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Abstract

For our own education, we reconstruct the Hopf algebra of Connes and
Moscovici obtained by the action of vector fields on a crossed product
of functions by diffeomorphisms. We extend the realization of that Hopf
algebra in terms of rooted trees as given by Connes and Kreimer from
dimension one to arbitrary dimension of the manifold. In principle there
is no modification, but in higher dimension one has to be careful with the
order of cuts. The order problem leads us to speculate that in quantum
field theory the sum of Feynman graphs which corresponds to an element
of the Connes—Moscovici Hopf algebra could have a larger symmetry than
the individual graphs.
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1 Introduction

Recently two useful Hopf algebras were discovered — by Alain Connes and Henri
Moscovici in noncommutative geometry [1] and by Dirk Kreimer in quantum field
theory [2]. Connes and Kreimer showed that both Hopf algebras are intimately
related [3], via the language of rooted trees. Recently it was pointed out [4] that
the same algebra of rooted trees appears in numerical analysis. We refer to [5]
for a review of all these ideas.

For a physicist, the Hopf algebra Hy of Kreimer [2] is not difficult to under-
stand. The idea is to look at the divergence structure of Feynman graphs. There
is a natural splitting of a Feynman graph v with non-overlapping subdivergences
into two, given by a product of selected subdivergences v; - - -7, and the graph
Y\ (71 7n) left over from v by shrinking all v;, ¢ = 1,...,n, to a point. This
is a standard operation in renormalization theory. Summing over all possibilities
gives a coproduct operation on the algebra of polynomials in Feynman graphs.
The unique antipode reproduces precisely the combinatorics of renormalization,
i.e. it produces the local counterterms to make the integral corresponding to the
divergent Feynman graph finite.

The aim of this note is to review in some detail the construction of the Hopf
algebra found by Connes and Moscovici, in order to ease its access for physicists
interested in the Hopf algebra H g of renormalization. The construction requires



only some basic knowledge of classical differential geometry, which can be found
in many books on this topic, for instance in [6]. More precisely, one needs the
vertical and horizontal vector fields Y and X on the frame bundle over an oriented
manifold and their transformation behavior under diffeomorphisms, as well as
some familiarity with the push-forward and pull-back operations. These requisites
are derived in section 2. New is the application of these vector fields to the
crossed product, see section 3, which defines the coproduct of X,Y and leads to
an additional operator § on the crossed product. The operators X, Y, generate a
Lie algebra. Its enveloping algebra H is a bialgebra with the coproduct obtained
before, and there exists an antipode making it to a Hopf algebra, see section 4.

The final section is devoted to the transformation of the commutative Hopf
subalgebra Heoas of H into the language of rooted trees so that we can compare
it with #Hx. We generalize the rooted trees given in [3] from dimension 1 to
arbitrary dimension of the manifold. This generalization is quite obvious, but
it has several consequences which are not visible in dimension 1. An element
of Hey is a sum of decorated planar rooted trees. The root is decorated by
three spacetime indices necessary to describe parallel transport whereas the other
vertices are decorated by a single spacetime index. This is closer to quantum
field theory, where the decoration is given by primitive Feynman graphs without
subdivergences. Interestingly, elements of H ¢, are invariant under permutations
of the decorations, whereas the individual trees representing Feynman graphs
are not. This raises the question whether the sum of Feynman graphs which
corresponds to an element of Hcjs has a meaning in QFT.

2 The geometry of the frame bundle

In this section we are going to derive in some detail the following well-known
results on the principal fibre bundle F'* of oriented frames on an n-dimensional
manifold M:

Proposition 1 Let {z"},-1. , be the coordinates of x € M within a local chart
of M and {y}'},.i=1,.n be the coordinates of n linearly independent vectors of the
tangent space T, M with respect to the basis 0,. On F* there exist the following
geometrical objects, written in terms of the local coordinates (z*,yt") of p € F*:

(1) an R*-valued (soldering) 1-form a with of = (y~')i dz*

2) a gl(n)-valued (connection) 1-form w with wi = (y~1)i (dy* + T ; y*dz?),
J p\"Ij af Jj
where Fgﬁ depends only on x¥ ,

(3) n* vertical vector fields Y} = y}'d?, ,

(4) n horizontal (with respect to w) vector fields X; = y}'(0, — T'%,,y507) .

A local diffeomorphism 1 of M has a lift 1 : (z*,y%) — (Y(x)*, 8,4 (z) y?)
to the frame bundle and induces the following transformations of the previous
geometrical objects:



(1) (@Z*a)|p = a|p *

(2) (@Z*w)|p = (y 1) (dyf + f‘ﬁﬂ y*daP) is again a connection form, with

Dhsle = (09(2)) ™A T ey Oatb(2) 0atp ()" + (9% (2)) ™) Bpdatp(2)7
(3) (Y7, =Y/l,
(4) (1/;;1X,-)|p =y, — f;uy;"ag) is horizontal to V*w .

The reader familiar with these notations can pass immediately to section 3 on

page 8.

2.1 Frame bundle

Let M be an n-dimensional smooth and oriented manifold. We are going to
consider the frame bundle F'* over M defined as follows. Let T,, M be the tangent
space at a given point x € M. It is an n-dimensional vector space containing the
tangent vectors at x of curves in M through z. A base in T, M is given by the

n tangent vectors 9, := 52 of the coordinate lines in M. If z has (in a given
chart of its neighbourhood) the coordinates {z*} = (z!,...,z"), we compute the
tangent vector to a curve C(t) = {z*(t)}:

do(C(t)) dz* 0

a0 dt o pgndle (21)

where ¢ : M — R (or C) is an arbitrary function on M. According to Einstein’s
sum convention summation over pairs of identical upper and lower indices is
self-understood.

An arbitrary vector Y; € T, M can be decomposed with respect to that basis,
Y; = 940,. A frame at z is now a set of n linearly independent vectors Y; € T, M,
j =1,...,n, parameterized by their coordinates 3%, where both x and j run from
1 to n. Linear independence is equivalent to det y # 0, and oriented frames have
the same sign of det y.

The (oriented) frame bundle F'* is now given by the base space M with the
set of smooth (positively oriented) frames attached to each point € M. A point
in F'* is thus (locally) given by the collection

(:L.) {Y;}) = (mﬂayf)p,jzl,...,n y dety >0 ,

where z# are the coordinates of z and the 3% € GI™(n) parameterize an oriented
frame {Y;},;—1, . at x. Here, GI™(n) is the group of n x n matrices with positive
determinant.

In the overlap of two charts Uy,U,, a point x € Uy N U; C M will have
coordinates z* in U; and z*' in U,. The tangent vector Y; at a curve in U; N Uy
through z is given

. df (z*(t)) dat(t)

in Ui by Yi= T\tzo T dt L:o Ol

. _df(a”'(2*(1))  _ dat(t)) 92
inlUpby Y= T‘t:o T dt ‘tzﬂ Ox+ 0f



where f is an arbitrary function on F'*. Hence, the coordinates (z*,y}) € Uy x
Gl (n) and (z"',y}") € Uy X GI*(n) label the same point in F'* iff z#, 2"’ are the
coordinates in Uy, U of z € U; N U and y;-” = (ax”’/am“)y;-‘.

There is a natural action of GI*(n) on a frame {Y;} at z: The matrix g} €
GI*(n) maps the vector Y; € T, M into the new vector Y;g: =: Y] € T, M, or —
in coordinates — y* into y}'gi. This GI*(n)-action extends naturally to the frame
bundle, making F'* to a GI*(n)-principal fibre bundle:

g (a*yl) = (a,yl'gh) . (22)

The above action can be regarded as generated by a vector field according
to the following construction. Let gl(n) be the Lie algebra of GI™(n). The
exponential mapping assigns to A € gl(n) a curve exp(tA) in GI*(n), which by
(2.2) induces a field of curves through every point of F*. This field of curves
provides us with a field of tangent vectors

df («*, y! [exp(tA)E-‘ _of  dflexp(tA);), i . 0
dt =0 O(ygoF) dt

— ALy 8—y§-‘f ,
where f is a function on F'*. Hence, each such vector field associated to A € gl(n)
is generated by the following (vertical) vector fields

yi =y Oy

B~ = 2.3
; yzay;, Y (2.3)

J
-

The vector field A% = Aj-Y;j associated to A € gl(n) is called the fundamental
vector field corresponding to A.
A somewhat tricky construction provides us with an R™-valued 1-form a on

F'*, sometimes called soldering form or canonical 1-form. A point p = (z, {y}}) €
F* assigns to a vector V € T,M a vector <I>p£f/) € R* by decomposing V with

respect to the basis Y; = y4¥9,. Thus, [®,(V)}Y; = V. Now, the R*-valued
1-form « is defined by

a(V)|, = 2(mV), VeT,F*. (2.4)
By |, we denote the value of a differential form or a vector field at the point
p € F*. In (2.4), 7, is the differential of the vertical projection 7(z,{y}}) = =
which projects the vector V' = V*9, + Vj’tal{ € T,F" into the vector 7,V =
V#9, € TrpyM. In this notation we have 7.V = V¥(y )Y}, using the obvious
definition y!'(y~*):, = ¢#. This gives [®,(m. V)]’ = V¥(y*)J. On the other hand,
decomposing of = of,dz* + aiFdy}; and using the definition

dy!(0]) = 610; ,  dz"(9,) =), dyf'(9,) =0, dz*(d)) =0
of the pairing between covectors and vectors, we have o (V) = oziV“ + oszVi” ,
giving ' .
ol = (y’l)L dzt . (2.5)



The definition (2.4), although involving local coordinates in the construction,
is independent of the choice of charts. Indeed, if p € F™ has the coordinates
(z#,y4) and (z"',y7") in two charts U; x GI*(n) and Uy x GI*(n) of F*, with
yy' = (0" /0z*)yf, then m,V = V#9, € TypU; and 1.V = V0, € TrpUa,
with V¥ = (8z*'/dz#)V#. This means that V*(y ')/, = V¥ (y 1), € R give the
same value for [®,(m. V).

2.2 Connection

A connection is the splitting of the tangent space T,F'* at p € F'* into a direct
sum of a vertical space V,F'* (generated by Y; = ;‘ 8;) and a horizontal space
H,F7 such that H,,F'* = Ry, H,F™. In the last equation, pg € F'* is the point
obtained by the action (2.2) of g € GI*(n) and Ry, is the induced push-forward
of a vector in T,F" to a vector in T,,F". If V € T,F" is the tangent vector
of a curve p(t) in F* through p, then the push-forward R,.V is the tangent
vector of the curve p(t)g through pg. Explicitly, let f be a function on F* and
V = V}'0] 4+ V*0, € T,F* be tangent to the curve C' = (z#(t),y5(t)) at p, i.e.

Vf = (df(p)/dt) = ((da*/dt)D, + (dy} /dt)0;) f . (2.6)

Then, the push-forward is given by

df(p(t)g)  dz*(t) d(yi(t) gl) of . .
R, V)f = = 0 J k o= ytg® . (2.7
Thus, we obtain
R,V =VIg & +V*,, & :=0/og". (2.8)

In practice the connection is most conveniently characterized by the connec-
tion form w, a gl(n)-valued differential 1-form with the following properties: For a
given matrix A € gl(n) let A" = A;Yf be the corresponding fundamental vector
field. Then w is defined by

WAR) = A, wly(RpV) = g7 (], (1), (2.9)

for V€ T,F* and g € GI*(n). At the point p = (z#,y}'), the components w;'- of
the connection form will have the decomposition

i _ ik i
wi = Wiidyy + W dzt
for certain functions W. From (2.3) we get immediately
Aé- = w;(A#) = W;ﬁyl"Aﬁc :
which gives W;ﬁ = 5;-“ (yil)z. This suggests the following ansatz

wi = (y )u(dy} + Thy;da®) (2.10)
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where I'¥ is a so far undetermined function of = and y. Using (2.8) we write
down

Wil (RgeV) = (¢ iy i(dg + Tl |, vk gy dz®)(Vong" 0L + V*0,)
= (g W Vg + (7 )T, VOukg: -
On the other hand,
[g M (wl,(V))gls = (g iy DEVEGE + (9 il )ETh, |, Voukgl .

Thus, the condition (2.9) tells us that I'j [ =T
depends only on the base point x.

Now, the horizontal vector fields X; associated to the connection are defined
as the kernel of w and the dual of «,

© ; ©
balpgr which means that ',

Wi (Xp) =0, (X)) =46, (2.11)
These equations are easy to solve:
Xi =y (0u — T4,0;0)) - (2.12)

The torsion form © on F'T is an R*-valued differential 2-form defined as the
covariant derivative of a, _ _ _
O =da' +tw; Ao . (2.13)

Using (2.5) and (2.10) we compute

0" = —(y )Ly L dy; Adat + (y7h)(dyf + Thyyda®) A (y~t)pde”
= (y~Y)iTH dz™ A dx .

u va

The torsion vanishes iff the connection coefficients are symmetric, I't  =T# .

2.8 Diffeomorphisms

Let 9 be a local (orientation preserving) diffeomorphism of M. By push-forward
it maps a frame {Y;} at z € M into the frame {¢.Y;} at ¢(z) € M. If Y is the
tangent vector at z of a curve C' = {z*(¢)} through z, then .Y is the tangent
vector at ¢(z) of the curve ¥(C) = {¢(z(t))"}. We evaluate both vectors on a
function ¢ on M:

V6= Lo v)],_, = 00D BN | (1)) 0
_d N 09() DY) du(t)
(Y)d = 200 @)= 5o "5 g oo

= B,y (x)" (da” (t)/dt)],_o O |

with ## = ¢ (z)* and 5; = 0/0z*. Recall that 0, and 5; are the bases of
vector fields in T, M and Ty )M, respectively. Hence, if y;‘ are the coordinates
of Y; € T, M, then v.Y; € Ty)M has the coordinates 9,3 (z)" yy, with respect
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to these bases. To summarize, the action @Z on F'* of a diffeomorphism v of M
is given by

¥ (e} g = ({7 = (@)} {TF = 0p(x) u}) - (2.14)

Note that the (right) action (2.2) of GI*(n) on F™ and the (left) action (2.14)
on F'* of a diffeomorphism of M commute with each other.

We consider now the effect of a diffeomorphism 1 of M on the horizontal
vector fields X;. We use the following

Lemma 2 The pull-bacl@,ﬁ*m of the connection form via the action (2.14) of the
induced diffeomorphism 1 of F* is again a connection form.

Proof. We start from (2.6) and compute

(BV)F = 7 (@ (0), 3 00, 2" (1))

_Of Y(x)*dx  Of O*Y(x)* pda” . Ay
T 93¢ Oze  dt +agg‘(axaaxﬂyi i V@ )

= 0o ()" VOB, f + (0a050 ()9l Ve + 0atp(2)PV)OLf , (2.15)

where 5}1 = 31 For V = A% we have V¥ = 0 and V} = Ajy], see (2.3). This
means

(6. A7) |5y = AlOutb(z) Y3 0;, = Aly20;, = A*|5, . (2.16)
The fundamental vector field A* is invariant under diffeomorphisms. This gives
(775*‘*’)(14#”,, = W("QZ*A#)|¢(,,) = W(A#)w(p) =4.
The second identity to prove is
('&*w”pg(RQ*Vﬂpg = gil <(,&*w)(v)|p)g
— 1 7
= @lgn) (- (Be V) i0) = 97 (@) @V 30 )9

According to (2.7) we replace V* by V/g!
(2.15):

" and yi by yf gl and insert this into

’L

Vu(Roe V) 3pg) = Oath(@)*V 20, + (02059 (2) 4]V + D (2)* V) g1 a,

1] )
where 55 =0/ 87;’7 and ;Z\ = 8a1p(x)“y;?‘gf . We must now evaluate

Wiliwe = (97 1e(y )5 (0% (2))” 1)}(d3;§+1“f<|¢(m) Oytb(x) Yy dat)
on the above vector:
Wil 3 pg) (P (Rg*V)Lz,(pg)
g e{lw )3 (a5t (@) Y5V + 0o () V1)
T2l () Ot (2) Y D, (2) VY ) byt . (2.17)



Taking g = e (identity matrix), it is obvious that the term in braces { } equals
wg(¥sV)| (), Which finishes the proof of the Lemma. O

We can now rewrite the term in braces in (2.17) in a slightly different way:

WiV = @WHV),
= (¥ )2V + (7 )5((0%(2) )3 (0a08%(2)® + Ty (o) Ot(x) Bati(x) )y V™
= (y N)2(dyy + Thal, vadz®) (VY Ok + V79, ,

where fga are the connection coefficients of the connection ¢*w. This provides
us with the following transformation law for the connection coefficients:

[hals = ((0%(2) YTy 99(2) Bath(2)* + (09 (2)) 1)} Babptb(z)’ . (2.18)

Now there is an immediate question to ask: Which are the horizontal vector
fields X; to the new connection form ¢*w? We have

0 = (P*w)|,(Xil,) = @l @eXilyp) »
which tells us 3 3 3 _
Xil, = 7 (Xil ) = vF(0p — Ti, |, 9509) - (2.19)
The action (2.14) preserves the R"-valued 1-form « given in (2.4) and (2.5).
Indeed, for V = V*#9, + V;“Bz € T,F* we compute using (2.15)

("), (V) = algi (V)
= (5 )5d&" (0a1)(2)"V 0, + (0adptp () 4V + Dat(x)*V,*)3,)
= (7 )0atp(2)" V= (y NIV = o[, (V) .

3 Crossed product

The properties listed in Proposition 1 and derived throughout section 2 are the
basis for the construction of the Hopf algebra of Connes and Moscovici [1]. The
idea is to apply the vertical and horizontal vector fields Y7 and X; to a crossed

product A defined below and to derive their coproduct from
X;(ab) = A(X))(a®b),  Yiab)=AY)(a®b), abecA. (3.1)

We refer to [7] for an introduction to Hopf algebras and related topics.

Let I" be the pseudogroup of local (orientation preserving) diffeomorphisms of
M. We consider the crossed product of the algebra C°(F*) of smooth functions
with compact support on the frame bundle F* by the action of T,

A= C®(F+) >l . (3.2)

As a set, A can be regarded as the tensor product of C®°(F™) with I". It is
generated by the monomials

fUp,  feCX(Dom(y)), ¢eTl, (3.3)
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where 1) is the diffecomorphism of F'* induced by ¢ € I' according to (2.14). As
an algebra, the multiplication rule in A is defined by

AU, LU, = fi(feo 91U, - (3.4)

In this formula, the function fy(f01)1) € CX(Dy, 4, ), With Dy, 4, = Dom(t)1) N

@Zfl(Dom(@Zz)) C FT, maps p € Dy, 4, into f1(p) f2(¥1(p)) € R (or C). The star
on Uy, refers to the contravariant multiplication rule Uy; Uy, = U, ,, . Associa-
tivity of A follows — for appropriate support of the functions — from

(fi(fa o 1)) (fs o (¥2v1)) = fi((f2(fz 0 92)) 0 21) -

We consider now the action of the vertical and horizontal vector fields Y7 and
X; described in section 2 on the algebra A. That action is simply defined as the
action of the vector fields on the functions,

Y(fU;) =Y (HU;,  X(fU;) = Xi())U;; - (3.5)

The interesting effects we are looking for are obtained by application of these
vector fields to the product (3.4). For any vector field V' on F'* we compute

V(fiUy, £U,)], = V(fi(f2o 151))(]5221/;1 b
= VA, (o), + fil, V(20 b1)|,} U,
= V(1)U |, f2Uy, + fil, ((%Zl*V)fz)bl(p)inl

- V(fl)U'Zl|p fZU'Zz + f1|p U’Z1U:;1_1((%Zl*v)f2)|’lp~1(p)U122¢1
= V(U |, Uy, + fiUy, ((%El*V)f2)|¢l—1o¢1(p)U$2
- V(flU'(Zl)|p f2U1Z2 + flUi)Zvl (¢1*(V|1/3;1(p)))f2U122|p ‘ (3'6)

In the third line we have used the definition of the push-forward. In the fifth
line we have commuted U7, with the function (¥1.V) fa, evaluated at ¢;(p).

1
According to (3.4), after taking U*_, to the right we must evaluate the function
1

(¥1.V) f2 at 7 (41 (p)) = p. This means that the original field V to push forward
must be taken at 7 (p).

Taking for V the vertical vector fields Y7 and recalling their invariance under
diffeomorphisms (2.16), we obtain immediately

Y/ (ab) = Y/ (a)b+aY/(b), a,bEA. (3.7)

The behavior of the horizontal vector fields X; is very different, because they
do not commute with the diffecomorphisms. Eq. (2.19) tells us that if X; is

horizontal to w, then Xiwl) = 7,51*(Xi|1/3;1(p)) is horizontal to ()71)*w. We denote
the connection coefficients of (1)7)*w by f‘;u. We observe from (2.12) and (2.3)
that

(X = Xl = (ol = Do 500 = (Tl — Dol )ul vy )5
(3.8)



This gives from (3.6) for the horizontal fields X;

Xi(AU;, U, = Xa(AU)|, fUs, 1, + AU, XV (RT3,
= Xi(f1Up)l, f2U, |, + H1U5, |, Xi(f2Uy,)l,

+ AU, A5V (RU,),
= Xi(f1Uy)l, f2Ug,l, + f1U5, [, Xi(f2Uy,)l,

+f1|p71]| wl U’lﬁl Yj(f2U¢2)| (3'9)

|(¢1)

Our goal is to express ;5 () in terms of some function evaluated at p. From

(2.5) and (2.10) we conclude

WEl, = (@) wh)l, = 517 o, - (3.10)
We take this identity at 1(p) and apply ¢*, which gives
(W whl, — wil, = 5150, (e, = 45150 o, | (3.11)

using the invariance of o under diffeomorphisms in the last step. Replacing in
(3.11) 9 by ¥~ ! and comparing with (3.10) we get

AR = AR = AR = (0], — TH L)y (3.12)

where I'y  and I'; | are the connection coeflicients of the connections ¢*w and w,

respectively. Since f‘Zﬂ is defined by the diffeomorphism ¢, we define an operator
d% on A by

(U3, = I £U3), (313)
and get from (3.9) and (3.12)
X;(ab) = X;(a) b+ a X;(b) + 5;-“i(a) ij(b) : a,be A. (3.14)
Next, we compute
(iU, U3, = S5 filfa 0 60) Ul = VIS fil, Fol gy U - (3:15)
Starting with (3.11) and (3.12) we compute
’Yg,'ci|;(,¢wl) O‘i|p = (1/;21]’ )*(wﬂ (P291) p)) o wﬂp
= 1] (77[’2( k|(¢2¢1 (p)) - uJl'c|¢1(p ) + (@Df(wﬂz/}l(p)) - wﬂp)
(¢2) (111) i
1/) <’7]z| 1(p) |1p1(p ) +7]z| ' |p

_ k(¢) (%2)
= (" + 5l )l -

We used again the invariance of o under diffeomorphisms in the last line. We
insert this result into (3.15) and get

k * * _ _k (’1,1»' ) *
05 (f1Ug, LUy ), = viily  fulp fol gy o) Uy + f1|p’YJz|¢1(p P2l ) U
= LI ALUS, £l U, + ALUS, A5V 5,05,
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which means

0% (ab) = 6% (a) b+ a (b) . (3.16)

The equations (3.7), (3.14) and (3.16) endow the operators X;,Y; and o
with the structure of a coalgebra, with the coproduct (3.1) given by

AY])=Y}®1+10Y],

AX) =X;®1+10X,+650Y] (3.17)
A(E) =65®@1+1045 ,

All)=1®1,

with 1 being the identity on A. It is easy to check that A is coassociative on the
linear space R(1, X;,Y?,d%),

kYgi

(A®id)ocA=(1d® A)o A . (3.18)

4 From Lie algebra to Hopf algebra

Vector fields form a Lie algebra, so it is natural to investigate whether X;, ij , 5;-2
generate a Lie algebra. We compute the mutual commutators, starting with Yf

Y YH(FU3) = (w50, 0 — v 0Ly} 0.) U

= (G} =&Y (fU;) , (4.1)
Y}, X (fU}) = (450 (yr 8, — Doty 0h) — (yr 0, — D5,k v 0p)y o0 fU,,

= 0FX;(fU) , (4.2)
YE, 68)(FU3) = (0L (Tha—T 50 ve (™ )k — (T4 —Tha vl ye (v )yt 02 FU;,

= (5;5;% + 5;5;3- — 5;-“5lim)(fUzz) ) (4.3)

So far we have considered the most general connection on M, even with tor-
sion. But now, the commutator of horizontal vector fields

[X;, X;] = RV + 5 X, (4.4)
Ry = (y ")eylylyy (0,19, — 0,09, + T8 15, —T5T5,) ,
Of = (y " )kytyy (10, — T, ,

leads to curvature R and torsion O, i.e. not to structure ‘constants’. Torsion can
be avoided by the choice of the connection, but we would be forced to include
Rl’“inkl and its repeated commutators with X,, in the list of generators of the
Lie algebra we are looking for. To avoid these terms we follow [1] and restrict
ourselves to a flat manifold. Locally this is always possible, and globally it is
achieved via the Morita equivalence. For a locally finite cover of the manifold
M by charts U,, let N = [[U, be the disjoint union of the charts. Moreover,
let TV be the pseudogroup of local diffeomorphisms of N. Without giving the
proof we recall from [1] that the two algebras A = C®(F*(M))>T and A" =

C>®(F*(N))>TI" are Morita equivalent. There is a canonical connection on N,
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the flat connection given by I', = 0. This means that given M we pass to N
and the corresponding crossed product A’ and derive there the coproduct and
Lie algebra structure of vector fields on F'*(N) for the flat connection.

Thus, the horizontal vector fields take the simple form X; = y!'9,, and they
now commute with each other:

[Xs, X;5](fU,) =0. (4.5)

Due to (2.18), (3.12) and (3.13), the action of 65 on A simplifies in the case of a
flat manifold to

35(fU3) = ((09(2)) 1) 8,0at(2)’ yiyd (v )y U - (4.6)
The (repeated) commutator with X; leads to new operators on A,
05ity.1,(FUS) = [ Xy [Xay, 03] J(FUY) (4.7)

= 8}\n---a>\1(((8¢($)) D)5 0u0ath ()7 )ty (b w v FU

It is clear that all these operators § commute with each other,

[511 I1..0p? 5ba,d1...dn](fU:2) =0. (4-8)

We see that the linear space generated by X;, Y}, 6%, , forms a Lie algebra,
and we let H be the corresponding enveloping algebra. This is the algebra of
polynomials in the generators of the Lie algebra, with the commutation relations
inherited from the Lie algebra. Thus a (Poincaré-Birkhoff-Witt) basis in # is
given by

k k a a
Xiy - X’ath T ﬁ5b1101 ) 51770 561f1,h1 665f5,h5 ’
with 7; < iy < ... <, and so on for the other indices. We extend the coproduct
(3.17) recursively to H by the definition

A(W'R) = AR ARY) = Y hthb @ Wy, Alh) =Y hloh?,  (49)

for hy,hy € H. The coproduct is automatically coassociative (3.18) and by
construction (4.9) compatible with the multiplication in H.

For notational convenience we abbreviate §4 = 6% with A = 1,...,n?(n+1)/2,
due to symmetry in %, 7. Moreover, we introduce a string a = ajas ... ay for the
repeated commutators with X,,, ..., X,, and denote its length by |a| = k. Next,
let #,, be the commutative algebra of polynomials in the variables 1 and 62, with

0 < |a] < n. Let H° be the ideal of polynomials vanishing at 0. We obtain a
more explicit formula of the coproduct in

Lemma 3 Af2 =52®1+1®354+ R, RAcH? [ @HY | for |aj=n.
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Proof. The Lemma holds for n = 0 with R* = 0. Assuming it holds for |a| = n
we compute for b := ai (appending the index i to the string a), [b| = n+ 1,

A(8) = A([X:,87]) = [A(Xi),A(%“.)]
= [X;®1+1QX;+6;®Y], 0} ®1+1®6, + R,
=6 ®1+1®§ +R;, with

Ry =[X;i®1+1®X;+0;® Y/, R4 + % ® Y7, 64] . (4.10)

For n = 1 we get R} = 6% ® [Y7,64] € HY ® HY. The Lemma follows from the

fact that the commutator with Y} preserves 9 whereas the commutator with
X; sends elements of HJ, to elements of HY, ;. O

For example, we obtain from (4.3) immediately

A8k ) =65, ®@1+1® 685, + 05 @ 6h; + 05 ® 6%, — 6% ® 6% . (4.11)

J

The counit € on H is defined by
e(1)=1, e(h)=0 Vh#1. (4.12)
The counit axiom
(e®id) o A(h) = (id®¢c) o A(h) =h VheH

is clear for h = X;, Y}, 4. For 62 it follows from Lemma 3, using ¢(h®) = 0 for
h® € HO.

Therefore, H is a bialgebra (algebra+coalgebra+compatibility), and our next
task is to show the existence of an antipode S on H, making H to a Hopf algebra.
The antipode has to satisfy the axioms

S(hih2) = S(h2)S(h1) ,
mo (S®id)o A(h) =e(h) , (4.13)
mo (id® S) o A(h) =e(h)

for h,hy, hy € H, and where m denotes the multiplication. Applying (4.13) to
1,Y! 6% X; € H, in that order, we get

k> Y5
S(1)=1,
S(85) = =05 (4.14)
S(Xi) = —Xi + 65Y{

The antipode on ¢4 is obtained from (4.13) by recursion in |a|, with the task to
prove that the tree possible definitions coincide. First, employing the Sweedler
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notation A(R,) = Ry1)® Ry(2) (and omitting the summation sign), we have with
(4.10)

S(64) = =624 —mo (S®id) o A(R2)
= 65 — S(1X;, R:;l(l)]) Rig) — S(Riuy) [Xi, Rioy] — S(65R0) Y, Ria)]
— S(05)[YY, 8]
= _5&4@' —[Xi — 5;'ciijv S'(Rf(l))] Rf@) - S(Rzﬁl)) [ X, Rf@)]
+ 5;‘:15(sz14(1)) [ija R:z4(2)] + 5561 [ijv 5;4]
= _5;1' + [_Xi + 5;'6'Yk], S(Rf(l))Rf(z)] + 5§i[ij> 5:14]

1

= [S(82), X + 0:Y7] = [S(8,), S(X0)] - (4.15)

In the same way one checks —04 — m o (id ® S) o A(R4) = [S(64), S(X;)]. For
example, one easily obtains
S(0550) = =05y + 85105 + 8185, — O - (4.16)
This finishes our review of the construction of the Connes—Moscovici Hopf
algebra [1]. In their work, the cyclic cohomology of this Hopf algebra serves as
an organizing principle for the computation of the cocycles in the local index
formula [8]. We hope to be more specific on that point in the future.

5 Explicit solution: rooted trees

Following an idea by Connes and Kreimer [3] we will now describe the commuta-
tive Hopf algebra #,, of polynomials in §2, |a| < n, by graphical tools, generalized
from the one-dimensional case in [3] to arbitrary dimension of the manifold M. In
this way we obtain a Hopf algebra of rooted trees, which is intimately related to
a Hopf algebra structure in perturbative quantum field theories as discovered by
Kreimer [2]. The antipode of Kreimer’s Hopf algebra achieves the renormalization
of divergent Feynman graphs, see [2, 9].
We label the generator 5;-“1- by an indexed dot,
o= ek (5.1)

J

The goal is to derive the symbol for §%,. This goes via the coproduct (4.11),

Jil-
which tells us after comparison with (4.10)

¢ n®[Yy, e fl= e 5®eg + el — e el (52
The commutator with Y picks up one index of e fl and moves it to the first
upper or lower place in e j , overwriting the index there. The vacant position
in e fz is filled with the remaining summation index of e § . If the index
picked up was a lower (upper) one, we count the resulting tensor product positive
(negative). This leads us to think of the rhs of (5.2) as being produced by a cut

of a symbol

k. k. o~ P ° 2
7t 71 ai ja ij

]Zal a a k ’
l l ® i ® ®
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We call the uppermost index which is different from the lower index the root.
The graph above the cut connected with the root is called the trunk and goes
to the rhs of the tensor product. A graph below the cut is called a cut branch
and goes to the lhs of the tensor product. We define the action of a cut as the
movement of one index of the vertex above the cut to the first position of the new
root of the cut branch. The remaining position to complete the root of the cut
branch is filled with a summation index and the same summation index is put
into the vacant position of the trunk. In the case of cutting immediately below
the root, we have to sum over the three possibilities of picking up indices of the
root, adding a minus sign if we pick up the unique upper index. We thus get the
following graphical interpretation of (4.11):

k

k koqe k .
(1)L T 69
! ! 1 e !
On the rhs, [0]¢ stands for § ® 1 (cutting above the entire tree) and [§]. for 1 ®§
(cutting below the entire tree).
The next step is to compute A(d%;,,,) by commuting A(X,,) with (5.3). The
k

term [67; ;]° has a non-vanishing commutator only with X, ®1. It yields 5;?2-,17” ®1,
and this trivial behavior continues to higher degrees. Next, X,, ® 1 commutes

with [d]., whereas

k Je
[Xm ® 1) ‘I‘ﬂ ] = I = ]a'l,m ® 651 + qu,m ® 6;'611 - (5§l,m ® 5;; . (54)
l
Our previous definition of a cut extends without modification to that case. The

term 1 ® X,,, commuted with [6%, ] gives [d% ], whereas

k k
[1 b2 va ‘I‘Jz ] = Aﬂ = _;'Ll ® 5§i,m + zgi ® 5_;?a,m - 52! ® 6_;'1i,m . (55)
l m

The cut on the tree in the middle only sees the indices k, j,7 — but not m — by
the definition of a cut as affecting only the indices of the unique vertex above
the cut. With this rule we get easily the corresponding expression in terms of §’s
on the rhs. The commutator of 5, ® Y with [6% ]. moves the indices £, j,%,1
to their correct position in d;,., and this is precisely obtained as the sum of two

different cuts:

k.

k.
Jt k
[ lfm ® Y;bv I ]Z] = il + ﬁ% ) (56)
l l m

k

k gi
Ji _ ga k a k k a __ fa k
A - 6jm ® 6ai,l + 51m ® 6ja,l - 6am ® il I = 51m ® 6ji,a .
l m
m

There remains one final commutator to compute, that of 6§, ® Y with the graph
in (5.3) already cut. For each of the tree terms corresponding to the previous
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cut, we have to move each of the tree indices of its root down to d;,,,. This gives
the following symbolic expression of these nine tensor products:

k

k
gt [ = A g et e - .00
l l m
+

gl&?m ® 5ba + qu(sZm ® d;cb - il(sbm ® 5?a
Note that the order of the cuts in this graph is important, we first have to cut

the vertex [ away and then the vertex m.
Our construction leads us to define

7 b
O im = 91 +/\” . (5.8)
l m

Definition 4 Let 62 = Z‘alll t‘,f' be recursively represented by a sum of |a|! con-
nected rooted trees, each of them having |a|+1 vertices. We define

la|! |al+1 jag|!
h =X, =3 Y e =Y, (5.9)
k=1 j=1 =1

where the rooted tree t s obtained by attaching the new vertex ¢ to the right of

the j** vertez of t,c .

Proposition 5 The coproduct of 54 = Z‘k‘i!l t',f‘ is given by

|al!
A = 01+1062+ 3 3 P @ RO | (5.10)
k=1 C

where for each t',ca‘ the sum s over all admissible cuts C of t‘a| (i.e. those non-
empty multiple cuts for which on each path from the bottom to the root there

is at most one indwidual cut). In eq. (5.10), Rc(t ) is the trunk and PC(t a')

the product of cut branches obtained by cutting t',c‘ via the multiple cut C. If

immediately below a verter there are several cuts on outgoing edges, the order of
the cuts is from left to right.

Proof. Commuting A(X;) with A(62) to get A(64), the term 64 ® 1 develops
into §4 ® 1. Next, X; ® 1 attaches successively a vertex i to each vertex of the
cut branches Pc(t‘al) and 1® X; does the same for the trunk Rc(t‘al) of each tree
t‘,c ! constituting 64. Finally § ® Y attaches a cut-away vertex everywhere on the
trunk, not on the cut branch. This excludes multiple cuts on paths from bottom
to top. The result clearly reproduces our prescription of the coproduct of §4, s

ar)

(5.9). [I
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We make one important observation. Although the operators ¢ are invariant
under permutation of the indices after the comma, for instance 0%, ,,,, = % ., see
(4.7), this symmetry is lost on the level of individual trees, see for 1nstance (5.4).
However, these terms combined with the ‘diagonal’ terms of (5.6) are symmetric
in [ and m.

We recall that in Kreimer’s Hopf algebra of renormalization [2, 9] a rooted
tree represents the divergence structure of a Feynman graph. A divergent sec-
tor in such a graph is represented by a vertex. The root represents the overall
(superficial) divergence. The construction rule for the tree is — in absence of
overlapping subdivergences — to put subdivergences v; of a divergence v into
down-going branches of . Disjoint divergences are only indirectly connected via
the divergence which contains them as subdivergences. Overlapping divergences
have to be resolved in terms of disjoint and nested ones and give a sum of trees,
see [10, 11].

The n-dimensional case treated here is closer to quantum field theory than
dimension 1 because we obtain decorated trees — the decoration here being given
by spacetime indices (three for the root) whereas in QFT it is a label for divergent
Feynman graphs without subdivergences. In this sense, a (not super-) renormal-
izable QFT has something to do with diffeomorphisms on an infinite dimensional
manifold. Our observation leads us to speculate that the sum of Feynman graphs
according to the collection of rooted trees to §’s has more symmetry than the in-
dividual Feynman graphs. This should be checked in QFT calculations. Another
interpretation would be the observation

ji,ml

k k

7 k 7 k
l m m® 1

m l

which could possibly be regarded as a relation between Feynman graphs similar
to those derived in [12]'.

Proposition 6 The antipode S of §4 = Z“i! t'a‘ is given by

|al!

S(68) = =08 = 30 D0(=1)%! Pt RO (8) (5.12)

k=1 C,

where the sum is over the set of all non-empty multiple cuts C, of t|ka‘ (multiple
cuts on paths from bottom to the root are allowed) consisting of |C,| individual
cuts. The order of cuts is from top to bottom and from left to right.

Proof. We apply the antipode axiom m o (S ® id) o A = 0, see (4.13), to (5.10),
giving with S(1) = 1 the recursion

|al! C| Y

S(68) = =02 = 3 3 (T See)) B PC(tL”)Zl_['t'k'f;cv

k=1 Cc j=1 j=1

!Dirk Kreimer confirmed to me that (5.11) is satisfied in QFT for the leading divergences,
as it can be derived from sec. V.C in [13]. For non-leading singularities there will be (probably
systematic) modifications.
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where |C| is the number of individual cuts in C. For each {C, j} we have

SHAC) = —¢ = 37 S(PS (1)) RG (H2°) (5.13)
Cj

where the sum is over the set of admissible cuts C; of t\ka|]c In the first level,

the product Hgﬂl(—t‘kﬂ-’c) gives precisely (—1)C! Pc(t|ka‘) Rc(t‘k‘”) in (5.12). In the
next level, each C; in (5.13) leads to a double cut on a path from some bottom
vertex in t‘kaLC to the root of t”, and all double cuts on paths from bottom to

root of t,',f‘ are obtained (precisely once) in this way. The second cut is below the
first one so that the order of cuts is from top to bottom (and from left to right
anyway). By recursion one gets all possible cuts C, of tLa‘ contributing with the

sign (—1)/%l to the antipode. O
For 5;-“ the prescription (5.12) leads to the following antipode:

i,lm»

k

7 ke
k _ J k
S(éji,lm) =Y = A — _5ji,lm
l m
m
k
7t
a sk
+ l — +5lm5ji,a
m
k
7t
a k a k k a
+ l + jl,maai + il,méja - 5al,m ji
m
k
7t
b Sa Sk b Sa Sk a Sb Sk
— & — —0;,,0804; — 07,05405; + 04, 07100;
b Sa Sk b Sa Sk a Sb Sk
a a a
+5am6bl6jz’ + 6lm5ab6ji - 6bm6al6ji
k
Jji a sk a sk k ca
+ A + jl(sai,m + il(sja,m - 5a16ji,m
l m
k
Jt a sk a sk k ga
+ A + jm(sai,l + im(sja,l - 5am ji,l
l m
k
Jt a sb sk a Sb Sk a Sk Sb
! __Sa __ Sa a
m 510700 — 0510am 03y + 051047,07,
k sb a k $b Sa k sa <b
+00105m08; + 04105955 — 0g10pm07;

One checks, using (4.16) and (5.4)—(5.7), the antipode axioms (4.13).
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