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Abstract

As a first application of our renormalisation group approach to non-local ma-
trix models [hep-th/0305066], we prove (super-) renormalisability of Euclidean
two-dimensional noncommutative ¢*-theory. It is widely believed that this
model is renormalisable in momentum space arguing that there would be loga-
rithmic UV/IR-divergences only. Although momentum space Feynman graphs
can indeed be computed to any loop order, the logarithmic UV /IR-divergence
appears in the renormalised two-point function—a hint that the renormalisa-
tion is not completed. In particular, it is impossible to define the squared mass
as the value of the two-point function at vanishing momentum. In contrast, in
our matrix approach the renormalised N-point functions are bounded every-
where and nevertheless rely on adjusting the mass only. We achieve this by
introducing into the cut-off model a translation-invariance breaking regulator
which is scaled to zero with the removal of the cut-off. The naive treatment
without regulator would not lead to a renormalised theory.
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1 Introduction

In spite of enormous efforts, the renormalisation of quantum field theories on the noncom-
mutative R? is not achieved. These models show a phenomenon called UV/IR-mizing
[1] which was analysed to all orders by Chepelev and Roiban [2, 3]. The conclusion of
the power-counting theorem is that, in general, field theories on noncommutative R
are not renormalisable if their commutative counterparts are worse than logarithmically
divergent. The situation is better for models with at most logarithmic divergences. Ap-
plying the power-counting analysis to the real ¢*-model on noncommutative R?, one finds
“that the divergences from all connected Green’s functions at non-exceptional external
momenta can be removed in the counter-term approach” (literally quoted from [3, §4.3]).
The problem is, however, that non-exceptional momenta can become arbitrarily close to
exceptional momenta so that the renormalised Green’s functions are unbounded. Although
one can probably live with that, it is not a desired feature of a quantum field theory.

We have elaborated in [4] the Wilson-Polchinski renormalisation group approach [5, 6]
for dynamical matrix models where the propagator is neither diagonal nor constant. We
have derived a power-counting theorem for ribbon graphs by solving the exact renor-
malisation group equation perturbatively. The power-counting degree of divergence of a
ribbon graph is determined by its topology and the asymptotic behaviour of the cut-off
propagator. Our motivation was to provide a renormalisation scheme for very general
noncommutative field theories, because the typical noncommutative geometries are ma-
trix geometries. The noncommutative R” is no exception as there exists a matrix base [7]
in which the x-product interaction becomes the trace of an ordinary product of matrices.
The propagator becomes complicated in the matrix base but as we show in this paper,
the difficulties can be overcome.

In [4] we have only completed the first (but most essential) step of Polchinski’s ap-
proach [6], namely the integration of the flow equation between a finite initial scale Ay and
the renormalisation scale Ag. In order to prove renormalisability the limit Ay — oo has
to be taken. This step is model dependent. We focus in this paper on the real ¢*-theory
on noncommutative R?. The naive idea would be to take the standard ¢*-action at the
initial scale Ay, with Ag-dependent bare mass to be adjusted such that at Ag it is scaled
down to the renormalised mass. Unfortunately, this does not work. In the limit Ag — oo
one obtains an unbounded power-counting degree of divergence for the ribbon graphs.
The solution is the observation that the cut-off action at Ay is (due to the cut-off) not
translation invariant. We are therefore free to break the translational symmetry of the
action at Ag even more by adding a harmonic oscillator potential for the fields ¢. We
prove that there exists a Ag-dependence of the oscillator frequency €2 with limp, o, 2 =0
such that the effective action at Ag is convergent (and thus bounded) order by order in
the coupling constant in the limit Ay — oo. This means that the partition function of
the original (translation-invariant) ¢*-model without cut-off and with suitable divergent
bare mass is solved by Feynman graphs with propagators cut-off at Ar and vertices given
by the bounded expansion coefficients of the effective action at Ag. Hence, this model is
renormalisable, and there is no problem with exceptional configurations.



We are optimistic that in the same way we can renormalise the ¢*-model on noncom-
mutative R* [8].

2 ¢*-theory on noncommutative R”
2.1 The reqularised action in the matriz base

The noncommutative R”, D =2/4,6,. .., is defined as the algebra RS which as a vector
space is given by the space S(RP) of (complex-valued) Schwartz class functions of rapid
decay, equipped with the multiplication rule [7]

(a*b)(z) = / % / dPy a(z4-16-k) b(z+y) e*Y | (2.1)

(O-k) =0k, ky =kt 07 ="

The entries 0*” in (2.1) have the dimension of an area.
We are going to study a regularised ¢*-theory on RY defined by the action

Splé) = [ aPn (59" (0.0 0,0 + 4026 )y0) # (O )o"0)) + 43 6

A
+ 0% dxpx0) ., (2.2)

which is given by adding a harmonic oscillator potential to the standard ¢*-action. The
potential beaks translation invariance. We shall learn that the renormalisation of standard
¢*-theory has to be performed along a path of actions (2.2).

Our goal is to write the classical action (2.2) in an adapted base. We place ourselves
into a coordinate system in which 6 has in D dimensions the form

6, 0 ... O
|V | R
0o 0 ... 0%

Now an adapted base of RY is
bmn(l‘) - fmlm (xh x2) fm2n2 (l’37 $4) s me/QnD/Q (xD_h ‘TD) ) (24)
m = (my,ma,...,Mpy2) € Ng, n=(ni,ng,...,npp) € N7 ,

where the base f,.,(71,72) € R2 is introduced in (A.6) in Appendix A.

The advantage of this base is that the x-product (2.1) is represented by a product
(A.8) of infinite matrices and that the multiplication by z” is easy to realise. This means
that expanding the fields according to

m,neN?
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the interaction term ¢ * ¢ x ¢ x ¢ in (2.2) becomes very simple. The price for this sim-
plification is, however, that the kinetic term given by the first line in (2.2) becomes very
complicated. In [4] we have extended the first stept of Polchinski’s renormalisation proof
[6] of commutative ¢*-theory to a renormalisation method suited for dynamical matrix
models with arbitrary non-diagonal and non-constant propagators. The kinetic term of
the action (2.2) fits precisely into the scope of [4].

2.2 Computation of the propagator in the two-dimensional case

For the remainder of this paper we restrict ourselves to D = 2 dimensions. The four-
dimensional case will be treated elsewhere [8]. Using the formulae collected in Appendix A
we first calculate the kinetic term in two dimensions:

d2
Gt = [ 5 (O fon * 00 fu + Befon O

+ %((mfmn) * (21fu) + (@2 fmn) * (@2f1)) + 115 Frm * sz)

Pr 1402 1+0?
:/—x(+—2fmn*(a*@+(_l*a)*fkl+ +2 fux(axa+axa)* frun
2m6, 07 h

2(14+02 21402 -
- ( 0% )fmn*a*fkl*a_%fkl*a*fmn*a"f’ﬂgfmn*fkl)
2(1+0?
1

2(1-02 2(1-02
- 7( 9 )‘V (n+1)(m~+1)dn41 k0m411 — %Vnmdnl,k(sml,l . (26
1 1

Defining

, 21492 1—Q2

=T VeSThe

with —1 < /w < 1, we can rewrite (2.6) as

(2.7)

—u? \/w (n+1)(m~+1) 6p11,£0mt11 — w2/ wnm On—1kOm—1, - (2.8)
Now the action (2.2) takes the form

Sa[g] = 2m0, Z (%QbmnGmn;kl%l + %¢mn¢nk¢kl¢lm) : (2.9)

m,n,k,l

Next we are going to invert Gy,,..1, 1.e. we solve in the two-dimensional case

Z Gmn;klAlk;sr = Z Anm;lkC:kl;rs = 5m7'5ns . (210)

k,1=0 k,1=0
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The indices m,n, k, [ of each term contributing to (2.8) are restricted by
m+k=n+1. (2.11)

Since the same relation is induced for the propagator Ay, as well, the problem to solve
(2.10) factorises into the independent equations

) 00
E Gm,m+a;l+a,lAl,l+a;r+a,r - E Am—l—a,m;l,l—i—aGl—l—a,l;r,r—i-a - 6mr . (212)

We define A0 = 0 and Gy = 0 if one of the indices m, n, k, [ is negative. For each
a we have to invert an infinite square matrix. We therefore introduce a cut-off N' with
0<m,n,k,l,r,s <N above. Our strategy is to diagonalise the massless kinetic term

N (W,a,w) N o,w)*
G( ) _ILLQZU +1,4 U'L(lJrl ) ’

m,m~+a;l+a,l
o=0

b= U = DU U o

To see what result we can expect let us consider the eigenvalue problem of N' = 4 + «
and o > 0:

Gg?m+a;l+a,l _ _U:U’Q(sgzll)
0=0
a+1—v —v/1(a+1)w 0 0
ol —VI(e+w a+3—v —/2(a+2)w 0
. 0 —v/2(a+2)w a+5—v —/3(a+3)w
0 0 —/3(a+3)w a+7—v L
Vat+1y/AT(v) 0 0 0
- —,/% Va+2,/AT¥ (v) 0 0
s 0 ~JiEs  Vars/ATw) 0
0 0 /e Vardy/ AT (v)
VaFIVATW) - 0 0
y 0 Vat2,/A5¥ (v) e 0 |
0 0 Va+3,/A3¢ T
0 0 0 Vatd/AT®
(2.14)
where
(n—1)w
A0 :—( Mm—1— ) >1 2.1
)= o+ =1 -0 G > (215)



Note that 0 < w := (y/w)? < 1. With the ansatz

n  L%%(v)
A (v) = — =2 Ly“(v) =1 2.16
n (U) a-n inul (’U) ’ 0 (U) ) ( )
(2.15) can be rewritten as
0=nLi*w)—(a+2n—1—v)L* (v) + w(la+n—1)L5"*(v) . (2.17)

For w = 1 we recognise this relation as the recursion relation of Laguerre polynomials [9,
§8.971.6]. We thus denote the L& (v) as deformed Laguerre polynomials, with L% (v) =
L%(v) being the usual Laguerre polynomials.

At given matrix cut-off N it follows from (2.14) and (2.16) that the eigenvalues v; are
the zeroes of the deformed Laguerre polynomial L3/

Ly (N =0, i=1,... N, (2.18)

)

)
pWow) _ pWaws _ [Da+MPGeN L5077 o vaw)
ji i ['(a+7)T(N)w? L5 ( i(N,Ouw)) Ni

F( j) a,w (W,a,w)

T'(h) a,w N,a,w
\/Zh 1 wh— 11£ a+h (Lh 1( ( )))

Inserting (2.19) into (2.13) and (2.12) we obtain for &« = n—m = k—[ > 0 the solutions

, =1 N. (219)

mll! aw Nozw) Lo (N,a,w)
oy _ SV b 0 L) -
ml Z N—-1 h! (Law Naw)))Q ) ( . )
i=1 h=0 wh(a+h)!
N mll! aw './\/' a,w)y 7w/ (Now)
G(N’a’w) . \/wm+l (m+a)! (l—i—a)le ( v; )L (U ) 9 2 (Maw)
m,m~+ao;l+a,l T N—1 ] La w N a w) 2 Ho + v, )
i=1 h=0 m( )
(2.21)
mll! aw [, Naw) raw (Naw)
A(N,a,w) B ﬁf: \/merl (m—+a)! (H_a)le ( U; )Ll ( U; ) 1 (2 22)
m+ta,m;ll+a T N-—-1 ! oaw/ (Naw N,aw) -~ '
i=1 h=0 m([’h (v} ))) pg + pof )

Since the kinetic term (2.8) is symmetric in (m < n, k < [), we obtain the analogue of
(2.21) and (2.22) in the case &« = n—m = k—[ < 0 by exchanging (m < n, k < [). Note
that the recursion relation (2.17) and the orthogonality (2.20) yield directly the kinetic
term (2.8).

2.8  Remarks on the limit N — oo

Now we have to take the limit A/ — oo, which can be done explicitly for w = 0 and w = 1.
For w = 0 we can invert (2.8) directly:

A(w 0) 5ml 5nk

. 2.23
nmlk M(2)+M2<m+n+1) ( )
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lw’a’l) of the true Laguerre polynomials L become continuous

variables v, and (Y, (ai—'h). ( L%(v))Q) ~ is promoted to the measure of integration. This
measure is identified by comparison of (2.20) with the standard orthogonality relation [9,

§8.904] of Laguerre polynomials

For w = 1 the zeroes v

L m!l! N N
Omi :/0 dv v®e \/( )!Lm(v)Ll (v) . (2.24)

m+a)!(l+a

We thus have to translate (2.22) in the limit N/ — oo into

_ o 1L (o) L (v)
A .1)=/ dv "M ey | o SN S 2.25
nm;lk 0 v € nlk! M(Q) + ’U[LQ +k,n+l ( )

We have derived the formula (2.25) for n—m = k—I[ > 0 only. However, due to the
identity

m/!

Linalv) = (m+a)!

m4o

(—1)*0° L (v) (2.26)

it can be transformed into the (m < n,l < k)-exchanged form so that (2.25) holds
actually for any n—m = k—1I.
Introducing a Schwinger parameter and using [9, §7.414.4] we can integrate (2.25) to

w= 1 0 0 —v(1 ﬁ — 'l'
A =z [ e [ o v R [ 1 0) L)
0J0 0 e

l”‘2 m+l —t

1 0)! k)! o (E5t e 4
T2 (nTR (mJ'r l) 5m+kv”+l/ dt %F<—m, —l;—n—1; 1——’&) :
Ho nlll mlk! 0 (H—%t) it

0

(2.27)

Again, due to the property [9, §9.131.1] of the hypergeometric function the result (2.27)
is invariant under the exchange m < n and k < [.

We recall that in the momentum space version of the ¢*-model, the interactions contain
oscillating phase factors which to our opinion [4] make a Wilson-Polchinski treatment
impossible. Here we use an adapted base which eliminates the phase factors from the
interaction. At first sight it seems that these oscillations reappear in the propagator
via the Laguerre polynomials. We see, however, from (2.27) that this is not the case.
The interpolation of the matrix propagator consists of two monotonous and apparently
smooth parts which are glued together at @ = 0. We show in Figure 1 how Aqg 1044j+i
depends on the parameters 7, j for the indices. The monotonous behaviour is perfect for
the renormalisation group approach. One observes that the maximum of A, for given
(large enough) n is found at m = n = k = [. The decay rate of A, for increasing

indices decides according to [4] about renormalisability. It turns out that A;fllk) decays



(w=1)
Al0,10% i+,
in units of #62

N

/

I

01 = 104, > 01 = 100, 2

Figure 1: The plot of the propagators Ay 10444, over ¢ and j, for two values of 6.

too slowly so that we have to pass to w < 1. For §; — oo one obtains an ordinary matrix
model,

) 1
lim Anm;lk )
f1—00 Ho

This should be compared with [10].

It would be desirable to have an explicit formula as (2.27) for the N/ — oo limit in
case of w < 1, too. For that purpose a deeper understanding of the deformed Laguerre
polynomials is indispensable.

3 The general strategy of renormalisation
3.1  Projection to the irrelevant part

Guided by Wilson’s understanding of renormalisation [5] in terms of the scaling of effective
Lagrangians, Polchinski has given a very efficient renormalisation proof of commutative
¢*-theory in four dimensions [6]. We have adapted in [4] this method to non-local matrix
models defined by a kinetic term (Taylor coefficient matrix of the two-point function)
which is neither constant nor diagonal. Introducing a cut-off in the measure [], . dom,
of the partition function Z, the resulting effect is undone by adjusting the effective action
L[¢] (and other terms which are easy to evaluate). If the cut-off function is a smooth
function of the cut-off scale A, the adjustment of L[p, A] is described by a differential
equation,

OL[¢, A 1 OAE (N) (OL[¢,A]OL[p,A] 1 [&2L[p, A

m,n,k,l

where [F[¢]] , := F[¢] — F[0] and

@
AK

nm;lk

(A) = Kim,n; A|Apman K[k, L A] (3.2)

Here, K[m,n;A] is the cut-off function which for finite A has finite support in m,n and
satisfies K'[m,n;oo] = 1. By Vp we denote the volume of an elementary cell.



In [4] we have derived a power-counting theorem for L[¢, A] by integrating (3.1) per-
turbatively between the initial scale Ay and the renormalisation scale Ax < Ag. The
power-counting degree is given by topological data of ribbon graphs and two scaling
exponents of the (summed and differentiated) cut-off propagator. The power-counting
theorem in [4] is model independent. The subtraction of divergences necessary to carry
out the limit Ag — oo has to be worked out model by model.

In this paper we will perform the subtraction of divergences for the regularised ¢*-
model on R3. The first step is to extract from the power-counting theorem [4] the set
of relevant and marginal interactions. As we will derive in Section 4.1 and Appendix B,
there is an infinite number of relevant interactions if the regularisation €2 is not applied.
For © # 0, which means w < 1, the marginal interaction is (apart from the initial ¢*-
interaction) given by the planar one-loop two-point function

n2
i ey

m ny //m2
\@/ + N = p[ml][A] 5m1n25m2n1 T Plma] [A] 57”1”257”2”1 : (33)
b < >

i) RN

For this graph we have to provide boundary conditions at Ag. The simplicity of the
divergent sectors makes the renormalisation very easy. On the other hand, the simplicity
hides the beauty of renormalisation so that we choose a slightly more general setting to
present the strategy.

For presentational reasons let us assume that the divergent graphs have the same
structure of external lines as (3.3) but possibly an arbitrary number of vertices,

N\ w2

= Plma] [A] OminyOmany - (3'4)

Ini
In this case the corresponding pj,-functions for different indices m must be expected
to be independent, which means that the model would be determined by an infinite
number of free parameters. Since this is not acceptable, we require according to [4]
that the parameters pp,[Ag] are scaled by the same amount to pj,[Ag] (reduction of
couplings [11]). Expanding pj.,j[A] as a formal power series in the coupling constant A,
pim)[A] = Yooy ( 32) pfm]) [A] and normalising the renormalised mass jy by pjg[Ar] = 0,
we thus demand in general

2 74 1% V 2 14 Vi

4 X0 () sl e S ()Yl A
2 ~Y B) V V/ V/
i m o (2)" ) Il

©w

+0\Y). (3.5)

This leads order by order in A to relations a ~ b which mean limy, .o § = 1.
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At the initial scale A = Aq the effective action thus reads

L[$, Ao, Ao, w, p°] =3 Z D Dre Ot B + = Zp |G G (3.6)

m,n,k,l

Each summation index runs over N. The solution of (3.1) with initial condition (3.6)
will have a completely different form in terms of ¢,,,, but the projection to the same
¢-structure as in (3.6) can still be defined:

[Qb A AOaw p Z ¢mn¢nk¢kl¢lm + = Zp A AOaw 1Y ]¢mn¢nm

mnkl

+ different ¢-structures . (3.7)

The marginal part of the four-point function will turn out to be scale-independent. We
identify ppm[Ao, Ao, w, p°] = p?m].

At the end we are interested in the limit Ag — oo. For this purpose we have to admit
a NAp-dependence of w and p([)m] the determination of which is the art of renormalisation.
For fixed A = Ag but variable Ay we consider the identity

L[Ag, A(), wlAg], P [Ao]] = L[AR, AG, wAG], p”[AT]]

_ / P (0 LA Ao wlol )

Ay \VdA
_ /Ao dAg <A OL[AR, Ao, w, p°] LA dw OL[Ag, Ao, w, p'] LA dp® 8L[AR,A0,w,pO])
v Ao VY Ao O dA, Ow O dA, dp" '

(3.8)

Here we have omitted for simplicity the dependence of L on ¢ as well as the indices on

p°. The model is defined by fixing the boundary condition for the p-coefficients at Ay,

i.e. by keeping pj[Ar, Ao, w, p°] = constant:

O_dp [AR,A(),W p]

ap[m][AR7A07w7p ] ap[m} [AR7A07W7PO] ap[m] [AR7A07w7p ]
= A
e dAo + o do+) o

dpfy -

(3.9)

Appm[AR,Ao,w,p°)

Assuming that we can invert the matrix , which is possible in perturbation

Ol
theory, we get
Z 8p?n] ap[m} [ARa AON},PO]
dAO ap[m] AR7A07w7p0] aAO
op? n) Opim1|Ar, A ] d
Z p[ Pl ][ R 07w7p] W . (310)
Oppm) [ AR, Mo, w, p] Ow dA\g

9



Inserting (3.10) into (3.8) we see that the following function® will be important:

aL[(baA?AOawapO] + 8L[¢7A7A07w7p0] dw

A A := A A
R[¢7 ) 07w7p] 0 3/\0 (9(.0 OdAO
3,0[m] 3,0[n] (A, Ag,w, p°] 9o
B Z OL[p, A\, Ay, w, p°] 8P?m] Dpm[A, Ao, w, p°] A dw
Gp[m] Opp) A, Ao, w, p°] Ow dAy
(3.11)
Now we can rewrite (3.8) as
L[¢, Ar, Ag, wlAg], p°[AG]] — L9, A, Ag, wlAG], p[A7]
Ao dAg 0
= [ B o A ol el (312

Since R is linear in L, the splitting (3.7) together with (3.11) leads for all A to a vanishing
projection of R to its p-coefficient. In other words, R projects to the irrelevant part of the
effective action, which is indispensable for the existence of the limit Ay — oo controlled
by (3.12). We have to show, however, that this really eliminates all divergences.

3.2 Flow equations

For this purpose we need estimations for R. This is achieved by computing the A-scaling
of R:

AaR A2 0 (Aa_L> 0 <A8L>A dw

oA aAO o) " ow a_A OdA,
—Z < )aﬂw Z < 8L)5’P?m1 Opin] ) dw
« 0p0, 0N/ Dy < 0pp, " ON/ Oppy 0w OdA,
Z 3L 3p[m] ( L [n])ap[k] A 9en
) 0P 9% N OA YA,
Z 8L 3,0[m] (Aa n])ap[k] ap A dw
8p[n (9p dppy Ow " dAg
5[/ p ap[n oL ap[m] 0 8p[n] dw
A ANg—— . 3.13
Zap[ | Oppn) (91\0( ) 8,0[ | Oppn) m( aA) YdA, (3.13)

1Our function R (for ‘renormalised’) generalises a function called V in [6]. We use the symbol R in
order to avoid confusion with the number V of vertices. Below we shall denote the function B of [6] by
H (for having ‘holes’), avoiding confusion with the number B of boundary components.
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We have omitted the dependencies for simplicity and made use of the fact that the deriva-
tives with respect to A, Ag, p°, w commute. Using (3.1) we compute the terms on the rhs

of (3.13):
w2l
- v%[aqsmjza@,p (Aoa?\OLW’A’AO’“’pO])L) M [L AOSALO]
(3.14)
Similarly we have
g (S~ e ]
O (oA R Ty gy, O] (3.15)

In the same way as in (3.7) we expand ML,

¢-structures,

ZM

.] on the rhs of (3.14) with respect to the

N Pmn@nm + different ¢-structures . (3.16)

Because of the A-derivatives there is no analogue of the initial four-point function. The

distinguished expansion coefficients

are due to (3.14) and (3.7) identified with

OL 1 0 [ Oppmi[A, Ao, p']
Mim [L AOaAO- _AOaAO <A oA ) ’
L7 9 8p [AaA07p0]
Mim) [L’ dwl ~ Ow (A A ) ’
OL 7 _ 0 ap[m} [Aa A07 pO]
My | L, o | = o (A - ). (3.17)

Using (3.14), (3.15) and (3.17) as well as the linearity of M[L,

we can rewrite (3.13) as

R
AM -

where we have defined

oL

——[A, Ao, w, p°

.] in the second argument

Mm L R 3.18

Zﬁp[m] ml (L, R (3.18)
OLIA, A 0 opd,

. Iy Opm A, Ao, w, 07
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In the same way as for R, the A-scaling of (3.19) is computed to

Aé%(é%%)::ﬂfp”éz%ﬂ-—Ej aLJwM[L,f¥:]. (3.20)

3.3  FExpansion as power series in the coupling constant

Now we expand the functions just introduced as formal power series in the coupling con-
stant A\ and with respect to the number of fields ¢, expressing all dimensionful quantities
in terms of the volume Vs, of the elementary cell:

Lig, Al —AZ ()" 12 i Z sy N Gmans = Gmny » (3:21)

- V-1
R, A —AZ (A1) Z ~i Z oonsscsmanay WG Gmns » (322)
ap[ ][¢ Al = Z (M2) Z N Z s (M Gman G (3.:23)
We have suppressed the additional dependence of L, R, aaL AV RV) HV) on Ay, w, p°.
Plm

All functions AY), RV) HV) have mass dimension zero. The Polchinski equation
(3.1) as well as its derived equations (3.20) and (3.18) can now with (3.14) be written as

a 0
AaAAmlnl ..... mNnN[A7A07w7p ]
N V-1
V-V
- Z Z Z Qnmlk mlnl ----- JMN] 1NNy — 1mn[A]Aiannlj\)fl;...;mNnN;kl[A]
N1=2V; 1mnkl
1=2 V1= N |
+< N1 —1) permutations
1—
1 v
o Z 5Qnm7lk(A)A£nl)n1 ..... IMNTN; mnkl[A]7 (324)
m,n,k,l
AL gl A A 0
a_A mlnl;...;mNnN[ ) 07W,p]
N \%4
_ V; [R](V—11)
- Z Z Z Qnm?lk(A)ASﬂll?)n;m,le 1MN, — 1mn[A]Hlean;%..;mNnN;kl[A]
N1=2Vi=1myn,k,l
1 1 N |
-I—( N1 —1) permutations
1—
- Z Qnmlk H’f[:lri]n17?--,mNnN mnk‘l[A]
mnkl
2 Z I8 s (X 3Quma W, nl]) o (325)
n Vi= mnkl
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AL RY)

aA mini;...; mNnN[
N V-1

_ A (V-W1)
Z Z Z Qnmlk mlla)ml;.‘.,le 1MNy — 1mn[A]RlenlNl;...;mNnN;kl[A]

N1=2 Vi=1m,n,k,l

A> AOa w, pO]

- Z Qnm lk m1n1 ,,,,, smpynn;mn;kl [A]

m,n,k, l
n Vi= m,n,k l
with
W.A::—A—————. 3.27
Qumik(A) Vi DA (3.27)

Note that the projection ( )i to the pp,-coeflicients in (3.25) and (3.26) are due to (3.4)
non-zero on the 1PI functions only.

4 Renormalisation of the ¢*-model

4.1 Scaling of the cut-off propagator

We have V, = 276, = Q +%)M2. We choose the smooth cut-off function
A my? nu?
K(m,n; )zK( Az >K<F> , where
1 forxz <1
[e'e] +\ : _ = )
K(x) € C*(R™) is monotonous with K (z) = { 0 forz>2. (4.1)
This choice satisfies the dimensional normalisation
2/\22 1
123 A 2
Zsign(mazx‘K(m,n;A)K(l—l—n—m,l;A)D < 1= 2(—) (4.2)
n, lj,
m m=0
of a two-dimensional model [4]. We obtain with (3.2)
OA (M) 2j? NG iy
A28l _ (1) K b 4
oA . Z A2 A2 ) H ' A2 ik (4.3)
je{m,n,k,l} ie{m,n,k,I}\{5}

Since supp K'(x) = [1,2] and supp K (y) = [0, 2], (4.3) is non-zero only if the condition
A? 202
— <max(m,n, k1) < — (4.4)
2 7

13



is satisfied. Note that due to (A.14) and (2.7) this also corresponds to a momentum
cut-off Prax &~ V8A. We compute in Appendix B the A-dependence of the maximised
propagator for selected values of iy and w, which is extremely well reproduced by (B.2).
We thus obtain for the maximum of (3.27)

(1+y/w)p?
‘Qnm,lk(A” S T (16 man |K,<I')|) }Afbm;lk‘czl\_;
12
0071 5m+k,n+l for w <1 ’
< (1-w)zA” (4.5)
00:—A St forw=1,
0

where Cy = 0.78 C) max, |K'(x)|. The constant Cj Z 1 corrects the fact that (B.2) holds
asymptotically only. Next, from (B.3) we obtain

(1+vw)p? c
mf}X Zk: Hrlné,ilx ‘Qnm,lk(A)} < T (16 m;}X ‘K/(I')D mr?’x Zk: Hr}f,ilx |Anm;lk|c:%
2
1
C——— for w < 1
1—w)A2 ’
<{ ) (4.6)
Clﬂ—z forw=1,
Ho

where C = 1.28 Cf max, |K'(z)|. We conclude from [4] that the scaling exponents of the
propagator are given by

g =0, =2 forw <1, bo=1, 61=0 forw=1. (47)

We thus have a regular model for w < 1 and an anomalous (and not renormalisable)
model for w = 1. We also need the product of (4.5) with (4.2):

max |Qnm;lk<A) } Z sign( max |K(m',n; A)K(I'+n'—m/, I'; A)\)

m,n,k,
1
2C) T forw <1,
<) e (48)
2CH)— forw=1.
Ho

4.2 Verification of the consistency condition

We first have to verify the consistency condition (3.5), which in the present case simplifies

considerably. Since the expansion stops at first order in the coupling constant, pfn‘i}) =0
for V' > 1, we get the condition
pioj[Ao) ~ pmi[Ao] — pm)[Ar] - (4.9)

14



The initial value pp,[Ag] drops out, and according to (3.3) we have to verify

 Ao—oo Zn<A7I’L(O,On(AO) - A{’L(O,O’VL(AR)) 7

(4.10)

where we have used (3.27). Let A,, < Ag be the minimal scale such that for n > /;—3;

the value of the propagator A,,,.;m, lies in the interval formed by the two asymptotics of
Figure 5. We have A2, ~ 2C,,mu?* where C,, is of order 1. Then we have with (B.4)

Ay Ay
I3 I3 1 K
A + < A A
nZ:O nm;mn ZAZ ,U2(n 9w4_5m_|_5) Z nmmn( 0)
n=E A2 2A2
! T}—l 1
< Anm,mn"" Z 3 9w—5
— Agn,u(n— “=2m — 2)
n=-s

(4.11)
This shows that > AX  (Ag) is logarithmically divergent for Ag — oo and that (4.10)

2
Ay,

Apy
holds independently of the finite quantities > AK . (Ag) and S0 A and in-
dependently of the cut-off function (4.1).

4.8  Estimations for the interaction coefficients

According to [4] the Polchinski equation (3.24) is solved by ribbon graphs characterised by
the number V' of vertices, the number V¢ of external vertices, the number B of boundary
components, the genus g and the segmentation index ¢. We also recall that it is necessary
to sum over indices of the external legs of ribbon graphs. There are s < V¢ 4+ — 1
summations over different outgoing indices where the corresponding incoming index of
the trajectories are kept fixed. We write symbolically > .. for the index summation.

We can now quote directly the power-counting theorem proven in [4], inserting (4.5),
(4.6) and (4.8):

Lemma 1 The homogeneous parts A%Zﬁmw of the coefficients of the effective action

describing a regularised ¢*-theory on R2 in the matriz base are for 2 < N < 2V+2 and
SN (mi—n;) = 0 bounded by

Z ’A%XE,’B,’%\%N [Aa A07 w, PO] |
Es

2\ 2-V—-B—2§ 3V 14 B425-Ve—its
< <A_> g( 1 ) : ’ P25 [m ﬂ] : (4.12)
12 vVi1—w
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where P1[X]| denotes a polynomial in X up to degree q. We have An‘{lgl,B,’%gnN =0 for

N > 2V+2 or YN (mi—n;) # 0. O

The choice of the boundary conditions is at the same time determined by (4.12) and
required to prove (4.12). We notice that the marginal interaction coefficients are those
with V= B =1 (and § = 0, but this holds automatically for V' = 1). We can impose
the boundary conditions for An}L;lﬁ}’O 02n4n4 at Ay whereas for Aﬁi;h}’?ngm the limit Ag — o0

later on requires to choose the boundary condition at Ag. We thus demand

1 .
Agw}b’llnjiioy?gnzxnz; [A07 A07 w, PO] - 6 <6n1m26n2m35n3m46”4m1 +5 permutations ) '
AS}IA}’S&%Q [ARa Ao, w PO] = (p[ml] + p[mz})[ARa Ao, w, p0]5m1n25m2n1 =0,
A%Zl,Bfni\rnN [A07A07w p ] =0 forall V.+ B> 2. (413)

We remark that for w = 1 and an optimal choice of the boundary conditions for

AYYBGY | in agreement with [4] we would get

Z ’An‘{lxl,B:fn?\)mN [A’ AO’ 1’ '00] ’

A\ V-5 +3-B-25-Ve—its 3V—L 14+ B+2§-Ve—i+s A
(>) . (&) ’ e I CREY
H Ho A

R

There would be an infinite number of relevant interaction coefficients, which means that
the model is not renormalisable when keeping w = 1.

For the limit Ag — oo of the theory we are interested in the functions R%)m;,,,;m]\m N, See

<

(3.12). The le)m, .myny are the solution of the differential equation (3.26) given again by
ribbon graphs. These graphs are identical to the graphs representing the A-functions. The
differential equation (3.26) actually simplifies in the model under consideration because
for w < 1 the projection ( )i is of at most first order in the coupling constant. This
means that

1
< Z iQnm;lk( Rgln in'm/imn; kl[A]>[A} =0 unless Vi =1 (415)

m,n,k,l

in the last line of (3.26). However, the rhs of (3.26) for V' =1 and N = 4 is identically
zero, because Rﬁiim;,,,;mw = 0 by graphical reasons and ]—If,?fm;.,.;mml = 0 due to the fact
that A%m;...;mm [A] = A%m;m;mm [Ao] is independent of p?m}, see (3.19) and (4.13). We
thus obtain

R amana A Do w, 01 = R, [0, Moy w, )
5, DAY e omams[ Moy Moy w, %], dw
— A A (1) A A 0 ’ mini;...;mang [£10, 130, W, A
OaA ming;. m4n4[ y 4o, W, P ] A=Ay =+ Ow OdAO

9] Opp [N, Ao, w, %] dw
E [n](0) 0 [n][£}5 430, W,
Hmlnl, M4ang AO? AO? w7 p ] (AO aAO p[n [A AO? w p ] —AO+ aw AO dAQ)
= o . (4.16)
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We have RS&L;%;};S;ELQ = 0 by definition (3.11). The conclusion is that (3.26) simplifies to

AQRW) -

aA mini;...; mNnN[
_ V; (V-w1)
- Z Z Z Qnm;lk’(A)Agnllzbl;...;leflan,1;mn[A]RmN1nlNl;...;mNnN;kl[A]

N
+ <(N1—1> — 1) permutations

1
- Z iQnm,lk(A)RSQn 'mNnN;mn;k;l[A] : (417)

77777

A

m,n,k,l

Hence, we do not have to evaluate the H-functions for w < 1.

Lemma 2 The homogeneous parts R%K-’B-’%\),mv of the coefficients of the Ag-varied

effective action describing a regularised ¢*-theory on RZ in the matriz base are for
2< N <2V4+2 and Zf\il(ml—nz) =0 bounded by

Z ‘RUAV@’B"EJ’L) [A7 A07 w, po] }

mMini;...;MNNN
Es

(4.18)

2 2, 2-V-B-2j V- _14B+25-Ve—i+s

) )

for V.4+ B > 2. We have R%Xff;ﬁ;ﬁw =0 for N > 2V+2, for V.+ B = 2 or for
N

> im1 (mi—ng) # 0.

Proof. We first derive the initial condition. From (4.13) we learn that for V + B > 2 we

.....

0= AOiA(V’V67B"§7L) [A07 AOa W, po]

aAO MiNg;...;MNNN

) . ) ¢ Ba
= —AWVEBaY TN N w, p0] = == AWVEBGY N NG w p% (4.19)

aw mini;...;MNNN 8p0 mini;...;.mMNNN

for V 4+ B > 2. The first line has to be considered with care:

0 e B 0 e B
0= Ao AVVEBIO A, Ay w, p] = Agmr— AVYBG)

8A0 mMini;..;MNNN 8A0 mMini;...;mMNNN

+AiA(VvV€zB:§’L> [A,Ag,w,po]‘/\ . (4.20)

ON =TT mNnN —Ao

AA 0’
[ , 1\, W, P ] A=Ao

Inserting (4.12) into (4.20) and further into (4.19) we obtain the initial condition for the
functions R defined in (3.11) as

Z ’R%‘Tﬁ,’B,’g{gn]\; [AO? A07 w, pO] ‘
gs

<A_§> ZVBQ!:?( 11 >3V];1+B+2§V6L+S P2V—ﬂ |:1n ﬂ] '
1% Vi—w

< (4.21)

2
R
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Because of (4.16) we obtain from (4.17) for the simplest non-vanishing R-functions

Rirmona Al = RS20 0L o] ROSIO0 g [A] = REZIO0 oA (4.22)

which due to (4.21) are in agreement with (4.18). Since (4.17) is a linear differential

equation, the factor ﬁ—z first appearing in (4.22) survives to more complicated graphs.
0

Indeed, the only difference between (4.18) and (4.12) is the factor ﬁ—g, and the structure
of the rhs of the differential equation (4.17) and is the same as for (3.24). We can thus
repeat the evaluation of the Polchinski equation (3.24) performed in [4] for the similar
differential equation (4.17). We find immediately by induction that the rhs of (4.17) is
bounded by (4.18) with the degree of the polynomial in In /f\\—; reduced by 1. This leads to

MINL;.. ;MNIN

Z |R(V,V6,B,§,L) [A, A07 w, pOH
gs

MINL;...;MNNN

< SO IRWELERD. Ao, Ao, )|
6‘5

Ao qA! A2 ;N2\ 2-V—B—2§ 1 3V 14B+25-Ve—its A
A e R G A R (1)
(4.23)

Since V' + B > 2 the integral is bounded by (4.18). O

We have convinced ourselves that it is crucial to keep w < 1. We are, however,
. . . 2 .
interested in the standard ¢*-model given by Q = 0 and thus w = (3=%)? = 1. This

1+Q2
model can be achieved in the limit. For this purpose we have to find a dependence w[Ag]
with limp, . w[Ag] = 1 which additionally leads to convergence of (3.12). One choice

which meets the criteria is

Apy 2 A Mgy 3 3
w[Ao]=1—<1+lnA—Z> , AOdZ[AOO] :2(1+lnA—;> = 2(1-w[A])? . (4.24)

Theorem 3 The ¢*-model on RZ is (order by order in the coupling constant) renormal-

isable in the matrix base by adjusting the coefficients p([)m] [Ao] of the initial interaction to

give A%ln}g@g)m [Ar] = 0 and by performing the limit Ay — oo along the path of regqulated

models characterised by w[Ao] = 1 — (1 4+ In )2, The limit A%K.’B-’ﬁ{ﬁw [Ag, 0] =
AR

limp, oo A%’Xi’B.’gﬁw [AR, Ao, w[Ag], p°[Ao]] of the expansion coefficients of the effective

-----

action L[o, Ar, Ao, w[Ao], p°[Ao]], see (8.21), exists and satisfies

MINT;...;MNTN mint;..;mMNNN

‘)\(AVQ)V_IA(V’VE’B:M [Ag,00] — (AVR) TTAWVEBGD NG Ay w, o]

Ag y—
w=1—(1+In AJ}%) 2

A‘]l%( A )V<M2<1 +1n £—2)>B+2§—1 P5V—N—V5—L[ Ao] '

< (= In =2
R YAV AZ !

i (4.25)
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Proof. The question is whether L@, Ag, Ag,w[Ag], p°[Ao]] converges to a finite limit when
Ay — oo. The existence of the limit and its property (4.25) follow from inserting (4.18)
and (4.24) into (3.12) and Cauchy’s criterion. Note that [ % Pilnz] = LP%nz]. O

It seems that we can additionally achieve a commutative theory 6, = % — 0 in the
limit Ag — oo by choosing e.g. y?> = A%,/1+1In j\\—;. (We need 49/60, = p*/1 —w — 0.)
However, this limit is degenerate because due to (4.4) all indices are frozen to zero. A
different reference scale than p would help, but we need precisely the choice (4.4) in order

to get the correct momentum cut-off from (A.14). There is additional work necessary to
get the commutative limit from (4.25).

5 Conclusion

Using the adapted Wilson-Polchinski approach developed in [4] we have proven that the
real ¢*-model on R is perturbatively renormalisable when formulated in the matrix base.
It was crucial to define the model at the initial scale Ay by the ¢*-action supplemented
by a harmonic oscillator potential. The renormalisation is achieved by a suitable Ag-
dependence of the bare mass and the oscillator frequency. This shows that the limit
Ay — oo of our model is different from the subtraction of divergences arising in the naive
Feynman graph approach in momentum space. Whereas the treatment of the oscillator
potential is easy in the matrix base, a similar procedure in momentum space will face
enormous difficulties. In contrast to the Feynman graph approach, our renormalised
Green’s functions are bounded.

First calculations of the asymptotic behaviour of the propagator in the four-
dimensional case suggest that by the same regulator method it will be possible to renor-
malise the ¢?-model on R} [8].
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A The matrix basis of R2

The following is copied from [7], adapted to our notation. The Gaussian

folz) = 2e7 o @HHed) (A1)
with 6§, = 6'2 = —6?! > 0, is an idempotent,
2 &k — = (222 +y? 2z y+a-0-k+ :07k2) +iky
(fox fo)(z) =4 [ dy (27)2 e n ! = folz) . (A.2)
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We consider creation and annihilation operators

a= %(371-1-13?2) ) 52—2@71_1372) )
0 1 . o 1 ;
% = 5(81 — 182) 3 % — 2<61 + 82) . (A?))
For any f € R2 we have
01 8 ‘91 a
(x D) = a@) @) + 2@, (Fra)a) = al) ) ~ 2L (@),
01 8f 91 af

(@x filz) =a@)f(z) - 55.@),  (fra)@) =al@)f@) + 55 ().  (Ad)

This implies @*™ x fo = 2™a™ fy, fo* a*" = 2"a" fy and

e _f mbi(a Km=1)  fo)  form >1
axa fo= { 0 for m =
w — | O (foxa® V) forn>1
foxa *a_{ 0 for n — 0 (A.5)
where a* = axa*---xa (n factors) and similarly for a*™. Now, defining
1 =% *
fonn 1= ————————— @ * fox a*" (A.6)

Vnlm! g7t
1 A (TN (T mtn—2k pk ~m—k n—k
:\/W > (-1 L) 2 oF am =k a"* fy
H . 1 k=0

(the second line is proved by induction) it follows from (A.5) and (A.2) that

(frn * fr) () = Onk fra () (A7)

The multiplication rule (A.7) identifies the x-product with the ordinary matrix product:

D)= 3 amnfn(s) B = 3 b ()
m,n=0 mn=0
= (axb)(x)= i (@) mn frn () , (ab)mn = i Amkbren, - (A.8)
myn=0 k=0
In order to describe elements of RZ the sequences {a,,, } must be of rapid decay [7]:
f: A from € RS iff Z ((2m+1)*%(2n+1)* |y | ) <oo forallk. (A.9)
mn=0 m,n=0
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Finally, using (A.2), the trace property of the integral and (A.5) we compute

/d2x Jn(x) = \/ﬁ /dzx (EL*m * fox fo *a*") () = 5mn/d2xf0(x)

The functions f,,, with m,n < N provide a cut-off both in position and momentum
space. Passing to radial coordinates x; = pcosp, xo = psin g we can compare (A.6) with
the expansion of Laguerre polynomials [9, §8.970.1]:

2

Frn(p,9) = 2=1)"ymetermm ((f2p) " L2ty e i (A1)

The function L% (2)z%/2e7*/2 is rapidly decreasing beyond the last maximum (z2)pax.
One finds numerically (22 )max < 2a + 4m and thus the radial cut-off

Pmax =\ 200N for m,n < N . (A.12)
On the other hand, for p; = —psiney, py = pcosy we compute with (A.11), [9,

§8.411.1] and [9, §7.421.5]

e’} 27
flp, ) == / pdp / dy PP £ (p, )
0 0
n m! _ip(n—m * nom n—m —“ﬁ
= dm(—1)"y ) metl )/pdp( %p) L ™(Z0%) Ju-m(pp) e 7
0

= 2ty (o) L e (A13
We thus have
g
P 9_/:[ for m,n < A . (A.14)

B Asymptotic behaviour of the propagator

The crucial question for renormalisation is how fast the propagator ALY ., (42, ug) and a

certain summation over its indices decay if the indices m,n, k,l become large. We need
two asymptotic formulae which we deduce from the numerical evaluation of the propagator
for a representative class of parameters. These formulae involve the cut-off propagator

AC

) < <
e { Atk for C < max(m,n, k1) <2C, (B.1)

0 otherwise ,

which is the restriction of A,z to the support of the cut-off propagator JANAS (A)

nm;lk

appearing in the Polchinski equation, with C = 2—;
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Formula 1:

3 — 2w
AL (k2 13)) = Skt B.2
ﬂrlr,lna,li(,l< "m’lk(’u ”uO) ’ué +4M3M26 +4,u4(1—w)62 +k,n+l ( )

)~! is asymptotically reproduced by

We demonstrate in Figure 2 that (maxACS

nm;lk

3
2.5 0.8
2 0.6
1.5
0.4
1
/ .2
0.5 w=1, u2=0.1 0 w=1, pZ=0.01
5 10 15 20 25 5 10 15 20 25
6 5
5 4
8 4
3
6 3
2
4 2
217 _ 2 _ 1 _ 2 _ 1 _ 2 _
w=0.99, pug=1 P w =099, pug=0.1 w=0.99, pug=0.01
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25
17.5 L 16 . 14
15 y 14 12
12.5 12
;LO 10 10
s 8
7.5 6 6
5 4 4
2.5 w=09, p2=1 2 w=09, p2 =01 2 w=09, p =001
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25
25 25
25
2 2
20 0 0
15 15 15
10 10 10
5 w=05, u2=1 5 w=05, p2=0.1 5 w=05, p2=0.01
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25

Figure 2: (max AS, (15, 1*)) ™" compared with ((ug+2ug4°C +4p* (1-w)C?) /(3 - 2w))2,

n
both plotted over C, for various parameters w and p3. We have normalised p? = 1.

(g + 4202C + 4p*(1—w)C?) /(3 — 2w))2. We have evaluated the formula (2.22) for
the propagator with ' = 55. An exception is A, for w = 1 and u? > p2. Here the
choice N = 55 in (2.22) is too small, and we have used the numerical evaluation of (2.25)
instead. We compare the outcome of (2.22) for w = 1 and (2.25) for various values of 2
in Figure 3.
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1.6
10 3 .
1.4
8 2.5 1.2
6 2 1
1.5 0.8
4 0.6
1
2 0.4} .
w=1, pt=1 0.5 w=1, pt=01 0.2 w=1, p2=0.01
5 10 15 20 25 5 10 15 20 5 10 15 20

Figure 3: (maxA¢ . (ud, p?))~" for w = 1 computed with (2.22) and N' = 55 (dots)
and with (2.25) (solid curve), both plotted over C, for various parameters p2. We have
normalised p? = 1. It is apparent that (2.22) converges badly for large l’j—z

0

1.75 w=1, p2=01 w=1, u2=0.01
1.5 0.4 0.2
1.25 .. 0.3}, 0.15
e
0.75 0.2 . 0.1
os - S LSRR TR PP 0 05 N
0.25 w=1, pyg=1 T T e
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25
1.75 0.5 0.25
0.4 0.2
0.3 0.15 . .
0.75 0ol T o1
0.5
0. 05
0.25 w=099, p2=1 0.1 w=0.99, pu3 =0.1 w=0.99, p3 =0.01
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25
3.5 25 2.5
3 2
2.5 2
2 1.5 1.5
1.5} 1 1
1 B
0.5 L
0.5 w=09, u2=1 0.5 w=09, u2=0.1 - w=0.9, u2 =001
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25
14 o 12 S 12
12 >
10 o 10
10 L
8 8
8
6 6 6
4 4 4
2t - w=05, p2=1 2 w=0.5, p2 =01 2 w=0.5, p2=0.01
5 10 15 20 25 5 10 15 20 25 5 10 15 20 25

Figure 4: (max, Y, maxy, A%, )~ compared with u§ + p*(1—w)C, both plotted over

C, for various parameters w and p3. We have normalised p? = 1.

23



Formula 2:

1
AC (22 _ B.3
mr?XEk n;lna,lX nm,lk(/JJ 7/’60) M3+M2<1—W)C ( )

We demonstrate in Figure 4 that (max, ), max,,, Afbm;lk)_l is asymptotically given
by u? + p*(1—w)C. We have evaluated the formula (2.22) for the propagator with
N = 55, except for w = 1 and p? > p2, where (2.25) is used. The crucial observa-
tion is that for w = 1 the function max, ), max,,, Agm;lk is increasing with C so that
lime_oo max, » , MaXy, Agm;lk = g% > 0.

50 50

40 40
30 30
20 20%:,,

10 10

50 50

40 40 w=099, m=20
30
20

10

50

40

30

20

10

50 I 50
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40 T 40 40

30 i 30 30 i

20 < 20 20§

10843

10 10
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Figure 5: (1°Apmimn) " compared with n — *=m + 5 and n — *=m — 2, both plotted

over n, for various parameters w and m. The dots show (u2A,.mn) " for three values
o = p (upper dots), po = 0.1 and pp = 0.01p (lower dots) of the mass.
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Finally, for the verification of (3.5) we need

i

1 1
< Anm;mn(MQ; ,ug) < 9 for m <n 3 <B4)

2(n — 2=%m 4 5) p2(n — 2=3m + 5) — 2

independent of pg. We compare in Figure 5 the inverse of the matrix element
12 A pimn (12, 113) of the propagator with the asymptotics n — 22=5m {7
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