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Abstrat. In this letter we derive the Seiberg-Witten map for non-ommutative super Yang-Mills theory in Wess-Zumino gauge. Fol-lowing (and using results of) hep-th/0108045 we split the observerLorentz transformations into a ovariant partile Lorentz transfor-mation and a remainder whih gives diretly the Seiberg-Wittendi�erential equations. These di�erential equations lead to a �-expansion of the nonommutative super Yang-Mills ation whihis invariant under ommutative gauge transformations and om-mutative observer Lorentz transformation, but not invariant underommutative supersymmetry transformations: The �-expansion ofnonommutative supersymmetry leads to a �-dependent symmetrytransformation. For this reason the Seiberg-Witten map of superYang-Mills theory annot be expressed in terms of super�elds.
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1 IntrodutionThe simplest model for nonommutative spae-time is the so-alled nonommutative R4haraterized by a onstant antisymmetri tensor �. Field theories on suh a deformedspae-time beame reently very popular, mainly due to their relation to string theory [1℄and the possibility to perform similar alulations of Feynman graphs as on usual Minkowskispae. It turned out that �eld theories whih are renormalizable on Minkowski spae are ingeneral not renormalizable (at any loop order) on nonommutative R4 , see [2℄.A remarkable result of Seiberg and Witten [1℄ was that gauge theory on nonommutativeR4 is gauge-equivalent to a gauge theory on Minkowski spae oupled to a onstant external�eld �. This equivalene an be traed bak [3℄ to a deeper disussion of Lorentz transforma-tions [4℄: In presene of � one has to distinguish between `observer Lorentz transformations',whih transform � as a Lorentz two-tensor, and `partile Lorentz transformations', whihleave � invariant. It turns out that observer Lorentz transformations are symmetries of thetheory whereas partile Lorentz symmetry is broken. Being (in priniple) an observable, thebreaking of partile Lorentz symmetry must be gauge-invariant [3℄. This is not automatiallythe ase and demands a ovariant rede�nition of the splitting of the observer Lorentz trans-formation into partile Lorentz transformation plus �-transformation, whih is governed bythe Seiberg-Witten di�erential equations.This letter is an extension of [3℄ to the omponents of a nonommutative super vetor �eldin Wess-Zumino gauge. We derive the Seiberg-Witten di�erential equations of super Yang-Mills theory via a ovariant splitting of the observer Lorentz transformations into partileLorentz transformations and a remainder, using the splitting for the gauge �eld derived in [3℄as the starting point. The Seiberg-Witten di�erential equations lead to a �-expansion of thenonommutative super Yang-Mills ation in terms of �elds living on ommutative spae-time.This �-expanded ation is automatially invariant under ommutative gauge transformationsand ommutative Lorentz transformations. It is however not invariant under ommutativesupersymmetry transformations. Instead, the �-expansion of the nonommutative super-symmetry transformation yields a symmetry transformation of the �-expanded ation whihextends the usual supersymmetry transformations by terms of order n � 1 in �. This resultimplies that the Seiberg-Witten map for super Yang-Mills theory annot be expressed interms of super�elds.2 The nonommutative super Yang-Mills ation and its symmetriesThe nonommutative N=1 super Yang-Mills ation is in the omponent formulation de�nedby � = Z d4x tr�� 14 F̂ ��F̂�� + i�̂a��a _aD̂� �̂� _a + 12D̂2� ; (1)where F̂�� := ��Â� � ��Â� � i[Â�; Â�℄? ; (2)D̂� �̂� _a := �� �̂� _a � i[Â�; �̂� _a℄? : (3)1



Some useful properties of objets arrying spinor indies a; _a 2 f1; 2g are listed in the ap-pendix. The ?-(anti)ommutators of matrix-valued Shwartz lass funtions f; g are de�nedby [f; g℄? = g ? f � f ? g ; ff; gg? = g ? f + f ? g ; (4)where the ?-produt is de�ned by(f ? g)(x) = Z d4y Z d4k(2�)4 f(x+12��k) g(x+y) eik�y ; (5)with (��k)� := ���k�, k � y := k�y� and ��� = ���� 2 M4(R). We onsider ��� as theomponents of a translation-invariant tensor �eld.The ation (1) is invariant under gauge transformationsW Ĝ! = Z d4x tr�D̂�!̂ ÆÆÂ� � i[�̂� _a; !̂℄? ÆÆ �̂� _a � i[�̂a; !̂℄? ÆÆ�̂a � i[D̂; !̂℄? ÆÆD̂� ; (6)observer Lorentz transformationsW T� = Z d4x tr��� Â� ÆÆÂ� + �� �̂a ÆÆ�̂a + �� �̂� _a ÆÆ �̂� _a + ��D̂ ÆÆD̂� ; (7)WR�� := Z d4x tr��12�x�; ��Â�	? � 12�x�; ��Â�	? + g��Â� � g��Â�� ÆÆÂ�+ �12fx�; ���̂ag? � 12fx�; ���̂ag? + i2 �̂b��� ba� ÆÆ�̂a+ �12fx�; �� �̂� _ag? � 12fx�; �� �̂� _ag? � i2 �� _a�� _b �̂�_b� ÆÆ �̂� _a+ �12fx�; ��D̂g? � 12fx�; ��D̂g?� ÆÆD̂�+ �Æ��� �� � Æ��� �� + Æ����� � Æ������ ����� ; (8)WD := Z d4x tr��12�xÆ; �ÆÂ�	? + Â�� ÆÆÂ� + �2D̂ + 12fxÆ; �ÆD̂g?� ÆÆD̂+ �32 �̂a + 12�xÆ; �Æ�̂a	?� ÆÆ�̂a + �32 �̂� _a + 12�xÆ; �Æ �̂� _a	?� ÆÆ �̂� _a�� 2��� ����� ; (9)and supersymmetry transformations [5℄W Sa = Z d4x tr���a _a �̂� _a ÆÆÂ� + �ÆbaD̂ + 12��� ba F̂��� ÆÆ�̂b � i��a _aD̂� �̂� _a ÆÆD̂� ; (10)W �S_a = Z d4x tr��̂a��a _a ÆÆÂ� + �Æ _b_aD̂ � 12 ���� _b _aF̂��� ÆÆ �̂�_b � iD̂��̂a��a _a ÆÆD̂� : (11)2



The partial derivative with respet to ��� has the property�(Û ? V̂ )���� = �Û���� ? V̂ + Û ? �V̂���� + i2(��Û) ? (��V̂ ) ; (12)where the �elds Â�; �̂a; �̂� _a; D̂ must be assumed to be independent of �.3 Seiberg-Witten di�erential equationsAs in (non-supersymmetri) nonommutative Yang-Mills theory [3℄ we derive the Seiberg-Witten di�erential equations via a splitting of the observer Lorentz transformationWR�� intothe ovariant partile Lorentz transformation ~W R̂�;�� and a remaining piee ~WR�;�� involvingthe Seiberg-Witten di�erential equation:WR�� � ~W R̂�;�� + ~WR�;�� ; (13)~W R̂�;��(���) = 0 ; (14)[ ~W R̂�;��;W Ĝ! ℄ = W Ĝ!0�� ; [ ~WR�;��;W Ĝ! ℄ = W Ĝ!00�� : (15)The motivation for this ansatz is the following. The ommutator of an observer Lorentzrotation (8) with a gauge transformation (6) is again a gauge transformation,[WR��;W Ĝ! ℄ = W Ĝ!�� ; (16)for some in�nitesimal gauge parameter !̂��[!̂℄. A partile Lorentz transformation is de-�ned as the part of an observer Lorentz transformation whih does not transform the �eld��� , see (14). However, one should require that a partile Lorentz transformation trans-forms a gauge-invariant quantity into another gauge-invariant quantity, otherwise the parti-le Lorentz transformation annot be onsidered as well-de�ned [3℄. It is suÆient to demand(15) in order to ahieve this property.To �nd the sought for splitting we �rst apply the ansatz of [3℄ for the Yang-Mills �eldÂ�: ~W R̂�;��Â� = D̂��̂�� + �12fX̂�; F̂��g? � 12fX̂�; F̂��g? �WR��(���)
̂���� ; (17)where X̂� = x� + ���Â� are the ovariant oordinates [6℄ and 
̂��� is a polynomial in o-variant quantities suh as ���; F̂��; D̂�1 : : : D̂�nF̂��, antisymmetri in �; �, of power-ountingdimension 3, and expresses the freedom in the splitting. In the following we set 
̂��� = 0.The parameter �̂�� is unhanged and given by [3℄�̂�� = 14f2x� + � �� Â�; Â�g? � 14f2x� + � �� Â�; Â�g? : (18)Comparing (17) with the Â�-part of (8) and extending this ovariantization to the remaining3



�elds �̂a; �̂� _a; D̂ we obtain from (8)~W R̂�;�� = W Ĝ��� + Z d4x tr��12�X̂�; F̂��	? � 12�X̂�; F̂��	?� ÆÆÂ�+ �12fX̂�; D̂��̂ag? � 12fX̂�; D̂��̂ag? + i2 �̂b��� ba� ÆÆ�̂a+ �12fX̂�; D̂� �̂� _ag? � 12fX̂�; D̂� �̂� _ag? � i2 �� _a�� _b �̂�_b� ÆÆ �̂� _a+ �12fX̂�; D̂�D̂g? � 12fX̂�; D̂�D̂g?� ÆÆD̂ ; (19)Now it is straightforward to evaluate~WR�;�� = WR�� � ~W R̂�;�� = WR��(���) dd��� ; (20)with dd��� = ����� + Z d4x tr� dÂ�d��� ÆÆÂ� + d�̂ad��� ÆÆ�̂a + d�̂� _ad��� ÆÆ �̂� _a + dD̂d��� ÆÆD̂� ; (21)whih yields the Seiberg-Witten di�erential equationsdÂ�d��� = �18�Â�; ��Â� + F̂��	? + 18�Â�; ��Â� + F̂��	? ; (22)d�̂ad��� = �18�Â�; ���̂a + D̂��̂a	? + 18�Â�; ���̂a + D̂��̂a	? ; (23)d�̂� _ad��� = �18�Â�; �� �̂� _a + D̂� �̂� _a	? + 18�Â�; �� �̂� _a + D̂� �̂� _a	? ; (24)dD̂d��� = �18�Â�; ��D̂ + D̂�D̂	? + 18�Â�; ��D̂ + D̂�D̂	? : (25)The di�erential equation (22) was �rst found in [1℄.4 �-expansion of the ationThe di�erential equations (22){(25) are now taken as the starting point for a �-expansion ofthe ation, �(n) := nXj=0 1j!��1�1 � � � ��j�j� dj�d��1�1 : : : d��j�j ��=0 : (26)It follows from the the seond identity in (15) that the �-expansion (26) of the ation (1) isinvariant under ommutative gauge transformations. One also heks the identityhW fT;R;Dg; ��� dd��� i = 0 (27)4



for super Yang-Mills theory, whih means that the �-expansion of the �elds leads to a ommu-tative ation invariant under ommutative rotations and translations and with ommutativedilatational symmetry.The �-expansion of (1) yields an ation whih is not invariant under ommutative su-persymmetry transformations. Indeed, the ommutator of a supersymmetry transformationand a �-di�erentiation is given by1h dd��� ;W Sa i = ~WG18�� a _afÂ�;�̂� _ag?� 18�� a _afÂ�;�̂� _ag?+ Z d4x tr��14�� a _afF̂��; �̂� _ag? � 14�� a _afF̂��; �̂� _ag?� ÆÆÂ�+ �14��� ba fF̂��; F̂��g? + 14�� a _a[�̂� _a; D̂��̂b℄? � 14�� a _a[�̂� _a; D̂��̂b℄?� ÆÆ�̂b+ �14�� a _a[�̂� _a; D̂� �̂�_b℄? � 14�� a _a[�̂� _a; D̂� �̂�_b℄?� ÆÆ �̂�_b+ � i4��a _afF̂��; D̂� �̂� _ag? � i4��a _afF̂��; D̂� �̂� _ag?+ 14�� a _af�̂� _a; D̂�D̂g? � 14�� a _af�̂� _a; D̂�D̂g?� ÆÆD̂ ; (28)where the gauge transformation with respet to a fermioni parameter ~! is de�ned by~WG~! = Z d4x tr�D̂�!̂ ÆÆÂ� + if�̂� _a; ~!g? ÆÆ �̂� _a + if�̂a; ~!g? ÆÆ�̂a � i[D̂; ~!℄? ÆÆD̂� : (29)The ation (1) is invariant under the transformation (29). It follows now from (26) that the�-expansion of (1) is invariant under the transformationW S;omma = �W Sa ��=0 + 1Xn=1 1n!��1�1 � � � ��n�n�h dd��1�1 ; h : : : h dd��n�n ;W Sa i : : : ii��=0 ; (30)whih due to [ dd� ;W Sa ℄ 6= 0 is di�erent from the ommutative supersymmetry transformation�W Sa ��=0. The �rst terms of (30) readW S;omma = Z d4x tr����a _a�� _a + 12����� a _afF��; �� _ag� ÆÆA� + �12����� a _a[�� _a; D���_b℄� ÆÆ��b+ �ÆbaD + 12��� ba F�� + 14������ ba fF��; F��g+ 12����� a _afF��; �� _ag� ÆÆ�b+ �� i��a _aD��� _a + i2�����a _afF��; D��� _ag+ 12����� a _af�� _a; D�Dg� ÆÆD� +O(�2) :(31)Similar formulae exist for the anti-supersymmetry transformation W �S_a .1There is of ourse a freedom in the di�erential equations (22){(25) given by the 
-terms in (17) andsimilarly for the other �elds. This freedom is not suÆient to obtain a vanishing right hand side of (28).5



At order n = 0 in � the expansion of (1) is obviously the standard super Yang-Millsation �(0) = Z d4x tr�� 14F ��F�� + i�a��a _aD��� _a + 12D2� ; (32)where � = �̂j�=0 for � 2 fA�; �a; �� _a; Dg. At �rst order in � one �nds�(1) = �(0) � 12 Z d4x tr����F���� 14F��F �� + i2�� _a���_aaD��a + i2�a��a _aD��� _a + 12D2�+ ���F��F��F �� + ���F���i�� _a���_aaD��a + i�a��a _aD��� _a�� : (33)The �-expanded ation (33) ould be further analysed, for instane with respet to newdeay hannels of supersymmetri partiles|in a similar manner as investigations of modelswithout supersymmetry, see e:g: [7℄.5 Remarks on the superspae formalismThe most ompat way to formulate supersymmetri theories is to use the super�eld formal-ism. The above onsidered �elds Â�; �̂a; �̂� _a; D̂ of super Yang-Mills theory an be regardedas omponents of the super�eld�̂ = Ĉ + �̂a�a + �� _a �̂� _a + �a�aM̂ + �� _a�� _a �̂M� 2�a��a _a�� _aÂ� � 2�� _a �̂� _a�a�a � 2�̂a�a�� _a�� _a � �a�a�� _a�� _aD̂ : (34)The antiommuting variables �a; �� _a should not be onfused with the nonommutativity pa-rameter ��� . The Wess-Zumino gauge onsists in setting the omponents Ĉ; �̂a; �̂� _a; M̂ ; �̂Mequal to zero. One has �̂ ? �̂ ? �̂ = 0 in this gauge. For details about the super�eld formalismwe refer to [8℄.Due to [ dd� ;W Sa ℄ 6= 0, see (28), a Seiberg-Witten map in terms of super�elds annot exit.All one an do is to write the previous formulae in a more ompat form, in whih the supervetor �eld is understood to be in Wess-Zumino gauge. The gauge transformations andobserver Lorentz transformations an be written in the ompat formW Ĝ! = Z d4x �� 2�a��a _a�� _a��!̂ � i[�̂; !̂℄?)� ÆÆ�̂ ; (35)W T� := Z d4x tr��� �̂ ÆÆ�̂�; (36)WR�� := Z d4x tr��12�x�; ���̂	? � 12�x�; ���̂	? + ����̂� ÆÆ�̂�+ �Æ��� �� � Æ��� �� + Æ����� � Æ������ ����� ; (37)WD = Z d4x tr�12�xÆ; �Æ�̂	? ÆÆ�̂�� 2��� ����� : (38)6



Here ��� = � i2�a��� ab ���b + i2 �� _a�� _a�� _b ����_b is the spin operator for the super�eld. The ovariantpartile Lorentz rotation reads~W R̂�;�� := W Ĝ��� + Z d4x tr��12�X̂�; F̂�	? � 12�X̂�; F̂�	? + �����̂+ 2�a��a _a�� _aÂ��� ÆÆ�̂� ;(39)where �̂�� is given by (18) andF̂� := ���̂+ 2�a��a _a�� _a��Â� � i[Â�; �̂℄? : (40)This objet, resembling the usual �eld strength tensor F�� , transforms ovariantly under su-pergauge transformations (35). The alulation of the Seiberg-Witten expansion is straight-forward and yields d�̂d��� = �18�Â�; ���̂+ F̂�	? + 18�Â�; ���̂+ F̂�	? : (41)6 ConlusionFollowing the ideas of [3, 9℄ we have derived the Seiberg-Witten map for nonommutativesuper Yang-Mills theory in Wess-Zumino gauge via the splitting of the observer Lorentztransformation into a ovariant partile Lorentz transformation and a remainder, whihdiretly leads to the Seiberg-Witten di�erential equations. We have also omputed the�-expansion of the nonommutative super Yang-Mills ation, up to �rst order in �. The�-expanded ation is invariant under a transformation whih di�ers from the ommutativesupersymmetry transformations by terms of order n � 1 in �. For this reason the Seiberg-Witten map annot be expressed in terms of super�elds.A Useful formulaeSpinor indies a; _a 2 f1; 2g are shifted by the antisymmetri metri "ab = �"ba; " _a_b = �"_b _aaording to �a = "ab�b ; �� _a = " _a _b ��_b : (A.1)Note that spinors are antiommuting,�a�a = ��a�a = �a�a = ��a�a ; �� _a�� _a = ��� _a�� _a = �� _a �� _a = ��� _a�� _a : (A.2)The 2�2 �-matries are given by��a _a = �1; ~��a _a ; ��� _aa = �1;�~�� _aa ; ��a _a = ���_aa ; (A.3)where ~� denotes the three Pauli matries. The �-matries satisfy��a _a��� _ab = g��Æ ba � i��� ba ; (A.4)��� _aa��a_b = g��Æ _a_b � i���� _a _b ; (A.5)��a _a��� _ab��b_b = g����a_b + g����a_b � g����a_b � i������� a_b ; (A.6)��� _aa��a_b��� _bb = g����� _ab + g����� _ab � g����� _ab + i������� _ab� ; (A.7)��a _a�� b_b = 2"ab" _a_b ; (A.8)with ��� ba = ���� ba and ���� _a _b = ����� _a _b. 7
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