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Dediated to Olivier Piguet on the oasion of his 60 th birthday1 IntrodutionWe know that the onept of spae-time as a di�erentiable manifold annot be reason-ably applied to extremely short distanes [1℄. Simple heuristi arguments show that itis impossible to loate a partile with arbitrarily small unertainty [2℄. An interestingonept in order to replae standard di�erential geometry is non-ommutative geometrypioneered by Connes [3, 4℄. Non-ommutative geometry an be regarded as an extensionof the priniples of quantum mehanis to geometry itself: spae-time oordinates beomenon-ommutative operators.The general strategy in non-ommutative geometry is to generalize the mathematialstrutures enountered in ordinary physis. Standard quantum �eld theories deal withproblems of interations at short distanes. Quantum �eld theory (QFT) on spaes withdi�erent short-distane struture may therefore show interesting features. Sine singular-ities in standard QFT are a onsequene of point-like interations, there has been hopethat `smearing out the points' [5℄ avoids these UV divergenes. However, it was �rstnotied by Filk [6℄ that divergenes are not avoided on non-ommutative R4 . This raisedthe question of whether the QFT is renormalizable, or not. On the one-loop level thiswas aÆrmed for Yang{Mills theory on non-ommutative R4 [7℄ and the non-ommutative4-torus [8℄ as well as for supersymmetri Yang{Mills theory in (2+1) dimensions, withspae being the non-ommutative 2-torus [9℄. QED on non-ommutative R4 was treatedin [10℄ and BF{Yang{Mills theory in [11℄. The Chern{Simons model on non-ommutativespae was treated in [12℄, see also [13℄, and the Wess{Zumino model in [14℄.Conerning supersymmetry, also a deformation of the antiommutator of the fermionisuperspae oordinates was onsidered [15℄, but this deformation is not ompatible withsupertranslations and hiral �elds. A superspae formulation (at the lassial level) of theWess{Zumino model and of super-Yang{Mills theory was given in [16℄. Non-ommutativeN = 1; 2 super-Yang{Mills theories were studied by Zanon in [17℄, using the bakground�eld method, with the result that at one loop there are only logarithmi divergenes in theself-energy. This is remarkable beause the power-ounting theorem predits quadratidivergenes for N = 1 super-Yang{Mills theory, whih would lead, aording to thepower-ounting analysis of non-ommutative �eld theories by Chepelev and Roiban [18℄,to non-renormalizability on non-ommutative spae-time. The lowering of the degree ofdivergene from quadrati to logarithmi seems to be governed by non-renormalizationtheorems, see [19℄.In this paper we reinvestigate the question of UV/IR mixing in non-ommutativeN = 1 super-Yang{Mills theory. We work in the non-ommutative super�eld formalism[14℄, whih allows us to easily swith between a general super�eld and one in the Wess{Zumino gauge. It turns out that the one-loop self-energy of the super�eld is quadratiallyIR-divergent in the Wess{Zumino gauge and logarithmially IR-divergent for a generalsuper�eld. UV divergenes are multipliatively renormalizable in both ases. Assum-ing that this behaviour ontinues to all orders, non-ommutative N = 1 super-Yang{Mills theory would be renormalizable, aording to [18℄, when using general super�elds(provided that ommutants-type divergenes are absent), and non-renormalizable when1



hoosing the Wess{Zumino gauge. Sine suh a onlusion seems to be very unnatural,we rather interpret our result as an indiation that UV/IR mixing is not physial after all:renormalization of non-ommutative �eld theories should be possible also in the preseneof quadrati IR divergenes. Possible ways out ould be hard non-ommutative loopsresummation [20℄ or the use of �eld rede�nitions [21℄.The paper is organized as follows: Setion 2 presents the Moyal produt applied tosuper�elds, while setion 3 treats the ation of our model. In setion 4 the Legendretransformation and the perturbative expansion are performed and, after a short power-ounting argument given in setion 5, the self-energy of the super-vetor �eld is alulatedat the one-loop level (setion 6). Appendies ontain some alulations and onventions.2 Moyal Produt for Super�eldsWe onsider a non-ommutative (N = 1) superspae haraterized by the algebra[x̂�; x̂�℄ = i���; (1)where ��� is an antisymmetri, onstant and real matrix. We do not deform the anti-ommuting oordinates �� and �� _�, i.e. we assumef��; ��g = f�� _�; �� _�g = f��; �� _�g = [x̂�; ��℄ = [x̂�; �� _�℄ = 0: (2)The non-ommutative algebra is represented on an ordinary manifold by the Moyal prod-ut [6℄. The Moyal produt of two vetor super�elds an be written as [14℄(� ? �0)(x; �1; ��1) = Z dPV 2 dPV 3 ~ÆV (1; 2)~ÆV (1; 3)� ~�(p2; �2; ��2)~�0(p3; �3; ��3)e�i(p2+p3)xe�ip2^p3: (3)The Moyal produt has the important propertyZ dV1 (� ? �0)(1) = Z dV1 (�0 ? �)(1) = Z dV1 �(1)�0(1): (4)This implies in partiular that one an perform yli rotations of the �elds under theintegral.For de�niteness we have used vetor super�elds in (3) and (4). Of ourse, one aneasily write down analogous formulae for (anti-)hiral super�elds.3 The AtionFor simpliity we hoose the gauge group U(1). We introdue a vetor super�eld � whosegauge transformation is given by [16℄:(e�0)? = (e�i��)? ? (e�)? ? (ei�)?; (5)with a hiral super�eld � (gauge parameter). With the help of the Baker{Campbell{Hausdor� formula we obtain the in�nitesimal gauge transformation of � itself:�0 = �+ i(�� ��) + i2[�;� + ��℄? + i12[�; [�;�� ��℄?℄? + : : : ; (6)2



where the dots denote terms that ontain three or more powers of �. The gauge-invariantNCSYM ation is given by Sinv = � 1128g2 Z dSW �W�; (7)with W� := �D2 �(e��)? ? D�(e�)?� : (8)We perform a Taylor expansion of the integrand,Sinv = � 1128g2 Z dV �� �D� �D2D��� ( �D2D��)[�;D��℄?� 13[�; �D2D��℄?[�;D��℄? + 14[�;D��℄? �D2[�;D��℄? +O(�5)�:(9)In order to prepare the quantization, we introdue a hiral super�eld B (multiplier �eld)and two hiral antiommuting super�elds + (ghost) and � (antighost). The BRS trans-formations are given by:s� = + � �+ + 12[�; + + �+℄? + 112[�; [�; + � �+℄?℄? + : : :=: Qs(�; +);s+ = �+ ? +; s�+ = ��+ ? �+;s� = B; s�� = �B;sB = 0; s �B = 0: (10)Now we an write down the BRS-invariant total ation:Stot = Sinv + Sgf + S��; (11)where Sinv is given by (9) and the gauge �xing and the Faddeev{Popov terms are givenby [22℄: Sgf = � 1128 Z dV (B + �B)�; (12)S�� = 1128 Z dV (� + ��)Qs(�; +): (13)Using (10), the Faddeev{Popov term an be rewritten asS�� = 1128 Z dV ��+ � ��++ �� + ����12[�; + + �+℄? + 112[�; [�; + � �+℄?℄? + : : :�!: (14)3



Again the dots denote terms with three or more powers of �.In the Wess{Zumino gauge [23℄ we have �3 = 0, and the in�nitesimal gauge transfor-mation is given by �0 = �+ i(�� ��) + i2[�;�+ ��℄?: (15)It is onvenient to introdue a swith � for the Wess{Zumino gauge: � = 1 is the generalase, � = 0 orresponds to the Wess{Zumino gauge. This leads toSinv = � 1128g2 Z dV �� �D� �D2D��� ( �D2D��)[�;D��℄?� �3 [�; �D2D��℄?[�;D��℄? + 14[�;D��℄? �D2[�;D��℄? + � O(�5)�; (16)Sgf = � 1128 Z dV (B + �B)�; (17)S�� = 1128 Z dV ��+ � ��++ �� + ����12[�; + + �+℄? + �12[�; [�; + � �+℄?℄? + � O(�3)�!: (18)In the following we will also inlude a mass term in the total ation,Smass = 116g2 Z dVM2�2; (19)in order to avoid an IR divergene in the propagator of the vetor super�eld.4 Generating FuntionalsThe generating funtional of onneted Green's funtions for the free theory an be ob-tained from the bilinear part Sbil of Stot + Smass via a Legendre transformation:Zbil = Sbil + Z dV J�+ Z dS (JBB + ��+ + �+�)+ Z d �S �J �B �B + ����+ + ��+���= Sbil + Z dPV ~J�p ~�p + Z dPS � ~JB;�p ~Bp + ~��;�p~+;p + ~�+;�p~�;p�+ Z dP �S � ~J �B;�p ~�Bp + ~���;�p~�+;p + ~��+;�p~��;p� ; (20)
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where �, B, �B, � and �� are replaed by the inverse solutions ofÆV SbilÆV ~��p = � ~Jp;ÆSSbilÆS ~B�p = � ~JB;p; Æ �SSbilÆ �S ~�B�p = � ~J �B;p;ÆSSbilÆS~�;�p = ~�+;p; ÆSSbilÆS~+;�p = ~��;p;Æ �SSbilÆ �S~��;�p = ~��+;p; Æ �SSbilÆ �S~�+;�p = ~���;p: (21)This leads toZbil = Z dPV 1 dPV 2 12 ~J�p1���(1; 2) ~J�p2 + Z dPV 1 dPS2 ~J�p1��B(1; 2) ~JB;�p2+ Z dPV 1 dP �S2 ~J�p1�� �B(1; 2) ~J �B;�p2 + Z dPS1 dP �S2 ~JB;�p1�B �B(1; 2) ~J �B;�p2� Z dP �S1 dPS2 ~���;�p1��+�(1; 2)~�+;�p2 � Z dP �S1 dPS2 ~��+;�p1���+(1; 2)~��;�p2; (22)where the propagators are given by���(1; 2) = �g2(2�)4Æ4(p1+p2)ep2;�(�2�� ��1��1�� ��2) 1� 14�221��221p22p22(p22 �M2) ;��B(1; 2) = 8(2�)4Æ4(p1+p2)ep2;�(�2�� ��1��1�� ��2)1� (�21����21)p2;� + 14�221��221p22p22 ;�� �B(1; 2) = 8(2�)4Æ4(p1+p2)ep2;�(�2�� ��1��1�� ��2)1 + (�21����21)p2;� + 14�221��221p22p22 ;��+�(1; 2) = ���+(1; 2) = ��B(1; 2);�B �B(1; 2) = 16M2g2 �� �B: (23)The generating funtional of general Green's funtions is given byZ = N�1e i~�inte i~Zbil ; (24)where N is a normalization fator suh that Z[0℄ = 1 and�int = 14! �~i�4 Z dPV 1 dPV 2 dPV 3 dPV 4 ��4(1; 2; 3; 4) Æ4VÆV ~J�p1ÆV ~J�p2ÆV ~J�p3ÆV ~J�p4+ 13! �~i�3 Z dPV 1 dPV 2 dPV 3 ��3(1; 2; 3) Æ3VÆV ~J�p1ÆV ~J�p2ÆV ~J�p3+ �~i�3 Z dPV 1 dPV 2 dPV 3 ��+�(1; 2; 3) Æ2SÆVÆS~��;�p2ÆS ~�+;�p1ÆV ~J�p35



+ �~i�3 Z dPV 1 dPV 2 dPV 3 ���+�(1; 2; 3) ÆSÆ �SÆVÆS~��;�p2Æ �S ~��+;�p1ÆV ~J�p3+ �~i�3 Z dPV 1 dPV 2 dPV 3 ���+�(1; 2; 3) Æ �SÆSÆVÆ �S~���;�p2ÆS ~�+;�p1ÆV ~J�p3+ �~i�3 Z dPV 1 dPV 2 dPV 3 ����+�(1; 2; 3) Æ2�SÆVÆ �S~���;�p2Æ �S ~��+;�p1ÆV ~J�p3+ 12! �~i�4 Z dPV 1 dPV 2 dPV 3 dPV 4 ��+�2(1; 2; 3; 4) Æ2SÆ2VÆS~��;�p2ÆS ~�+;�p1ÆV ~J�p3ÆV ~J�p4+ 12! �~i�4 Z dPV 1 dPV 2 dPV 3 dPV 4 ���+�2(1; 2; 3; 4) ÆSÆ �SÆ2VÆS~��;�p2Æ �S ~��+;�p1ÆV ~J�p3ÆV ~J�p4+ 12! �~i�4 Z dPV 1 dPV 2 dPV 3 dPV 4 ���+�2(1; 2; 3; 4) Æ �SÆSÆ2VÆ �S~���;�p2ÆS ~�+;�p1ÆV ~J�p3ÆV ~J�p4+ 12! �~i�4 Z dPV 1 dPV 2 dPV 3 dPV 4 ����+�2(1; 2; 3; 4) Æ2�SÆ2VÆ �S~���;�p2Æ �S ~��+;�p1ÆV ~J�p3ÆV ~J�p4 ;(25)where we have de�ned ��3(1; 2; 3) = Æ3V SintÆV ~�p1ÆV ~�p2ÆV ~�p3 ����0;��4(1; 2; 3; 4) = Æ4V SintÆV ~�p1ÆV ~�p2ÆV ~�p3ÆV ~�p4 ����0;��+�(1; 2; 3) = Æ3V SintÆV ~�;p1ÆV ~+;p2ÆV ~�p3 ����0;��+�2(1; 2; 3; 4) = Æ4V SintÆV ~�;p1ÆV ~+;p2ÆV ~�p3ÆV ~�p4 ����0; (26)and similarly for ���+�(1; 2; 3), ���+�(1; 2; 3), ����+�(1; 2; 3), ���+�2(1; 2; 3; 4),���+�2(1; 2; 3; 4) and ����+�2(1; 2; 3; 4). Here, Sint is the interation part of Stot, andthe subsript 0 means that all the �elds have to be set to zero after the funtional deriva-tives have been performed. The mixture of (anti-)hiral and vetorial �eld derivativesin the ghost setor is due to our onvention that soure terms for the ghosts involve the(anti-)hiral measure (20), whereas interations between ghosts and vetor super�elds arede�ned in terms of the vetorial measure (18). One should notie here that these are allneessary verties for the alulation of the one-loop self-energy part of the vetor super-�eld. The �nal results for these vertex funtions (26) are rather ompliated and an belooked up in appendix A.Furthermore, we mention the generating funtional of onneted Green's funtions,whih is given by Z = ~i lnZ: (27)6



5 Power CountingWe note that, apart from the exponentials and the �-fators in the numerator, the vetor�eld propagators are of order 1(p2)2 and the ghost propagators of order 1p2 . We onsider theexponentials and the �-fators. From the invariane of Green's funtions with respet totranslations and supersymmetry transformations one �nds that a one-partile irreduibleGreen's funtion in momentum spae an always be written as [22℄:~�(1; : : : ; n) = Æn�[�i℄Æ ~�(p1) : : : Æ ~�(pn)= (2�)4Æ4( nXj=1 pj)e�Pni=2 pi;�(�i�� ��1��1�� ��i) ~f(�p2; :::;�pn; �i1; ��i1): (28)This general struture is true in partiular for propagators and verties. Thus, the gen-eral struture of the integrand of the superspae integral orresponding to an arbitraryFeynman graph isI = exp ��Xi�j X� lij;�;�(�i����j � �j����i)| {z }E(p;k;�l;��l) �Yi�jY� ~fij;�(�lij;� ; �ij; ��ij): (29)Here, lij;� is the momentum running from point i to point j, and � ounts momentarunning between the same pair of points. We have hosen a basis for (lij;�) = (p; k),where p and k are the external and internal momenta, respetively. With momentumonservation, Xj;� lij;� = pi; (30)we �nd E(p; k; �l; ��l) = E(p; k; �l1; ��l1)�Xi (�i����1 � �1����i)pi;�: (31)Therefore, the exponentials appearing in the formulae for the propagators and vertiesan be rewritten as ek�(�i�� ��j��j�� ��i) ) ek�(�i1�� ��j1��j1�� ��i1); (32)if and only if k is an internal momentum. A Taylor expansion of the exponentials showsthat from the �-fators and the exponential we will at most get terms like �2i1��2i1k2. Thehighest power of k2 that an appear is just the number of independent di�erenes �ij (withj = 1 in the alulation above) that an be onstruted, whih is exatly n� 1, n beingthe number of verties. So we �nd for the super�ial divergene degree of an 1PI-graphd(�) = 4L� 2G� 4V + 2(nG + nV � 1) + 2nV : (33)Here, L is the number of loop integrations, G and V are the numbers of ghost and vetorsuper�eld propagators, respetively, nG and nV ount the ghost-vetor super�eld and thepure-vetor super�eld verties. The last term, 2nV , has to be inluded in (33) beause of7



the four ovariant derivatives that appear in the parts of the Lagrangian orrespondingto the three and four verties of the vetor super�eld.Using the topologial relation L = G+ V � nG � nV + 1 and harge onservation forthe ghost �elds, 2nG = 2G+NG (NG being the number of external ghost �elds), we �ndd(�) = 2�NG: (34)For the vetor super�eld self-energy (NG = 0), this means a super�ial degree of divergeneof 2.6 Self-Energy of the Vetor Super�eldThe following Feynman graphs ontribute to the self-energy of the vetor super�eld at theone-loop level (ontinuous lines denote vetor super�eld propagators, dotted lines ghostpropagators):I1 :�1 4 3 2 I2 :�1 4+ �3� 2
I3 :�1 �4+ 3� 2 I4 :�1 43 56 2
I5 :�1 4+3� �5��6+ 2 I6 :�1 �4+�3� 5�6+ 2
I7 :�1 �4+3� 5��6+ 2 I8 :�1 4+�3� �5�6+ 2 (35)From the generating funtional (27) we obtain the following integrals orresponding tothese graphs (after amputation of the external lines):I1 = ~2i Z dPV 3dPV 4 ��4(3; 4; 1; 2)���(3; 4);I2 = �~i Z dPV 3dPV 4 ���+�2(3; 4; 1; 2)���+(3; 4);I3 = �~i Z dPV 3dPV 4 ���+�2(3; 4; 1; 2)���+(3; 4);I4 = ~2i Z dPV 3dPV 4dPV 5dPV 6 ��3(3; 4; 1)���(3; 6)��3(5; 6; 2)���(5; 4);I5 = �~i Z dPV 3dPV 4dPV 5dPV 6 ��+�(3; 4; 1)���+(3; 6)����+�(5; 6; 2)���+(5; 4);8



I6 = �~i Z dPV 3dPV 4dPV 5dPV 6 ����+�(3; 4; 1)���+(3; 6)��+�(5; 6; 2)���+(5; 4);I7 = �~i Z dPV 3dPV 4dPV 5dPV 6 ���+�(3; 4; 1)���+(3; 6)���+�(5; 6; 2)���+(5; 4);I8 = �~i Z dPV 3dPV 4dPV 5dPV 6 ���+�(3; 4; 1)���+(3; 6)���+�(5; 6; 2)���+(5; 4): (36)(Note that ���+(3; 6) = ���+�(6; 3).) We now insert the expliit expressions for thepropagators and verties into the eight integrals in (36). After some lengthy simpli�ationsof the integrands (see appendix A) we arrive atI1 = ~128iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k) 1k2(k2 �M2)� ��2� 8�3 �� 12�212��212�1� 4�3 � (2k2 + p21)� ; (37)I2 = ~�384iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k) 1k2 �212��212; (38)I3 = ~�384iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k) 1k2 �212��212; (39)I4 = ~128iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k)� 1k2(k2 �M2)(k + p1)2((k + p1)2 �M2)� �� 4(k2)2 � 8k2(kp1)� 5k2p21 � p21(kp1)� 14�212��212�� 4(k2)2p21+ 8k2(kp1)2 + 8(kp1)3 + 8(kp1)2p21 + (kp1)(p21)2 � 3(p21)2k2��; (40)I5 = ~256iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1)�1� (�12����12)p1;� + 14�212��212p21�� Z d4k sin2(p1 ^ k) 1k2(p1 + k)2 ; (41)I6 = ~256iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1)�1 + (�12����12)p1;� + 14�212��212p21�� Z d4k sin2(p1 ^ k) 1k2(p1 + k)2 ; (42)I7 = � ~256iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k) 1k2(p1 + k)2� �1� (�12����12)(p1 + 2k)� + �212��212�14p21 + p1k + k2�� ; (43)I8 = � ~256iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k) 1k2(p1 + k)2� �1 + (�12����12)(p1 + 2k)� + �212��212 �14p21 + p1k + k2�� : (44)9



This gives up to terms in the integrand, whih evaluate for M 6= 0 to �nite quantities8Xi=1 Ii = ~128iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k)k2(k + p1)2 �(�2� 8�3 )� 14�212��212�8(1� �)k2 + (12� 16�)kp1 + (2� 32�3 )p21 + 8(kp1)2k2 �M2��: (45)As usual we write sin2(p1 ^ k) = 12 � 12 os(2p1 ^ k) and refer to the part orrespondingto 12 as `planar' and the part orresponding to 12 os(2p1 ^ k) as `non-planar'. The planarpart of (45) is UV-divergent and evaluated in dimensional or analyti regularization to� 8Xi=1 Ii�regplanar = ��1+4�3 � ~�2128" Æ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1)�1� 14�212��212p21�+O(1) :(46)This means that the divergene in the planar part of the self-energy is transversal, so thatit an be removed by multipliative renormalization. Beause of the osillating integrand,the non-planar part of (45) turns out to be �nite for p1 6= 0 and is evaluated to (with~p�1 := ���p1;�):� 8Xi=1 Ii�non-planar = ~�264 Æ4(p1 + p2) e�p1;�(�1�� ��2��2�� ��1)�2(1� �)~p12 �212��212+ �1 + 4�3 ��1� 14�212��212p21�Z 10dxK0�qx(1�x)p21 ~p12�� +O(1) ; (47)where O(1) in (47) ollets terms that are regular for p1 ! 0, and K0(y) = log 2� log y�+O(y2) is the modi�ed Bessel funtion of seond kind (with Euler's  = 0:577:::). Thus,the non-planar part of the self-energy is quadratially divergent for p1 ! 0 when hoosingthe Wess{Zumino gauge � = 0, but only logarithmially divergent for a general super�eld,whih orresponds to � = 1.7 ConlusionsWe have omputed the one-loop self-energy of the super�eld in non-ommutative N = 1,U(1) super-Yang{Mills theory, for a general super�eld and one in the Wess{Zumino gauge.Our results an be summarized as follows:� UV divergenes an be renormalized independently of the hoie of Wess{Zuminogauge or not.� If we do not use the Wess{Zumino gauge, the one-loop self-energy is only logarith-mially IR-divergent (on�rming the result of [17℄).� In the Wess{Zumino gauge, the one-loop self-energy is quadratially IR-divergent.10



Quadrati IR divergenes at one loop make a non-ommutative �eld theory non-renormalizable at higher loop order. If there are only logarithmi divergenes, a non-ommutative �eld theory is, aording to [18℄, power-ounting renormalizable (assumingthere is no problem with ommutants). This would imply that non-ommutative N = 1super-Yang{Mills theory is renormalizable, unless one hooses the Wess{Zumino gauge.As renormalizability should be gauge-independent, our results seem to indiate that mod-els showing UV/IR mixing ould nevertheless be renormalizable.A CalulationsA.1 �4-vertexLet us ompute the �4-vertex given in (26), ��4(1; 2; 3; 4) = Æ4V S�4ÆV ~�p1ÆV ~�p2ÆV ~�p3ÆV ~�p4 , whereS�4 denotes the part of the total ation whih is quarti in �:S�4 = � 1128g2 Z dV�14[ �D2�;D��℄? + �14 � �3� [�; �D2D��℄?+ 12[ �D _��; �D _�D��℄?�[�;D��℄?: (A.1)Using the de�nition of the Moyal produt (3) and integrating by parts several times, thisexpression an be written asS�4 = � 1256g2 Z dPV 5 dPV 6 dPV 7 dPV 8 (2�)4Æ4(p5 + p6 + p7 + p8)e�ip5^p6�ip7^p8� ~�p5 ~�p6 ~�p7 ~�p8V(5; 6; 7; 8)~ÆV (5; 6)~ÆV (5; 7)~ÆV (5; 8);(A.2)where the di�erential operator V is given byV(5; 6; 7; 8)= � ~D�8;�p8 � ~D�7;�p7� ~D�;6;�p6�12 ~�D25;�p5 + �12 � 2�3 � ~�D26;�p6 + ~�D _�;6;�p6 ~�D _�5;�p5�+ � ~D�7;�p7 � ~D�8;�p8� ~D�;5;�p5�12 ~�D26;�p6 + �12 � 2�3 � ~�D25;�p5 + ~�D _�;5;�p5 ~�D _�6;�p6�: (A.3)We notie that V has the following symmetry properties:V(5; 6; 7; 8) = �V(6; 5; 7; 8) = �V(5; 6; 8; 7) = V(6; 5; 8; 7): (A.4)
11



Using these symmetries we an write ��4 as��4(1; 2; 3; 4) = 164g2 (2�)4Æ4(p1 + p2 + p3 + p4)� � sin(p1 ^ p2) sin(p3 ^ p4) (V(1; 2; 3; 4) + V(3; 4; 1; 2))+ sin(p1 ^ p3) sin(p4 ^ p2) (V(1; 3; 4; 2) + V(4; 2; 1; 3))+ sin(p1 ^ p4) sin(p2 ^ p3) (V(1; 4; 2; 3) + V(2; 3; 1; 4))�� ~ÆV (1; 2)~ÆV (1; 3)~ÆV (1; 4): (A.5)In order to simplify this expression we have to evaluate terms likeA(1; 2; 3; 4) := ~D�4;�p4 ~D�;2;�p2 ~�D _�;2;�p2 ~�D _�1;�p1~ÆV (1; 2)~ÆV (1; 3)~ÆV (1; 4): (A.6)This an be done most easily if we �rst insert exponentials in the following way:A(1; 2; 3; 4) = � ~D�4;�p4ep4;�(�3�� ��4��4�� ��3)~ÆV (4; 3)��� ~D�;2;�p2 ~�D _�;2;�p2ep2;�(�3�� ��2��2�� ��3)~ÆV (2; 3)�� ~�D _�1;�p1ep1;�(�3����1��1�� ��3)~ÆV (1; 3)� ; (A.7)whih is allowed beause of �3 = ��3 = 0. We now use the identities~D�;i;pep�(�i�� ��j��j�� ��i) = ep�(�i�� ��j��j�� ��i) ~D�;ij;p; (A.8)~�D _�;i;pep�(�i�� ��j��j�� ��i) = ep�(�i�� ��j��j�� ��i) ~�D _�;ij;p; (A.9)whih an easily be veri�ed, leading toA(1; 2; 3; 4) = eE(4)3 � ~D�43;�p4~ÆV (4; 3)�� ~D�;23;�p2 ~�D _�;23;�p2~ÆV (2; 3)�� ~�D _�13;�p1~ÆV (1; 3)� ;(A.10)where we have used the notation (B.11). We an readily evaluate the ovariant derivativesof the delta funtions, whih giveA(1; 2; 3; 4) = 1256eE(4)3 ��43��243 ��23;���23; _� + 12(����23)�p2;���23; _��223� �� _�13�213: (A.11)With the help of the Fierz identity (C.2), this expression an be rewritten asA(1; 2; 3; 4) = 1256eE(4)3 �p2;�(�23�� ��23)(�43�23)��243(��23��13)�213: (A.12)
12



By applying this proedure to all the terms in (A.5), we arrive at��4(1; 2; 3; 4) = 164g2 (2�)4Æ4(p1 + p2 + p3 + p4)� � sin(p1 ^ p2) sin(p3 ^ p4)�F (1; 2; 3; 4)� F (2; 1; 3; 4)� F (1; 2; 4; 3)+ F (2; 1; 4; 3) + F (3; 4; 1; 2)� F (4; 3; 1; 2)� F (3; 4; 2; 1) + F (4; 3; 2; 1)�+ sin(p1 ^ p3) sin(p4 ^ p2)�F (1; 3; 4; 2)� F (3; 1; 4; 2)� F (1; 3; 2; 4)+ F (3; 1; 2; 4) + F (4; 2; 1; 3)� F (2; 4; 1; 3)� F (4; 2; 3; 1) + F (2; 4; 3; 1)�+ sin(p1 ^ p4) sin(p2 ^ p3)�F (1; 4; 2; 3)� F (4; 1; 2; 3)� F (1; 4; 3; 2)+ F (4; 1; 3; 2) + F (2; 3; 1; 4)� F (3; 2; 1; 4)� F (2; 3; 4; 1) + F (3; 2; 4; 1)��;(A.13)where F is given byF (i; j; k; l) = 1256eE(4)k �pj;�(�jk�� ��jk)(�lk�jk)��2lk�2ik ��12 ��2ij + 2�3 ��2ik� : (A.14)A.2 The other vertiesThe other verties an be evaluated in a similar way as the �4-vertex. Sine the alula-tions are muh easier than in the ase of the �4-vertex, we only give the results:��3(1; 2; 3) = � i64g2 (2�)4Æ4(p1 + p2 + p3)sin(p2 ^ p3)� ep2;�(�1����2��2�� ��1)+p3;�(�1�� ��3��3�� ��1)� �18(�221 � �231)(��21��31)� 18(�21�31)(��221 � ��231)� 116�221��231+ 116�231��221 � 14(p2;��21����21 � p3;��31����31)(�21�31)(��21��31)�;(A.15)��+�2(1; 2; 3; 4) = � �384(2�)4Æ4(p1 + p2 + p3 + p4)~ÆV (1; 2)~ÆV (1; 3)~ÆV (1; 4)� � sin(p1 ^ p4) sin(p2 ^ p3) + sin(p1 ^ p3) sin(p2 ^ p4)�; (A.16)����+�2(1; 2; 3; 4) = ����+�2(1; 2; 3; 4) = ���+�2(1; 2; 3; 4) = ���+�2(1; 2; 3; 4);(A.17)��+�(1; 2; 3) = � i128~ÆV (1; 2)~ÆV (1; 3)(2�)4Æ4(p1 + p2 + p3) sin(p2 ^ p3); (A.18)����+�(1; 2; 3) = ���+�(1; 2; 3) = ���+�(1; 2; 3) = ��+�(1; 2; 3): (A.19)13



A.3 The integrals (37){(44)As an example, we show how to ompute I7 in (36). Inserting the formulae for thepropagators and verties we obtainI7 = �~i Z dPV 3dPV 4dPV 5dPV 6�� i128� ~ÆV (3; 1)~ÆV (4; 1)(2�)4Æ4(p3 + p4 + p1)� sin(p4 ^ p1)(�8)(2�)4Æ4(p6 + p3)ep3;�(�3�� ��6��6�� ��3)� 1� (�36����36)p3;� + 14p23�236��236p23 �� i128� ~ÆV (5; 2)~ÆV (6; 2)(2�)4Æ4(p5 + p6 + p2)� sin(p6 ^ p2)(�8)(2�)4Æ4(p4 + p5) ep5;�(�5�� ��4��4�� ��5) 1� (�54����54)p5;� + 14p25�254��254p25= � ~256iÆ4(p1 + p2) Z d4k �23 ��23 : : : �26 ��26� sin2(p1 ^ k)~ÆV (3; 1)~ÆV (4; 1)� ~ÆV (5; 2)~ÆV (6; 2) ek�(�3�� ��6��6�� ��3)e(p1+k)�(�5�� ��4��4�� ��5) 1k2(p1 + k)2� �1� (�36����36)k� + 14k2�236��236��1� (�54����54)(p1 + k)� + 14(p1 + k)2�254��254��;(A.20)where we have arried out the p4-, p5- and p6-integrations with the help of the deltafuntions and have renamed the remaining loop momentum p3 =: k. As usual �2i is ashort-hand notation for ���i;� ����i . In the last three lines of (A.20) we an replae �3 and�4 with �1, and �5 and �6 with �2, beause of the superspae delta funtions that areontained in the integrand. Thus, we obtainI7 = � ~256iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k)� h�23 ��23 : : : �26 ��26 ~ÆV (3; 1)~ÆV (4; 1)~ÆV (5; 2)~ÆV (6; 2)i 1k2(p1 + k)2� �1� (�12����12)k� + 14k2�212��212��1� (�12����12)(p1 + k)� + 14(p1 + k)2�212��212� :(A.21)The term between the square brakets of this expression simply gives a fator 1. Applyingthe identity (C.1) in the last two lines of (A.21) we arrive atI7 = � ~256iÆ4(p1 + p2)e�p1;�(�1�� ��2��2�� ��1) Z d4k sin2(p1 ^ k) 1k2(p1 + k)2� �1� (�12����12)(p1 + 2k)� + �212��212 �14p21 + p1k + k2�� : (A.22)B Notations and ConventionsWe frequently use the de�nition 12kipj�ij =: k ^ p: (B.1)14



The Fourier transform of a �eld is�(x) = Z d4p(2�)4 ~�(p)e�ipx: (B.2)The ovariant derivatives are de�ned asD� = �� � i(����)���; �D _� = ��� _� + i(���) _���: (B.3)In momentum spae the ovariant derivatives read~D�;p = �� � p���� _��� _�; ~�D _�;p = ��� _� + p���� _���: (B.4)We use the following de�nitions onerning Grassmann-valued objets,�� := ���� = ����� = ���� = ��; ���� := �� _��� _� = �� ��: (B.5)We have the integration measures,Z dV := Z d4xD2 �D2; Z dS := Z d4xD2; Z d �S := Z d4x �D2: (B.6)The integration over x anels the total divergene parts of the ovariant derivatives.Therefore, in momentum spae we have to de�neZ dPV := Z d4p(2�)4 ~D2p7!0 ~�D2p7!0;Z dPS := Z d4p(2�)4 ~D2p7!0; Z dP �S := Z d4p(2�)4 ~�D2p7!0: (B.7)The delta funtions and their Fourier transforms are given byÆV (1; 2) = 116�212��212Æ4(x1 � x2); ~ÆV (1; 2) = 116�212��212;ÆS(1; 2) = �14�212Æ4(x1 � x2); ~ÆS(1; 2) = �14�212;Æ �S(1; 2) = �14 ��212Æ4(x1 � x2); ~Æ �S(1; 2) = �14 ��212: (B.8)Here ��ij := ��i � ��j . We use funtional derivation in superspae:ÆV �iÆV �j = Æ4(xi � xj)ÆV (i; j): (B.9)In momentum spae we get an extra fator (2�)4:ÆV ~�piÆV ~�pj = (2�)4Æ4(pi � pj)~ÆV (i; j): (B.10)Finally, we use the de�nitionE(n)i := Xj=1;:::;n; j 6=i pj;� ��i����j � �j����i� : (B.11)15



C Useful FormulaeThese helpful formulae are used throughout our alulations:�ji�ki = 12(�2ji + �2ki � �2jk); (�����)(��� ��) = 12����2��2; (C.1)��(� ) = �12�2 �; �� _�(�� � ) = �12 ��2 � _�: (C.2)Referenes[1℄ H. S. Snyder, \Quantized spae-time," Phys. Rev. 71 (1947) 38.[2℄ S. Dopliher, K. Fredenhagen and J. E. Roberts, \The quantum struture of spae-time atthe Plank sale and quantum �elds," Commun. Math. Phys. 172 (1995) 187.[3℄ A. Connes, \Non-ommutative geometry," Aademi Press, San Diego (1994).[4℄ A. Connes, \A short survey of non-ommutative geometry," J. Math. Phys. 41 (2000) 3832[arXiv:hep-th/0003006℄.[5℄ J. Madore, \An introdution to non-ommutative di�erential geometry and its physialappliations," Cambridge University Press (1999).[6℄ T. Filk, \Divergenies in a �eld theory on quantum spae," Phys. Lett. B 376 (1996) 53.[7℄ C. P. Martin and D. Sanhez-Ruiz, \The one-loop UV-divergent struture of U(1) Yang{Mills theory on non-ommutative R4 ," Phys. Rev. Lett. 83 (1999) 476 [arXiv:hep-th/9903077℄.[8℄ T. Krajewski and R. Wulkenhaar, \Perturbative quantum gauge �elds on the non-ommutative torus," Int. J. Mod. Phys. A 15 (2000) 1011 [arXiv:hep-th/9903187℄.[9℄ M. M. Sheikh-Jabbari, \Renormalizability of the supersymmetri Yang{Mills theories onthe non-ommutative torus," JHEP 9906 (1999) 015 [arXiv:hep-th/9903107℄.[10℄ M. Hayakawa, \Perturbative analysis on infrared and ultraviolet aspets of non-ommutative QED on R4 ," [arXiv:hep-th/9912167℄.[11℄ H. B. Benaoum, \Perturbative BF-Yang{Mills theory on non-ommutative R4 ," Nul. Phys.B 585 (2000) 554 [arXiv:hep-th/9912036℄.[12℄ A. A. Bihl, J. M. Grimstrup, V. Putz and M. Shweda, \Perturbative Chern-Simons theoryon non-ommutative R3 ," JHEP 0007 (2000) 046 [arXiv:hep-th/0004071℄.[13℄ A. K. Das and M. M. Sheikh-Jabbari, \Absene of higher order orretions to non-ommutative Chern-Simons oupling," JHEP 0106 (2001) 028 [arXiv:hep-th/0103139℄.[14℄ A. A. Bihl, J. M. Grimstrup, H. Grosse, L. Popp, M. Shweda and R. Wulkenhaar, \Thesuper�eld formalism applied to the non-ommutative Wess{Zumino model," JHEP 0010(2000) 046 [arXiv:hep-th/0007050℄.[15℄ S. Ferrara and M. A. Lledo, \Some aspets of deformations of supersymmetri �eld theo-ries," JHEP 0005 (2000) 008 [arXiv:hep-th/0002084℄.[16℄ S. Terashima, \A note on super�elds and non-ommutative geometry," Phys. Lett. B 482(2000) 276 [arXiv:hep-th/0002119℄.[17℄ D. Zanon, \Non-ommutative N = 1; 2 super U(N) Yang{Mills: UV/IR mixing and e�e-tive ation results at one loop," Phys. Lett. B 502 (2001) 265 [arXiv:hep-th/0012009℄.[18℄ I. Chepelev and R. Roiban, \Convergene theorem for non-ommutative Feynman graphsand renormalization," JHEP 0103 (2001) 001 [arXiv:hep-th/0008090℄.16



[19℄ E. Kraus, \An anomalous breaking of supersymmetry in supersymmetri gauge theorieswith loal oupling," Nul. Phys. B 620 (2002) 55 [arXiv:hep-th/0107239℄.[20℄ L. Griguolo and M. Pietroni, \Hard non-ommutative loops resummation," Phys. Rev. Lett.88 (2002) 071601 [arXiv:hep-th/0102070℄.[21℄ J. M. Grimstrup, H. Grosse, L. Popp, V. Putz, M. Shweda, M. Wikenhauser andR. Wulkenhaar, \IR singularities in non-ommutative perturbative dynamis?," [arXiv:hep-th/0202093℄.[22℄ O. Piguet and K. Sibold, \Renormalized supersymmetry. The perturbation theory of N =1 supersymmetri theories in at spae-time," Boston, USA: Birkh�auser (1986) 346 p.(Progress in Physis, 12).[23℄ S. Ferrara and B. Zumino, \Supergauge invariant Yang{Mills theories," Nul. Phys. B 79(1974) 413.

17


