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1 Introduction

The simplest model for noncommutative space-time is the so-called noncommutative R*
characterized by a constant antisymmetric tensor 6. Field theories on such a deformed
space-time became recently very popular, mainly due to their relation to string theory [1]
and the possibility to perform similar calculations of Feynman graphs as on usual Minkowski
space. It turned out that field theories which are renormalizable on Minkowski space are in
general not renormalizable (at any loop order) on noncommutative R, see [2].

A remarkable result of Seiberg and Witten [1] was that gauge theory on noncommutative
R? is gauge-equivalent to a gauge theory on Minkowski space coupled to a constant external
field #. This equivalence can be traced back [3] to a deeper discussion of Lorentz transforma-
tions [4]: In presence of # one has to distinguish between ‘observer Lorentz transformations’,
which transform # as a Lorentz two-tensor, and ‘particle Lorentz transformations’, which
leave @ invariant. It turns out that observer Lorentz transformations are symmetries of the
theory whereas particle Lorentz symmetry is broken. Being (in principle) an observable, the
breaking of particle Lorentz symmetry must be gauge-invariant [3]. This is not automatically
the case and demands a covariant redefinition of the splitting of the observer Lorentz trans-
formation into particle Lorentz transformation plus f-transformation, which is governed by
the Seiberg-Witten differential equations.

This letter is an extension of [3] to the components of a noncommutative super vector field
in Wess-Zumino gauge. We derive the Seiberg-Witten differential equations of super Yang-
Mills theory via a covariant splitting of the observer Lorentz transformations into particle
Lorentz transformations and a remainder, using the splitting for the gauge field derived in [3]
as the starting point. The Seiberg-Witten differential equations lead to a #-expansion of the
noncommutative super Yang-Mills action in terms of fields living on commutative space-time.
This #-expanded action is automatically invariant under commutative gauge transformations
and commutative Lorentz transformations. It is however not invariant under commutative
supersymmetry transformations. Instead, the f-expansion of the noncommutative super-
symmetry transformation yields a symmetry transformation of the #-expanded action which
extends the usual supersymmetry transformations by terms of order n > 1 in 0. This result
implies that the Seiberg-Witten map for super Yang-Mills theory cannot be expressed in
terms of superfields.

2 The noncommutative super Yang-Mills action and its symmetries

The noncommutative N'=1 super Yang-Mills action is in the component formulation defined
by
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Some useful properties of objects carrying spinor indices a,a € {1,2} are listed in the ap-
pendix. The *-(anti)commutators of matrix-valued Schwartz class functions f, g are defined
by

fgle=gxf—f*g, {fLgli=g*f+fxyg, (4)

where the x-product is defined by

(fxg)( flz+s5 LO-k) g(z+y) e, (5)

with (0-k)* = 0"k, k -y := k,y* and " = —6"* € My(R). We consider 0" as the
components of a translation-invariant tensor field.
The action (1) is invariant under gauge transformations
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and supersymmetry transformations [5]
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The partial derivative with respect to #*” has the property
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where the fields flu, 5\“, j\‘i, D must be assumed to be independent of 6.

3 Seiberg-Witten differential equations

As in (non-supersymmetric) noncommutative Yang-Mills theory [3] we derive the Seiberg-
Witten differential equations via a splitting of the observer Lorentz transformation Wf‘ﬂ into

the covariant particle Lorentz transformation W%

o5 and a remaining piece Wyt s involving

the Seiberg-Witten differential equation:
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The motivation for this ansatz is the following. The commutator of an observer Lorentz
rotation (8) with a gauge transformation (6) is again a gauge transformation,
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for some infinitesimal gauge parameter w.p(w]. A particle Lorentz transformation is de-
fined as the part of an observer Lorentz transformation which does not transform the field
6", see (14). However, one should require that a particle Lorentz transformation trans-
forms a gauge-invariant quantity into another gauge-invariant quantity, otherwise the parti-
cle Lorentz transformation cannot be considered as well-defined [3]. It is sufficient to demand
(15) in order to achieve this property.
To find the sought for splitting we first apply the ansatz of [3] for the Yang-Mills field
Ay
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where X# = z# 4 " A, are the covariant coordinates [6] and ,,, is a polynomial in co-
variant quantities such as 6%, F}.,, D, ...D,, Fy\, antisymmetric in p, o, of power-counting

dimension 3, and expresses the freedom in the splitting. In the following we set Q,,, = 0.
The parameter Y,s is unchanged and given by [3]
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Comparing (17) with the A,-part of (8) and extending this covariantization to the remaining



fields )\“ )\“ D we obtain from (
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Now it is straightforward to evaluate
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The differential equation (22) was first found in [1].

4 (-expansion of the action

The differential equations (22)—(25) are now taken as the starting point for a #-expansion of
the action,
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It follows from the the second identity in (15) that the #-expansion (26) of the action (1) is
invariant under commutative gauge transformations. One also checks the identity
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for super Yang-Mills theory, which means that the #-expansion of the fields leads to a commu-
tative action invariant under commutative rotations and translations and with commutative
dilatational symmetry.

The f-expansion of (1) yields an action which is not invariant under commutative su-
persymmetry transformations. Indeed, the commutator of a supersymmetry transformation
and a f-differentiation is given by!
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where the gauge transformation with respect to a fermionic parameter @ is defined by
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The action (1) is invariant under the transformation (29). It follows now from (26) that the
f-expansion of (1) is invariant under the transformation
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which due to [-£, W] # 0 is different from the commutative supersymmetry transformation
(W5),_o- The first terms of (30) read
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Similar formulae exist for the anti-supersymmetry transformation Wf

!There is of course a freedom in the differential equations (22)-(25) given by the Q-terms in (17) and
similarly for the other fields. This freedom is not sufficient to obtain a vanishing right hand side of (28).



At order n = 0 in @ the expansion of (1) is obviously the standard super Yang-Mills
action
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where ¢ = QA5|9:0 for ¢ € {A,, A%, A%, D}. At first order in 6 one finds
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The f-expanded action (33) could be further analysed, for instance with respect to new
decay channels of supersymmetric particles—in a similar manner as investigations of models
without supersymmetry, see e.g. [7].

5 Remarks on the superspace formalism

The most compact way to formulate supersymmetric theories is to use the superfield formal-

ism. The above considered fields /Alu, 5\“, MG, D of super Yang-Mills theory can be regarded
as components of the superfield

~
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The anticommuting variables 6¢, #* should not be confused with the noncommutativity pa-
rameter §*”. The Wess-Zumino gauge consists in setting the components C, e, X M, M
equal to zero. One has é*qg*qg = 0 in this gauge. For details about the superfield formalism
we refer to [8].

Due to [, W] # 0, see (28), a Seiberg-Witten map in terms of superfields cannot exit.
All one can do is to write the previous formulae in a more compact form, in which the super
vector field is understood to be in Wess-Zumino gauge. The gauge transformations and

observer Lorentz transformations can be written in the compact form
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Here X5 = —%Haaagaba%, + %0_‘1625(}6%; is the spin operator for the superfield. The covariant

particle Lorentz rotation reads
WE = WG+ / aho e ({0 B}, — 5 (Ko Ba}, + Sas (94 26°0147°4,) ) )
(39)
where X,z is given by (18) and
E, := 8,0 + 20°0",0%0,A, — i[A,, 9], . (40)
This object, resembling the usual field strength tensor F),,, transforms covariantly under su-

pergauge transformations (35). The calculation of the Seiberg-Witten expansion is straight-
forward and yields

(41)

6 Conclusion

Following the ideas of [3, 9] we have derived the Seiberg-Witten map for noncommutative
super Yang-Mills theory in Wess-Zumino gauge via the splitting of the observer Lorentz
transformation into a covariant particle Lorentz transformation and a remainder, which
directly leads to the Seiberg-Witten differential equations. We have also computed the
f-expansion of the noncommutative super Yang-Mills action, up to first order in #. The
f-expanded action is invariant under a transformation which differs from the commutative
supersymmetry transformations by terms of order n > 1 in €. For this reason the Seiberg-
Witten map cannot be expressed in terms of superfields.

A Useful formulae

Spinor indices a,@ € {1,2} are shifted by the antisymmetric metric £ = —gbe gib — _cbi
according to
Xo = earX” Xt =e"%; (A1)
Note that spinors are anticommuting,
X" = —Xal" = 1"Xa = —0X",  Xafl' = —X'Ta = TaX" = —X'a - (A2)
The 2x2 o-matrices are given by
5 o )\ aa _
ol = (I’U)aa , ot = (1, —a) , ol =ak (A.3)
where ¢ denotes the three Pauli matrices. The o-matrices satisfy
oot = g5, — ot (A4)
ohal = gt — oty (A.5)
Ugﬁyabaf,; = 9“”055 + QVpUZ,-, - gp“UZg) - iﬁ“VpAUAai; ) (A.6)
5_udaO_Zi75_pbb — g,ul/a_pdb + gl/pa_,udb o gpua_l/db + iE’qu/\a'j\db , (A?)
Ugda,ubi) = 25ab5di) 5 (AS)

with o0 = —g7# and 51 & = —g"1%;.
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