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Dedicated to Olivier Piguet on the occasion of his 60" birthday

1 Introduction

We know that the concept of space-time as a differentiable manifold cannot be reason-
ably applied to extremely short distances [1]. Simple heuristic arguments show that it
is impossible to locate a particle with arbitrarily small uncertainty [2]. An interesting
concept in order to replace standard differential geometry is non-commutative geometry
pioneered by Connes [3, 4]. Non-commutative geometry can be regarded as an extension
of the principles of quantum mechanics to geometry itself: space-time coordinates become
non-commutative operators.

The general strategy in non-commutative geometry is to generalize the mathematical
structures encountered in ordinary physics. Standard quantum field theories deal with
problems of interactions at short distances. Quantum field theory (QFT) on spaces with
different short-distance structure may therefore show interesting features. Since singular-
ities in standard QFT are a consequence of point-like interactions, there has been hope
that ‘smearing out the points’ [5] avoids these UV divergences. However, it was first
noticed by Filk [6] that divergences are not avoided on non-commutative R*. This raised
the question of whether the QFT is renormalizable, or not. On the one-loop level this
was affirmed for Yang—Mills theory on non-commutative R* [7] and the non-commutative
4-torus [8] as well as for supersymmetric Yang—Mills theory in (2+1) dimensions, with
space being the non-commutative 2-torus [9]. QED on non-commutative R* was treated
in [10] and BF—Yang-Mills theory in [11]. The Chern-Simons model on non-commutative
space was treated in [12], see also [13], and the Wess—Zumino model in [14].

Concerning supersymmetry, also a deformation of the anticommutator of the fermionic
superspace coordinates was considered [15], but this deformation is not compatible with
supertranslations and chiral fields. A superspace formulation (at the classical level) of the
Wess-Zumino model and of super-Yang—Mills theory was given in [16]. Non-commutative
N = 1,2 super-Yang—Mills theories were studied by Zanon in [17], using the background
field method, with the result that at one loop there are only logarithmic divergences in the
self-energy. This is remarkable because the power-counting theorem predicts quadratic
divergences for N' = 1 super-Yang—Mills theory, which would lead, according to the
power-counting analysis of non-commutative field theories by Chepelev and Roiban [18],
to non-renormalizability on non-commutative space-time. The lowering of the degree of
divergence from quadratic to logarithmic seems to be governed by non-renormalization
theorems, see [19].

In this paper we reinvestigate the question of UV/IR mixing in non-commutative
N = 1 super-Yang-Mills theory. We work in the non-commutative superfield formalism
[14], which allows us to easily switch between a general superfield and one in the Wess—
Zumino gauge. It turns out that the one-loop self-energy of the superfield is quadratically
IR-divergent in the Wess-Zumino gauge and logarithmically IR-divergent for a general
superfield. UV divergences are multiplicatively renormalizable in both cases. Assum-
ing that this behaviour continues to all orders, non-commutative A" = 1 super-Yang—
Mills theory would be renormalizable, according to [18], when using general superfields
(provided that commutants-type divergences are absent), and non-renormalizable when



choosing the Wess-Zumino gauge. Since such a conclusion seems to be very unnatural,
we rather interpret our result as an indication that UV /IR mixing is not physical after all:
renormalization of non-commutative field theories should be possible also in the presence
of quadratic IR divergences. Possible ways out could be hard non-commutative loops
resummation [20] or the use of field redefinitions [21].

The paper is organized as follows: Section 2 presents the Moyal product applied to
superfields, while section 3 treats the action of our model. In section 4 the Legendre
transformation and the perturbative expansion are performed and, after a short power-
counting argument given in section 5, the self-energy of the super-vector field is calculated
at the one-loop level (section 6). Appendices contain some calculations and conventions.

2 Moyal Product for Superfields
We consider a non-commutative (N = 1) superspace characterized by the algebra
[z, 2"] = iO", (1)

where ©#" is an antisymmetric, constant and real matrix. We do not deform the anti-
commuting coordinates 6, and 0%, i.e. we assume

{0a,05} = {0%,0°) = {0,,0%) = [2",0,] = [*,0%] = 0. (2)

The non-commutative algebra is represented on an ordinary manifold by the Moyal prod-
uct [6]. The Moyal product of two vector superfields can be written as [14]

(6% 8)(w.010) = [ dPvadPradn(L 25013
% q;(p% 0, 52)(;/(1)3’ 05, gg)efi(pﬁps)zefipg/\ps_ (3)

The Moyal product has the important property

[ wviererv = [ i@ o0 = [aisns. (4)

This implies in particular that one can perform cyclic rotations of the fields under the
integral.

For definiteness we have used vector superfields in (3) and (4). Of course, one can
easily write down analogous formulae for (anti-)chiral superfields.

3 The Action

For simplicity we choose the gauge group U(1). We introduce a vector superfield ¢ whose
gauge transformation is given by [16]:

(€¢I)* = (e_i[\)* * (ed))* * (eiA)*a (5)

with a chiral superfield A (gauge parameter). With the help of the Baker-Campbell-
Hausdorff formula we obtain the infinitesimal gauge transformation of ¢ itself:

§ =9 +ilh—A)+ 5o A+ Al 50, [0, A AL+ .o, ©)
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where the dots denote terms that contain three or more powers of ¢. The gauge-invariant
NCSYM action is given by

Simy = ——— / S W, (7)
128¢?
with
W :=D* ((e ?)s x Da(e?),) - (8)

We perform a Taylor expansion of the integrand,

1

Sinv = _ng2

/dV { — ¢D*D* Dot — (D*D*9)[¢, Do),

— 216 D*D"6L16, Dudl. + 1[0, D610, Dt + O(67)
(9)

In order to prepare the quantization, we introduce a chiral superfield B (multiplier field)
and two chiral anticommuting superfields c; (ghost) and c¢_ (antighost). The BRS trans-
formations are given by:

_ 1 _ 1 _
S¢p =cy —Cp + §[¢7 Cp +Cyls + ﬁ[ﬁba (¢, — Cylulu +- -
= Qs(¢7 C+)7
SC4 = —Cy *C+, 86_1_ = —6+ *6_1_,
sc_ = B, sc_ = B,
sB =0, sB = 0. (10)

Now we can write down the BRS-invariant total action:
Stot - Sinv + ng + Sd)?r; (11)

where S, is given by (9) and the gauge fixing and the Faddeev—Popov terms are given
by [22]:

1 _
1
Sd)ﬂ = ]_—28 dV(C, + 67)Q5(¢, C+). (]_3)

Using (10), the Faddeev—Popov term can be rewritten as

1

S¢7|— == 38 dV <C_C+ - 0_6_1_

t (e +a) (%w, ot et sl Bres — Lt )) (14)



Again the dots denote terms with three or more powers of ¢.
In the Wess—Zumino gauge [23] we have ¢* = 0, and the infinitesimal gauge transfor-
mation is given by _
. 1 -
¢':¢+2(A—A)+§[¢,A+A]*. (15)

It is convenient to introduce a switch 3 for the Wess—Zumino gauge: g =1 is the general
case, # = 0 corresponds to the Wess—Zumino gauge. This leads to

1 a M B «
S = ~13557 | 4V | - 9D DD — (DD70)i0, Do)
- S D D06, Dudl. + [0 D000, Dl 5 O (10)
1 _
Sur =1y | AV(B+ B, (17)
1
Ser = 198 av (c_c+ —C_Cy

+(eove) (%[qﬁ, ot et Do fbies — e+ 5 0(¢3>)). (18)

In the following we will also include a mass term in the total action,

1
Smass = —/dVM2¢27 (19)

16g2
in order to avoid an IR divergence in the propagator of the vector superfield.

4 Generating Functionals

The generating functional of connected Green’s functions for the free theory can be ob-
tained from the bilinear part Sy; of St + Smass Via a Legendre transformation:

Zyi = Sei + /dVJqS + /dS (JgB+n_cy +n4c)
+ /dS (JpB + f-¢4 +14.0-)
= Shit + /dPVj—pép + / dPs (jB,—po + 7 pCp + 77+,—p5—,p)

B,—po + 7 pCap + ﬁ+,*pé*,p> ) (20)



where ¢, B, B, cy and ¢, are replaced by the inverse solutions of

Oy Shit =

Svdy Y

V¥-p

(S Sz ~ (S‘Sl ~
5SBH — 6sébz — s,

SD_p SP—p

0sShr - 0sShr -
6567 Y - 77+,P7 556+ Y - 77*,])7
d5Shil _F 05 Shit _7
65‘5_,_11 +,p, 5§é+7_p P

This leads to
1 - - - -
Zgz'l — /dPVI dPV2 §J_p1A¢¢(1, 2)J_p2 + /dPVI dP5'2 J_p1A¢B(1, 2)]3,_172

—|—/dPVl dPs, j—p1A¢B(1;2)jB,—p2+ dPsy dPs, jB,—plABB(1;2)jB,

—p2
- /dPSI dPss ﬁ*,*plA@_C_ (17 2)ﬁ+,*p2 - /dPSI dPss 7;]+,*p1AE_c+(17 2)777,71)27

where the propagators are given by

1- 5931%11’%

pi(p3 — M?)”

(02040, —0,0"02) 1 - (9210p§21)192,p + i%ﬁ%pg
p3

)1+ (0210%051)p2, + 305,03,P3
p3

A¢¢(17 2) = _92(277')4(54(pl—|—p2)€p2,u(020“51—010“§2)

Agp(1,2) = 8(2m)"6" (p1+ps) el

Agp(1,2) = 8(277)454(p1+p2)6”2’“(02‘7“91—910“92
AE#»Cf (17 2) = AE,C+(17 2) — Aqu(l7 2)7

App(1,2) = —5—

The generating functional of general Green’s functions is given by
7 = Nfle%ri”t@%zgil,
where A is a normalization factor such that Z[0] = 1 and

h

4 4
(—) / dPyy dPyy dPy3 dPyyTya(1,2,3,4) ov

Sy I _py Oy d_py 0y _py Oy,
0y

ST 6vd pyOvd s

026y

6577*,71)2 6Sﬁ+,fp1 6ijp3

r

1
1

h 3
(;) /dPVl dPV2 dpvg 1—‘¢3(1, 2, 3)

T3
A\?
+ (;) /dPVI dPyy dPys; Fc_c+¢(]-7 2, 3)

5

(21)

(22)



AN 55050
+ <_> /dPVl dPVZ dPV3 FE_C+¢(]-7 27 3) - S:S v 7
t 087, p2057+,-p OV g
AN 55650
+ <—) / dPyy dPyy dPysTe_c,(1,2,3)——— >
v 5'77—,—17265774-,—1716‘/‘]—173
B\ 020y
+ <—> /de dPyydPy3 s ¢,4(1,2,3)—= = =
v ’ 057]—,~ps 0571 +,~p1 OV J—ps
+ ! <h>4/dp dPyo dPys dPys T (1 2.3 4) 6‘%6‘2/
- - Vi V2 V3 Valc_cypgp?2\L, 4,9, ~ - [~ ¥
21\ +0 087)—,—p305T)+,—p, OV J—py Oy J—p,
1 <h>4 / 05050¢,
+ = | - dPVl dPVQ dpvg dpv4 F(’:,c 2(1,2,3,4) — — = =
20\ ¢ +o 65777,7p265‘77+,*p16VJ71735VJ*I)4
1 <h>4 / 550502
+ =1 = dPVl dPVZ dPV3 dPV4 FC_E 2(1727374) = - = 3
20 \1 +e 65'777,71)26577%*1)16VJ*P35VJ*IJ4
42 <h>4/dP dPys dPys dPya s 5. (1,2, 3, 4) 0507
YR Vi V2 V3 Vale_cpgp2\Ly 4,9, ~ ~ x = )
21 i i 577—,—1126577+,—p16VJ—p35VJ—p4
(25)
where we have defined
53 in
Tg3(1,2,3) =— vOint ,
5V ¢p1 6V ¢p2 6V ¢p3 0
4 Q.
T41(1,2,3,4) = — OvSim :
5V¢p15\/¢p26v¢p36v¢p4 0
5%/Smt
Fc_c+¢(]-7273) = ~ ~ ~ )
5VC*:P16VC+,P25V¢P3 0
c,c+¢2(1727374) - - - b bt ) (26)
5VC—7P16VC+,I72 5V¢p35V¢p4 0

and similarly for I'z . 4(1,2,3), T'cc.6(1,2,3), Tec0(1,2,3), To . (1,2,3,4),
I'e c.42(1,2,3,4) and T’z ¢, 42(1,2,3,4). Here, Sj; is the interaction part of Sy, and
the subscript 0 means that all the fields have to be set to zero after the functional deriva-
tives have been performed. The mixture of (anti-)chiral and vectorial field derivatives
in the ghost sector is due to our convention that source terms for the ghosts involve the
(anti-)chiral measure (20), whereas interactions between ghosts and vector superfields are
defined in terms of the vectorial measure (18). One should notice here that these are all
necessary vertices for the calculation of the one-loop self-energy part of the vector super-
field. The final results for these vertex functions (26) are rather complicated and can be
looked up in appendix A.

Furthermore, we mention the generating functional of connected Green’s functions,

which is given by

Z° = Ean. (27)
i



5 Power Counting

We note that, apart from the exponentials and the #-factors in the numerator the vector
field propagators are of order and the ghost propagators of order - 2 . We consider the
exponentials and the 6- factors i:‘rom the invariance of Green’s functlons with respect to
translations and supersymmetry transformations one finds that a one-particle irreducible
Green’s function in momentum space can always be written as [22]:

r'(1,...,n) = — L]
Y 5o (p1) - . 5¢(pn)

271' 64 Zp ZizaPin(OiotB1=01015:) f(_p%"'a_pn)eil?e_il)' (28)

This general structure is true in particular for propagators and vertices. Thus, the gen-
eral structure of the integrand of the superspace integral corresponding to an arbitrary
Feynman graph is

_exp( ZZ[WTHQO' 0 —90' 9 )HHfl]T Z]T) z];gij)- (29)

i<j T i<j T

J/

-~

(pakzalael)

Here, l;; is the momentum running from point ¢ to point j, and 7 counts momenta
running between the same pair of points. We have chosen a basis for (I;;,) = (p, k),
where p and k are the external and internal momenta, respectively. With momentum

conservation,
Z lij,T = Di, (30)
7,7

we find ) ) ) )
E(p,k,0,,0,) = E(p, k,011,01) — Z(Qi0“91 — 010"0;)pi - (31)
Therefore, the exponentials appearing in the formulae for the propagators and vertices

can be rewritten as
k (0:048;—0;03; k(03104851 —0;1043;
w(0i0"0;—0;0 ):>€ w(0i10t0j1—0;510 1), (32)

if and only if £ is an internal momentum. A Taylor expansion of the exponentials shows
that from the f-factors and the exponential we will at most get terms like 6262 k2. The
highest power of £? that can appear is just the number of independent differences 6;; (with
J =1 in the calculation above) that can be constructed, which is exactly n — 1, n being
the number of vertices. So we find for the superficial divergence degree of an 1PI-graph

d(T) = 4L — 2G — 4V + 2(ng + ny — 1) + 2ny.. (33)

Here, L is the number of loop integrations, G' and V" are the numbers of ghost and vector
superfield propagators, respectively, ng and ny count the ghost-vector superfield and the
pure-vector superfield vertices. The last term, 2ny, has to be included in (33) because of



the four covariant derivatives that appear in the parts of the Lagrangian corresponding
to the three and four vertices of the vector superfield.

Using the topological relation L = G +V — ng — ny + 1 and charge conservation for
the ghost fields, 2ng = 2G + Ng (N being the number of external ghost fields), we find

d(T) = 2 — Ng. (34)

For the vector superfield self-energy (Ng = 0), this means a superficial degree of divergence
of 2.

6 Self-Energy of the Vector Superfield

The following Feynman graphs contribute to the self-energy of the vector superfield at the
one-loop level (continuous lines denote vector superfield propagators, dotted lines ghost
propagators):

1 2
4y 5 4y e
15 : 1—‘ .—2 Iﬁ : 1—. .—2
3_ 6.1 3_ 6+
4y 5 4y 5
I7: 1 . —2 Ig : 1 . —2 (35)
3_ 6.+ 3_ 6.+

From the generating functional (27) we obtain the following integrals corresponding to
these graphs (after amputation of the external lines):

h
[1 = 2— /dpvgdpv4 F¢4 (3, 4, ]_, 2)A¢¢(3, 4),
1

h
I =—— / dpvgdp\/4 F573+¢2 (37 47 ]-7 2)Aéfc+ (3’ 4)’
i
h
Iy = __-/dPV3dPV4 Lo z02(3,4,1,2)Ac 2, (3,4),
1
h
li=o; /de3de4de5dPVG s (3,4, 1)A5(3,6)3(5, 6, 2) gy (5, 4),
i

h
I5 - - / dPV3dPV4dPV5dPV6 Fc_c+¢(37 47 ]-)AC_E+ (37 6)FE_E+¢(57 67 2)A6_0+(57 4)7
3
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/ APy sdPyadPysdPys o o (3,4,1)An o, (3,6)T_o,0(5,6,2)A0 o, (5, 4),

D*Nlm

I? - - / dPV3dPV4dPV5dPV6 FC_E+¢(37 47 ]-)Ac_6+ (37 6)FC_E+¢(57 67 2)A0_6+(57 4)7
A

h
Iy = _;/dPV3dPV4dPV5dPV6 Feco(3,4,1) A0 ¢, (3,6)Tc_c.6(5,6,2)Ac_c, (5,4). (36)

(Note that A, ¢, (3,6) = —As . (6,3).) We now insert the explicit expressions for the
propagators and vertices into the eight integrals in (36). After some lengthy simplifications
of the integrands (see appendix A) we arrive at

h _ o0y —0o0t @ . 1

I, = 128@6 (p1 + p2)e PLu(010%02=0 01)/d4k sin(p, /\k)m

83 1, 4p
X ((2 - §> - 59%29%2 <1 - ?) (2k° +p%)> ; (37)

hﬂ 4 —p1,u (010 02—020701) 4 2 g2

I, = —3847,6 (p1 + po)e Prx d’k sin (p1 A k) k2 015075, (38)
h _

13 — 382 5 (p1 + po )6*171,#(910#927020N91 /d4k sin (p1 A k) B 9%29%2, (39)

I, = 1;’8 5 (pl + py )e—pl,p(01a“0_2—020“6‘_1) /d4k sin2(p1 A k)

1
k2(k? — M?)(k 4+ p1)?((k + p1)? — M?)

1 .
x ( — 4(K)? = 8k (kpr) — 5k — pi(kpr) — J0%0% ( — 46}

+ 8% (kp1)” + 8(kp1)* + 8(kp1)*pt + (kp1) (p1)” — 3(p1) k2)> (40)

h — ohOs—050+0 7} 1 7)
I5 = 2561 520" (p1 +po)e P1,u (010" 02—020+01) (1 — (0120°012)p1,, + 19%20%2]9%>

1
d*k sin® k)y———m— 41
x/ sin”(p; A )k2(p1—|—k)2’ (41)
h B0y —0actl ~ 1 —~
Is = 5560 ——0" (1 + pa)e P10t 0 (1 + (01207012)p1,, + Z%z%zlﬁ)
1
d*k sin® ANk)——— 49
X / sin”(py )kQ(pl yavh (42)
h 5 5 1
I — P1 (010’“92920’“91)/ 4 2
1= gl (Pt p2)e Tk sin* (e AR Gy
- _ 1
X (1 — (0120°019) (p1 + 2k), + 03,03, (pr + ik + k2>> ’ (43)
_ h 4 —p1 H((910'”‘02—020'”‘01)/\ 4 2 ]‘
Iy = 2562’6 (p1 +p2)e d*k sin®(p1 A k) 20 15
7 1
X (1 + (01207015) (1 + 2k), + 03,07, (pr +pik + k2>> , (44)

Ne}



This gives up to terms in the integrand, which evaluate for M # 0 to finite quantities

8

no. na in? /\ k 8
Z 128 4(py + p)e P00 amtao 01>/d4k Sy A K) )((—2 _ 80

— k2(k + p1)2 3
~ 325 (kp1)2
- 19%29%2 (80— Bk + (12 = 168)kp1 + 2 = i + 5 )). (49)
As usual we write sin®(py A k) = 1 — 2 cos(2p1 A k) and refer to the part corresponding

to 5 as ‘planar’ and the part correspondlng to 5 cos(2p1 A k) as ‘non-planar’. The planar
part of (45) is UV-divergent and evaluated in dimensional or analytic regularization to

8
reg 4 ~ ~ 1 _
(ZL) (1+ 36) 1932 04 (p1 + pa)e Prn (1ot 0=t 0n) (1 - 19%29%217%) +0(1).

planar
(46)

=1

This means that the divergence in the planar part of the self-energy is transversal, so that
it can be removed by multiplicative renormalization. Because of the oscillating integrand,
the non-planar part of (45) turns out to be finite for p; # 0 and is evaluated to (with

ﬁ/f = lepl,ll):

2 _ ~(9(1 — _
i(54(171 + p2) e (107020207 00) ( ( 5 2 h) 9%29%2
1

non-planar 64

(14 5) (1- 1t [ 4o Ko si-apipt) ) + 00, (4

where O(1) in (47) collects terms that are regular for p; — 0, and Ky(y) = log2 —logy —
v+ O(y?) is the modified Bessel function of second kind (with Euler’s v = 0.577...). Thus,
the non-planar part of the self-energy is quadratically divergent for p; — 0 when choosing
the Wess—Zumino gauge 8 = 0, but only logarithmically divergent for a general superfield,
which corresponds to g = 1.

7 Conclusions

We have computed the one-loop self-energy of the superfield in non-commutative AN/ = 1,
U (1) super-Yang-Mills theory, for a general superfield and one in the Wess—Zumino gauge.
Our results can be summarized as follows:

e UV divergences can be renormalized independently of the choice of Wess—Zumino
gauge or not.

e If we do not use the Wess—Zumino gauge, the one-loop self-energy is only logarith-
mically IR-divergent (confirming the result of [17]).

e In the Wess—Zumino gauge, the one-loop self-energy is quadratically IR-divergent.

10



Quadratic IR divergences at one loop make a non-commutative field theory non-
renormalizable at higher loop order. If there are only logarithmic divergences, a non-
commutative field theory is, according to [18], power-counting renormalizable (assuming
there is no problem with commutants). This would imply that non-commutative N' = 1
super-Yang—Mills theory is renormalizable, unless one chooses the Wess—Zumino gauge.
As renormalizability should be gauge-independent, our results seem to indicate that mod-
els showing UV/IR mixing could nevertheless be renormalizable.

A Calculations

A1 ¢*-verter

5.5
5V ¢p1 5V ¢p2 5V ¢p3 5V ¢p4
Sga denotes the part of the total action which is quartic in ¢:

- 1 1 =9 « 1 5 N2 o
S¢4 __128g2/dV<Z[D ¢,D ¢]*+ (Z_§> [¢7D D ¢]*

+ %[Ddgb) DdDa¢]*> [¢7 Da¢]*' (Al)

, Where

Let us compute the ¢*-vertex given in (26), [41(1,2,3,4) =

Using the definition of the Moyal product (3) and integrating by parts several times, this
expression can be written as

1

Syt = ——
* T T 25642

/dpv5 dPVG dpv7 dpvg (277')4(54 (p5 -+ Dé + p7 —+ ps)e*iPS/\PS*ipW\Ps

X Gy Do Dpr O V(5, 6,7, 8)0v(5,6)0v-(5, 7)dv (5, 8),
(A.2)

where the differential operator V is given by
V(5,6,7,8)
— (B8 .~ D2 ,,) Dt [Eﬁg,ps " (% - ?) o éd,ﬁ,_pﬁég,ps]
+ (B, = D8 ,.) Das, BD " (; - ?) By DD] (A3)
We notice that V has the following symmetry properties:

V(5,6,7,8) = —V(6,5,7,8) = —V(5,6,8,7) = V(6,5,8, 7). (A.4)
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Using these symmetries we can write s« as

1
Tyi(1,2,3,4) = i (2m)"'0" (pr + p2 + ps + pa)

X | sin(py A p2)sin(ps Apy) (V(1,2,3,4) +V(3,4,1,2))
+sin(py A ps) sin(ps A py) (V(1,3,4,2) + V(4,2,1,3))
+sin(py A pa) sin(ps A ps) (V(1,4,2,3) + V(2,3,1,4))
x oy (1,2)dy(1,3)0v(1, 4). (A.5)

In order to simplify this expression we have to evaluate terms like

~ ~ d
Doo, pyDi2,p, D

1,-p1

A(1,2,3,4) := DY

4,—pa

ov(1,2)0y(1,3)0y (1, 4). (A.6)

This can be done most easily if we first insert exponentials in the following way:

A(1,2,3,4) = (D ern @7 00 05 (4,3) )

X (Dayg’,pzbda’ipz6P2,u(930’”@2*920’”93)5‘/(2, 3)) (5‘154771)1epl,p(agapélfelapgs)gv(17 3)) , (A.?)

which is allowed because of 8% = 6 = (0. We now use the identities
~ T Y P 1y AL O. 0.0
Dy et o0t 0 — epul0iotGi=0ieM 00 D o,
= .. - B .. 0 =
Dy petr om0t 0) = epul0iotGi=0ieM 00 D Lo,
which can easily be verified, leading to

_paOv (4, 3)) (Da,23,—p2Dd,23,—p25V(27 3)) (D?ii,—plév(l? 3)) :

(A.10)
where we have used the notation (B.11). We can readily evaluate the covariant derivatives
of the delta functions, which give

A(1,2,3,4) = " (Dg,

I pw .4 ~ 1, - _ _.
A(l, 2, 3, 4) = %BE:“ 023023 (023,a023,d + 5(0'“923)04172,#923,@0;3) 0(1139%3. (All)

With the help of the Fierz identity (C.2), this expression can be rewritten as

1 o o
A(1,2,3,4) = %e’fé“—m(@m 923) (0.13003) 02 (G23013) 6% (A.12)
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By applying this procedure to all the terms in (A.5), we arrive at

Lys(1,2,3,4) = —(27)*6*(p1 + p2 + 13 + pa)

6442
xsmmAmﬁm%AmwF@Z&Q—F@L&@—F@Z&@

F(2,1,4,3) + F(3,4,1,2) — F(4,3,1,2) — F(3,4,2,1) + F(4,3,2, 1))
+sin(pr A ps) sin(pa A po) (F(l, 3,4,2) — F(3,1,4,2) — F(1,3,2,4)

+F@LZ®+F%ZL$—F@&L@—F%Z&D+F@&&U)
+ﬂMmAmﬁm%AmmF@&Z$—F%LZ@—F@&&%

+F(4,1,3,2)+ F(2,3,1,4) — F(3,2,1,4) — F(2,3,4,1) + F(3,2,4, 1))] :

where F'is given by

ar N 2
L6E154)_p7’“(01’°0 ") (010,031, 05 ( ~07 + = B ) - (A.14)

F(i,j, k1) = 556

A.2 The other vertices

The other vertices can be evaluated in a similar way as the ¢*-vertex. Since the calcula-
tions are much easier than in the case of the ¢*-vertex, we only give the results:

Tys(1,2,3) =

64 3 (27r) ¢ (p1 + p2 + p3)sin(pz A ps)
% epz,u(ﬂl0“52*920“51)+p3,ﬂ(010“6737030“671)

1 _
05105,

1
X <§(9§1 0; )(921931)—§(921931)(9 —05) - T

1 _ _ o
16951951 4 (p2,p9210p921 - p3,p9310p931) (921931) (921931)) )
(A.15)
Fc_c+d>2(]-7 27 37 4) _%(271—)454(1)1 +Dp2+p3 +p4)5V(1 2)5‘/(1 3)6‘/(1 4)

X <sm(p1 A py) sin(pg A ps) + sin(p; A p3) sin(ps A py ) (A.16)

Ie e, (1 2,3,4) = F570+¢2(1,2,3,4) =I,. c+¢2(1 2,3,4)=-T,_ C+¢2(1,2,3,4),
(A.17)
Te e(1,2,3) = —@6‘/(1 2)0y (1, 3)(27)46* (1 + po + p3) sin(pz A ps), (A.18)
F5_5+¢(1, 2,3) = FC_C+¢(1, 2,3) = FC_5+¢(1, 2,3) = FC_C+¢(1, 2,3). (A.19)
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A.8  The integrals (37)-(44)

As an example, we show how to compute I; in (36). Inserting the formulae for the
propagators and vertices we obtain

h ? ~ ~
I7 = —; / dpvgdpv4dpv5dp\/6 <_1—28> 5v(3, 1)5v(4, 1)(271')4(54(])3 +p4 —|—p1)

X sin(py A pl)(_g)(%)zl(szl(pﬁ +p3)ep3,#(03gu§67960u§3)
y 1 — (05607 036)ps,, + 193036056 B
p3 128

) oy (5,2)0y(6,2)(2m)*6* (ps + ps + p2)

1 — (0540™054)ps 0 + ip§9§49§4

X Sln(p6 /\p2)(_8) (27-(—)454(174 _|_p5) eps,u(05o"’947040"’95)

P2
h _ _ - -
. - . . - g 1
% 6 5,2 6 6,2 eku(ﬂgaﬂeﬁ—eﬁaﬂﬁg)e(p1+k),,(050 04—040"05)
V( ) V( ) kQ(pl—FI{I)Q
_ 1 _ _ 1 -
X (]_ — (0360p936)kp + Zk29§69§6> (1 — (9540')\954)(291 + k))\ + Z(pl + I{J)20§40§4> :| ,
(A.20)
where we have carried out the ps-, ps- and pg-integrations with the help of the delta
functions and have renamed the remaining loop momentum p3 =: k. As usual 9?7 is a
short-hand notation for 52— 59-. In the last three lines of (A.20) we can replace 65 and

0y with 61, and 05 and 6g ‘with >, because of the superspace delta functions that are
contained in the integrand. Thus, we obtain

h _ _
It = =0 (py 4 pp)e P Do) / d'k sin®(py A k)
1

<[22 2025w (3. D3V (4. DBV 6,250 (6,2)] g

_ 1 _ _ 1 _
X (1 — (9120-P912)kp + Zk29%29%2> (1 — (9120)\012)(1)1 + k))\ + Z(pl + k)29%20%2>
(A.21)

The term between the square brackets of this expression simply gives a factor 1. Applying
the identity (C.1) in the last two lines of (A.21) we arrive at

h 5 5 1
[ = __64 —p1,u (010 02—020+01) /d4k 2 Ak
= o5 1t p)e S AR Ty
_ - 1
X <]. - (9120’p012)(p1 + Qk)p + 0%20%2 <1p% —|—p1k + k2>> . (A22)
B Notations and Conventions
We frequently use the definition
1 ..
§kipj@l] = kA p. (Bl)
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The Fourier transform of a field is

o) = [ 5 dte (8.2)

The covariant derivatives are defined as
Da = 8a - i(a“@)aé)ﬂ, Dd = —5& + i(@a“)dﬁu. (B3)

In momentum space the covariant derivatives read

Dap = 0o — puot, 0%, Dgp = —04 + puotis0*. (B.4)
We use the following definitions concerning Grassmann-valued objects,
X1 = XMa = ~1aX® = 1" Xa = 1X; Xl = Xall* = X (B.5)

We have the integration measures,

/dV ::/d4xD2D2, /dS ::/d4xD2, /dg ::/d43:D2. (B.6)

The integration over = cancels the total divergence parts of the covariant derivatives.
Therefore, in momentum space we have to define

d*p 12 192
/dPV ::/WDPHODPHOJ

d'p - d'p =

The delta functions and their Fourier transforms are given by

1 - - 1 ~
6V(17 2) = EQ%ZQ%Q(YL('TI - x2)7 6V(17 2) = 1_60%29%27
1 ~ 1
6s(1,2) = —19%254(%1 — 1), 05(1,2) = —1932,
1 ~ 1
55’(17 2) = _10%264(:“ - xZ)a 65’(17 2) = _19%2' (BS)
Here 6, := 07 — 6. We use functional derivation in superspace:
OV o
(55@5- = 8" (@i — 2)6v (i, j). (B.9)
j
In momentum space we get an extra factor (2m)%:
Oy b, .
(SVTP = (2m)*6"(ps — pj)ov (i, ). (B.10)
V®p;
Finally, we use the definition
El(n) = Z DPju (Gio“e_j - ejO'uéi) . (Bll)
ji=1,..,n, j#i
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C

Useful Formulae

These helpful formulae are used throughout our calculations:

1 _ _ 1 _
0;i0ri = 5(932& + 9}; - 932%): (0010)(05"0) = 577‘“/92927 (C.1)

0u(00) = — 567, 0al00) = —5 P (C2)
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