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Abstract

In this paper we give a much more efficient proof that the real Euclidean ¢*-
model on the four-dimensional Moyal plane is renormalizable to all orders. We prove
rigorous bounds on the propagator which complete the previous renormalization
proof based on renormalization group equations for non-local matrix models. On
the other hand, our bounds permit a powerful multi-scale analysis of the resulting
ribbon graphs. Here, the dual graphs play a particular role because the angular
momentum conservation is conveniently represented in the dual picture. Choosing
a spanning tree in the dual graph according to the scale attribution, we prove that
the summation over the loop angular momenta can be performed at no cost so that
the power-counting is reduced to the balance of the number of propagators versus
the number of completely inner vertices in subgraphs of the dual graph.

1 Introduction

Field theories on noncommutative spaces became very popular after the discovery that
they arise in limiting cases of string theory [1, 2]. Although from string theory’s point
of view there is no reason that the limit is a well-defined quantum field theory, there has
been an enormous activity aiming at renormalization proofs for noncommutative quantum
field theories. Most of the attempts focused at the Moyal plane with the associative and
noncommutative product

(a%b)(z) = / (j:; / d'y a(e+10-K) blaty) Y (1.1)
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It turned out that the noncommutative analogs of typical field theoretical (in particular
four-dimensional) models on the Moyal plane are not renormalizable due to the UV/IR~
mixing problem [3]. The construction of dangerous non-planar graphs was made precise
in [4] where the problem was traced back to divergences in some of the Hepp sectors which
correspond to disconnected ribbon subgraphs wrapping the same handle of a Riemann
surface.

Recently, the renormalization of the noncommutative ¢}-model was achieved [5] within
a Wilson-Polchinski renormalization scheme [6, 7] adapted to non-local matrix models [8].
The renormalizable model is defined by the action functional
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where &, = 2(071),,2” and the Euclidean metric is used.

At first sight, the appearance of the translation invariance breaking harmonic oscillator
potential for the ¢*-action (1.2) might appear strange. However, the renormalization proof
shows that there is a marginal interaction which corresponds to that term and as such
requires its inclusion in the initial action. Moreover, thanks to the oscillator potential, the
action (1.2) becomes invariant under the Langmann-Szabo duality [9] which exchanges
position space and momentum space.

We review the main ideas of the renormalization proof, in particular the analysis
of ribbon graphs, in Section 2. However, it must be underlined that the proof given
in [5] relies on a numerical determination of the asymptotic scaling dimensions of the
propagator. Our paper fills this gap by computing rigorous bounds on the propagator, at
least for large enough 2. This will be done in Section 3.

On the other hand, our bounds permit another renormalization strategy which turns
out to be much more efficient. See Section 4. The strategy is inspired by constructive
methods [10]. The key is a scale decomposition of the propagator and an estimation
procedure of the ribbon graphs which takes into account the scale attribution. The proof
is carried out for the duals of the ribbon graphs, because the set of independent variables
is particularly transparent in dual graphs.

The methods developed in this paper will be crucial to write a constructive version
of [8, 5]. Actually the main obstacle to the construction of the usual ¢* model is the
non-asymptotic freedom of the theory. In noncommutative R?, the parameter 2 controls
the UV/IR mixing. When it reaches 1, the entanglement is maximum, and the 3 function
vanishes [11]. In this view, the {2-region close to 1, for which we prove analytical estimates
is particularly important.

2 Main ideas of the previous renormalization proof

In order to make this paper self-contained, we review the main ideas of the renormalization
proof given in [5] for the quantum field theory associated with the action (1.2).

In order to avoid the oscillating phase factors of the x-product in momentum space,
the first step is to pass to the matrix base of the Moyal plane, where the action (1.2)
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becomes

S[¢] = 477-2(91‘92 Z (%Am,n;k,lqunqskl + %qﬁmnqbnkqﬁquﬁlm) . (21)

m,n,k,lCIN2

As usual, we define the quantum field theory by the partition function, which is expanded
into Feynman graphs. As the fields are described by matrices ¢,,,,,, the resulting Feynman
graphs are ribbon graphs build of propagators and vertices,

A\ \‘m4 nd/;
n  k nas g
m. | - Gm,"?’f,l ) m -:'.-.”: - 6n1m26n2m35n3m45n4m1 : (22)

f/"nl may "«

The propagator G, is the inverse of the kinetic matrix A, in (2.1). We recall the
explicit formula in (3.1) and (3.2). Due to the SO(2) x SO(2)-symmetry of the action,
G # 0 only if m + k = n + [. Matrix indices which are not determined by this index
conservation or as external indices of the graph are summation indices. The corresponding
index summation is possibly divergent and requires a regularization.

In [8, 5] the regularization consists in a smooth cut-off of the propagator indices as a
function of a renormalization scale A,

0
le nl k1 g1 (A) Aa_A H X<9A2>G 1,1 11 s (23)
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where y(z) is smooth with x(z) = 1 for x < 1 and x(x) = 0 for x > 2. This implies
Quntr(A) # 0 only if max(m!',m? ... I'1?) € [#A?,20A?]. The graph is then realized
by the differentiated cut-off propagators Q( ;) which regulate the index summations. At
the end, the nested integral over df? is performed within an interval characterized by
mixed boundary conditions [7]. Actually, the graphs are build recursively by adding a
new propagator. This allows an inductive proof of the power-counting behavior. On the
other hand, one has to carefully discuss the location of the valence of the graph where one
attaches a leg of the additional propagator. This discussion alone extends over 20 pages
in [8].
It is time for an example. We consider the (planar) one-loop four-point graph
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The choice of the boundary conditions is a preliminary one which ensures convergent inte-
grals at the expense of infinitely many initial data Aymis.sk:nr(Ar). This will be corrected
later in (2.11).

One of the bounds we prove in this paper can be put in the following form

1
G 1 1 51 g1 < K dOé e—ca(ml+m2+n1+n2+k1+k2+l1+l2) (2 5)
22722;227§2 = 0 ’ ’
From the remarks made after (2.3) on the range of the maximal index we conclude

32K max, x'(z)
cOA?

(2.6)

1
Q1 w1 1 (A)’ < 32K max X'(x)/ dov e

m2n25 k252 z 0
We thus estimate the summation over p in (2.4) by the maximum of the propagators @
over p and a volume factor (20A3%)? from the support of the cut-off function. This shows
that the integral (2.4) is estimated by a constant times ln —

The scaling of (2.6) and the volume of the support of (2 3) with respect to any index
seem to suggest that N-point graphs have, as in commutative ¢j-theory, a power-counting
degree 4— N. However, this conclusion is too early. Namely, there is a problem in presence
of completely inner vertices, which require additional index summations. The following
graph

(2.7)

entails four independent summation indices p1,ps,p3 and ¢, whereas for the power-
counting degree 4 — N we should only have three of them. It requires a more careful
analysis of the scaling behavior of the propagator to show that the g-summation can
actually be performed at no cost, i.e. without a volume factor. The reason is that the
propagators show some sort of quasi-locality which implies that the contribution of a
propagator Gy, .k, to a graph is strongly suppressed if ||m — [|| is large. Thus, taking for
given m the entire sum over [ does not change the power-counting behavior,

K/
max Zmax@ml nl k1 1 (A) < . (28)

mb nt,k? m21n27 k272 (9A2

The two bounds (2.6) and (2.8) together ensure the expected power-counting behavior
for all planar ribbon graphs. But (2.8) does even more: it ensures the irrelevance of all



non-planar graphs. For instance, in the non-planar graphs
ni Y A'rn,
Do mo
M4 @ L2 S
na (2.9)

¢ =m2+r—gq
" =ng+r—m
the summation over ¢ and ¢, , respectively, is controlled by (2.8), i.e. the quasi-locality of
the propagator, so that the graphs in (2.9) can be estimated without any volume factor.
We recall from [8] that the non-planarity of ribbon graphs is classified by the number
B of boundary components and the genus g =1 — %(F — I 4+ V) of the Riemann surface
on which the graph is drawn. Here, V' and I are the number of vertices and edges (inner
double lines) of the graph. To determine the number F' of faces we close the external
legs, that is, we connect the outgoing arrow labelled m; of an external leg directly with
its incoming arrow n;. Then, F' is the number of closed single lines and B the number of
those closed lines which carry external legs. Then, according to [8, 5], the power-counting
degree of a N-leg ribbon graph in four dimensions is

w=(4—-N)—4(2g+B—1). (2.10)

The left graph in (2.9) has topology B = 2, g = 0 and the right graph B=1,¢ = 1.

As a result, there remain only the planar two- and four-leg graphs which can be
relevant and marginal. The quasi-locality of the propagator improves the situation in
selecting only

e the planar four-leg graphs with constant index along the trajectory as marginal,
e the planar two-leg graphs with constant index along the trajectory as relevant,

e the planar two-leg graphs with an accumulated index jump of 2 along the trajectory
as marginal.

We refer to [5] for details. The trajectories are the open single lines of the graph (before
the closure which identifies the faces). This leaves still an infinite number of divergent
graphs. However, there is a discrete Taylor expansion about vanishing external indices
which decomposes these divergent graphs into four relevant and marginal base functions
and an irrelevant remainder. For instance, the decomposition for the marginal case m = [
and n = k of the graph (2.4) reads

’

fodhy [N dA
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/ 2 / 1 Z QO,p,p 0 A2) QO,p,p 0( )} + {Al ~ A2} + AOO;OO;OO;OO;OO (AR) .
(2.11)

Thus, this definition necessitates a single initial value Aog.00:00,00.00(Ar) which represents
the normalization condition for the coupling constant.

Of particular importance are the marginal two-leg graphs with an accumulated index
jump by 2, such as

1 p+1 P
p’ p’
) 212
D (2.12)
.0 0,4 q a’

The corresponding initial value represents the normalization condition for the frequency
parameter  in the initial action (1.2). Therefore, the harmonic oscillator potential must
be present from the beginning in order to obtain a renormalizable model.

3 Bounds for the propagator

3.1 Propagator in the matriz base and cut-offs

The propagator of the noncommutative ¢*-model in the matrix base of the D-dimensional
Moyal plane is given by® a positive sum [5], analogous to the heat-kernel or parametric a-

space representation m = fooo dove=@®*+m?) of the ordinary commutative propagator:
6 . p D
0 1 (1-a)drtoy @)
Gm,m h,l h,l = _/ da Gn?:s ms S.]s s s (31)
+hilt 80 J, (1—|—Coz)§ 31;[1 mS+hS;15+hs ]
m4Il+h  min(m,l) m4-1—2u
N N Ca(l+Q)
an,)m-i-h;l—i-h,l = <7 Z A(m, 1, h,u) Q) )

1+ Ca Vi—a(l-

u=max(0,—h)

(3.2)

where A(m, [, h,u) = \/( (L) (1) and © is a function of , namely C(2) =

m—u l—u/ \l—u
1-0)2 . .
( 49) . Indices such as m, [, h and u have 3 non-negative components m?, [*, h*, u*, one

for each symplectic pair of R”. However, due to (3.1) it is enough to prove estimations
for a single component. We define the norm of an index by ||m|| = Zf/ > m?
We know that cut-offs in the parametric representation for commutative theories are

specially convenient both for perturbative and constructive renormalization. In the same

D

2Qur representation (3.1) and (3.2) corresponds to (A.17) in [5] with z = 1 — «. The often used index
parameter « in [5] is denoted by h.



spirit we will divide the integral (3.1) into slices. First we divide it into two different
regions

e M~ < a <1 where we expect an exponential decay in m + [ + h of order O(1),

e 0 < a < M ! This is the UV/IR region which is further sliced according to a
geometric progression. For each slice we expect a scaled exponential decay.

The real number M > 1 has a carefully chosen (2-dependence. Then, the decomposition

—i+1

/Olda _ i/M da (3.3)

leads to the following propagator for the it" slice:

GY(’:S),mS—‘rhS;lS—‘,-hSJS . (34)

Gi 0 ML J (1 _ a)%-ﬁ-(%—l)
mm+h,l+hl = 8_Q/M «Q (1 +Ca)%

w
Il N~
-

The first slice ¢ = 1 is treated separately.

Remark that the factor A in (3.2) is the only one which prevents us from explicitly
performing the u-sum. All the bounds in this paper are obtained by applying to the
binomial coefficients in A the simple overestimate (Z) < ”q—?. Of course, this bound is
sharp only for ¢ < n. In the regime n — ¢ < n one should rather use the symmetric

bound ( ) <

q/ = (n=q)”
For o = 0 we see from (3.2) that the propagator vanishes unless u = [ = m. This
suggests to bound A by

m—u l—u
m(h +m) I(h+1) (m + h/2)™ (1 + h/2)—"
A(m, 1, h,u) < (= a1 — ) < ol (3.5)
Hence, for o < M1,
) AOVT—a \™M"
mminitht S \ 10 (1= 0)a
01— ) /mm+m)\" " (e —iTEm
min(zml) Wi-a 401 —
X

u=max(0,—h) (m - U)' (l - U)'

(3.6)

On the other hand, we observe from (3.2) that for &« = 1 the propagator vanishes
unless «w = h = 0. In this situation the bound (3.5) is not suitable anymore because m —u
and [ — u are of order O(m) and O(), respectively. Instead, we can use

_ Vil i+ B+ i _ (m0)/2)"(m+ 1+ 2) /2

Alm. L by u) < ul(h + u)! h ul(h + u)! (87)




Inserting (3.7) into (3.2) we obtain

" a(l B QQ) m+Il+h
Grmahidinl S (49 + (1 — Q)2Oz)
(mmm)” <4ﬂmwm +h)(+ ’”)M

a(l —0?) a(l —0?)
<D ul (u+h)! - (38)

u=max(0,—h)

min(m,l)

The further procedure will be to use the estimation

min(m,l) _ I
X m—u yl-u o x4y

2 m—w)l(—u)! ¢

u=0

(3.9)

Then, we have to find conditions on €2 and « under which a certain exponent is negative.
These conditions are given in the following Lemma:

9 ((1-Q 1-0\\?
and Qg be the position of the mazimum of R(RY), i.e. R'(g) = 0. One has approzimately
Qr = 0.462117. We define

1| R(Q) for Q= Qg
M= { ROw)  forQ<On (3.11)

Then, for all « € [M~',1] and all Q € (0,1) one has

Lemma 1 Let

40T a (1 — 02) L
E(Q,a) = FD)] +1In (4Q+ = Q)Qa) < —1—5§ZM . (3.12)
Proof. We have
B - 20 21 — )T —a
%E(Q,Oé) N (1—Q2)a2\/1—a<(a_2)+ 4Q+(1—Q)2a )
20 (1—-0%a(2 - a)
<(1—92)a2 1—a<(a_2>+ 4Q+(1—Q)2a)
_ 202 — ) (2Q%a + (4 — 22)Q) <0, (3.13)

(1 —-9%)a2y1 — a4+ (1 — Q)2a)
Thus, the function F(£2, ) is monotonously decreasing in « and, comparing F(£2,1) =
In };g < 0 with E(Q,0) = 400, has a single zero F(Q, ap) = 0 with oy ~ 1. Developing
E(Q, a) about a = 1, the leading term is of order 3:

E(Q,a):=vV1—« 10 (1+Q)+ln1_Q+O(1—a). (3.14)

1+Q2(1-Q) 1+0Q
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2
This means that for 2 ~ 1, the zero is found near ag = 1 — <(11-g)2 E;g; In ﬁ—%) . We

know from (3.13) that E(Q,a) < 0 for o € (ap, 1]. To be on the safe side with respect

to higher order terms, we make the above estimation for aq slightly bigger by removing
2

the factor % > 1 and by rescaling the result by . This leads to (3.10). We can now

plot the function E(Q, M) over Q and compare it with —;-QM "

0.6 0.8 1
"0.1 Comparison of FE(2, M~1) (the
o2 lower curve) with —=QAM ™! (the
upper curve), both plotted over 2 (3.15)
-0.3
-0.4
This finishes the proof. 0
For convenience we give a plot of the scale function M:
1.14
1.12
1.1 i
1 o8 The scale function M
1.06 plotted over €2 (3.16)
1.04
1.02

3.2  Main scaled bounds

The first result is to prove that the propagator shows a scaled exponential decay in any
index. This is expressed by

Theorem 1 There exists a constant K such that for Q € [0.5,1), we have the uniform

bound 0o
CPRTSITES KM= M imttnll (3.17)

where the scale parameter M(Q2) > 1 is given by (3.11) and (5.10).

Proof. For the first slice i = 1 we use the bound (3.8). With (3.9) and v'ml < (m + 1)
we obtain

Ggg,)m+h;l+h,l < exp <(m +1+h)E(a, Q)) : (3.18)

Now, the bound (3.17) for the first slice i = 1 follows from Lemma 1, provided that M !
is chosen according to (3.11) and (3.10).



Next, for ¢ > 2, we use the bound (3.6), which with (3.9) can be brought into the form

1—0?%) 1 4041 — «
G\ < ey (L2 L . (319
mom+hil+hl X €XP (a(m +1+h) (49\/m o n A0+ (1— Q)Qa)) ( )
We have to prove that the exponent
- 1—0? 404/1 —
Fa(@a) = )@ < (3.20)

4QV1—04+ H4Q+(1—Q)2oz

is negative for f# = 1 and all @ < M~', where M~ is determined by the first slice. One
has Ej3(€2,0) =0 and

o - - )2-a)  20+0)-a(l-Q)
g Dsltha) =15 80/(1—a)p 2(1-a)(4Q+(1-Q)%)" (3:21)

This implies %E@(Q,aﬂazo = W — % and %Eg(ﬁ,a)\azl = +00. Thus, for

large enough and « small enough, we have éEg(Q, @) < 0. As « increases, E3(Q, o) will
remain negative up to some ag with Es(€, ag) = 0. The next plot shows éEl(Q, «) for
certain values of 2

0.5

The function 1Ei(Q,«), for
Q2 e€{0.3, 0.5, 0.7, 0.9} plotted
over «. The larger the value

of €, the larger is the zero of
éEl(Qaa)'

(3.22)

We have to ensure that oy > M~!. Thus, if Eg(Q,M‘l) < 0, which requires an {2
large enough, there will exist a constant ¢ > 0 such that éEﬁ(Q,O{) < —c for all
o € [0,M~']. The critical value for Q is found when plotting MEz(€2, M~") over (.
Comparing MEl(Q, M) with the curve —3€2 relevant for v = 0,

Comparison of ME;(Q, M)
(the lower curve at large € ) with (3.23)
—2Q, both plotted over €. '

we see that for 2 > 0.5, the following estimation holds:

Gir?,)m—i-h,l—i-h,h < e T MR (3.24)

The Theorem now follows from (3.4), with K = 9(]\&2—1). O
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Theorem 2 For the scale parameter M according to (3.11) and (3.10) there exists a
constant” K such that for all Q € [0.5,1) we have the uniform bound

in,,m-i—h;l-i—h,l
D Im®—15)
K i = 1 i 15, m* 4+ h*,1° + h? 2
< Me_%M 0 T i 17< + min(m?, J\ﬁ; 0+ ))  (325)

s=1

Proof. Of course, this bound improves (3.17) only when an index component is smaller
than M*/5. We can, therefore, assume that ¢ > 12. In particular, there is nothing to
prove for the first slice i = 1.

Suppose [ < m < m—+h and § = m—1. Instead of (3.9) we use the improved estimation

l

zl: X m—u Yl—u B Xm—l—i—v ﬁ
— (m—u) (I —u) B — (m—1l+v) ol
X &Sy v X" vy
< s Z; (5) (XY) < CER (3.26)

Then, the propagator (3.6) takes the form

2
- _ Lo (=) 1 40VT-a
Gm,m-l-h;l-‘rh,l S OXp ((m tot )Oé <4Q\/ 11—« 07 " 4Q + (1 - Q)2Oé

( ma(l — Q) ))5 ((26—2)(m+h)a(1—§22))6 .

40T — a(28 -2 10V1 — a
5! 5!

We choose 3 = %, but any choice § > 1 would be possible. In the last term (containing

m+ h) we estimate % < e” and add the exponential to the first line of (3.27). In the first
term of the last line of (3.27) we use the estimation

<< (g)_6 | (3.28)

This yields

(o)
Gm,m—i—h;l—i—h,l

< (BTN i (et (3B L, 4Q4fm2a))( .
3.29

PIn the following, the K’s will be kinds of “dustbin” constants. It means that their contents changes
whereas their names do not.
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For 3 = 2 the exponent in (3.29) is negative for Q > 0.5:

~X 0.5 0.6 0.7 0.8 0.9

Comparison of M'™E5(Q, M%)

(the lower curve at large €2) with (3.30)
11_6%2 - %Q, both plotted over €.

Next, for ¢ > 12 and > 0.5, one has (=0 5, as the following plot shows:

OV1-M—i
. 1-02)e
The functlon m 3.1
plotted over (2. (3.31)
0.5 0.6 0.7 0.8 0.9
Now we are left with two cases:
a) l=0<m=29:
a _ 20 o 5/2
Gin,)m—l-h;l—i-h,l < e s (MmHHR) (%a) ) (3.32)
b) [ >1and d > 1: using [ + 0 < 210,
Gfs,)m-l—h;l—i-h,l < 6—%(m+l+h)a (5[04)6/2 . (333)
Inserting this into (3.4) and symmetrizing with respect to the smallest index we obtain
(3.25) with K = 281, O

Let us now consider a typical graph appearing in the process of renormalization, that
is, with external legs carrying indices lower than the internal ones. The bound (3.25)
provides a good factor with respect to power-counting unless the index jump 6 = |m — |
is very small, typically 6 = 0 or 6 = 1. This ensures that if the lower index of a propagator
is smaller than the scale we look at, the index is conserved along its trajectory for power-
counting relevant and marginal graphs.

Unfortunately, that estimation does not carry any information when the lower index
is larger than the scale. It leads to a difficulty for graphs which possess completely inner
vertices. Therefore, we have to find estimates for propagators with a sum over the index
[. The next section is devoted to these bounds.

12



3.3 Bounds for sums

Now we want to prove that the summation of the propagator Gmp 1pmis Over I, form
and p kept constant, gives the same power-counting as in the previous section. The proof
relies on a more accurate estimate of the sum in (3.9).

Theorem 3 For ) € [0.5,1) there exists a constant K such that we have the uniform
bound

Z Gmp Lt < < KM~ 26—%1\/1 ‘el (3.34)

l=—m

Proof. The first slices, say i < 16, are trivial to treat. Using (3.17) we have

2
szM

K mS S
Z Gl it < o [[m +p° + De” Lmept) (3.35)
l=—m s=1
Then, the estimation follows from
($+ 1)6—1—15QM—1¢ < (60;;4 6—9%'[0_i_1) e 21()QM x (336)

This method fails in the limit ¢ — oco. Thus, for large 7, we have to estimate the
propagator (3.6) more carefully, now putting A — p—m — [ and [ — m + 1. Without loss
of generality we can assume p > m. We have to divide the range of summation into three
parts according to the smallest index. Using (3.26) we estimate

_(_4ovTi-—a mr i % Xm-u  ymH-u
S \4Q+ (1 - Q)% m—u)! (m+1—u)!
Ym—i—l U

l=—m u= O
m Xm—u L Xp—l-v ypr—v
) e Ty T Z

= = (p—1—v)(p—0)

1! ! 49\/1—oz 4Q+(1—Q)2a

=0

—1
xh iyt (1—0?) 4001 —
<< —+Z_ exp(m+p <a a ))
[

(a(1—92)(m+p+l)

!
p —_ 7 2
80VI-a ) (1—-97) 1 401 — «
<22 I e:x;p((m%—p)oz<749 —1_a+aln49+(1_9)2a :

z (3.37)

_ a(1-02)(p+m—1) _ a(1-92)(p+m+D)
where X = W and Y = W
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We can now divide the sum over [ into two regions corresponding to [ < (26—3)(p+m)
and [ > [(26 —3)(p+m)] = (26 — 3)(p + m), where [z] is the smallest integer which is
larger than x and 3 > % will be determined later:

(28-3)(p+m) (a(l—ﬂ2><ﬂ—1>(m+p>>l , <a(1—92)((ﬁ—1)l)>l
40/ 1—« 40/ 1—a(26-3
Z< ) T + > 0 . (339)

1=0 ’ I=[(28-3)(p+m)]
We extend both sums to infinity and use in the second one the identity (3.28):
1-Q? (a1l = )e(B 1)
dexp( 00D ep)) | $5 (DG gy
401 — « — \4Qv1 — (26 - 3)

M—15(1-02)e(-1)

For 3 = 5= one confirms VI 25 ) < 1 for Q > 0.5:
1.3
1.2
ol MI5(1-02)e(5-
0.3 Q4 05 06 07 0.8 09 The function AOVT-M - 10(2ﬁ for (3.40)
: _ 39 :
z 8 = 5= plotted over .
0.
0.6
On the other hand, the following plot shows that gg 4% \/Sf—a + = 1 4943 Vllﬂi‘ga —%Q for
a < M~ and Q> 0.5:
Comparison of MlﬁE% (2, M~16)
-0.2 (the lower curve at large €2) with
2
-0.4 7(1583 ) _ %Q, both plotted over (3.41)
0.6 '
This finishes the proof. 0

The previous estimation for the summed propagator is still not enough for the renor-
malization proof, because the index sums are entangled in the graph. We have to prove
that the exponential decay is still achieved if for given summation variable | we maximise
the other index p:

Theorem 4 For ) > 0.58 there exists a constant K such that we have the uniform bound

(e}

max G'
p>max(1,0) m,p—lip,m+l ™S

< KMt aM 7 Iml (3.42)

l=—m
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Proof. Again, the main estimate (3.17) guarantees the desired behavior (3.42) for the
first slices, say ¢ < 16. For [ < 0 the maximum is attained at p = 0 so that we are in the
situation of (3.35) and (3.36). For I > 0 the maximum is attained at p = [ so that the
[-sum leads to a geometric series. Here, it is important that ¢ is bounded.

For i > 16 we have to proceed differently. We divide the domain of summation
according to the smallest index at the propagator:

o0

max = E max -+ E max + E max + max -+ max .
p>max(l,0) ; o<p<m+I1 m+l<p<m p=m l<p<m+l — p=m+l
=—m

l=—m

l=—m

(3.43)
We now obtain from (3.6) and (3.26)

[e.e]

max G
. p>max(l,0) mp Lipmtl
=—m

-1 m+p P —l—v —v
4041 — XP Yy?r
S Z hax ( 042 ) Z
L= osp<mtl \ 49 + (1-9Q)>2« —p—l-v)!(p-v)!

. i - 4Qm m+p mZ‘H X m-u ymti—u
X
mti<p<m \ 4Q + (1 — Q)2 — (m—u)! (m+1—u)!

-1 4Qm m+p m+l xm—u y mH—u
+Z <4Q—|-(1—Q) ) Z(m—u) Lim+1—u)!

u=0

. i . 10yT—a "7 % Xplv oy
— I<p<mt 404 (1 -Q)2«a —p—l-v)!(p—v)

= 4Qm mtp m Xm—u Ym.H_u
+;p§%§l<4ﬂ+(1—ﬂ)2a) ;(m—u) L(m +1 —u)!

a(l—QQ)(p-i-m—i-\l\)) I

(1—0?) OV1I—a 80vI-a
lzzlmaxexp <(P +m)a (491\/7—& + é In 4Q4+ (11_ Q)Qa)) ( ﬁ

(3.44)

a(1-02)(p+m+l) !

= (1-9% 1 401 — « <—sgm )
* ;r???{em <(p+ mja (49\/1 — TaM i (-0 I ’

(3.45)

_ a(1-02)(p+m—1) _ a(1-92)(p+m+D)
where X = W and Y = T Rovi—a
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1
i (%) at p = % — q. We need this

The function e~ Jlr!q) attains its maximum e¥4 ! L
property for ¢ = m + |l and
a(l—Q?) 401 — «

= — —1 > 0. 3.46
T T o QT (1-Q)2a (3.46)

However, we have to take into account the range of p. If L —q < 0in (3.44), then the
(p-i"Q)
1

function e P is monotonously decreasing for all p > 0 so that the maximum is at
p = 0. Otherwise we have to insert the specific maximum. This means that we split the
sum over [ in (3.44) into two pieces

o || < —7 where we insert p = 0. Actually, we can safely extend this sum from 0 to
m, still keeping p = 0.
o || > 1%, where we insert p = =) -
This gives

a(1—92><p+m+m>> g

(1-02?) AVAI 80VI—a
lzzlmaxexp <(P+ m)a (491\/7—& + é In 4Q4+ (11_ Q)Qa)) ( ﬁ

/

. a(1=02)(m+1) \!
1-9%) 1 401 — « 801—a
gZexp ma| ——=+ —1In
401 —a o 49+ (1 —-9Q)2« [!
a(1-92)1

— (2 OV1—a 80 vI—a |
(a1 e Y ()

=0

lwm

For the first sum we are in the situation of (3.37) with m — 0, p — m so that we can
bound that sum according to the steps leading to (3.34) by a constant times e_%gma, for
Q> 0.5 and o < M6, In the second sum we use (3.28) so that, for some number ¢ > 0,

a(l—Q2)l))l

“ 1-0%) 1 401 — « <8wr-a
g exp| —l—al| ———=+—In 5
= OVT—a o 40+ (1-9)2% Il
m 1 — Q2) ety m 1 _ QQ) ety
< —el ( e EYm 3.48
S () e 5 () e

In the numerator we can bound v by %, otherwise the sum vanishes. Moreover, we choose
e = 15. We then see from (3.46) that the following condition is to prove:

— — o 2
BVI-—a _ 8QVI-a 40+ (1-Q)a 2 >1. (3.49)

a(l—02)ete  a(l —02)e g 401 — ets
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This function is monotonously decreasing in « so that it is sufficient to check it for
a = M~16:

¢ The function
8 8QV1-—M 16 In 10+(1-Q)2M-16 5
M~=16(1-02)e o A0V1-M 16 15 (3.50)

plotted over (2.

o5 06 0.7 0.8

We see that it is sufficient to have Q > 0.58. Moreover, —eym = m(= E1(Q, @), where

Ey is given in (3.20). We then know from (3.23) that for o € [O,M 6] and Q > 0.58,
—eym < —z5am. This shows that (3.44) leads to the desired estimation (3.42).

We now pass to (3.45). The condition p > [ leads to a splitting of the [-sum at 1“’—%{
For smaller [ we have p = [:

a(1-02)(p+m+|l)) t

g%?fexp<(p+m)a(ﬂ+lln W1-a ))< et

OV —a a0+ (1-07a T
a(1—92)(m+21))l

(-2 1 401 — « < 801—a
Zexp m+ ) + In
4041 — « 40+ (1 - Q)2a !
a(1-02)1 )l

+ _Z exp <— —«al (4(5\;% + 1l 49432/1?;; )) <SQW\Z/;T“

(3.51)

1—2v

The second sum on the right hand side is identical to treat as in the previous case (3.44).

The first sum on this right hand side is split as in (3.38) at { = (6 — £)m. Compared with

M~16(1-0%)e(28—2
49\/1(_M,1)6((2§_3)) < 1 for Q > 0.58. We can take g = 2

\ 1.1

0.3\ 0.4 0.5 0.6 0.7 0.8 0.9

(3.39) we now have to achieve

M—15(1-02)e(-1)
4QVI—M 16(23-3)
8= g plotted over 2.

The function for

(3.52)
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On the other hand, the following plot shows that 2 4%\_/% <1In $ % < —5:0 for
a < M1 and Q > 0.58:

0.2
Comparison of MlGEg(Q, M~16)

-0.2 (the lower curve at large ) with (3.53)

0.4 (IESQ) — 39, both plotted over Q.

-0.6

The [-dependence of the argument of the exponential in the second line of (3.51) can be
ignored. This finishes the proof. 0

3.4 Composite propagators

This section is devoted to the proofs of bounds on the composite propagators introduced
in [5]. We define their sliced versions as follows:

i(0) _ (i i
Qi ottt =G 1 =G, (3.54)
m2'n2n2m2 m2:5n21n21m2 0°'n21n2°0
i(1) i(0) 1 i(0) 2 i(0)
le nl nl ml = le nl nl ml -m Ql nl nl 1 -—m QO nl nl 0> (355)
m2’n2;n2’m2 m2”n2;’n2’m2 0”n2;’n2’0 1’n2;’n271
1
7'(5) _ i /1 %
Qm1+1 nlil nl ml Gm1+1 nl4l nl ml = m-+ 1G1 nl41 nl o - (356)
m2 0 n2 p2> m2 m2 0 n2 1p23m2 0° n2 'n2°0

Theorem 5 For M according to (3.11) and (3.10) there ezist constants K; such that for
Q€ 0.5,1) and m < M*, we have the uniform bounds

, ol 2 B
‘Qifﬁ) o < KoM Y i) (3.57)
m2m2in2s 2 M
i(1) [ mt +m? 2 Q Ar—i(nl4n2
QY L I SKKMT [ ] e nM T (3.58)
M2 1202 m2 M
i(L (mtmE41 82 .
‘Qr(ﬁ)ﬂ nl41 nl ml < K2M (T) € 5 M H+n) . (3.59)
m2 0 n2 n2 m2
Proof. There is no need to discuss the first slice. From (3.4) we have
o (M (1 )ﬁ
i — )80 o o o
Q(Ol)ll 1= 5A dOKi(((l)lll_Gé)l 10)G(2‘)222
T m25 2 8 Jar—i (1 + Ca)2 me,n,nTm LA me,ne,ns,m
+ G(()(,)lr)Ll,nl,O (Gfﬁfg,nQ,nQ,mQ o Gf)?lr)L?,n2,0) : (360)
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Taking (3.17) into account, it remains to obtain estimations for Gq(q?)nnm — G((fg,mo. From
(3.2) we have, expressing m + h by n,

G — G5

m,n,n,m

D) ()0 (S Y

u=0

The (u = 0)-part of the sum and the separate term —1 yield

() - () R ()

3

1+ Ca + Ca 1+ Ca

I
o

J

(3.62)

m—v

Next, using (v +1) = m(?) and our central estimate (?) < ™ we have

S0 )

S0 ) S0 )
e R Ty
(1-Q)2 a(l =) (m+n)

< _— . 3.63
RToN e v < 10V —a ) (363)
Inserting (3.62) and (3.63) back into (3.61) we obtain for o < M ! the estimation
1+ Q)2 (1-Q)? )
G G( am ( +
‘ m, n M 0,n,n 0‘ ( 40 4Qm

X exp (om <4$J%_2)a b gﬁﬂ)z)) C (3.64)

Comparing (3.64) with (3.19) we obtain in (3.57) the same restrictions to §2 as in Theo-
rem 1.

19



To approach (3.58) we consider

. 2
o' _ 0o a(l—a)%e
My it 8Q (1+ Ca)?

X <<G£:1),n1,n1,m1 o Géfgl,nl,O B ml (Gg(,)gl,nl,l o Gé?érzl,nl,O)) Gi:g,nQ,nQ,mQ
+ ml (Ggizl,nl,l - G(()?{Y)Ll,nl,O) (Gv(ﬁ?g,n2,n2,m2 - G(()?[722,n2,0)

+ G (G = G g = MG = Gl ) )

0,nt,n10 m?2,n2,n2 m?2 0,n2,n2,0
(3.65)

The third line is estimated by (3.64). In the other lines we have for n > 1
‘GS’)?L[,)TL,H,T)’L - Gg)?;z,n,O - m(Gg?QL,n,l - G(()?Qb,n,O)‘

() () ()

14+ Co

() (i)

()R OO RS e

u=2

L=

1+ Co

In the third line we use n% < exp <na g%). The further procedure is as

before.
Finally, we consider

Qi(%)
ml+1 nli41 nl ml

m2 0 n2 'n2'm
A 24
‘9 M 1 -« % a / a «
= 8_Q do ((1 + C’)Oé)2 <(G£n,1)+l,n1+1,n1,m1 —vm!+ 1G§,721+1,n1,0) G1(712),n2,n2,m2
M-t
+vm! + 1G§?21+1,n1,0 (Gv(ﬁ?g,n2,n2,m2 - G((]?‘Y)LQ,H2,O)> : (367)

The estimation for the second line of (3.67) is immediately obtained from (3.64) and
(3.25). In the second line we have

}Gggj-l,n—i-l,n,m —Vvm+ 1G§?2+1,n,0}

() S T ) ) ()

=0

VT (et ) ‘ () e
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We use the estimation N a) < exp (—na 49\_/51)_—(1) and proceed along the same

lines as before.
This finishes the proof. O

4 Perturbative power-counting

4.1  Ribbon graphs

Consider a given ¢*-ribbon graph G with N external legs, V vertices, I inner lines and
F faces, hence of genus g = 1 - %k(V — I+ F). There are four indices {m,n;k,l} € N
associated to each inner line :% of the graph and two indices for each external line,

hence 41 +2N = 8V such indices. But at every vertex, the left index of a ribbon coincides
with the right one of the next ribbon. This creates 4V independent identifications, so we
can write the indices of any propagator in terms of a set Z of 4V indices, four per vertex,
for instance each “left” half-ribbon index.

The amplitude of the graph is then the sum

Ag = Z H G s (T),ns (D)iks (Dl (T) Oms—ls,ms—ks » (4.1)
I 0eG

where the four basic indices of the propagator G for a line § are functions of Z called

{ms(Z), ns(Z); ks(Z),15(Z)}
The scale decomposition of the propagator being

G = i G, (4.2)
=0

we have an associated decomposition of any amplitude of the theory as

Ag = ZAG,M : (4.3)

ZH s ()15 (T):es (D)1 () Oms (D) —1s(D)ins (D)—ks(T) > (4.4)
T 6eG

where p = {is} runs over all possible attributions of a positive integer is for each line 4.
Such a p is therefore called a scale attribution.
We recall our two main bounds on the propagator

jn,n;kl < KM~ tg—eM™ Z(||m||+||n||+||k||+|\l||) (4.5)
Zmezx Gy S K'M e —IM (4.6)

for some constants K, K’ and ¢, .
A considerable fraction of the 4V indices initially associated to this graph is determined
by external indices of the graph and the o-function in (4.1). The undetermined indices
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are summation indices. Perturbative power counting for a graph consists in finding the
indices for which the summation costs a factor M2, and the ones for which it costs only
O(1), thanks to (4.6). The factor M? follows from (4.5) after summation over some
index® m € IN?,

> i 1 M? 4
Z —eM~i(m'+m?) _ = 1+0O(M™). 4.7
ml m2:06 (1 —e—cM™)2 c? (1+0( ) (47)

4.2 Dual graphs

We first want to use as much as possible the d-functions in (4.1) to reduce the set Z to
a truly minimal set Z’ of independent indices. It is convenient for this task to consider
the dual graph for which the problem becomes analogous to an ordinary problem of
momentum routing.

The dual graph of a ribbon graph is obtained by associating to each face a vertex
and to each vertex a face. Every line bordering two neighboring faces is replaced by a
line joining the two corresponding vertices of the dual graph. Hence, the genus does not
change under this duality. We shall write V' = F| F' = V for the number of vertices
and faces of the dual graph (dual quantities are usually distinguished by a prime). If the
initial graph is a ¢*-graph, i.e. has coordination 4 at each vertex, we have 4 = I/ + Ny for
each face f' € F’, where I/ and Ny denote the numbers of edges and external valences,
respectively, which belong to f’. The coordination at the vertices of the dual graph is
arbitrary:.

The construction of the dual of a graph goes as follows: First, for each oriented face
of the original ribbon graph, draw an oriented ribbon vertex by assigning

e to a single line of a propagator of the original graph an internal valence of the dual
vertex,

e to an external valence of the original graph an external valence of the dual vertex,

respecting the order according to the arrows on the trajectories. In the second step
we connect the valences by the duals of the propagators of the original graph, which is
obtained according to

dual line

m

line

n

°Remember that there are two symplectic pairs, one for spatial dimensions 1 and 2, and the other for
spatial dimensions 3 and 4.

22



Let us consider the following example of a ribbon graph with a single face:

ny (4.9)

The above rules lead to the following dual vertex:

milin

. 2 F
rmy ne g
e Mg

. : (4.10)
q VAR AN

s SN,

g/;// \\i\\q
TANRN
ror rllp T SO

Now we connect the valences by the duals of the propagators of the original graph, i.e.
nyq with 'q’, qr with ¢'my and nym; with rr':

TN
/ 7 \\ ~
NS TARVANN
ml/ /n24 AN
NIy L mg \ \
///// e \\ \
G T KT
/T ANNG TN 1
(C 70N ) ) (4.11)
1
NIy
S ST
~— — s
( { \‘—‘\’\ // / / /
N~ A /
\\\\_——:// S
TR s
— //

The dual graph is made of the same propagators as the original graph, onkly the index

assignment is different. Whereas in the original graph we have G,,,.;y = ——, the index

m 1l
assignment for propagators in the dual graph is
Ik
Gkt = pa— (4.12)

The conservation rule d,,_; _(x—p) in (4.1) now states that the difference between outgoing
and incoming indices of the half-propagator attached to a dual vertex, namely m — [, is
conserved as minus the corresponding difference £ —n at the other end of the propagator.
Actually, these index differences describe the angular momentum, and the conservation
of these differences ¢ = m — [ and —¢ = k — n is nothing but the angular momentum
conservation due to the SO(2) x SO(2) symmetry of the noncommutative ¢*-action. Thus,
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taking the incoming indices as the reference, the angular momentum through the dual
propagator determines the outgoing indices:
¢

-

l k

m=10+0, k=n+(-0). (4.13)

m n
—T
In the same way, there are external angular momenta ¢ which enter the dual graph
through the external valences. We shall also use the incoming arrow as the reference
so that the angular momentum is the index difference between outgoing and incoming
arrows. Furthermore, by cyclicity at any vertex, the sum of all incoming differences at a
vertex, i.e. the sum of incoming angular momenta, must be zero. Of course, this implies
that the total external angular momentum entering a graph is zero, too.

Thus, the angular momentum for the dual graph is exactly like the usual momentum
in an ordinary Feynman graph: a momentum that goes out like p at one half-end, must
go out as —p at the other half-end, and the total momentum is conserved at any vertex.
(In Feynman graphs this follows from translation invariance.) It should be stressed that
one has to take into account positivity constraints for the angular momenta ¢: they lie in
7., but all indices m,n, k,l must be positive integers.

We therefore know that the number of independent index differences is exactly the
number of loops L’ of the dual graph. For a connected graph, this number is L' = I—V'+1.
Furthermore, each index at a vertex is clearly only a function of the differences at a vertex
and of a single reference index for the dual vertex. If the dual vertex is an external
one, we take as the reference index the outgoing index at one of the external legs. If
the dual vertex is an internal one, we have to make a choice (determined later) for the
reference index. These internal vertex reference indices correspond to the loop variable
of the original graph. Therefore, after using the conservation rules or d-functions of each
propagator, the number of independent indices to be summed for every graph is simply
V'I— B+ L' =1+ (1— B). Here, B > 1 is the number of boundary components of the
original graph, which coincides with the number of external vertices of the dual graph.

Expressing each index in the graph as a function of a set Z’ of such independent indices
is therefore identical to the problem called momentum routing in a Feynman graph. It is
well-known that the solution is not canonical or unique. A good way to root the momenta
is to pick a spanning tree 7,, of the dual graph, with V' —1 lines, and to use the complement
set £, as the set of fundamental independent differences. The subscript p refers to the
choice of the tree which depends on the scale attribution p in (4.4).

4.8 Choice of the tree

A given scale attribution p = {is} defines an order of lines in the dual graph. We define
GL< 0 <. <O 0 g, Sigy <. <, (4.14)

In case of equality we make any choice. Let 67 be the smallest line with respect to this

5T
51

order which is not a tadpole, and G be the corresponding propagator. The

merinsTiksT LT
6 7Uof o1 o
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line 67 will then connect two vertices vy and forms the first segment of the tree. We let
pr =\ (6 U---U6T) and 7, = 67 Uv] Uy,

In the remaining set j; of lines we identify the smallest line 67 of y; which does not
form a loop when added to 7;. We define py = p\ (6; U---Ud2) and

o T, =T, U] Uvy if 67 connects a vertex vy to 7y,
o T, =7,Ud] UvS Uwy if 67 connects two vertices vy ¢ 7.

In the n't step, we identify the smallest line 52 of p,,_; which does not form a loop
when added to 7,,_;. We define p, = p\ (6; U---U§L) and

o 7, =T, UST Uvt if 67 connects a vertex v} to 7,1,
e 7, =T, 1 UST Uuvt Uw, if §7 connects two vertices v & 7, 4,
o 7. =T, U 5,{ if 527 connects two disjoint subsets of 7,,_;.

The (V' — 1)*™ step leads to the desired tree 7, = Tyr—1. The importance of this construc-

tion is the fact that any line 5]-5 € L, which connects different vertices vj-E of the tree has

a scale index igc which is not smaller than any scale index of the lines in the tree which
J

connect v;-—L. Such a tree optimization for a given scale attribution is one of the most basic
tools of constructive field theory [10], so it is an encouraging sign that it appears also here
in a natural way.

In the graphical representations we distinguish the tree by triple dashed lines.

4.4 Index assignment for a tree

For the previously constructed tree 7}, we select one of its B > 1 external vertices as the
root vy of the tree. We relabel the vertices in the tree such that all vertices in the subtree
above a vertex v, have a label bigger than n.

The order (4.14) of the lines of the graph provides us with a convenient position for
the main reference index m at each vertex. If v is an internal vertex, we let §, be the
smallest line in (4.14) which is attached to v. By construction of the tree we know that
either 0, is a tadpole, or it belongs to the tree. We choose the outgoing index (without
the arrow when viewed from the vertex) of this particular line d, as the main reference
index m,. We let G be the set of lines at which a main reference index resides. It
is possible that both outgoing indices of a line §, = §,» attached to v and v' are main
reference indices. In this case we let ¢, appear twice in Grq. Thus, Guq consists of V' — B
elements. If v is an external vertex, we take as the “main reference index” the outgoing
index at any external leg. The following graph shows a typical situation of a tree and its
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main reference indices, assuming absence of tadpoles and B = 1:

U5 m
\\k\\\ 7
(NN a
vy \\\\\ /////
N\, v
Jy ﬁ\/ \\7k\
\
Moy \\\\\ Mvr \\\\\\ Mus vy
\ g
- it A\ V4 (4.15)
U3 St~ W\ \\\mv2/// -
SSTme ey W
Mug ~=Jv i
N 1‘\ L2 7
\\\\ N /////4
NN /,///
\R\\ l;///

One can now write down every index in a unique way in terms of
e V" — B main reference indices m,,,

e [’ internal angular momenta {5 for the set £, of “loop lines”

e B main reference indices at external vertices,

e N external angular momenta g, for the set A/ of external lines.

The rule goes as follows. One writes first the indices for all the “leaves” of the tree,
that is the vertices (distinct from the root) with coordination 1 in the tree (i.e. vertices
vs, s, Ug, 7 and vg in (4.15)). For them, starting from the main index m, (at the left
of the unique line of 7, at v that goes towards the root, unless a tadpole at v has the
smallest scale), which agrees with the incoming index of the next line at v in clockwise
direction, we compute all other indices by turning clockwise around the vertex and by
adding the angular momenta (internal or external ones) associated according to (4.13)
with the loop lines 6y,...,d, and possibly external lines eq,...,,. This gives indices
my, + 01, my, + {1 + o, ... until we arrive at m, + {1 + - - - + {; 1 which is at the right of
the unique line at v that goes towards the root. Some of the ¢; could be external angular
momenta. Then we can compute the angular momentum associated to that line: it is
simply —(¢1 + - - - + {4 x). The following picture shows these assignments for a particular
“leaf”:

N
M\

\ 2]
\ \\mv+£1 //////7
43\ \ \\ +latls 7
\\ \ //////
s
________ g
________ = myHitlotlstly (4.16)

N
BTN
!/

1)

Having done this for all leaves, we can prune these leaves and consider the next layer
of vertices down towards the root (i.e. vertices vy and vy in (4.15)) and reiterate the
argument.
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Any summation index at a vertex v is now clearly equal to m,, plus a linear combination
of angular momenta /5 for the set of lines £, UN, hooked to the “subtree above v”, that
is the lines hooked at least at one end to a vertex v’ such that the unique path from v’ to
v passes through v.

We split therefore the set 77 of independent indices to be summed into the two sets:

e the set M, = {m,} of main reference indices at inner vertices, which consists of
V' — B elements,

o the set J, = {{s, 0 € L} of angular momenta, which consists of L' elements.

The amplitude of the graph G is now written as:

AG o Z Z H GZTSLE(Muyjp, nE(M;ujp,) ké(Muyju) lé(Muyjp, (M/’“ \7“> ’ (417)

© M,u,,Jp, e

where the sum over M, is over positive integers, but the sum over 7, is over relative
integers and the function x(M,, J,) is the characteristic function which states that all
the functions {ms(M,, T.), ns(M, Tp); ks(M, Tu), ls(M,., T,) } are positive. The de-
pendence of Ag on the external indices (B reference indices at external vertices and N
external angular momenta) is not made explicit.

4.5 Power-counting

Our goal is now to prove that sums over difference indices can always be performed
through (4.6), hence at no cost, using precisely the propagator G to perform the sum
over the angular momentum fs. However, as the angular momenta are entangled, we
need appropriate maximizations of the other G% over £5. These maximizations require a
carefully chosen order. For processing the angular momenta, all main reference indices
M, and the external indices are kept constant.

We start with the highest labelled leaf v = vy according to the previously defined
order of vertices. Let this vertex carry loop lines with corresponding index assignments
according to (4.16). We first assume that J4 is not a tadpole. Then, we should sum
over (1,0, 3 after the {4,-summation, i.e. {1, /s, (3 are constant with respect to the /4-
summation. This guarantees that at least one side of the lines 41, d9, 03, namely the side
attached to v, is independent of ¢,. We would thus maximise the lines in the tree over
{4, but possibly also the /4,-dependence of the other ends of d,do, 3. Looking e.g. at d3
which connects v with v’, the corresponding propagator would be

3
Gmy—l-h +lo.k =235k s my+L1+la+-L3 0 (418)

see (4.12). Note that the incoming index viewed from v’ is always the reference index,
labelled ks in this case, and the corresponding outgoing index is obtained by adding the
opposite angular momentum —/¢3. The reference index k, is either independent of ¢4 or
ky = kY & ¢4 for kY being independent of ¢4. Thus, the maximization of G over ¢4 and
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possibly over other angular momenta ¢;, j > 4, is precisely of the structure in (4.6). Later,
it will be essential that concerning the f3-summation to be applied to G* we keep ¢, and
¢y constant, because k,» might also depend on ¢; and/or f5. After having maximized all
other propagators over ¢, we restrict the ¢,-summation to the line d,, which connects v
to v” and corresponds to the propagator

Gi;llu+€1+€2+€3,kvn—54;kv//,mu+£1+£2+€3+€4 : (419)
Here, there might be previous maximizations of k,» over ¢;, 7 > 4, which we can bound by
the maximization of (4.19) over all k,». To that maximized propagator we apply for given
1,0y, 3 the £4-summation. Later, when applying in the same manner the ¢;-summations,
j =1,2,3, to G%, we have to maximise the previously processed G* over (i, /s, {5. In
other words, the line ¢, and the ¢,-summation taken at the correct place yield, see (4.6),

4 —i4
511115221)53 (Z (ﬁI]n]a>X4 va +l14+-lo+L3, ki (€5)—Lask i (L), my+01+L2 +€3+£4) ) < KM . (420)
k) k) 64 b}

To summarize, we can estimate the ¢;-summations restricted to the line 6; at the
highest-labelled leaf by (4.6) if all angular momenta ¢ associated with those lines
which are encountered before ¢; when turning clockwise around the leaf (starting from
the main reference index) are kept constant. It is not difficult to convince oneself that
the same rule also holds for tadpoles.

Now we remove the highest-labelled vertex vy_; and look at the highest labelled leaf
vyr_g of the reduced tree 7 \ vys_;. Let it be again represented by (4.16). We continue
to label the lines at vy/_5 in clockwise order from the distinguished main reference index.
Lines which belong to 7 and lines attached to vys_; are left out, because their angular
momenta are already identified. These previous angular momenta can be considered as
fized external ones which are summed after the new angular momenta at vy:_o. Clearly,
the same rule as above, namely to sum later over those angular momenta which are
encountered earlier in clockwise order, allows us to use (4.6) for the summation over the
new angular momenta at vy _s.

We repeat this procedure until we arrive at the root vg. The result is a bound for the
J,-summation in (4.17). There, all propagators which correspond to tree-lines § € 7,, are
maximized over J,. For tree lines where all indices depend on J,, the bound, due (4.5),
is given by

WA G (M, ) ms (M T ks M T s Mt ) S KM 0 €Ty 0 ¢ Gy (4:21)

If one of the indices of 0 € 7, is a main reference index at v, we have

< KM se=M 2l - seT seg,.
(4.22)

i5
AX G (Mo )ik (Mo T I (M )
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If two indices of ¢ are main reference indices at v,v’, we have

i —i5 =M~ (Imol|+[mo’|l)
H}%X Grf”mna(Muvjuﬁmv'7l6(Muu7u) < KM™"e ! 0 € 7; ! 0 € gu \ 0.
(4.23)

Next, each summed propagator which corresponds to a line § € £, delivers according to
(4.20) a factor KM~

Log1rnlys

7 Iy r—1
AR (Z ( max Gﬂia(Ju\fa)ma(Ju\ea)—fa;ka(ju\fa),la(Ju\ea)-i-fa)) S KM
Ls
§e€L,, 6¢G,. (424

In the case that §; € £, is a tadpole at v which has the smallest scale index among the
set of lines at v we obtain from (4.6) the bound

loy1rnlps

i 1 f—ts ,—¢' M7 ||my||
max (Z ( max Gﬂiv,"5(ju\fa)—56§k5(~7u\€5)715(~7u\55)+55)) SKM™e )
Ls
bel,, 6eg,. (4.25)

Eventually, there will be indices m., n. which are fixed as external ones. Each one delivers
according to (4.5) an additional factor e=*M “lm=l and e=eM~*“lnell respectively, because
these decays cannot be removed by maximizing loop momenta. For external indices which
are not connected to internal lines we put ¢ = 0.

Altogether, the [J,-summation in (4.17) can be estimated by

Ag < Z Z H 6_0M7i5'||mv(5/)|| (H KM—Z'5>

12 ml,...,mvszE]NQ 6'€Gy 6eG

X (ﬂ e‘CM‘iEIImsH) (ﬂ e—cM-ifuneu> 7 (4.26)

e=1 e=1
where m, sy is the main reference index at ¢’ € G,. After summation over my,...,my_p
we have
K1 N N
Y i 25 5o g —cM =i ||me|| —cM ™ ||ne||
AGng(VW—B) <M sea 6) <M 5'€Gy 5) (He )(He ) :

7 e=1 e=1

(4.27)

The dangerous region of the sum over the scale attribution is at large scale indices.
To identify this region, we associate to the order (4.14) of lines a sequence of subgraphs
Gr C Gr—1 C --- C Gy = G of the original ribbon graph by defining G, as the possibly
disconnected set of lines d,, > 6., together with all vertices attached to them. To G,
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we associate the scale attribution s, which starts from an irrelevant low-scale cut-off
iy—1 < iy. We conclude from (4.27) that the amplitude A¢  corresponding to the subgraph
G, diverges if

w, =2V, - B,)— I, =2F, — 2B, — L, = (2— %) = 2(2g, + B, — 1) (4.28)
is non-negative, where N, V,, I, = [ —v+1, F}, and B, are the numbers of external legs,
vertices, edges, faces and external faces of G, respectively, and g, = 1 — %(V7 -1, +F,)
is its genus. We have thus proven the following

Theorem 6 The sum over the scale attribution p in (4.27) converges if for all subgraphs
G, C G we have wy, < 0.

For the total graph v = G the power-counting degree becomes w = (2— %) —2(29+B-1),
which reproduces the power-counting degree derived in [8].
We consider in Appendix B a few examples for the sum over the scale attribution.

4.6 Subtraction procedure for divergent subgraphs

The power-counting theorem 6 implies that planar subgraphs with two or four external
legs are the only ones for which the sum over the scale attribution can be divergent. These
graphs require a separate analysis. We first see from Theorem 2 that

e only those planar four-leg subgraphs with constant index along the trajectory are
marginal,

e only those planar two-leg graphs with constant index along the trajectory are rele-
vant,

e only those planar two-leg graphs with an accumulated index jump of 2 along the
trajectory are marginal.

For the other types of graphs there is a sufficient power of M ~* through the terms (M ~)°
in (3.33) which makes the sum over the scale attribution convergent.

For the remaining truly divergent graphs one performs similarly as in the BPHZ scheme
a Taylor subtraction about vanishing external indices. For instance, a marginal four-leg
graph with amplitude A,,;,.nk:k10m i written as

Amn;nk;kl;lm = (Amn;nk;kl;lm - AOO;OO;OO;OO) + AOO;OO;OO;OO . (429)

The difference of graphs A, nk:ki:im — Ao0:00:00:00 can be expressed as a linear combination
involving the composite propagators (3.54). See also [5] for more details. Then, the
estimation (3.57) provides an additional factor M ~* which makes the sum over the scale
attribution for the difference A,n.nk:kiim — Ao0:00:00:00 convergent.

Eventually, there remain only the four divergent base functions Aoo.00.00.00, Aoo 0o,
00’00°’00°’00 00’00
—A

0.00)and Ai1,00, taking into account the symmetry properties of the model.
0’00 00’00

(Al0,0l 0
00’00 0
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These are normalized to their “experimentally” determined values: the physical coupling
constant, the physical mass, the physical field amplitude and the physical frequency of
the harmonic oscillator potential, respectively.

At the end, any graph appearing in the noncommutative ¢*-model has an amplitude
which is uniquely expressed by four normalization conditions as well as convergent sums
over the scale attribution. Thus, the model is renormalizable to all orders.

5 Conclusion

For many years, noncommutative quantum field theories were supposed to be ill-behaved
due to the UV/IR-mixing problem [3]. Meanwhile, it turned out [8, 5] that at least
the Euclidean noncommutative ¢j-model is as good as its commutative version: it is
renormalizable to all orders. In fact, the noncommutative ¢j-model is even better than
the commutative version with respect to one important issue: the behavior of the (-
function.

It is well-known that the main obstacle to a rigorous construction of the commutative
¢3-model is the non-asymptotic freedom of the theory. The noncommutative model is very
different: The computation of the S-function [11] shows that the ratio of the bare coupling
constant to the square of the bare frequency parameter remains (at the one loop level)
constant over all scales, g = const. (This was noticed in [13].) As the bare frequency
is bounded by 1, this means that the bare coupling constant is bounded. For appropriate
renormalized values, the coupling constant can be kept arbitrarily small throughout the
renormalization flow. We are, therefore, optimistic that a rigorous construction of the
noncommutative ¢4-model will be possible.

In this paper we have undertaken the first important steps in this direction. We have
formulated the perturbative renormalization proof in a language which admits a direct
extension to constructive methods. More details about our program are given in [14].
Moreover, our new renormalization proof is much more efficient than the previous one
(by a factor of 3 when looking at the number of pages). Eventually, we have established
analytical bounds for the asymptotic behavior of the propagator which before were only
established numerically.

A The case 0 =1

Our proofs do not apply to the case 2 = 1, because the scale parameter becomes M =1,
see (3.11) and (3.10). However, the case {2 = 1 can be directly treated. According to
(3.2), only the terms with u = m = [ survive:

1
Gt = g/ da(1 — o) EH B0k Uml+lel) 5 5 (A1)
0
5ml5nk
_ . (A.2)
i+ G lmll + Nl + &+ 12+ )
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The exponential decay of the propagator in any index is easily obtained from (A.1) for
all slices. Moreover, the [-sum is trivial to perform due to the index conservation d,,; at

each trajectory.

B Examples for the sum over the scale attribution

We consider a few examples which underline the relation between (4.27) and divergent
subgraphs. The first one is:

(B.1)

The tree in the dual graph corresponds to i; < 79 and i3 < 74 and 7; < i4. For the particular
choice i1 < i < i3 < i4 of the scale attribution we have to compute according to (4.27)
the following sum, taking into account that the volume factor from the summation over
the main reference index is associated to i;. Weput z = M1, 0 <z < 1:

0o 14 i3 19 0o 14 i3

_ i+l
E:}:E :E:x—z‘1+z‘2+z‘3+i4 :E:E:E : -z Lt
et et L s o 1—xz
14=013=01i2=0141=0 14=013=012=0
00 4 ( i3 _ 9pistl i3 20312 )
=) Y (5 +is - '
1 —x)2 1—x 1—x)2
i4=01i3=0 ( ) ( )

$i4 _ 21.22'4-{-1 + 21:27;4-{-3 _ $3i4+4 7:4 x2i4+l)

P G e e 1wy

i4=0
1
= . B.2
(1 —2)?2(1 —22)(1 — 23) (B.2)
One can check that any order of scales i; leads to a convergent sum.
On the other hand,
LRy
Pt 1
A ’7/'//4 7N Z’j Ay
117 7 AN R s
N -V/é ,:://\\\\S:-.. ‘//// (BS)
- f\_—’ = __\‘\\
Al \\ N }/ \\\
7 \\\\\ 4'. ) \
\2\\\\\\‘ ////}
e N
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The tree in the dual graph corresponds to iy < 75 and 23 < 74 and ¢; < i4. For the particular
choice i; < ip < i3 < iy of the scale attribution we have to compute according to (4.27)
the following sum, taking into account that the volume factor from the summation over
the main reference index is associated to is:

SLhS Fig—iz+i N w
i tiz—iztia _ it
_ A& e — (1 + ) 2Bt i
_;)2:%( (1—2)*(1+x) )e
A 1 — i+l | 9giatd _ p2iatd it
_2::()2)( (1—2)3(1+x) _(1—x)2>
A 1 — 2z + 422
o R s
n A A2 . A2 4 g A3 AT 9  AHS 2046 (B4
(1—a)? (1—2)%(1 —22)?

Thus, although the graph is superficially convergent, there is a subdivergence given by the
subgraph made of propagators 3 and 4, which leads to a divergent sum over the scale
attribution. Therefore, the subdivergence must be treated first by Taylor subtraction at
vanishing momenta in the same way as in [5].
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