�1+12�2)�00Md))dR � e�L(Me+ g0p8(�1+12�2)�00Me)eR�u�L(13
 (Mu+ g0p8(�1+12�2)�00Mu))uR � ��L(MTn + g0p8(�1+12�2)�00MTn )�R�+h:= �� d�L(13 
 (1 + g0mt�00)Md)dR � e�L((1 + g0mt �00)Me)eR� u�L(13 
 (1 + g0mt �00)Mu))uR � ��L((1 + g0mt�00)MTn )�R�+ h: : (105)Thus, the Higgs �eld �00 has the same properties as the standard model Higgs �eld.All other Higgs �elds are too massive to observe. All Higgs and gauge �eldswith frational-valued harge lead to proton deay. Without exeption they reeive amass of the order of the grand uni�ation saleM ; whih must be hosen suÆientlylarge to ensure the observed stability of matter. The mass of the remaining Higgs�elds with integer-valued harge is of the order M;�mt; �mn;mN or m2NM : Thesemass sales are situated somewhere between mt and M : By assumption, mN andm2NM are very lose to M : Moreover, for generi hoies of the mass matries M10and M5 ; also �mt and �mn are lose to M :6. Conlusion1. We have sueeded in formulating the ipped SU(5)�U(1)-GUT within a NCG-framework based upon graded di�erential Lie algebras. We have found inter-esting tree-level relations between fermioni and bosoni parameters: Given thefermioni parameters (fermion masses and Kobayashi{Maskawa mixing angles)and two 3� 3-matries determining the uni�ation sale as input, we were ableto ompute all bosoni quantities:� the ourring multiplets of Higgs �elds,� the spontaneous symmetry breaking pattern,� the masses of all Higgs �elds,� the masses of all Yang{Mills �elds,� the Weinberg angle.However, sine not all input parameters are known, we were fored to be satis�edwith estimations for some of the masses.2. The representation of the U(1)-part of the SU(5) � U(1)-model is not an inputbut an algebrai onsequene of the theory. This U(1)-representation is uniqueand realized in nature.3. In the SU(5) � U(1)-model there our Higgs �elds in omplex 5-, omplex50-, omplex 45- and real 24-plets. After the spontaneous symmetry break-ing, there survive 12 Higgs �elds of the 24-representation, 7 Higgs �elds of the



34 R. Wulkenhaar5-representation, 99 Higgs �elds of the 50-representation and 90 Higgs �elds ofthe 45-representation, and 16 gauge �elds beome massive.4. There our three mass sales in the model under onsideration:� The sale of the fermion masses reahing from the neutrino masses tothe mass of the top quark. Moreover, also the eletroweak gauge �eldsZ;W+;W� belong to this sale, and { remarkably { one Higgs �eld as well.� The mass of all �elds leading to proton deay is of the order of the granduni�ation sale M :� The masses of Higgs �elds whih do not lead to proton deay lie betweenthe fermions sale and the GUT-sale M ; generially lose to M :5. There exists preisely one light Higgs �eld �00 ; whih has exatly the same proper-ties as the standard model Higgs �eld. It ouples to a fermion of the massmf withthe oupling onstant g0mf=mt : Moreover, it has the same ouplings with theintermediate vetor bosons Z;W+;W� as the standard model Higgs �eld. TheHiggs �eld �00 is a ertain linear ombination of the 5- and 45-representations.This linear ombination is the only one orresponding to a zero mode of theGUT-setor. That the mass of �00 is generially di�erent from zero is due to thefermion masses. Therefore, the Higgs �eld �00 reeives a mass of the order mt:For mt = 176GeV we have m�00 � 255GeV : The reason that only an upperbound an be given is the inomplete knowledge of the input parameters. Theupper bound is independent of all parameters related to grand uni�ation.6. The standard model is in perfet agreement with experiment. However, we haveshown that the low energy setor of the SU(5) � U(1)-GUT is idential withthe standard model. Thus, one must be areful with the extrapolation of thestandard model to higher energies.Appendix A. The Generation Spae MatriesM̂10aa := 310M 0102+( 35�A+�A)16 ; M̂10 := 110M 0NM 0N�+( 35�U+�U )16 ;M̂10nn := 110M 0~nM 0~n�+( 35�V+�V )16 ;M̂10bb := 25M 0~uM 0~u�+35M 0dM 0d�+( 35�B+�B)16 ;M10aa :=M 0102+�A16+3ÆAM2ud ; M10nn :=M 0~nM 0~n�+13�V 16+ÆVM2ud ;M10 :=M 0NM 0N�+13�U16+ÆUM2ud ; �M10nn := 13 ��V 16+�ÆVM2ud ;M10fung := 12 (M 0~uM 0~n�+M 0~nM 0~u�)+�W16+3ÆWM2ud ;M10[un℄ := 12 i (M 0~uM 0~n��M 0~nM 0~u�)+�0W16+3Æ0WM2ud ;~M10nn :=M 0~nM 0~n�+V 16+�V ~M2V ; ~M10 :=M 0NM 0N�+U16+�U ~M2V ;~M10fdg := 12 (M 0NM 0d�+M 0dM 0N�)+~U16+~�U ~M2V ;~M10[d℄ := 12 i (M 0NM 0d��M 0dM 0N�)+~0U16+~�0U ~M2V ;~M10fung := 12 (M 0~uM 0~n�+M 0~nM 0~u�)+W16+�W ~M2V ;~M10[un℄ := 12 i (M 0~uM 0~n��M 0~nM 0~u�)+0W16+�0W ~M2V ;M̂5aa := 15M 052+( 25�A+�A)16 ; M̂5 := ( 25�U+�U )16 ;



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 35M̂5nn := 15M 0~n�M 0~n+( 25�V+�V )16 ;M̂5bb := 45M 0~u�M 0~u+15 �M 0eM 0eT+( 25�B+�B)16 ;M5aa :=M 052+�A16+ÆAM2en ; �M5nn :=M 0~n�M 0~n+��V 16+�ÆVM2en ;M5nn := �V 16+ÆVM2en ; M5 := �U16+ÆUM2en ;M5fung := 12 (M 0~n�M 0~u+M 0~u�M 0~n)+�W16+ÆWM2en ;M5[un℄ := 12 i (M 0~n�M 0~u�M 0~u�M 0~n)+�0W16+Æ0WM2en ;M̂1aa := �A16 ; M̂1nn := �V 16 ;M̂1 := �U16 ; M̂1bb :=M 0eT �M 0e+�B16 ;M 0d~n :=M 0dM ~n0 � tr(M 0dM ~n0(M 0NM 0n)�)tr((M 0NM 0n)(M 0NM 0n)�)M 0NM 0n ;M 0Nu :=M 0NM 0u � tr(M 0NM 0u(M 0NM 0n)�tr((M 0NM 0n)(M 0NM 0n)�)M 0NM 0n :The real onstants �A; : : : �V are determined by Eq. (42). The solution is�A = � 18 tr(M 0102)+ 124 tr(M 052) ; �B = �14 tr(M 0dM 0d�)+ 14 tr(M 0eM 0e�) ;�U = � 124 tr(M 0NM 0N�) ; �V = 0 ;�A = 132 tr(M 0102)� 132 tr(M 052) ; �V = � 148 tr(M 0~nM 0~n�) ;�B = � 112 tr(M 0~uM 0~u�) + 116 tr(M 0dM 0d�)� 748 tr(M 0eM 0e�) ;�U = 196 tr(M 0NM 0N�) ;�A = � 18 tr(M 052)� 124 tr(M 0102) ; ÆA = � tr(M 0102M2ud +M 052M2en)tr(3(M2ud)2 + (M2en)2) ;�U = � 18 tr(M 0NM 0N�) ; ÆU = �3 tr(M 0NM 0N�M2ud)tr(3(M2ud)2 + (M2en)2) ;�V = � 18 tr(M 0~nM 0~n�) ; ��V = � 18 tr(M 0~nM 0~n�) ;ÆV = � tr(3M 0~nM 0~n�M2ud)tr(3(M2ud)2 + (M2en)2) ; �ÆV = � tr(M 0~n�M 0~nM2en)tr(3(M2ud)2 + (M2en)2) ;�W = � 112 tr(M 0~uM 0~n� +M 0~nM 0~u�) ; �0W = � 112 i tr(M 0~uM 0~n� �M 0~nM 0~u�) ;ÆW = � tr((M 0~uM 0~n� +M 0~nM 0~u�)M2ud + (M 0~n�M 0~u +M 0~u�M 0~n)M2en)2 tr(3(M2ud)2 + (M2en)2) ;Æ0W = � tr((M 0~uM 0~n� �M 0~nM 0~u�)M2ud + (M 0~n�M 0~u �M 0~u�M 0~n)M2en)2 i tr(3(M2ud)2 + (M2en)2) ;V = � 16 tr(M 0~nM 0~n�) ; �V = � tr(M 0~nM 0~n� ~M2V )tr(( ~M2V )2) ;W = � 112 tr(M 0~uM 0~n� +M 0~nM 0~u�) ; �W = � tr((M 0~uM 0~n� +M 0~nM 0~u�) ~M2V )2 tr(( ~M2V )2) ;0W = � 112 i tr(M 0~uM 0~n� �M 0~nM 0~u�) ; �0W = � tr((M 0~uM 0~n� �M 0~nM 0~u�) ~M2V )2 i tr(( ~M2V )2) ;



36 R. WulkenhaarU = � 16 tr(M 0NM 0N�) ; �U = � tr(M 0NM 0N� ~M2V )tr(( ~M2V )2) ;~U = � 112 tr(M 0NM 0d� +M 0dM 0N�) ; ~�U = � tr((M 0NM 0d� +M 0dM 0N�) ~M2V )2 tr(( ~M2V )2) ;~0U = � 112 i tr(M 0NM 0d� �M 0dM 0N�) ; ~�0U = � tr((M 0NM 0d� �M 0dM 0N�) ~M2V )2 i tr(( ~M2V )2) :Appendix B. The CoeÆients Ourring in the Higgs Potential�0 = 196 tr(3M 0102 +M 052) ; �2 = 148 tr(M 0~nM 0~n�) ;�1 = tr( 116M 0dM 0d� + 112M 0~uM 0~u� + 148M 0eM 0e�) ; �3 = 196 tr(M 0NM 0N�) ;�a = tr(10(M̂10aa)2 + 5(M̂5aa)2 + (M̂1aa)2) ;�b = tr(10(M̂10bb )2 + 5(M̂5bb)2 + (M̂1bb)2) ;� = tr(10(M̂10nn)2 + 5(M̂5nn)2 + (M̂1nn)2) ;�d = tr(20M̂10aaM̂10bb + 10M̂5aaM̂5bb + 2M̂1aaM̂1bb) ;�e = tr(20M̂1aaM̂10nn + 10M̂5aaM̂5nn + 2M̂1aaM̂1nn)�f = tr(20M̂10bb M̂10nn + 10M̂5bbM̂5nn + 2M̂1bbM̂1nn) ;�g = tr( 32 (M 010M 0d +M 0dM10T )(M 010M 0d +M 0dM10T )� + 2(M 05T )2M 0eM 0e�) ;�h = 14 tr((M 010M 0d �M 0dM 010T )(M 010M 0d �M 0dM 010T )�) ;�i = tr(2M 0~uM 0~u�M 0102) ; �j = tr(2M 0~u�M 0~uM 052) ;�k = tr(2M 0~nM 0~n�M 0102) ; �l = tr(2M 0~n�M 0~nM 052) ;�m = tr(4M 0~uM 05M 0~u�M 010) ; �n = Re(tr(4M 0~uM 0~n�M 0102)) ;�o = Im(tr(4M 0~uM 0~n�M 0102)) ; �p = Re(tr(4M 0~uM 05M 0~n�M 010)) ;�q = Im(tr(4M 0~uM 05M 0~n�M 010)) ; �r = Re(tr(4M 0~n�M 0~uM 052)) ;�s = Im(tr(4M 0~n�M 0~uM 052)) ; �t = tr(4M 0~nM 05M 0~n�M 010) ;�u = tr(2M 0~n�M 0~n �M 0eM 0eT ) ; �v = tr(2M 0~nM 0~n�M 0dM 0d�) ;�w = tr(2M 0d~nM 0d~n�) ;��a = tr(10(M̂10 )2 + 5(M̂5)2 + (M̂1)2) ;��b = tr(20M̂10 M̂10aa + 10M̂5M̂5aa + 2M̂1M̂1aa) ;�� = tr(20M̂1M̂10bb + 10M̂5M̂5bb + 2M̂1M̂1bb)��d = tr(20M̂10 M̂10nn + 10M̂5M̂5nn + 2M̂1M̂1nn) ;��e = 14 tr((M 010M 0N +M 0NM 010T )(M 010M 0N +M 0NM 010T )�) ;��f = 14 tr((M 010M 0N �M 0NM 010T )(M 010M 0N �M 0NM 010T )�) ;��g = 12Re(tr((M 010M 0N �M 0NM 010T )(M 010M 0d �M 0dM 010T )�)) ;��h = 12 Im(tr((M 010M 0N �M 0NM 010T )(M 010M 0d �M 0dM 010T )�)) ;��i = tr(2M 0~nM 0~n�M 0NM 0N�) ; ��j = Re(tr(4M 0~nM 0~n�M 0NM 0d�)) ;



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 37��k = Im(tr(4M 0~nM 0~n�M 0NM 0d�)) ; ��l = tr(2M 0NuM 0Nu�) ;��m = Re(tr(4M 0d~nM 0Nu�)) ; ��n = Im(tr(4M 0d~nM 0Nu�)) ;~�a = tr( 13 (M10aa)2 + (M5aa)2) ; ~�b = tr(3( �M10nn)2 + ( �M5nn)2) ;~� = tr(3(M10nn)2 + (M5nn)2) ; ~�d = tr( 13 (M10fung)2 + (M5fung)2) ;~�e = tr( 13 (M10[un℄)2 + (M5[un℄)2) ; ~�f = tr(2M10aa �M10nn + 2M5aa �M5nn) ;~�g = tr(2M10aaM10nn + 2M5aaM5nn) ; ~�h = tr( 23M10aaM10fung + 2M5aaM5fung) ;~�i = tr( 23M10aaM10[un℄ + 2M5aaM5[un℄) ; ~�j = tr(6 �M10nnM10nn + 2 �M5nnM5nn) ;~�k = tr(2 �M10nnM10fung + 2 �M5nnM5fung) ; ~�l = tr(2 �M10nnM10[un℄ + 2 �M5nnM5[un℄) ;~�m = tr(2M10nnM10fung + 2M5nnM5fung) ; ~�n = tr(2M10nnM10[un℄ + 2M5nnM5[un℄) ;~�o = tr( 23M10fungM10[un℄ + 2M5fungM5[un℄) ;~�p = tr(( ~M10nn)2) ; ~�q = tr(( ~M10fung)2) ;~�r = tr(( ~M10[un℄)2) ; ~�s = tr(2 ~M10nn ~M10fung) ;~�t = tr(2 ~M10nn ~M10[un℄) ; ~�u = tr(2 ~M10fung ~M10[un℄) ;�̂a = tr(3(M10 )2 + (M5)2) ; �̂b = tr(2M10M10aa + 2M5M5aa) ;�̂ = tr(6M10 �M10nn + 2M5 �M5nn) ; �̂d = tr(6M10M10nn + 2M5M5nn) ;�̂e = tr(2M10M10fung + 2M5M5fung) ; �̂f = tr(2M10M10[un℄ + 2M5M5[un℄) ;�̂g = tr(( ~M10 )2) ; �̂h = tr(( ~M10fdg)2) ;�̂i = tr(( ~M10[d℄)2) ; �̂j = tr(2 ~M10 ~M10fdg) ;�̂k = tr(2 ~M10 ~M10[d℄) ; �̂l = tr(2 ~M10fdg ~M10[d℄) ;�̂m = tr(2 ~M10 ~M10nn) ; �̂n = tr(2 ~M10 ~M10fung) ;�̂o = tr(2 ~M10 ~M10[un℄) ; �̂p = tr(2 ~M10fdg ~M10nn) ;�̂q = tr(2 ~M10fdg ~M10fung) ; �̂r = tr(2 ~M10fdg ~M10[un℄) ;�̂s = tr(2 ~M10[d℄ ~M10nn) ; �̂t = tr(2 ~M10[d℄ ~M10fung) ;�̂u = tr(2 ~M10[d℄ ~M10[un℄) :Appendix C. The Quadrati Terms of the Higgs PotentialL0 = 1384� 112�2+�1 �002(8�b+1152�+96�f+ 30725 ~�b+ 102415 ~�+ 30725 ~�d+ 10245 ~�j�30725 ~�k� 10245 ~�m+256~�p+256~�q�256~�s)+q 65 1p�0(12�2+�1) 0�00(8�d+96�e� 323 �̂� 329 �̂d+ 323 �̂e� 803 �̂m+ 803 �̂n�512~�b� 5129 ~��512~�d+ 325 ~�f+ 3215 ~�g� 325 ~�h� 5123 ~�j+512~�k+ 5123 ~�m� 12803 ~�p� 12803 ~�q+ 12803 ~�s)+p3 112�2+�1 �00�00(q�1�2 (384�+16�f+ 4485 ~�b+ 121645 ~�+64~�d+ 83215 ~�j� 3845 ~�k� 2565 ~�m+ 2563 ~�p+ 1283 ~�q�64~�s)+q�2�1 (�32�b�192�f� 69125 ~�b+ 2565 ~�� 84485 ~�d� 7685 ~�j+1536~�k+ 10245 ~�m�512~�q+256~�s))



38 R. Wulkenhaar+p3 1p�2(12�2+�1)�00�45(�32~�l� 323 ~�n+32~�o� 643 ~�t+ 643 ~�u)+p2 p2p�3(12�2+�1)�00�0(4��+48��d+ 645 �̂+ 6415 �̂d� 645 �̂e+16�̂m�16�̂n)+ 112�2+�1 �002�( 94 ��l�96�f+24�h+3�i+3�j+9�k+9�l�3�m�9�t+ 17285 ~�b+ 1925 ~��192~�d�192~�j+ 3845 ~�k+ 8965 ~�m�128~�q+128~�s)+�1�2 (96�+ 332 ��l+�h+ 18�i+ 18�j+ 38�k+ 38�l� 18�m� 38�t+ 1845 ~�b+ 37645 ~�+8~�d+ 8815 ~�j�16~�k� 163 ~�m+ 643 ~�p+ 163 ~�q� 323 ~�s)+�2�1 (96�b+ 272 ��l+144�h+18�i+18�j+54�k+54�l�18�m�54�t+ 311045 ~�b+3845 ~�+ 195845 ~�d� 34565 ~�j� 207365 ~�k+23045 ~�m+768~�q)�+p6 1p�0(12�2+�1) 03�00(q�1�2+12q�2�1 )(2�h+ 14�i+ 14�j� 34�k� 34�l� 14�m� 14�n+ 12�p� 14�r+ 34�t+48~�b� 169 ~�+16~�d�3~�f+ 13 ~�g+~�h+ 163 ~�j�32~�k+�̂� 19 �̂d� 13 �̂e)+ 1p�2(12�2+�1)�00�45�q�1�2 (�16~�l� 163 ~�n+8~�o�323 ~�t+163 ~�u)+q�2�1 (�96~�o�64~�u)�+p6 p2p�3(12�2+�1)�0�00�q�1�2 (8��d+ 1415 �̂+ 3845 �̂d� 23 �̂e+ 83 �̂m� 43 �̂n)+q�2�1 (�8��� 725 �̂+ 85 �̂d+ 885 �̂e+16�̂n)�+q 25 1p�0(12�2+�1) 0�00�q�1�2 (48�e�10�h� 54�i� 54�j+154 �k+ 154 �l+ 54�m+ 54�n� 52�p+ 54�r� 154 �t�112~�b� 3049 ~��80~�d+ 75 ~�f+ 1915 ~�g�~�h� 2083 ~�j+96~�k+64~�m� 6403 ~�p� 3203 ~�q+160~�s� 73 �̂� 199 �̂d+ 53 �̂e� 403 �̂m+ 203 �̂n)+q�1�2 (�48�d�120�h�15�i�15�j+45�k+45�l+15�m+15�n�30�p+15�r�45�t+1728~�b�64~�+2112~�d� 1085 ~�f+ 125 ~�g+ 1325 ~�h+192~�j�1920~�k�256~�m+1280~�q�640~�s+36�̂�4�̂d�44�̂e�80�̂n)�+ 1�2 �245( 332 ��l+�h+ 18�i+ 18�j+ 38�k+ 38�l� 18�m� 38�t+8~�e+ 163 ~�r) + 2�3 �20(4��a+ 815 �̂a+2�̂g)+ 1p�0�2q 25 0�45(� 72�o+4�q� 12�s�~�i+40~�l+ 403 ~�n�40~�o+ 1603 ~�t� 1603 ~�u+ 53 �̂f+ 203 �̂o)+p6 1p�0�2 03�45(� 12�o+ 12�s+~�i�8~�l� 83 ~�n+8~�o� 13 �̂f) +p6 p2p�2�3 �0�45(� 23 �̂f� 43 �̂o)+ 1�0 20( 485 �a+ 35�g+10�h+135 �i+ 75�j+ 1095 �k+ 315 �l�45�m�7�n+8�p��r� 525 �t+ 225 ~�a+128~�b+ 1289 ~�+128~�d� 165 ~�f� 1615 ~�g+ 165 ~�h+ 1283 ~�j�128~�k� 1283 ~�m+ 6403 ~�p+ 6403 ~�q� 6403 ~�s+ 485 ��e+ 29 �̂a� 215 �̂b+ 163 �̂+169 �̂d� 163 �̂e+ 103 �̂g+803 �̂m� 803 �̂n)+ 1�0 P3i=1  0i2(�g+6�h+3�i+�j+3�k+9�l+3�n�3�r+2~�a+128~�b+ 1289 ~�+128~�d�16~�f� 163 ~�g+16~�h+ 1283 ~�j�128~�k�1283 ~�m+ 29 �̂a� 23 �̂b+ 163 �̂+ 169 �̂d� 163 �̂e)+ 1�0 P8i=1  2i (16�h+2�i+2�j+2�k+2�l�2�m+2�n�4�p+2�r�2�t+2~�a+128~�b+ 1289 ~�+128~�d+16~�f+ 163 ~�g�16~�h+ 1283 ~�j�128~�k� 1283 ~�m+ 2563 ~�p+ 2563 ~�q� 2563 ~�s+ 29 �̂a+23 �̂b+ 163 �̂+ 169 �̂d� 163 �̂e+ 43 �̂g+ 323 �̂m� 323 �̂n)+q 35 0 03(2�g�20�h+2�i�2�j+2�k�18�l+4�m+2�n�8�p+6�r+20�t)+q 2�0�3q 35 0�0(8��b� 89 �̂a+ 415 �̂b� 323 �̂� 329 �̂d+ 323 �̂e� 203 �̂g� 803 �̂m+ 803 �̂n)+ 1p�0�2p6�( 01�18+ 02�63)(2�h+ 14�i+ 14�j� 34�k� 34�l� 14�m� 14�n+ 12�p� 14�r+ 34�t



Graded di�erential Lie algebras and SU(5)� U(1)-grand uni�ation 39+48~�b� 169 ~�+16~�d�3~�f+ 13 ~�g+~�h+ 163 ~�j�32~�k+�̂� 19 �̂d� 13 �̂e)+ ( 01�63� 02�18)(� 12�o+ 12�s+~�i�8~�l� 83 ~�n+8~�o� 13 �̂f )�+ 1p�0�2 P8i=1 � i�i(8�h+�i+�j�3�k�3�l��m��n+2�p��r+3�t�64~�b� 649 ~�+64~�d�4~�f� 43 ~�g�4~�h� 643 ~�j�643 ~�p+ 643 ~�q� 43 �̂� 49 �̂d� 43 �̂e� 43 �̂m� 43 �̂n)+  i�i+45(�2�o+4�q�2�s�4~�i�32~�l� 323 ~�n+32~�o� 323 ~�t+ 323 ~�u� 43 �̂f� 43 �̂o)�+ p2p�0�3 P8i=1 � i�i+32(�4��g+2�̂j+16�̂p�16�̂q) +  i�i+81(�4��h+2�̂k+16�̂s�16�̂t)�+ 2�1 P6i=1 �2i (�g+8�h+ 134 �i+ 54�j+ 94�k+ 94�l� 14�m� 94�n+ 32�p+ 34�r� 94�t+�u+ 13�v+ 323 �w+162~�b+2~�+98~�d+2~�e�18~�j�126~�k+14~�m+ 643 ~�q+ 643 ~�r+2�̂h+2�̂i)+p2 2p�1�3 P3i=1 �(�i�i+43+�i+3�i+92)(�3�̂+ 13 �̂d+ 73 �̂e+2�̂h+2�̂i+ 83 �̂n)+ (�i�i+92��i+3�i+43( 13 �̂f+ 83 �̂o)�+p3 2p�1�3 �(P3i=3 �i�i+46+�i+3�i+95)( 83 ��g+ 49 ��j� 49 ��m+ 23 �̂j+ 83 �̂q� 83 �̂u)+ (�i�i+95��i+3�i+46)( 83 ��h+ 49 ��k+ 49 ��n+ 23 �̂k+ 83 �̂r+ 83 �̂t)�+p2 p2p�1�2 P3i=1 �(�i�i+8+�i+3�i+53)(�4�h� 12�i� 12�j� 32�k� 32�l+ 12�m+2�n�2�p+ 32�t+�u+ 13�v� 163 �w+18~�b� 103 ~��14~�d+2~�e+14~�j+2~�k� 383 ~�m+ 323 ~�q� 323 ~�r� 163 ~�s)+ (�i�i+53��i+3�i+8)(2�o�2�q+8~�l� 83 ~�n�8~�o� 163 ~�t+ 323 ~�u)�+ p2p�1�2 P3i=1 �(�i�i+11+�i+3�i+56)(2�u+ 23�v+ 163 �w+36~�b+4~��28~�d+4~�e�20~�j+4~�k+12~�m� 323 ~�q+ 323 ~�r+16~�s) + (�i�i+56��i+3�i+11)(16~�l�16~�o+16~�t� 323 ~�u)�+p2 p2p�1�2 P3i=1 �(�i�i+38+�i+3�i+83)(�6�̂p+2�̂q+2�̂u)+ (�i�i+83��i+3�i+38)(�2�̂r�6�̂s+2�̂t)�+ 2�3 (P6i=1 �2i+P55i=50 �2i )(4��e+��l) + 2�3 (P12i=7 �2i+P61i=56 �2i )(4��e+2�̂h+2�̂i)+ 2�3 (P18i=13 �2i+P67i=62 �2i )(16��e+2�̂h+2�̂i) + 2�3 (P24i=19 �2i+P73i=68 �2i )(4��e+ 12 ��l+�̂h+�̂i)+ 2�3 (P32i=25 �2i+P81i=74 �2i )(9��e+��f+ 12 ��l+�̂h+�̂i) + 2�3 P8i=1 �i+32�i+81(4�̂l)+ 2�3 P40i=33 �2i (9��e+��f+4�̂h) + 2�3 (P43i=41 �2i+P92i=90 �2i )(��e+��f+ 83 ��i+13 ��l+ 19 �̂a+ 23 �̂g)+ 2�3 P89i=82 �2i (9��e+��f+4�̂i) + 2�3 (P46i=44 �2i+P95i=93 �2i )(��e+��f+ 19 �̂a+ 23 �̂g+�̂h+�̂i)+ 2�3 (P49i=47 �2i+P98i=96 �2i )(4��e+ 83 ��f+ 169 ��i+ 118 ��l+ 23 �̂g+�̂h+�̂i)+ 2�3 P6i=1 �(�i+6�i+12+�i+55�i+61)(4�̂h�4�̂i) + (�i+6�i+61��i+55�i+12)(�4�̂l)�+p6 2�3 P3i=1 �(�i+43�i+46+�i+92�i+95)( 23 �̂j) + (�i+43�i+95��i+92�i+46)( 23 �̂k)�+ p2p�2�3 P6i=1 �(�i+18�i+29+�i+67�i+74)(���m�2�̂p�2�̂q�2�̂u)+ (�i+18�i+74��i+67�i+29)(���n�2�̂r+2�̂s+2�̂t)�+ p2p�2�3 P8i=1 �(�i+24�i+18+�i+73�i+63)(��g���m�2�̂p�2�̂q�2�̂u)+ (�i+24�i+63��i+73�i+18)(���h���n�2�̂r+2�̂s+2�̂t)�+ p2p�2�3 �P8i=1(�i+32�i+�i+81�i+45)(���g) + (�i+32�i+45��i+81�i)(��h)�+ p2p�2�3 P3i=1 �(�i+40�i+14+�i+89�i+59)( 23 �̂� 23 �̂d+ 23 �̂e�4�̂m+ 43 �̂n)+ (�i+40�i+59��i+89�i+14)( 23 �̂f+ 43 �̂o)�



40 R. Wulkenhaar+ p2p�2�3 P3i=1 �(�i+40�i+35+�i+89�i+80(���g+43 ��j� 13 ��m)+ (�i+40�i+80��i+89�i+35)(���h+ 43 ��k+ 13 ��n)�+ p2p�2�3 P3i=1 �(�i+40�i+41+�i+89�i+86)(� 83 ��i� 13 ��l+2�̂� 29 �̂d� 23 �̂e� 43 �̂m� 43 �̂n)+ (�i+40�i+86��i+89�i+41)( 23 �̂f+ 43 �̂o)�+ p2p�2�3 P3i=1 �(�i+43�i+8+�i+92�i+53)(� 13 �̂� 59 �̂d�13 �̂e� 43 �̂m+ 43 �̂n)+ (�i+43�i+53��i+92�i+8)(� 13 �̂f+ 43 �̂o)�+p2 p2p�2�3 P3i=1 �(�i+43�i+11+�i+92�i+56)(� 13 �̂+ 13 �̂d� 13 �̂e+2�̂m� 23 �̂n)+ (�i+43�i+56��i+92�i+11)(� 13 �̂f� 23 �̂o)�+ p2p�2�3 P3i=1 �(�i+43�i+38+�i+92�i+83(���g�6�̂p+2�̂q+2�̂u)+ (�i+43�i+83��i+92�i+38)(���h�2�̂r�6�̂s+2�̂t)�+p6 p2p�2�3 P3i=1 �(�i+46�i+8+�i+95�i+53)(� 23 ��g+ 29 ��j+ 19 ��m� 23 �̂p+ 23 �̂q+ 23 �̂u)+ (�i+46�i+53��i+95�i+8)( 23 ��h� 29 ��k+ 19 ��n+ 23 �̂r+ 23 �̂s� 23 �̂t)�+p3 p2p�2�3 P3i=1 �(�i+46�i+11+�i+95�i+56)( 49 ��j� 19 ��m+2�̂p� 23 �̂q� 23 �̂u)+ (�i+46�i+56��i+95�i+11)(� 49 ��k� 19 ��n� 23 �̂r�2�̂s+ 23 �̂t)�+p6 p2p�2�3P3i=1�(�i+46�i+38+�i+95�i+83)(�2�̂m+ 23 �̂n) + (�i+46�i+83+�i+95�i+38)(� 23 �̂o)+ 1�2 P8i=1 �2i (�h+ 18�i+ 18�j+ 98�k+ 98�l�18�m� 38�n+ 34�p� 38�r� 98�t+8~�b+ 89 ~�+8~�d+ 83 ~�j+8~�k+ 83 ~�m+ 163 ~�p+ 163 ~�q+ 163 ~�s)+ 1�2 P53i=46 �2i (�h+ 18�i+18�j+ 98�k+ 98�l� 18�m� 38�n+ 34�p� 38�r� 98�t+8~�e+ 163 ~�r)+ 1�2 P8i=1 �i�i+45(8~�l+ 83 ~�n+8~�o+ 163 ~�t+ 163 ~�u)+ 1�2 (P11i=9 �2i+P56i=54 �2i )(�h+ 18�i+ 18�j+ 298 �k+ 58�l� 18�m� 58�n+ 34�p�18�r� 98�t+ 12�u+ 16�v+ 43�w+~�b+259 ~�+~�d+~�e+ 53 ~�j+~�k+ 53 ~�m+ 83 ~�p+ 83 ~�q+ 83 ~�r� 83 ~�s)+ 1�2 (P14i=12 �2i+P59i=57 �2i )(�h+ 18�i+ 18�j+ 98�k+ 18�l� 18�m� 38�n+ 14�p+18�r+ 38�t+�u+ 13�v+ 23�w+2~�b+2~�+2~�d+2~�e�2~�j+2~�k�2~�m+12~�p+ 43 ~�q+ 43 ~�r�4~�s)+ 1�2 (P17i=15 �2i+P62i=60 �2i )(�h+ 18�i+ 18�j+ 98�k+ 18�l� 18�m� 38�n+ 14�p+18�r+ 38�t+4~�b+4~�+4~�d+4~�e�4~�j+4~�k�4~�m+24~�p+ 83 ~�q+ 83 ~�r�8~�s)+ 1�2 (�218+�263)( 332 ��l+�h+ 18�i+ 18�j+ 38�k+ 38�l� 18�m� 38�t+ 32�u+ 12�v+27~�b+13 ~�+3~�d+3~�e�3~�j�9~�k+~�m)+ 1�2 (P26i=19 �2i+P71i=64 �2i )(�h+ 18�i+ 18�j+ 98�k+ 98�l� 18�m� 38�n+ 34�p�38�r� 98�t+2�w+4~�p+4~�q+4~�r+4~�s)+ 1�2 (P29i=27 �2i+P74i=72 �2i )(�h+ 18�i+ 18�j+ 98�k+ 18�l� 18�m� 38�n+ 14�p+18�r+ 38�t+2�u+ 23�v+ 43�w)+ 1�2 (P35i=30 �2i+P80i=75 �2i )(�h+ 18�i+ 18�j+ 498 �k+ 98�l� 18�m� 78�n+ 54�p� 38�r�218 �t+2�w+4~�p+4~�q+4~�r+4~�s)+ 1�2 (P38i=36 �2i+P84i=82 �2i )(�h+ 18�i+ 18�j+ 498 �k+ 18�l� 18�m� 78�n+ 34�p+ 18�r+78�t
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