hep-th/9804046
CPT-98/P.3631

SO(10)-unification in noncommutative geometry
revisited

RAIMAR WULKENHAAR®

Centre de Physique Théorique
CNRS Luminy, Case 907
13288 Marseille Cedex 9, France
e-mail: raimar@cpt.univ-mrs.fr

April 6, 1998

Abstract

We investigate the SO(10)-unification model in a Lie algebraic formu-
lation of noncommutative geometry. The SO(10)-symmetry is broken by
a 45-Higgs and the Majorana mass term for the right neutrinos (126-
Higgs) to the standard model structure group. We study the case that the
fermion masses are as general as possible, which leads to two 10-multiplets,
four 120-multiplets and two additional 126-multiplets of Higgs fields. This
Higgs structure differs considerably from the two Higgs multiplets 16 ®16*
and 16°® 16* used by Chamseddine and Frohlich. We find the usual tree-
level predictions of noncommutative geometry my = %mt, sin? Oy = %

and gz = g3 as well as mpg < my.
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1 Introduction

Noncommutative geometry (NCG) has a long history in mathematics, but it were
two discoveries by Alain Connes at the end of the last decade! which made NCG
so interesting for physicists:
— Dirac operator and smooth functions, both acting on the spinor Hilbert
space, contain all metric information of a spin manifold,
— a finite dimensional version of that setting yields some sort of Higgs poten-
tial.
In the following years, the idea that one should study the tensor product of or-
dinary differential geometry and a matrix geometry has prospered. Numerous
versions to construct gauge field theories with spontaneous symmetry breaking
(in particular the standard model) appeared, all more or less inspired by Connes’
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discovery, but different in details. These versions developed, competed with each
other, died out — a perfect example of Darwin’s theory of evolution. After all,
one version survived?, proposed by Alain Connes who — guided by a deep under-
standing of mathematics — completed a set of axioms®. These axioms have their
origin in the classification of classical spin manifolds*. It is remarkable that the
same axioms which are fruitful in the commutative case of spin manifolds provide
the standard model as one of the simplest noncommutative examples.

Sometimes it happens that branch lines of evolution have attractive features,
which fascinate mankind long after the dead of the species (think of the di-
nosaurs). Such a species is grand unification. The axioms of NCG are compatible
with the standard model but not with grand unification®. Nevertheless, grand
unification is such an attractive idea that it will not die very soon, no matter how
well the standard model is verified by experiment.

Technically, the essential progress that NCG brings over the traditional for-
mulation of gauge theories is that Yang-Mills and Higgs fields are understood
as two complementary parts of one universal gauge potential. It is desirable to
extend this unifying feature to grand unified theories (GUTs). The only chance
to do so is to allow for a minor modification of the NCG-axioms so that GUTs
are accessible as well. An inspiration how to modify the axioms comes from
traditional gauge theories. They are formulated in terms of Lie groups or — on
infinitesimal level — Lie algebras. Thus, replacing the associative algebra in NCG
by a Lie algebra®, one can expect a formalism (section 2) that is able to produce
grand unified models.

In this paper we show that the SO(10)-GUT™® can indeed be formulated with
this method. The SO(10)-model has the exceptional property that all known
fermions and the supposed right-handed neutrino fit into the irreducible 16-
representation of SO(10) (for each generation). Other GUTs such as SU(5),
SU(5) x U(1) and SU(4) x SU(2), x SU(2) ,, arise as intermediate steps of different
SO(10) symmetry breaking chains.

The treatment of the SO(10)-model by NCG-methods is not new. The first
approach® by Chamseddine and Frohlich came in the early days of noncommu-
tative geometry. Since then, NCG underwent the development sketched above
that singled out the axioms incompatible with grand unification. Our construc-
tion differs in its conception and its results from the Chamseddine-Frohlich ap-
proach. The authors of ref. 9 start from the (associative) Clifford algebra of
SO(10). The crucial difference of the two approaches lies in the Higgs sector.
We denote by Y = >".Y; ® M* the Yukawa operator. Its part ¥; transforms the
16-representation into itself or into its charge conjugate 16°. The mass matrices
M? mix the three fermion generations. Thus, for Y; we have the two possibilities
16 ® 16" and 16° ® 16, which are reducible representations under SO(10) or
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s0(10) and decompose into
16016"=1045®210, 16°®16°=1001209126. (1)

The point is now that these two Y;-representations are not reducible under
the Clifford algebra Cliff(SO(10)). That is why the Higgs multiplets in the
Chamseddine-Frohlich model are 16 ® 16" and 16° ® 16, where only the lat-
ter occurs in the fermionic action (due to chirality). The consequence is that
there is only one generation matrix M’ in the fermionic action. This leads to
the relation m, : m, : m; = mq : my : My = M, : m, : m; between the fermion
masses, which is obviously not satisfied. Moreover, the analysis of the Higgs po-
tential shows that also a Kobayashi-Maskawa matrix is not possible, but can be
obtained by including an additional fermion in the trivial representation.

In our version based upon the Lie algebra so(10) we do have the decomposition
(1), and each irreducible representation occurring in (1) is tensorized by its own
generation matrix. It is therefore no problem to get the fermion masses we want.
For the SO(10)-symmetry breaking we have the 45 and 210-representations at
disposal, which both do not occur in the fermionic action. We employ the 45-
representation to break SO(10) to SU(3), x SU(2); x SU(2), x U(1)5_, in the
first step (at about!® 10'*GeV). The corresponding (self-adjoint) generation ma-
trix adds a freedom of 9 real parameters. The other symmetry breaking chain
SO(10) — SU(4) pg x SU(2); x SU(2), mediated by the 210 is possible as well,
but we have to make a choice due to the length of the formulae. In the second
step this intermediate symmetry is broken by the Majorana mass term for the
right-handed neutrinos (126-generator) to the standard model symmetry group
SU(3). x SU(2), x U(1)y (at about™® 10°GeV). We then restrict ourselves to the
case that the fermion masses are as general as possible, this implies the Higgs
multiplets 10 (twice), 120 (four times) and 126 (twice). The surviving symmetry
group is SU(3) x U(1) zp,-

There is also a technical difference to mention. The article ref. 9 was writ-
ten in the pioneering epoch of noncommutative geometry where auxiliary fields
emerged in the action. They eliminate themselves at the end via their equation
of motion. Our version is based on a differential calculus and we quotient out
the ideal of auxiliary fields before building the action. We think this method is
more transparent but the results are independent of the way of eliminating these
unphysical degrees of freedom.

Our paper is organized as follows: We review in section 2 our Lie algebraic
approach to noncommutative geometry. In section 3 we write down our setting of
the so(10)-model, where we acknowledge a lot of inspiration from ref. 9. Section
4 is devoted to the computation of the gauge potential and the Higgs part of the
field strength. This is the most cumbersome part, because the extremely rich
Higgs structure leads to a big number of terms in the field strength. It remains
to calculate some traces to get the bosonic action (section 5) and to implement
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the various symmetries to get the fermionic action (section 6). We conclude with
an outlook towards a minimal SO(10)-model.

2 The Lie algebraic formulation of noncommutative geometry

The starting point is the Lie algebra g = C*°(M) ® a acting via a representation
7 = id ® 7 on the Hilbert space H = L?*(M,S) ® C*. Here, C®(M) is the
algebra of (real-valued) smooth functions on the (compact Euclidean) spacetime
manifold M, L*(M, S) is the Hilbert space of square integrable bispinors and #
a representation of the semisimple matrix Lie algebra a on C/'. The treatment
of Abelian factors is possible but more complicated. Moreover, we have the
selfadjoint unbounded operator D = id ® 1 + Y on H, with Y = +* ® Y and
YV € MprC. We also need a Zs-grading operator I' on 4 which commutes with
7(g) and anti-commutes with D. In many cases there will exist further discrete
symmetries such as the charge conjugation .J.
A universal 1-form w! € Q! has the structure

W'=Y Ifi@d, L. [fi@al, d(f@dd)] .. ]

a,z

with f € C*(M) and a}, € a. The commutators should be read as tensor
products. The representation 7 of the universal calculus on H is obtained by
taking 7 of f! ® a’, and representing the universal d by the derivation [—iD, . |,

p=mw') =3, [fi®r (), [ [fa®7(ay), [-iD, @7 (a3)]] . .. ]]
= Yo S Jal(f2) ® [7(ad), [ [7(ag), 7 (ag)] .- -] — A4
+ 0 o AR @ (R (aR), [ [ (ay), [ & (a)]) ) = ()

The second and third line are independent for semisimple a. In the second line
the commutators clearly yield an element of 7(a) and f@f’ a spacetime 1-form,
together a Yang-Mills multiplet represented on H. We decompose the finite
dimensional part of the Hilbert space into C* = @, n; ® CV, where n; are irre-
ducible representations of a and /N is the number of fermion generations. Then,
we have the decomposition Y = Y Y7, ® MY, where )A/z; € n; @ n} is (for each
r) a generator of an irreducible representation and M7 € MyC a mass matrix.
If we now evaluate the commutators in the third line above, the generators are
expanded to irreducible multiplets, and we obtain 7(n) = Y *nf; ® M}7, where
n; € C®°(M) ® ny; are function-valued irreducible representations, i.e. Higgs
multiplets.
The universal differential of w! is defined as

dw' =Y N [fiwal, (A1) [ [fled, d(fed)]. . 1))

a,z y=1
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Its representation on H reads after elementary calculation

=Y D lfaoi(ay), ... {[-iD, fror(ad)],[... [-iD, fe@r(ag)]. .. ]} ... ]

={—iD,p} + >, [fi®@7(a}),[. . . [[a®T (ag), [D?, fa@7(ap)]] .- .]]
= {-iD,7(w")} + o(wh) (2)
= {9, A} + 3, [fi0m(a), [ .. [fa®(ay), [-9* ® 1p, i@ (a))]] ... ]]
+{d, 7 ()} + {1V, A} + {-iY,7(n)} +6(n) ,

with

6(0) = o fa-- Saf® [R(ag), [ [7(ay), [Y2, 7 (al)]] .. ]]

After a lengthy calculation® one finds

{9, A} + 3, [ fz0m(dl), [ .. [fa®7(ay,), [~ © 1p, fo@7(a))]]. .. ]]
=dA+C®(M) @ {7(a),7(a)} ,

where d is the exterior differential (which anti-commutes with 7°) and the
{7 (a), 7(a)}-part is independent of A and 7(n). Moreover, we have {d,m(n)} =
dm(n). We now decompose Y2 into generators of irreducible representations,

Y2 =Y+ Y7 +7(1).

Here, (1) contains trivial representations which commute with 7 (a). Those gen-
erators which also occur in Y, denoted YH , generate obviously the corresponding
representations which occur already in 7(n). The other (non-trivial) generators,
denoted Yf, generate representations independent of 7(n) and A.

It is now crucial to notice that the same p can be written in many ways
as m(w!) so that the definition of a differential “dp = 7(dw!)” is ambiguous.
The usual way out is to consider equivalence classes modulo the ideal J? =
m(d(kerm N Q). We have just shown that if 7(w') = 0 then there remain only
the {7 (a), 7(a)}-part and the representations generated by Y2, which gives

J* = 0=(M) @ Y ({#(a), 7(a)} + [7(a), [...[7 (), Y2]...]) - (3)
The final formula for the differential of p = A + 7 (n) is therefore
dp=dp+ {-iY,p} +6(n) mod J*. (4)

In the same way one represents the space 2" of universal forms of degree n
on H and determines the corresponding ideal J" = m(d(kerm N Q" 1)). The
generalization of (2) is

d(m(w") + J") = [-iD, 7(w™)] + o(w™) + T" T, w" e Q" (5)
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where | ., . ] is the graded commutator, i.e. the anti-commutator if both entries
are odd under Z, and the commutator else. This yields the graded differential
Lie algebra Qp = 7(Q)/J.

We propose to define the connection V as a generalization of the differential d
and the covariant derivative D as a generalization of the operator D. This means
that D is a linear unbounded selfadjoint operator on H and odd under Z,, and
V:Qn — Q5 is linear. Both D and V are related via the same formula (5):

V(r(w") +J") = [-iD,m(w")] + o(w") + T",
for w™ € 2" and any degree n. The general solution is
D=D+ip, V=d+[p, .1, [pn@)]cx(@), [p,g"cI™".

One obvious solution is p = A + 7(n) € 7(Q'). But there are further solutions
possible, depending on the setting. These additional solutions allow us to for-
mulate gauge theories with u(1)-factors such as the standard model. Demanding
that p commutes with functions, we have the decomposition

p’:A1®r0—|—A075®r1

of the additional solutions, where the matrices r* € M,C commute with #(a).
The essential step is to check {p/, 7(Q')} C 7(Q?), which yields several conditions
for r and r!. Finally, one has to verify the compatibility with 7.

The curvature is now V2 = [F, . |, where one finds the usual formula

F=dp+ 3{p,p}

for the field strength. The differential and (anti)commutator are defined via the
(graded) Leibniz rule and Jacobi identity; for it one has to enlarge the ideal J
by the graded centralizer C of 7(€2). Then, the general formula (4) continues to
work so that for p = A + m(n) one has

F = (dA+ A%|y2) + (dn(n) +{A, (z(n) —i¥)})
+ ((7r(77))2 +{-iY,7(n)} +6(n) mod J*+ C2) ) (6)

Here, A%|,2 is the restriction of A% to the spacetime 2-form part. The bosonic
action is defined via the Dixmier trace and can be rewritten as

SB:ﬁAdw tr(fL)QZ/]Wdl‘ (£2+£1+£0) (7)

=7 [ do (@A -+ A2100) + tx((@rn) + {4, (rlo) = V) )
or(((m(n)? + {1V m(n)} +6(m)°)) -
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Here, g is a coupling constant and F' the dimension of the matrix part. The trace
includes the trace over gamma matrices and JF, is the component of F orthogonal
to J?. The bosonic action consists of three parts, the Yang-Mills Lagrangian Lo,
the covariant derivative £; of the Higgs fields and the Higgs potential £y. The
fermionic action is

SF:2%/de1p*1)1p:%/deizp*($®1p+z4+7r(77)—iY)¢, (8)

where s is the number of discrete symmetries of the setting, and ¥ € H is in-
variant under these symmetries (possibly only after passing to Minkowski space).
The fermionic action contains the minimal coupling to the Yang-Mills fields A
and the Yukawa coupling to the Higgs fields 7 ().

Let us study the part 0 = ((w(n))?+{—iY,7(n)}+36(n)) | of the field strength,
whose square gives the Higgs potential. Since the covariant derivative D can be
written as D = ip ® 15 +iA + i(w(n) — iY), it is natural to consider 7(7j) =
(m(n) —iY") as the analogue of a classical Higgs multiplet. This is because 7(7)
transforms as 7(7) +— wum(f)u* under gauge transformations D — wDu*, with
u € C®°(M) ® exp(a + r°). In terms of 7 we have

0= (m(n)?*+6(n) +Y?) = (m(7)* +6(n) +7(1) + Y7 +Y})L
= (m(@)? + o) + (1)L, (9)

because Y2 has by definition no component orthogonal to J? and

it w() =~V + D 0w (@), | elad), [V w(@d)])
then  6() = Y2+ X, [n(0), - [n(ah), P, w(ad)]) ]

with a!, € g. Thus, @ can be expressed completely in terms of 7 so that gauge
invariance of the Higgs potential V' = tr(6?) is obvious. The point is now
that we know a priori the Higgs vacuum: it is (7(77))o = —iY. At this con-
figuration we have § = 0 and V' = 0. On the other hand V' is non-negative
so that —iY is a global and local minimum. In the vicinity of —iY we have
V = tr((=i(Ym(n) + 7(n)Y) + 6(n))%), i.e. something bilinear in the physical
Higgs fields. The coefficients are the Higgs masses, after diagonalization and
rescaling. There are however massless modes, the Goldstone bosons. They are of
the form 7 (n) = [7(a), —1Y] with a € g. In this case we have

(=i(Yr(n) +7(m)Y) + ()L = (=[x (a), Y] + [7(a), ¥]])L
= (=[(a),Y])L=0.
The masses of the Yang-Mills fields come from the part tr({A,—iY})? =

tr([m(A,), Y][r(A*),Y]) of the Lagrangian £y. This is a form of the Goldstone-
Higgs theorem: The massive Yang-Mills fields are those which do not commute
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with Y and to each of them there corresponds a massless Goldstone boson. The
Higgs mechanism consists in removing the Goldstone bosons by those gauge trans-
formations which do not commute with Y, and which are fixed in this way. The
remaining unconstrained gauge degrees of freedom are those which commute with
Y, and to each of them there corresponds a massless Yang-Mills field.

3 The so(10)-setting

Let I'; € M3,C, I =0,...,9, be so(10)-gamma matrices represented in terms of
tensor products of five sets of Pauli matrices®

L = kipsmi 0> 1L31Le1LLEO,
Liy3 = kipro; = 1LeLRLITAL,
Live = K1p2Ti s i > 1817811, (10)
Lo =Ky, pi—1L®pRLelel,,
[y =iy - Ty = K3, ki =K Q®1LRLE1LE 1,

where ¢ = 1,2, 3. The tensor products are interpreted such that o; is 2 x 2 and
Ky is 32 X 32,
The matrix Lie algebra is a = so(10) represented as so(10) 3 a = a!/I';;, with

o'’ = —a’' € R, and where Ty, 1, = (1/n)T, Ty, - Ty, is the completely
anti-symmetrized product of I-matrices. Summation over equal so(10) indices
I,J,... from 0 to 9 and over equal spacetime indices x,A,... from 0 to 3 is

understood. We introduce the projection operators
Pr=3(1xI'y)®1l;, P=diaglua® Py, L®P;, 1, ®P_, 1,QP_),
and the so(10)-conjugation matrix
B=-TI,JTs®1ly; =B =B =B, B? =14 ,

BT;®@m)B=TT®m ¥Ym e M;C, BP.B = P,

and define the Zs-grading operator
I'=diag(—/"®P,,Y®P,,""®P_, v ®@P.).

Then, the Hilbert space is

H=PL*(M,S)eC?xCeC")=2L*M,S)=C". (11)
The representation 7 of g = C*(M)® a > f ® a on H is defined by
P (a®15)P, 0 0 0
o 0 P+(a ® 13)P+ 0 0
m(f@a) =l 0 0 P(a®l)P. 0
0 0 0 P (a®1y)P.
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Note that Py commutes with ¢ ® 13 and that ' commutes with 7(a). The
selfadjoint Yukawa operator anti-commuting with I is

0 v ® P MP, v @ P NP 0
v — 7**® PLMP, 0 0 @ P NP
T [Pre P NP, 0 0 v**® P_.BMBP_
0 Y@ P NP, v*® P BMBP_ 0
(13)
We distinguish explicitly v* and ~°*, which are equal in Euclidean space, in
Minkowski space however we have v = —~®*. This allows for a parallel devel-

opment of our model in both Euclidean and Minkowski space. The matrices M
and N are obtained by tensorizing the generators given in ref. 9 by independent
generation matrices:

M = —i(Dy5 + 75 + Tg9) @ My,

N=iIy®@M;+T30® M, + 120 M, —il'123 @ M, (14)
+ (Tas0 + T'7s0 + Tego) @ My — i(Tass + Trsg + Deos) @ M,
— i(To1245 + Lor27s + Dor269) @ M — (I'31245 + I's1278 + I's1269) @ My
— %i(Fl—iFg)F3(F4—iF5)(FG—iFg)(D—iFg) ® M, .

Here, My, M,, M., My, M, are symmetric and M,, M, M, M; anti-symmetric
3 x 3-matrices and M; = M. That implies BNB = N7 and M = M!. We
stress that here lies the essential difference between our Lie formalism and the
algebraic version’: There, the matrices Mg, M,, M., My, M, are all proportional
to each other, the same is true for the matrices M,, M., My, M;. This is dictated
by the fact that 16°® 16* is irreducible under the Clifford algebra of SO(10).

The above setting is chosen in such a way that it has two symmetries J and
S. First, the charge conjugation is given by

0 0 C®B 0
B 0 0 0 C®B
J=Pleep 0 o o |Fecc

0 C®B 0 0

where C' is the spacetime conjugation matrix, Cy*C = ~+*, and c.c stands for
complex conjugation. We use the following convention for Euclidean gamma
matrices

o_ (0 1o a _ 0 10" 0 1.2.2 I, 0 _ 0.2
7—<12 o) V=l o) =YY= 1) =7

Our Minkowskian gamma matrices are

0 1 0 —o° 1, 0
0 _ 2 a __ 01,2,3 2 _ A2
7—(12 0>,v—<0a 0);7 17777—<0 _12>,C—7-
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Observe that J? = P in Minkowski space but J? = —P in Euclidean space.
Second, we have an exchange symmetry
0 1384 0 0 0 i1384 0 0
_ 13 0 0 O _ —ilzgy O O 0
=P 0 0 0 L |7 TP 0 00 0 il | D
0 0 1384 0 0 0 i1384 0

where Sg is realized in Euclidean space and Sy, in Minkowski space. This yields
in both Euclidean and Minkowski spaces

[/, D] = [J;m(a)] =[S, D] = [S,7(a)] = [/,5] =0,
where D = P(id ® 13, ® 13 ® 1L,)P + Y.

4 The gauge potential and its field strength

The gauge potential p € (') is composed of two parts, of a a-valued spacetime
1-form A = y#m(A,) and (up to 7°) a a- representation valued spacetime 0-form
7w(n), p= A+ m(n). The second part has the general structure

1 . 0
(n) =Y [m(ad), [, [r(ag), [-iY,m(a)]]... ],
@,z
where a!, € g. Products of [-matrices are generators of irreducible representa-
tions, but as some of them occur more than once in Y, we must check that they
are linear independent. For instance,

—i&drm oadr,, (Iy) = _i[FOIJ Lo1, o]l =T —i&drm oadr,, (I's) =0,

which establishes the independence of the two 10-dimensional representations
generated by ['y® M, and I's®@ M,,. Next, application of —iadpm oadp,, to the four
120-dimensional representations generated by I';;x establishes the independence
of I'193 and (I'ys0 + [7go + Tgoo) from I'ygp and (I'yss + ['7gs 4+ Tees). Application
of %adp16 o adp,, o adp,, leads to independence of all these four 120-dimensional
representations. Finally, application of —iadpﬁg o adp,, and —iadpm o adp,, to
the three 126-dimensional representations generated by I';;xn shows that they
are independent. In conclusion, and using the identity B(a ® 13)B = a ® 13, the
general form of 7(n) is

0 Yom P 0
5x 5%
. Y MM 0 0 NI
m(n) = —iP N . P, 15
0 2uf ¥BimB 0

’I7N:iT1®Ms+T2®Mp+(I)1®M(;—i(1)2®Ma+q)3®Mé—iq)4®Mb
— iU, @ M, — Uy ® My — 05 @ M, ,
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where © € C®(M)®45, T, € C°(M)®10 and &, € C°(M)®120, all of them
being real representations, and ¥; € C*°(M) ® 126 (complex representation).
The next step is to compute the ideal J? and the part 6(n) of the curvature.
Both are related to Y2, decomposed into irreducible representations. Those which
occur both in Y and Y2 contribute to 6(n), the other ones give rise to the ideal.
Using 7°v°* = €ly, with € = 1 in Euclidean space and ¢ = —1 in Minkowski

space, we have

P+y(1)P+ 0 0 y(g)P_
0 P+y(1)P+ P+y(2)P_ 0
2 _ =
Yi=euo 0 P.Y,P, P_BY;BP- 0 , (16)
Py}, Py 0 0 P_BYu,BP-

V= M+ NNT, Vo = MN + NBMB .
In detail, we find

Yoy = Lo ® (BMM{ + MM + MM} + M, MY + M, M/

+ 3MyM;" + 3M, M + 3M M + 3M M} + 1M, M)

—i(Ts + Drs + Do) ® (M Myt + MM+ M,M] + MM} + MM} + M M’
+ MM} + MM} + 2MyM| + 2M M;T + 2M, M} + 2M M, — LM, M})

+ilp3® 2, —il', ® 2,

— (Tas7s + Taseo + T'7s69) @ 23 + (Fozas + Tozzs + Cozen) @ 24

— (C1245 + Tiozs + Tizeo) @ 25 + Loo3 @ 2

+ %(F2567 — D467 + Cises + Toaes — Tiasg — Doarg + Dosgg — Lisro) @ 27

+ %(F1567 + Dasg7 — D'oses + Ciaes + D'aago — T'iazo + Cisso + Doasro) @ Zs

Vi) = iy ® (3M, M}, — 3M{T,) + T's ® (3M, M, — 3M,3,)
+ D90 @ (3My M, — 3M M) — il'193 ® (3My My — 3M ;M)
— i(Tys3 + D783 + Dogs) @ (MM, — iM,M; + 2M M, — 2M.M,)
+ (50 + D7so + Dooo) @ (My My — M M, + 2M My — 2M ;M)
— i(Po1245 + Lorars + Dorzeo) @ (MyM] — MMy + 2My M, — 2M, M)
— (Ts1245 + T's1278 + Ta1269) @ (MM, — M, M, + 2M, My — 2M£H1)
— 1T =ily)D3(Py—il5) (T —ily) (T7—il's) ® (—3M; My — 3M,M,)

where (h.c denotes the Hermitian conjugate of the preceding term)

2y = (MM} + MM + 3MM, + 3M. M} + LM, M) + h.c,
Zy = (MM + MM + 3M;M] + 3M,M} — 1M>M]) + h.c,
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Zy = (MyM{ + MM + MM + M,M] + M, M|

+ MMyt + MyM;T + MM + MM + M;M]) + hee,
2y = (MM +M, My -+ M, Mj+M, M +2M; M +2M,M}— M, MJ) + hoc,
Z5 = (M M.+ M, M-+ M, My + M, M +2M M +2M M+ My MJ) + hec,
Zg = (MM + M,M," + 3M;M} + 3M,M] — 1M, M]) + h.c,
Z; =i(((M, + M, + M, + M, + 3M] 4+ 3My, + 3M, + 3M;)M}) — h.c),
Zg = (M, + M, + M + M, + 3M; + 3My + 3M, + 3M;)MJ}) + h.c.

This gives
o (nay) (0 | (0 | o(ne2)
oy 0 o) ol 0
R G B = R T DL
o)t 0 0 Bo(n)B

~

(1) = =10 © (M My" + MyM] + M, M] + MM + My M] + MM,
+ M M+ My MI+2My MJ+2Mp My +2M, M +2M M — 1M, MJ)

6 (@) =iT1 @ (BM1 M} — 3M{M,) + Yo ® (3M1 My, — 3MyM;)
+ @, @ (BM M. — 3M.M,) — i®y @ (3M, My — 3M ;M)
+ &5 @ (MyMy — MMy + 2M My — 2M M)
—i®y @ (MM, — M,M; + 2M M, — 2M.M;)
— i, @ (M{M! — MM, + 2M, My, — 2M, M)
— Uy ® (MyM, — M M, + 2M, M, — 2M;M,)
— W3 ® (=3M; My — 3My M)

and

J? =3 (r(g),[.-..[(g), YZ]]...]+ {n(g), 7(g)})

P Ju P 0 0 0

B 0 P Juby 0 0

- 0 0  P.BJ,BP. 0 ’
0 0 0 P_BJ3)BP-

Jiy=C*(M)®1®Cls + C*(M) ®i45 ® (CZ, + C2,)
+C*(M)®210Q (CZ; + CZ, + CZ5 + CZ; + CZ; + CZ3 + Cly) .

The field strength F of the gauge potential p = A + 7(n) is given in (6). Let
6 be the spacetime O-form component of F, orthogonal to J?, as given in (9).
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Introducing
O =0+ T4+ s+ Tg), T, =7, +1,, Yo ="y +1;,
@1 @) + Ty, @2 Dy +I'j93
@3 = &3 + (D455 + Trgs + Loos) @4 = &y + (T'y50 + L7s0 + Teoo)

Uy = Wy + (Doroas + Dorars + Dotzee) . Wo = Wo + (Ds1o45 + Dsiors + Datoeo)
\Ijg \Ijg + = (Fl—ll—‘g)rg(1—‘4—1F5)(F6—ir9)(1—‘7—11—‘8) y

we find after straightforward but apparently lengthy calculation

P+9(1)P+ 0 P+0(2)P,

0
)e 0 PP PP
0 PP, P.Bf,BF
P9, P, 0 0 P,B%BP,
=3,01 @ (@D + 32,045 ® (@) 1 + X2, 05, @ (QF°)
(3 13 — (10)}) ® My,
( 1) ® M{ss} +3 (132 - (Tz) ) ® M{pp}
132 — (191)}) ® Mg + 1 (13 — (i192)7) ® M{aa)
3132 — (193)7) ® My + 5(3150 — (id4)7) ® My
31g — (W1 0])1) ® Myeey + (3150 — (UoWh)1) ® Myyp
16 132 — (U305)1) @ Moy — (T172)1 ® My,
‘i)2)1 ® M[a’a] + ((i)l(i)is')l ® M{a’b’} + ((i)l(i)4)1 ® M[a’b]
2 ® )1 ® M[abq (D2®4)1 ® Migpy + (23P4)1 ® My
— U, Uh), @ Mgy — 2(0, 0 4+ U, 0h), @ M,
— 0,0, ® M[cz} - —(\I’ U+ 0,0), @ M{c2}
zqﬂ Uy Uh), @ Moy + (W U] + U30)), @ Mgy

0
0

0

~

+ + + + + +
NI NI = 7 S N NI D= N NI o=
N N N N/ /—\

!

o4
rez

/@ﬁax’\
€€

—

l
l

—

2)15 ® Mgy

Dias @ Migary +1(T1@2) 45 @ Mgy +1(T1@3 — ©)45 @ Mgy
4)45 @ Mgy — i(To®)ss ® Mipa) + i(Tody)ss ® Mpay
3)
b,) 4

{11

T&)
i(Y,®

+
+1

—

2 »—{z
b@u

45 @ My + (T2‘1)4 - é) 15 @ Mypp

15® Mgy — 1(21P5)a5 @ Mgy + 1(P1P4) a5 @ Mgy
V18 +20)35 ® Mgy — 5(819] — ¥181)45 © Miurg
Ty )5 @ Mg+ (‘b S — 0,345 ® Mgy
\i’3&)1)45 ® Mygr9y — 5(@1\1@ - \113‘1)1)45 ® Migrg)

~~ /N /S /S

+

B

—

1

NI= N N—
—- —-
—~ o~
K o
=TI =T
W—+ N—+ = —+
+ o+ 1

1
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D3)45 @ Mgy — i(PaPy)a5 @ My + 1(P3P4) 45 @ My

|
p—
—~

2
+ 3(DU] + T By) 5 ® Mg — S(PoW] — 01 ®5)45 @ Mgy
— LB + Wody + 20)45 © Myupy — 2(DoWh — To®s) a5 @ Miay
+ %1((:15 \ﬂ + 030 2)45 ® M9 — (‘E‘ﬂ - @3(:152)45 ® Miq2y
— L@ 0] + U1 ®B3)45 ® Myyey — L(P30] — U, D3)45 © My
(@3 W) + Wa®3) a5 @ My gy + 2(3 05 — Wody — 4i0) 45 ® My
- %i((i) Ul 4+ Uydy) 45 ® Miyay — —(‘1)3\1’ —U3Py)45 ® My
+ 3T + T By) 5 @ Mg — L(240] — W, Dy + 4i0) 45 @ My
— 3i(4T] + Wody)us ® Myppy — 2(D4T] — Wody) 5 @ My,
+ L (D] + U3 ®y) 45 ® Mg — 3(D4T] — U3y)u5 ® Moy
— 3 (0 0]) 45 © Mpeey — 5(UWh) s ® Myspy — 3((U30h)s5 — 1610) © Myas
— 30U — U0 @ My — L0005+ 0,005 @ My
+ %i(\iﬁ\i’g — W05 @ Mg — —(\I’ T+ 0,005 ® My
+ 3] — W30) 5 @ Mygoy + 2 (U] + W30l 45 © Mgy
%( é)%w ® M{ll} A
+ (T1®1)210 ® Msa — (T1®2)210 ® M{sa} + (T1®3)210 ® Mg
(~ o 4)210 ® M{sb} + (T o 1)210 ® M{pa’} + (T2é2)210 ® M[pa}
+ (T2(:15 )210 ® M{pb’} + (T2@4)210 ® M[pb]
+%(~ \ﬂ+\1’ T )210®M{sc} (T ‘I’ -0, Y )210®M[sc]
+%(~1@£+@2T1)210®M[5f (T ‘I’ — 0,1, )210®M{sf}
+ % L0+ WY )a10 ® M{s2} - —1(T UL — W3T )21 ® M[sz}
- %( ~2‘i’]; + ‘1’1T2)210 ® M@c (TQ‘I’ — T2)210 ® M{pc}
+ %( ~2‘i’£ + 0,7, )210 @ M{pf} (T2‘I’ - ‘1’2T2)210 ® M[pf}
- %( ~2\if£ + ¢3T2)210 ® M[p2] - —I(TQ‘I’T ‘1’3T2)210 ® M{pZ}
+ 5( 03)a10 ® M{a’a’} + 5(@2)210 ® M{aa}
+ 3(3)210 ® Myyyy + 5(D7)210 © My
+ (‘i) ) 2)210 ® M[a '] + (i(i)l(§21—‘11)210 ® M{a’a} + ((:151(:153)210 ® M{a’b’}
(l‘i) i) 3'11)210 ® M[ )+ (61&’4)210 ® M[a’b] + (i‘i)l(i>4rl1)210 ® M{a’b}

R

2®3)210 ® M[ab’] — (102®3T11)210 ® M{ab’} + (@o®4)210 ® M{ab}
4L'11)210 ® M[ab] + (3P4)210 ® M[b’b] + (1P3P4I"11)210 ® Mpyny
I \ijlél)ﬂo ® M[a’c] - %1((:151\1’]{ + @1@1)210 ® Mgy

|
N = A ~~
CR
o B S
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!
l
!

+ %( \i’; 1)210 ® M{a’f} —i(‘i)l‘ﬂ + \1’2&)1)210 ® M[a'f}
- %(N \i]g \i’ ¢ 1)210 ® M a'2] (@1@3 + ‘113&)1)210 ® M{a’2}
- %(N ‘i’l 7,9 2)210 ® M{ac} +3 (‘E‘ﬂ + ‘1’1&)2)210 ® M[ac}
- %(N \1@ ‘1’2‘1)2)210 ® Maf ((1)2‘1’; + @2@2)210 ® M{af}
- %(N \ﬂ ‘1’3‘1)2)210 ® M{aZ} + 3 (&)2\11;, + @3@2)210 ® M[aZ]
- %(~ \ﬂ G @3)210 ® Mb’ — 3 (‘%‘iﬂ + ci)3)210 ® M{b’c}
+ %(~ \i’; 210 & M{b’f} - —1(@3\1’ + ‘112‘1)3)210 ® M[b' 1]
— %(~ ‘i’ ‘113@3)210 ® bez — —1(@3\1’ + ‘113@3)210 ® M{b’2}
- %(N Ul — 0 By)oi0 ® M{bc} + 3 (q>4‘1’ +01Dy)o10 ® M[bc}
- %(N ‘I’T ‘1’2‘1)4)210 ® be - —1(q>4‘I’ + ‘P2(I>4)210 ® M{bf}
- %(N ‘1’ - ‘1’3‘1)4)210 ® M{b2} + 1((1)4‘1’ + ‘1’3(1)4)210 ® M[bQ]
— (‘i’l J 1)210 X M{cc} (‘1’2\1’ )210 ® M{ff} (\1’3\113)210 ® M{22}
%(\i’ ‘i’ + ‘Ijz\I’ )210 ® M[cf} — 3l (\1’1‘I’£ - \Ijz‘ﬂ)mo ® M{cf}
— %(\i’ ‘i’ + ‘113\11 )210 ® M{d} + %l(q’ﬂ’g — \i’3‘ﬂ)210 ® M[cz}
+ %(‘i’z\i’g + \1’3‘112)210 ® M[f2} + %1(@2@ - \i’?)\i’;)mo ® M{fz} ;
9(2) = 9%0 QIO + Z 9120 Q120 + 2% 9’f26 ® Ql%
(QT )10 ® M5y + 1(@T2)10 ® Myipy + (@‘I) )10 ® Mj1a
—~ i( ;)10 @ Mj1a) + ((0@3)10 + 3T1) ® My — ((@@4) 10+ 372) ® My
+ ((1(:):f )120—1@3) ® Mg — 1((1@T2)120—1‘1)4) (1@‘1) )20 ® M1ary
1(1(:)(:152)120 ® Miiq) + (1@@3)120 ® My — 1(1@‘1)4)120 ® M1py
— ((i0W) 129 + 3i®; + 204) ® Mg + i((iOW2) 190 + 31Dy — 203) ® M1
— (16@3)120 ® My
+ ((éél)l% ¥ 1) ® Mpgy — i((é&)Z)l% — ‘i’z) ® M)
+ ((OP3)126 + 2i¥2) ® Muy) — i((OP4) 196 — 2101) @ My,
+ (001126 ® M{1ep — 1(OW2) 106 @ M1y + ((OW3)196 + 31¥3) ® Moy |
with
Miagy = (Mo M} + MM | = (iMo M} — iMM})H)
Masy = (Mo Mf+ M) = (iM, MT iMgM) ., (a=1=p=1)
M{asy = (Mo Mf + MpM))* = (iM,, MT MM
Moy = (MiM, + M, M) | = (iM\M, —iM,M,) , (a#1)
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Q)™ = Qi = Str(Q)1s
(Q;l'5)i_ = Q;m - Zi,b:l tr(Q§SZa)7;be ) ZZ:I 7:z’atr(‘zadzb) = 6a’b )
(QF) = Q7 = X0y (@7 Z) T 2y . Yoasy Twatt(Z02) = bury

with Z9 = 13. We have the following 8 constraints due to the Z; of our ideal:

0= Mgy + Migray +3Myyyy + 3Mycpy + 8Myazy

0= Moy + Mipay +3Mpyey +3Mppyy — 8Myaay

0= Myuy + 8Mzzy + Myspy + Mipey + Myarsy + My
+ Moy + My + Mieey + Mygpy

0= Mgy + Mgy + My gy + Myacy + 2Myey + 2Mppy = 8Mzmy (17)

0= Mgy + Myppy + Migyyy + Miapy + 2Mpyy + 2Myepy + 8 Moy

0= Mg + Mpary + 3My sy + 3Mpey — 8M a9y

0 = Mgy + Mipg + Migo) + Moy + 3Mjpo) + 3Mppa) + 3Mieg + 3Mpy)

0= M{Q} + M{pQ} + M{m} + M{aZ} + 3M{b’2} + 3M{b2} + 3M{02} + 3M{f2} :
According to the general theory we have to investigate whether or not the

connection form p receives an extra contribution p' = A' ® r® + A%® @ r. Due

to the symmetries of our setting and the requirement that the r® commute with
7#(s0(10)), the matrices r’ have the general form

iP, (13 ® My)P; 0 0 0
o_ 0 iP, (13 ® M) Py 0 0
0 0 —iP_(13, ® My)P- 0 ’
0 0 0 —iP_(13, ® My)P-
0 Py (13 ® M}) Py 0 0
1 6P+(132 ® M(I))P_|_ 0 0 0
e 0 0 0 eP (1 ® M))P_ |’
0 0 P_(13, ® M})P- 0

with My = M} and M = M}’. The condition [r°,7(n)] € #(Q'(a)) yields
from the 45-sector i[My, M;] € RM;, which fixes My up to three parameters.
The 10-sector yields i(MyM, + M,M,) € RM, + iRM,, and i(MyM, + M,M,) €
RM, +iRM;. The r.h.s. are two-dimensional so that both i(MM, + MSWO) and
i(MyM, + M,M,) are orthogonal to 7-dimensional spaces. It is clear that there
exists no solution for M, in general.

The condition {r!, 7 (n)} € #(Q*(a))+{7(a), 7(a)} derived from {p’, w(w!)} €
7(Q?) gives from the 45-sector no condition at all, because —iO® (M| M, + M, M)
is contained in 6y for any M;. From the 10-sector we get 2 times (9 — 6)
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conditions, from the 120-sector 4 times (9 —9) conditions and from the 10-sector
3 times (9 — 7) conditions. This means that there will not exist a solution for M
in general. There are no extra contributions to the gauge potential possible.

In the same way one shows that the graded centralizer C? is trivial, C? =
C>®(M)P C {n(g),m(g)}. There is also no extra contribution to the ideal J?.

5 The bosonic action

The bosonic action (7) is now given by

SB = 15 2/ tr(F?) do = /M(£2+£1 +V)dw

where ¢ is the so(10)-coupling constant. In this formula, V' = tr(6?) is the

Higgs potential, which in more detail is given by

V= g (D te(Pedi0]) er(QD) Q1)) + D er(P203:0%5) tr((Q°) L(Q5)1)

192 2

2 5’
+ 3 tr(PLB5i0510) r((QF)H(Q20)) + 3 tr(Pyb(025)1) r(QE2 Q1))
kk’ ook
* Ztr P+9i0(910) N (@ (@)1 + Ztr P+9{20(9120) )tr(QIQO(QIQO) ))
1,8 3.g'

The other parts of the Lagrangian are
EQ = 192 To9az b ((dA + A2|A2) ) ) Ll = 192g ((dﬂ-( ) + {AJT‘.(T’) - IY})Q) .

As there are 23 different 1-terms, 48 — 2 = 46 different 45-terms, 70 — 6 = 64
different 210-terms, 6 different 10-terms, 9 different 120-terms and 7 different
10-terms in 6, there occur 1(23-24 4+ 46-47+64-65+6-7+9-10+7-8) =
3531 different gauge invariant terms in the Higgs potential. All of them are
compatible with the configuration M and N specified by the Yukawa operator
Y as the vacuum. This means that the most general gauge invariant Higgs
potential that leads to the desired spontaneous symmetry breaking depends on
3531 parameters. Of course, not all these terms are really necessary, and in the
classical formulation one puts most of the coefficients equal to zero. But there is
no justification for doing so, the Higgs potential in the classical formulation does
contain 3531 parameters. Our theory reduces this huge number to 9, namely
the parameters of the unknown matrix M;. All other matrices occur in the
fermionic action and can be measured, in principle. Thus, although our SO(10)-
model has more independent parameters than the standard model, the ratio of the
fixed parameters to the classical parameters is much better than in corresponding
treatments of the standard model.
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We now study the Yang-Mills part £, — 555tr({A, Y'}?) of the Lagrangian.

For that purpose we introduce chiral ['-matrices

Iy =y £ils), Ty =T +ily), Iy =507 +ily),

V2 V2
Iy = 55(To£ily), Ty =50 £ily),
{7,157} = 207152, o7 = 6,560 7 = 1?17 = —(r2t,

where p,q € {+,—} and i,j = 1,...,5. The bar in g changes the sign. The
Yang-Mills field A can now be decomposed as

A=Pli04m,7" @TH @10 L) =P @A ®1:0L),  (18)
Ay = 4—\1/514;’]‘1:#1—‘?]9 ’ A;Jq,u = _A?I;):H = qu,u € C*(M),

where 13 acts on the generation space and 14 is the 4 x 4-matrix structure in (12).
Defining v* = 1(y#+” — v”v*) we have

590, — 0,40 " TR 1;01y),

(

A = P(59° A5 Av "y @ TR © 13 © L)
(
(

pq,p= T

1359 ApyuApg (" 79" @ (THTH + THTH) ® 13 ® 1)
1

9P AT AR (P =AM @ (T8I — T @ 13 © 1)

This gives with

(PP — D TPT) = 2 fonhare i

u,ijkl mn

mn,pqrs __ ¢qT ¢m,p cn,s  ¢PF ¢m,q ¢N,S ¢G5 ¢M,p cN,T PS5 CMm,q CN,T
Jruiiwr = 05k0u; 0y — 0gg 0y 0y — 057 0477 07 + 0y 04570,

4 __ i
where 6% = 0;07, the final results

A2|ne = P(Ga° flhir e A LAY " @ T @13® 1)
dA + A%|xe = Pgp9F 7" @ T, @ 13® 1)
FtZL,TLV = aUAZLIIZI/ - aVA;ZtL,u + ﬁgf{gz;ll)cgrsA;]q,uAfi,u .
Using tr(y#y")=4(g"*g""—g"*g"*) and tr(Ff;’f‘ﬁ):32(655552—5555?f), we arrive
at
Ly = g5 - 9 Fygyu Fropn - tr(y"y™) - tr((Pr+POTY L) - 6 = §Fy  FE

19242 PY, v pg- TS 8% pq,pv= ij

It is now convenient to identify the su(3) ®su(2), ®su(2), ®u(l); , gauge
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fields (G*, V7, Vi GP), where from now on i,j =1,2,3and k =1,...,8:

12 16 T 23 1 (Ao 31 1
A+*:V‘ = _EI(GV‘_IGV‘) , A+7,u = _E(GV‘+1GV‘) y A+*:V‘ = —E
AT A) =Gy, (AR AL 24T ) =G,
%(A}i_l_vu+A3—2_a“+Ai3_vu) = IGZ ’

(GL—iGZ) ,

A‘f5+7u — _%(VJ—iVi) = -V = _(Vu_)T7 %(Ai{,u_ATf,u) _ —iVj,
AP =BV = V= (V)T (AR AT ) =i
in this notation, the Yang-Mills Lagrangian L, takes the form
Ly = 5(GE,GL + 0, GO G + Vi, VI + Vi, V) (19)
+5( a[uAijJr,u]a[uAi_j_’V} + O[HAffJﬁu](?[“A;l_’”] + 8[uAi_4+7,,}aWAj4"”]
+0 AP, O AL 4+ 0,AB AL + 1T

where .71 stands for interaction terms between 3 or 4 Yang-Mills fields and
k k ko k! ok
G/JIJ = a[uGU] - gfk’k”G[J GU ,
Viw =0V — g€, VIV, Viw =0V — ge5, VIV,
and fg,. and € are su(3) and su(2) structure constants. The lesson is that
195!]2 for the global normalization constant was correct, where g is the

coupling constant of su(3) and the two su(2) Lie subalgebras.
It remains to compute the mass terms

—eﬁtr({fl, Y}?)
= —eqgs - 4 tr(V*°"° @ (Pr[Ay, MI[A,, M] + P, [A,, N1[A,, NT))

19242

2
:12192.(4%}5) -4-16-(

A(A", AT+ AT AT tr(2ME + MM+ MM+ 3MyMt + 3My M
+3M M} + 3Mp M} + M, M} + M,M})
+8 (AP, AR AT AT tr(ME + MM+ MM + MM
+My M + 2M M+ 2MpM])
+2 (AR AL AT AT (M M)
FA (A, AL AT AT (ML MUY — MM+ MM — My M|
+M M} — MM} + M,M! — M, M)
FA (=AY AR AT AT (MM — M ML+ MM — MM
+M M} — MM + MM — M, M)
8 (A%, Ayt — AP AR (MM + M M, + MM+ MM}
+2M M} + 2M M})

the choice
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+32AY, AL tr(ME + MM+ MyM[ + MM + MM} + &M, M)
+ 8ich, AL AL e (My M+ My M) — il AV A tr(MfM2+MCM2T )
22V, VE 42V IV 4 (V3 V3)(V“ V“)) tr(M! Mt + MM} + 3M M}
+3MyM[ + 3M M + zaMfMT + M, MT +M MT)
— 4V, VI + VIV (= MM+ MM + 3MyM; — 3My M|
—3M M + 3M M} + M,M] — M,M})
— 4V, VE =V VE) er(M ML — MM+ 3MjM] — 3M, Mt
+3M ;M — 3M.M} + MM} — M, M)

VIV + (/3GS4V2)(\/ 3G+ V) tr(MoDi)) |

where we used tr(y#”) = 4¢g"” and 7°y%* = €l;. The factor 4 comes from the
anti-symmetry A% = —AJ? and the 16 from the trace over P, times I-matrices.

We anticipate (sectlon 6) the relation between fermion masses and the matri-
ces My p a0 bef, Which reads (tp = transpose of the preceding term)

M, = 1= (Mn+3My+M+3My) +tp , My = 3= (My+3M,+M+3My) —tp
M, = &=(M,+3M,—M,—3M,) +tp , M, = &(M,+3M,—M.—3M,) — tp ,
M, = 35(My—My—Mc+My) +tp | Mb = 1(My—M,—M+My) —tp
= = (Mp—My+M,—Mgy) +tp = = (Mp—My+M,—Mg) —tp . (20)
This gives

Zov (M M + M, M +3My My +3M, M +3M M +3Mp MI+M, M+ M, M)
= Str(M, M} + MM + 3M, M} + 3M;M}) = 11,
Ltw(— MM + M, MI+3My My —3M, MJ —3M MI+3Mp M+M,M]—M,M})
= Ler(M, M} + MM} + 3M, M} + 3M;M]) = 2ji
Ltv (M M — M| MI+3MyMf—3M, M +3M M —3M M +M,M]—M,M])
= Ler(M, MM, MI+3M; M} -3M,M}) = 2iji .
The numbers u, fi, i are not determined by the experimental data because the
Dirac mass matrix for the neutrinos M,, is unknown. Let us assume that the

largest eigenvalue of M, is smaller than the mass m; of the top quark. Then, we
have in leading approximation pu = —mt and o = 1mtmb

We now diagonalize the V-V-G? sector. The photon is the massless linear com-
bination P, = %Gg—\/g‘/‘?—\/gﬁ?, which is perpendicular to the plane spanned

by %(‘N/‘f—V’?) and \/%V3+\/§Gg. Now, abbreviating M'2=Ltr(M,M]), the
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mass terms of the V-V-G° sector are

7 ; 2+ M2 2M" S VIV
(v Hgan) (* )( SN

2\v2 8 2M"AM” )\ L (VE+VE+ LG
+ U+ K —[—if Vi
+(0 T )( i+ M )( V- ) |

After a unitary-orthogonal transformation
Zy\ _ (cos¢ —sing % (Vi“‘f/ﬁ) Wi\ _ (cosx —elX' giny Vi
Z, ~ \sin¢g cos ¢ % (f/i_vi)_i_égg ’ W/j ~ \sin X olX' cos X V/; )

where eX' = —AHA_ " the physical particles obtain the following masses:

my e I = IO e () M
my, M+%M'2+\/sz’2+u

My e EMR =\ JRM M g e S -
mh ek EM o\ JRMA 3 4 i MY+ 2

This means

. 2
my ~ %mt : my = my/ cos by , sin? Oy ~ % — Somﬁ ) (21)
We recall that the mass prediction for my, depends crucially on the assumption
that the Dirac mass for the neutrinos can be neglected. But as my cannot be

much larger than %mt, this assumption seems to be correct. For the rotation

angles we get cot 2¢ = 3 — —L and tan 2y = —2/fi% + 4?/M'?. Hence, there is
a violation of the standard model of the order m?/M'?, for instance a coupling
of the W= bosons to the right-handed fermions, and the Weinberg angle is not
universal any more.

We neglect the mixing of the order || My o b c.f.5pll/]|M1,2]] between the very
massive leptoquarks. Denoting M? = %tr(Mf), the masses of the leptoquark are:

i4 i4 i5 i5 ]
A+— ‘ A++ ‘ A+— ‘ A++ ‘ A++

VIPTMZ | M | M | VIPEM? | AN

The renormalization group analysis'® suggests M ~ 10'°GeV. Below that en-
ergy, the original gauge group SO(10) is broken to the intermediate symme-
try group SU(3),xSU(2), xSU(2) ,xU(1)5 ;. At the scale M' ~ 10°GeV, the
subgroups SU(2), and U(1), ; are broken to the standard model symmetry
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group SU(3),xSU(2); xU(1)y,, with the hyper-charge given by [V \/EGO
Finally, the fermion masses break the standard model symmetry at the scale
~ 10°GeV to the remaining symmetry SU(3),xU(1),,. Hence, the only
massless Yang-Mills fields are the photon P, and the eight gluons Gj. The Higgs
mechanism consists in using the other 45 — 9 = 36 SO(10)-gauge parameters to
eliminate the 36 Goldstone bosons [7(a), —1Y], which in turn breaks the sym-
metry from SO(10) to the fermion symmetry SU(3),xU(1),,,. Thus, there are
454-2-104+4-1204-3-2-126—36 = 1301 —36 = 1265 independent Higgs components.
We compute now the upper limit for the mass of the standard model Higgs
field. It is obtained by evaluating the Higgs potential V' at the configuration

9 = (Iys + I7g + Do)

= (L+¢)lo, =1+l

= (1+¢)l120 , = (1+¢)ls,

= (14 ¢)(Lus3 + I'rgz + Leos) = (14 ¢)(Tas0 + 780 + I'eoo)

= (1+ ¢)(To1245 + Tor27s + Lo1260) = (1+ ¢)(Is1245 + T'z1278 + T'31260)
\ij = L[y —il'y)Ty(Ty—il5) (D—ily) (D7 —ils) - (22)

It is important that ¢ is a real field, because the configuration corresponding to a
imaginary part is the Goldstone boson given by the commutator with I'j,”. One
easily finds

By = =61 ® 132 @ (Mygy + Myppy + Mygrary + Miaay + 3Miyyyy +3Mpp)
+3M{eey +3Myypy)
+ 2¢014®@1(Ty5+T78+Le9) (M spry+Mppy +Myarey+Mapy +2Mipey +2 My 5y)
0(2) — 0 3

up to the Higgs self-interaction ¢*. The other 45 and all 210-contributions are
cancelled due to (17). We insert (20) and arrive at

01) = — 15010 ® Lsz ® (Myuny + Myeey + 3Muuy + 3Maay _
—|—M{ntnt} + M{etet} + 3M{utut} + 3M{dtdt})
+150Ls @ 1(Tas + Iz + Te9) ® (Mnny + Mieey — Mpuuy — Miaay
—M{ntnt} — M{etet} + M{utut} + M{dtdt}) .

where Myiot = (2MEIM1),.  We neglect again M, and choose M, =
diag(m,, m., m;), where the entries are the masses of the u,c,t-quarks. There
is a neglectable contribution of 6,5 to the Higgs potential, and we have in leading
approximation

9(1) = —i¢m?14 X 132 X diag(—l, _17 2) .
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This leads to

e 142 4 _ 1 4 42
V—48g23¢mt-4-16-6—6@mt¢ .

Inserting the configuration (22) into the part £; of the Lagrangian we get
Ly = 19592 "4 tr(PJr(’Vuau’YSWN)*(’YV 1)) = ﬁtr(ﬂraﬁtm\ﬂ 0" n)
= 220,00"¢ - 16 - tr( MM, + M, M] + 3My My + 3M, M,
+ 3M M + 3M M} + MM+ M, M)

= 200,006
This means that the physical Higgs boson is obtained by rescaling ¢ = ﬁqﬁ =
g¢/my, and it receives the mass
My = my . (23)

This value is an upper bound for the Higgs mass, because we have only calculated
the diagonal matrix element of the whole mass matrix. Due to the off-diagonal
matrix elements, the masses = eigenvalues are different from the diagonal matrix
elements, and the smallest eigenvalue is smaller than the smallest diagonal matrix
element. It is plausible that this smallest diagonal matrix element is just mi,
because any other Higgs configuration obtains a mass contribution from 63 of

the order tr((M,M; £ M;M,)?)/tr(M?).
The computation of the masses of the remaining 1264 Higgs bosons is analo-
gous.

6 The fermionic action

To write down the fermionic action (in Minkowski space!), recall that our setting
has two symmetries J and S. It is therefore natural to demand that the fermionic
configuration space has the same symmetries,

H={pc L*(M,S)@C®: Pip=Jyp=8p=1}.

As usual we impose a Weyl condition in Minkowskian case. This means to look
for a chirality operator that commutes with both J and S. The unique choice up
to the sign is

d=xv, x="Pdiag(—" @1y, =7’ ®les, 7> @ Leg, 7° @ log)P .
Thus, elements of H are of the form
(3(Li=") ® P)
Sasrrarmg | PeraLsOC
(i5(14+9°)y* ® P-B)3

Y=
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In order to eliminate the projection operators we introduce

B = ( 2 8 ) ) b= P2112T202 %Y 13 € (C48 )
A, 0 .
A, ®1;= 0 —bA’b ) A, € C®(M)®so(10) ® 15,

0 H
P+ = (0 1)
o’=5"=1,, 0*°=-6, a=1,2,3,

L)@ P = (0, ¥y, 0,0), ¢, e lX(M)CC%aC .

Now, the fermionic action (8) is

&=/¢ﬁﬁ%@+mw
M

B ; igk(0, + A,) H (o
- /M dv %(1/@, —zbf(f?b)( A ion(d, - bA”b) )(—&b@)

- / dz (w;&u(au + AU + {%wzﬁ(—a%@) + h.c}) . (24)

M
To get the last line one has to take into account that fermions ¢; are Grassmann-
valued, which means 7 X", = —iXuy, for any matrix X. The correct

fermionic parameterization dictated by the electric charge is

_ 1 2 3 1 2 13
d)L — (nL7 Uy, Uy, U, €L, dLJ dLJ dLJ

t

UR)

O'Qd?l’%, —O’Zd%, —O’Zd}%, o’exR, —UQ’LL?I’%, UQuQR, UQu}z, —0
- 1 2 3 1 2 3
_0—2b77bL - (_nRa —Ug, —UgR, —UpR, —€R, _dRa _dRa _dR7

- — —T 2 .\t
U2d%, —azd%, —azd}:, o’er, —azu%, azu%, azu}:, —U2VL) ,

where ' does not transpose the entries of the vector. It it now easy to verify that
LI N (—o?bip) + hee = { — ul (M, ® Ly)ug — d} (M ® 13)dg
— eTLMeeR — Z/}JMVVR — V£0—2M2VR} + h.c,

with the mass matrices M, 4, given implicitly in (20). The right neutrinos
receive a large Majorana mass of the order ||M,]| and the see-saw mechanism
produces very small masses for the left-handed neutrinos of the order ||m2||/||Ma||.

7 Outlook

What we have presented here is a maximal SO(10)-model which allows the
fermion masses to be as general as possible. This is in contrast to the orig-
inal idea of grand unification, namely, to reduce the number of free parame-
ters of the standard model. The number of Higgs multiplets can be reduced
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by imposing appropriate relations between the fermion masses. For instance,
the minimal SO(10)-model containing one complex 10, one complex 126 and
the 45 (or 210) is obtained by putting M; = A\ M,, My = AgM, = A3M; and
M, = M) = M, = M; = 0, with real parameters );. This model is very predic-
tive in the fermion sector and one can calculate the neutrino masses'’. However,
in our formulation the ideal J2 becomes so large that the only surviving terms
in the Higgs potential are 1 and 10. This is not sufficient. There seems to be
a strong evidence that a 120 representation must be included. This next-to-
minimal SO(10)-model will be studied elsewhere.
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