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In ���� Mumford �	
��� exhibited a whole class of algebraic curves over a local

eld K which can be uniformized by a p�adic �upper half plane�� This was taken up
by Drinfeld in his study of the moduli varieties of elliptic modules �	����� He showed
that the spaces ��d��� which arise from projective d�space over K by removing all
rational hyperplanes have a natural rigid analytic structure� Later on �	���� he gave
a new construction of ��d��� as a moduli space for formal groups� As an application
he obtained a new proof of a result of Cherednik describing explicitly the p�adic
uniformization of certain Shimura curves� Musta
n �	
��� proved that for arbitrary
d � � the quotients of ��d��� by cocompact discrete groups are projective algebraic
varieties� Rapoport and Zink �	���� used the p�adic uniformization theory in their
study of certain higher dimensional Shimura varieties�

It seems quite natural to view the spaces ��d��� as p�adic analogs of real sym�
metric spaces� But there is at least one essential di�erence� Although ��d��� is
analytically simply connected �	���� it still has many etale coverings and is far from
being cohomologically trivial� Drinfeld in 	��� computed explicitly the 
rst etale
cohomology group of ����� And in 	��� he constructed a natural family of equivari�
ant etale coverings of ��d��� expressing the fascinating hope that their cohomology
realizes all discrete series representations of GLd���K��

In the 
rst part of this paper we compute the cohomology of ��d��� for arbitrary
d in any good cohomology theory� Our main result is that in degrees � d the coho�
mology realizes certain explicitly described admissible representations of GLd���K��
it vanishes in degrees � d� The speci
c cohomology theory only enters into the for�
mula through its coe�cients A �� H��point�� For example the highest cohomology of
��d��� is the A�dual of the Steinberg representation� In case of etale cohomology the
Galois action turns out to be pure and even by powers of the cyclotomic character�

In the second part we then use this result in order to study the cohomology of
quotient varieties X� �� �n��d��� by cocompact discrete groups � � PGLd���K��
We obtain that X� has primitive cohomology only in middle degree� Furthermore
this middle cohomology has a 
ltration the subquotients of which are pure and have
dimensions which depend in a very simple way on a single invariant� This is the
multiplicity of the Steinberg representation in the representation induced from the
trivial character on �� Of course� this 
ltration has to be Deligne�s monodromy

ltration but we cannot prove this�

In the last part we develop a general formalism for constructing natural resolu�
tions with good 
niteness properties for smooth GLd���K��modules� This is needed
as a second essential ingredient in the computation of the cohomology of the varieties
X��

For the convenience of the reader we now describe the content of the individ�
ual Paragraphs in more detail� In the 
rst Paragraph we discuss the rigid analytic
structure of ��d���� We introduce certain neighbourhoods of a rational hyperplane in
projective space over K and study the geometry of intersections of those neighbour�
hoods� The reason for considering them is that by the local compactness of the 
eld



K already 
nitely many of them contain all in
nitely many rational hyperplanes�
One then can try to imitate classical techniques for computing the singular coho�
mology of a complex vector space with 
nitely many hyperplanes removed �compare
	����� We also prove that ��d��� is a Stein�space in the strong sense of Kiehl�

The second Paragraph contains general considerations from homological algebra�
We introduce the notion of an abstract cohomology theory on the category of smooth
rigid analytic varieties over K which is equipped axiomatically with four basic prop�
erties� The essential ones among them are the homotopy invariance and the validity
of the usual formula for the cohomology of projective space� Those four properties
will su�ce to compute the cohomology of ��d���� Using results of Kiehl we show
that the de Rham cohomology in characteristic � has the required properties� We
then give a careful de
nition of the etale topology in the rigid analytic context� Here
the necessary properties beyond any doubt hold true� too� but unfortunately there
exist no published proofs for the two essential ones� At least there is unpublished
work of Gabber which seems to lead to the wanted results� In the second half of the
Paragraph we establish a general spectral sequence which allows to compute the co�
homology of a pair U � X in terms of the cohomology of the pairs Ui� � � � ��Uir � X
whenever U is the intersection of the Ui�s�

In the third Paragraph we will use this spectral sequence in order to express
the cohomology of ��d��� in terms of the relative cohomology of the projective space
with respect to the complement of the intersection of 
nitely many hyperplane neigh�
bourhoods� It turns out that our axioms together with the simple geometry of those
hyperplane neighbourhoods lead to an explicit computation of the E��terms in this
spectral sequence� A closer inspection of the d��di�erential then shows that the lines
in the spectral sequence are closely related to the simplicial cohomology of certain
generalized topological Tits buildings T ��s� for GLd���K�� We show that the T ��s�

have cohomology only in highest degree which implies the degeneration of our spectral
sequence� From this it is easy to deduce our 
rst main result �Theorem �� that

Hs���d���� �

���
A if s � � �
HomZZ� �H

s���jT ��s�j�ZZ�� A� if � � s � d �
� if s � d �

The building T ��d� together with a computation of its cohomology already appears
in 	
��

In the fourth Paragraph we give two di�erent explicit descriptions of the reduced
cohomology groups �Hs���jT ��s�j�ZZ�� Extending a technique in 	
� we 
rst construct
certain 
ltrations on these groups the subquotients of which can be identi
ed natu�
rally with spaces of locally constant functions with compact support on cells in �ag
manifolds� In the case of de Rham cohomology we obtain in this way a natural map
� a kind of p�adic Mellin transform � which associates with any closed s�form on
��d��� a K�valued distribution on the s

� � ��d���s��dimensional a�ne space over K

�Corollary ��� Secondly we identify Hs���d���� with an explicitly de
ned subspace



of the space of s�dimensional cochains on the Bruhat�Tits building BT of SLd���K�
�Corollary ���� In the case s � d the resulting subspace is the space of harmonic
cochains in the sense of 	����

The 
fth Paragraph contains the computation of the cohomology of the quotient
varieties X�� Of course we use a Hochschild�Serre type spectral sequence for the
covering ��d���� X�� The E��terms can be transformed into Ext�groups in the cat�
egory of smooth PGLd���K��representations� In order to compute these Ext�groups
we generalize ideas of Casselman �	���� 	�
�� which he used in his representation theo�
retic proof of the Garland vanishing theorem �	����� There are two additional features�
One is that for the representations which appear in the E��terms we need resolutions
with nice 
niteness properties with respect to the ��action� Their construction is
postponed to Paragraph � �Proposition ���� Second we establish a general cohomo�
logical duality �Duality Theorem� in the category of smooth representations in which
the role of the dualizing object is played by the Steinberg representation� This result
resembles very much the Borel Serre duality for discrete groups �	
�� but it does not
seem to be a formal consequence of it� The 
nal results �Theorems � and !� were
already explained above� In the rest of the Paragraph we deduce from our compu�
tation of H�

DR��
���� a proof of the p�adic Shimura isomorphism between modular

forms and group cohomology �a corrected version of the corresponding statement in
	����� We do this by a careful analysis of certain p�adic representations of SL��K��
In particular� we study the nonexistence of ��invariant continuous linear forms on
Morita�s p�adic principal series of SL��K� �Theorem ��� As another application of
this we will see the surprising fact that a cocompact discrete subgroup � � SL��K�
has no nonvanishing automorphic forms of weight � �Corollary �
�� A much more
direct proof of the p�adic Shimura isomorphism was given by de Shalit �	����� he also
pointed out that the original form of the statement in 	��� does not hold�

The Bernstein�Borel�Matsumoto theory of smooth representations generated by
their Iwahori�
xed vectors �see� e�g�� 	��� would provide us rather easily with �non�
canonical� resolutions of the type which we needed in Paragraph ! if it would be
su�cient for our purposes to work with Q�coe�cients� But the GLd���K��modules
we have to study have ZZ� or at least ZZ	�p ��coe�cients� The theory unfortunately

breaks down in this situation� Instead we start in the last Paragraph with the ob�
servation that any smooth GLd���K��module in a completely natural way gives rise
to a coe�cient system on the Bruhat�Tits building BT � The chain complex of this
coe�cient system is a good candidate for the required resolution� For coe�cient
systems of a certain type on an arbitrary contractible simplicial complex K we de�
velop a criterion which reduces the homological triviality of the coe�cient system to
the question whether certain subcomplexes of K �de
ned in terms of the coe�cient
system� are contractible �Proposition ��� In the concrete situation on BT to which
we want to apply this criterion we explicitly describe the respective subcomplexes as
unions of certain apartments in BT � This makes it possible to apply the geodesic
action on BT to show their contractibility� In this way we prove the chain complexes
in question to be exact �Theorems � and "��



We are especially grateful to P�Deligne� He pointed out an erroneous argument
in our proof of x
 Proposition ! and he suggested the present version of the proof� We
also want to thank O�Gabber and M�Rapoport for several interesting conversations�



x� The rigid analytic space ��d���

Once and for all we 
x a local 
eld K� that is a 
eld K which is locally compact
with respect to a non�trivial non�archimedean valuation j j� We always will assume
the valuation j j to be normalized� Let p � � be the characteristic of the 
nite residue

class 
eld of K� o be the valuation ring of K� and #$K be the completion of a 
xed
algebraic closure $K of K� We also 
x a natural number d and denote by IP

d
�K � as

usual� the d�dimensional projective space viewed as a K�analytic variety�

If H is the set of all K�rational hyperplanes in IP
d
�K then our object of interest

is

��d��� �� IP
d
�Kn �

H�H
H �

Proposition ��

��d��� is an admissible open subset and consequently an open analytic subvariety of
IP
d
�K �

We indicate two proofs and explicitly give a third one�

A� The 
rst proof is taken from 	���� As this will be of use later on� we give some of
the ideas behind it� Of central importance is the close relationship between ��d���

and the Bruhat�Tits building BT of the group SLd���K��

De�nition� �	���

BT is the simplicial complex whose vertices are the similarity classes 	L� of o�lattices
in the vector space Kd�� and whose q�simplices are given by families f	L��� ���� 	Lq�g
of similarity classes such that

L��
��
L��

��
����
��
Lq �

��
���L�

where � is a uniformizing element in K�

Remarks�

i� BT is contractible�
ii� GLd���K� in a natural way acts on BT �
iii� �����	 The topological space of similarity classes of real norms on Kd�� can
be identi
ed GLd���K� � equivariantly with the geometric realization jBT j of the
simplicial complex BT �



On the other hand� any point z � 	z� � ��� � zd� 	 ��d���� #$K� de
nes a similarity
class of norms k k��z� by

kwk��z� �� j
dX
i��

wizij for w � �w�� ���� wd� 	 Kd�� �

In this way we obtain a GLd���K��equivariant map

� � ��d��� �� jBT j �

With the help of this map Drinfel�d constructs an explicit family �Ui�i�I of open

a�noid subvarieties of IPd�K such that

a� �
i�I

Ui � ��d��� and

b� any K�morphism f � Y �� IP
d from a K�a�noid variety into IP

d
�K with

f�Y � � ��d��� factorizes through some Ui�

This in particular shows �compare 	�� ����� Prop� �� that ��d��� is an admissible

open subspace of IPd�K �

B� In the second proof one constructs a formal scheme #��d��� over Spf�o� of which
��d��� is the �generic 
bre�� For details see 	���� 	
��� 	
��� 	
��� 	���� 	
���

C� The third proof proceeds again by constructing a certain explicit family of admis�

sible open subvarieties of IPd�K with the properties a� and b� above� Precisely this

covering of ��d��� later on will be the main technical tool in our computations� First
we introduce the following convention� If not indicated otherwise any coordinate rep�

resentation z � 	z� � ��� � zd� of a point z 	 IP
d� #$K� is assumed to be unimodular� i�e��

such that jzij � � for � � i � d and jzij � � for some i� Similarly� for any hyperplane
H 	 H� we let �H 	 L�� with L� �� od�� always be a unimodular vector �determined

up to a unit in o� such that H� #$K� is its zero set

H� #$K� � fz 	 IP
d� #$K� � �H�z� � �g �

De�nition�

If � � � is a rational number the set

H��� �� fz 	 IP
d� #$K� � j�H�z�j � �g

is called the ��neighbourhood of the hyperplane H 	 H�

Because of our above convention this de
nition obviously is independent of the par�
ticular choices of �H and of the coordinate representation for z� For simplicity� we let



H��� also denote the subset of IPd�K which we get by identifying �over K� conjugate

points� Usually � will be of the form � � j�jn for some n 	 IN where � is a 
xed
uniformizing element of o�

De�nition�

Two hyperplanes H�H � 	 H are called congruent mod��n� for some n 	 IN if appro�
priate representing vectors �H and �H� satisfy the congruence

�H 
 �H� mod�nL�� �

If Hn denotes the set of equivalence classes of hyperplanes H 	 H mod��n� then we
have Hn � IP�L��	�

nL��� and H � lim
��

Hn�

Lemma ��

For two hyperplanes H�H � 	 H we have H�j�jn� � H ��j�jn� if and only if H and H �

are congruent mod��n��

Proof� Since �H and �H� are unimodular they induce surjective linear maps

$�H and $�H� � L�	�
nL� �� o	�no �

If we assume that H�j�jn� � H ��j�jn� then $�H and $�H� have the same kernel� This
implies that $�H� � 
 � $�H for some 
 	 �o	�no��� The reverse implication easily
follows from the inequality j�H�z�j � maxfj�H�z� � �H��z�j� j�H��z�jg�

Lemma ��

�
H�Hn

H�j�jn� � �
H�H

H�

Proof� Clear from Lemma ��

We now consider the subsets

�n �� ��j�jn� �� IP
d
�Kn �

H�Hn

H�j�jn�

in ��d���� They are admissible open in IP
d
�K � Each �n is a 
nite intersection of

subsets of the form IP
d
�KnH�j�jn�� It therefore su�ces to show that those subsets

are admissible open� But up to isomorphism IP
d
�KnH�j�jn� is an open polydisc in

the a�ne d�space IPd�KnH� The family fIPd�KnH�j�jn�gn�IN even is an admissible

covering of IPd�KnH� Therefore� if f � Y � IP
d is any K�morphism from a K�a�noid



variety Y into IPd such that f�Y � � IP
dnH then there exists a n�H� 	 IN such that

f�Y � � IP
dnH�j�jn�H��� If we apply this to a morphism f such that f�Y � � ��d���

we see that

f�Y � � IP
dn �

H�H
H�j�jn�H�� �

Because of Lemma � the sets fH � 	 H � H � � H�j�jn�H��g are open in H � lim
��

Hn�

SinceH is compact we conclude that we 
nd 
nitely many hyperplanesH�� ����Hr 	 H
and numbers n�� ���� nr 	 IN such that

�
H�H

H � H��j�j
n�� � ��� �Hr�j�j

nr � �

As a consequence� for n �� maxnj� we get that

�
H�H

H � �
H�Hn

H�j�jn� � �
j
Hj �j�j

nj �

which� in particular� means that f�Y � � �n� We thus have established Proposition
� and have shown that the increasing sequence of admissible open subvarieties �n

forms an admissible covering of ��d����

Proposition ��

��d��� is a Stein�space�

Proof� �See 	��� x� for the notion of Stein�space�� Similarly as before one shows that
the increasing sequence of subsets

$�n �� fz 	 IP
d� #$K� � j�H�z�j � j�jn for all H 	 Hg

in ��d��� forms an admissible covering by open a�noid subvarieties� For any pair
H�H � in H we have the analytic function

fH�H� ��
�H
�H�

on ��d��� �

For each n we choose a set $Hn of representatives for the equivalence classes of hy�
perplanes in Hn�� in such a way that it contains the coordinate hyperplanes Hi �
fzi � �g for � � i � d� It is then easy to see that

$�n � fz 	 ��d��� � jfH�H��z�j � j�j�n for all H�H � 	 $Hng

� fz 	 ��d��� � jfHi�H��z�j � j�j�n for all � � i � d and H � 	 $Hng

� fz 	 $�n�� � j�
n��fH�H��z�j � j�j for all H�H � 	 $Hn��g �



The last description shows that in order to establish our assertion it su�ces to prove
that the functions �nfH�H� for H�H � 	 $Hn form a system of a�noid generators
of O�$�n�� This will be done by explicitly determining O�$�n�� De
ne the a�noid
K�algebra An to be the free Tate algebra over K in the indeterminates TH�H� for
H�H � 	 $Hn divided by the �closed� ideal generated by

TH�H � �n for H 	 $Hn �

TH�H� � TH��H�� � �nTH�H�� for H�H � �H �� 	 $Hn � and

TH�Hj
�

dX
i��

�iTHi�Hj
if �H�z� �

dX
i��

�izi for H 	 $Hn and � � j � d �

We then have the K�morphisms

�n � $�n �� Sp�An� given by
An �� O�$�n�

TH�H� ��� �nfH�H�

and

�
n � Sp�An� �� IP
d

x ��� 	TH��Hj
�x� � ��� � THd�Hj

�x�� �not necessarily unimodular�

the latter being independent of the particular choice of � � j � d� We leave it to the
reader to check that the image of �
n is contained in $�n so that it factorizes through
a K�morphism 
n � Sp�An� � $�n and furthermore that 
n and �n are inverse to
each other�

For later computations it is necessary to look more closely at the geometric
nature of the admissible open subvarieties in IPd�K of the form

IP
d
�Kn�H��j�j

n� 
 ��� 
Hr�j�j
n��

where H�� ����Hr 	 H are 
nitely many hyperplanes� We consider the o�module

M ��

rX
i��

o�Hi
� L�� �

Obviously we have

H��j�j
n� 
 ��� 
Hr�j�j

n� � fz 	 IP
d� #$K� � j��z�j � j�jn for all � 	Mg �

By the elementary divisor theorem we 
nd a basis ��� ���� �d in L�� such that
������ ���� �

�m�m with appropriate integers � � m � d and � � 
� � ��� � 
m is
a basis of M � Therefore� up to a linear transformation� we can assume that

H��j�j
n� 
 ��� 
Hr�j�j

n� � f	z� � ��� � zd� 	 IP
d� #$K� � j��izij � j�jn for � � i �mg �

Since M contains a unimodular vector we must have 
� � �� On the other hand� the
condition j��izij � j�jn is automatically ful
lled if 
i � n� Writing �i �� n� 
i we
can state the following result�



Lemma 	�

There are integers � � s � d and n � �� � �� � ��� � �s � � such that� up to
K�linear isomorphism�

H��j�j
n� 
 ��� 
Hr�j�j

n� � f	z� � ��� � zd� 	 IP
d� #$K� � jzij � j�j�i for � � i � sg �

The integer s in the above assertion can be intrinsically characterized in the following
way� Put

$M ��
rX
i��

�o	�no��Hi
� L��	�

nL�� �

The minimal number of generators of $M as an o�module is called the rank of $M � We
have

rank $M � s� � �

Proposition 
�

We have a �in the rigid sense	 locally trivial 
bration

IP
dn�H��j�j

n� 
 ��� 
Hr�j�j
n�� �� IP

s

over K with 
bers open polydiscs in Ad�s�

Proof� By Lemma ! it su�ces to consider the case

X �� IP
d
�Knfz � jzij � j�j�i for � � i � sg �

The projection

pr � X �� IP
s

	z� � ��� � zd� ��� 	z� � ��� � zs� �not necessarily unimodular�

is well�de
ned because at least for one i with � � i � s we have jzij � j�j�i � The
subsets

Uj �� f	z� � ��� � zs� 	 IP
s� #$K� �

jzj j

j�j�j
�

jzij

j�j�i
for � � i � sg

for � � j � s form an admissible K�a�noid covering of IPs�K � We now consider� for
a 
xed j� the K�morphism

pr���Uj �
�pr���
�� Uj �Ad�s

where � is de
ned by

��	z� � ��� � zd�� �� �
zs��
zj

� ����
zd
zj

� �



The above argument for pr being well�de
ned also shows that on pr���Uj� we have
jzjj

j�j�j
� �� Therefore the image of � is contained in the open polydisc

Dj �� f�ws��� ���� wd� 	 Ad�s� #$K� � jwtj � j�j��j for s � t � dg �

We claim that

�pr� �� � pr���Uj� �� Uj �Dj

is a K�analytic isomorphism� But an inverse morphism is given by

�	z� � ��� � zs�� �ws��� ���� wd�� ��� 	z� � ��� � zs � zjws�� � ��� � zjwd�

where we may assume that the projective coordinates on the right hand side �but
not necessarily the ones on the left hand side� are unimodular� If jzij � � for some
� � i � s we trivially have jzij � j�j�i and if jzjwtj � � for some s � t � d we get
jzj j � jwtj�� � j�j�j � In any case we see that the right hand side lies in X� q�e�d�

We like to consider such 
brations as in Proposition � as �homotopy equivalences��
At least they should induce isomorphisms in any reasonable cohomology theory�

x� Abstract cohomology theory

Since our later computations will be valid in at least two di�erent interesting
cohomology theories we proceed in an axiomatic way� Let V be the category of
smooth separated �rigid� analytic varieties overK equipped with a 
xed Grothendieck
topology which we assume to be 
ner than the analytic topology� Let F be an object
in the derived category D���V� of complexes of sheaves on V in nonnegative degrees�
For any variety X in V we put

H��X� �� H��X�F� �

if U � X is an �admissible� open subvariety we also will use the relative cohomology

H��X�U� �� H��X�U �F� �

We recall that relative cohomology of the pair �X�U� is the derived functor of the
functor �sections on X which vanish on U��

Remark�

In algebraic geometry relative cohomology usually is denoted by H�
Z �X� �� with Z ��

XnU � Since in our context Z rarely is a closed subvariety of X the above notation
seems to be more appropriate�



These groups constitute our �abstract� cohomology theory� In order to make this
theory interesting we require the following properties to be ful
lled�

I� �Homotopy invariance�

If D denotes the ��dimensional open unit disc then� for any a�noid variety X in V�
the projection X �D� X induces an isomorphism

H��X�
	��� H��X �D�

in cohomology�

II� �Product structure�

There are homomorphisms

� � F
L
�
ZZ
F �� F and e � ZZ �� F

in D��V� such that � is associative and �graded� commutative with unit e�

III� �Cohomology of the point�

We have Hs�Sp�K�� � � for s � �� Furthermore� the ring

A �� H��Sp�K��

is artinian�

IV� �Cohomology of projective space�

We have Hs�IPn�K � � � for odd s or s � �n� Furthermore� there is a homomorphism

c �Gm	��� �� F

in D���V� such that� for � � s � n� the map

��� � � �s � A � H��Sp�K��
	��� H�s�IPn�K�

is an isomorphism where � � IPn�K � Sp�K� is the structure morphism and � is the
image of the canonical line bundle� i�e��

H��IPn�K �O
��

c
�� H��IPn�K �

O��� ��� � �

Our abstract cohomology theory consequently takes values in the category of A�
modules� For future reference let us state two further simple consequences of these
properties�



Lemma ��

Any locally trivial 
bration Y � X in V with 
bers open polydiscs in a�ne space

induces an isomorphism H��X�
	�
�� H��Y � in cohomology�

Proof� This is a well�known formal consequence of the property I� above�

Lemma ��

Let m � n be natural numbers and let 
 be a K�linear automorphism of IPn� For the
morphism f � IPm � IP

n given by 	z� � ��� � zm� ��� 
�	z� � ��� � zm � � � ��� � ��� and
any � � s � m we have the commutative diagram

A
	�
�� H�s�IPn�K �

k
�yf�

A
	��� H�s�IPm�K �

where the horizontal arrows represent the isomorphisms in property IV	 above�

Proof� f� respects the canonical line bundles�

There are two basic examples for such a cohomology theory� The 
rst one is the
de Rham cohomology� We assume that our base 
eld K has characteristic � and we
equip V with the analytic topology� Let F be the complex

�
 � O
d
�� �� d

�� �� d
�� ���

of sheaves of holomorphic di�erential forms� The de Rham cohomology of a variety
X in V is de
ned to be the hypercohomology

H�
DR�X� �� H��X��
� �

It has the four properties which we have required above�

The product structure is given by the usual exterior multiplication of di�erential
forms� The cohomology of the point is obvious� The cohomology of projective space
can be computed as in 	�
� �last paragraph of x���� using in addition the GAGA�
principle �	�"�� that analytic and algebraic coherent sheaf cohomology of IPn are
equal�

For the homotopy invariance we imitate the argument in 	�
� �Prop� ����� If X is
a�noid then X and X �D have trivial coherent sheaf cohomology so that in each
case the de Rham cohomology is computed by the complex of global sections of �
�
We therefore have to show that

�
�X� �� �
�X �D�



is a quasi�isomorphism� The injectivity on cohomology groups as well as on the level
of complexes is obvious since the projection X �D � X has a section� It remains to
establish the surjectivity on cohomology groups� Each � 	 ���X �D� is of the form

� �
X
i��

�iT
i �
X
i��

�iT
idT with �i 	 ���X�� �i 	 �����X�

such that limsup i
p
k�ik � �� lim sup i

p
k�ik � � �

Observing that

limsup
i

r
k�i��k

i
� � and

d�
X
i��

�i��
i

T i� �
X
i��

d�i��
i

T i �
X
i��

�iT
idT

we see that modulo exact forms any � has the form

� �
X
i��

�iT
i with �i 	 ���X�� lim sup i

p
k�ik � � �

We then have

d� �
X
i��

d�i � T
i �
X
i��

�i � i � T
i��dT �

If � is closed it follows that � � �� 	 ���X��

Proposition ��

We have

H�
DR��

�d���� � f� 	 �����d���� � d� � �g	d�������d���� �

Proof� ��d��� is a Stein�space according to x� Proposition �� But Theorem B �	���
Satz ���� says that Stein�spaces have trivial coherent sheaf cohomology�

The second example is the etale cohomology over #$K with coe�cients in a 
nite ring
whose order is prime to the characteristic of the residue class 
eld of K�

De�nition�

A morphism f � X � Y of K�analytic varieties is called etale if� for any x 	 X� the
induced homomorphism of local rings OY�f�x� � OX�x is 
at and unrami
ed�

Over an algebraically closed base 
eld this de
nition is equivalent to the one given
in 	�"� V�
� Due to the fact that the image of an etale morphism need not to be an
admissible open subvariety the notion of an etale covering of analytic varieties is not
as straightforward as the corresponding notion in algebraic geometry�



Remark�

If f � X � Y is a 
at morphism between K�a�noid varieties then f�X� is a 
nite
union of K�a�noid open subvarieties of Y and� in particular� is an admissible open
subvariety of Y �

Proof� 	
�� 
���"�

A family of etale morphisms fi � Xi � Y between K�a�noid varieties is called an
etale covering if the fi�Xi� form an admissible covering of Y � Because of the above
Remark it is clear that in this way the category of K�a�noid varieties is equipped

with a Grothendieck topology� If Y is an arbitrary K�analytic variety� Yj
�
� Y

is an admissible covering by K�a�noid open subvarieties� and Xij � Yj for each
j is an etale covering of K�a�noid varieties then we call the family Xij � Y a
special etale covering� An arbitrary family of etale morphisms fi � Xi � Y in the
category of K�analytic varieties is called an etale covering if it can be re
ned to a
special etale covering� This de
nes a Grothendieck topology on the category of K�
analytic varieties �compare SGA 
 exp� IV x���� which restricts to the previously
de
ned topology on the subcategory of K�a�noid varieties� We call it as well as its
restriction to V the etale topology and denote by Vet the corresponding site�

Let $V be the category of smooth separated analytic varieties over #$K� and let A be
a 
xed 
nite ring of order m prime to the characteristic of K viewed as a constant
sheaf on $Vet� The extension of ground 
eld functor X �� $X �	�� ��
��� induces a
morphism of sites e � $Vet � Vet� The complex F on Vet then is de
ned to be the
total direct image

F �� Re�A

under e of the sheaf A� the corresponding cohomology of a variety X in V is

H��X� � H�
et�X�F� � H�

et� $X�A� �

Among our four properties the cohomology of the point is obvious and the product
structure is induced by the ring multiplication on A� The other two properties are
consequences of general results of O�Gabber �unpublished�� In the formula for the
cohomology of projective space one has

H�s
et �IP

n

� 	
K
� A� � A�s� for � � s � n

where A�s� is the s�th Tate twist of A� For simplicity we use a once and for all 
xed

primitive m�th root of unity in #$K in order to identify A�s� and A� The homotopy
invariance only holds under the assumption that the order of A is prime to the residue
class 
eld characteristic of K�



Apart from the axiomatically given properties and their consequences we will
need two results from general cohomology theory� The 
rst result concerns the be�
haviour of cohomology with respect to certain direct limits of varieties� Let X be
a variety in V and let U � X be an open subvariety which possesses an admissible
covering by an increasing family

��� � Un � Un�� � ��� for n 	 IN

of open subvarieties�

Proposition ��

There is a natural exact sequence

�� lim
��

���H����X�Un�� H��X�U�� lim
��

H��X�Un�� � �

Proof� �See 	��� x��� for the basic properties of the derived functors of lim
��

�� We 
rst

show that� for an arbitrary injective sheaf I on V� we have

H��X�U � I� � lim
��

H��X�Un� I� and lim
��

�r�H��X�Un� I� � � for r � � �

The sequence of projective systems �with respect to n�

� �� H��X�Un� I� �� H��X� I� �� H��Un� I� �� �

is exact since the right arrows are surjective by the injectivity of I �SGA � V �����
Furthermore� the sheaf property of I implies H��U� I� � lim

��
H��Un� I�� Therefore in

the projective limit we get the sequence

� �� H��X�U � I� �� H��X� I� �� H��U� I� �� �

which is exact for the same reason as before� From that follows the 
rst part of
our claim and also the second part once we observe that the projective systems
fH��X� I�gn and fH��Un� I�gn are acyclic� the 
rst one trivially and the second one
because of the surjectivity of the transition maps�

Now let F
	
�� I 
 be an injective resolution� We consider the two hypercohomology

spectral sequences

Er�s
� � lim

��

�s�H��X�Un� I
r� �� Rr�s lim

��
�H��X�Un� I


�� and

Er�s
� � lim

��

�r�Hs�H��X�Un� I

�� �� Rr�s lim

��
�H��X�Un� I


�� �

The 
rst one� by the above established facts� degenerates and gives

Hs�H��X�U � I 
�� � Hs�lim
��

H��X�Un� I

�� � Rs lim

��
�H��X�Un� I


�� �

Because of lim
��

�r� � � for r � � the second one then splits into the short exact

sequences in our assertion�



Corollary 	�

If the A�modules in the projective system fHs���X�Un�gn are 
nitely generated then
we have Hs�X�U� � lim

��
Hs�X�Un��

Proof� Use 	��� Cor� ����

For the second result let U�� ���� Um � X be a 
nite family of open subvarieties of the
variety X in V and put U �� U� 
 ��� 
 Um� We then want to construct a strongly
convergent spectral sequence

��� Er�s
� �

M
��i��			�i�r�m

Hs�X�Ui� � ��� � Ui�r � �� Hr�s�X�U� �

This is based on the following observation about simplicial abelian groups� Let
G�� ���� Gm be a 
nite family of subgroups of some abelian group G� We then consider
the simplicial abelian group

�
i
Gi

���� �
i��i�

Gi� 
Gi�
������ �

i��i��i�
Gi� 
Gi� 
 Gi�

��������
���

with the obvious face and degeneracy maps� Let C�G�� ���� Gm� denote the associ�
ated �homological� complex of abelian groups �where the di�erential is given by the
alternating sum of the face maps��

Proposition 
�

Suppose that

�
X
i�V

Gi� 
 � 

j�W

Gj� �
X
i�V

�Gi 
 � 

j�W

Gj��

holds true for all subsets V�W � f�� ����mg� Then C�G�� ���� Gm� is an acyclic reso�
lution of

P
i

Gi�

Proof� We 
rst establish that the subcomplex

C��G�� ���� Gm� � �
i
Gi �� �

i�
i�
Gi� 
 Gi� �� �

i�
i�
i�
Gi� 
Gi� 
Gi� �� ���



is an acyclic resolution of
P
i

Gi� For that we consider the short exact sequence of

augmented strict�simplicial abelian groups

��
P
i���

Gi �
P
i

Gi � G�	G� 

P
i���

Gi � �

�
j
j

�
j
j

�
j
j

�� �
i���

Gi � �
i
Gi � G� � �x�x� x�x� �

x�x�
�� �

�
i�
i�
Gi� 
Gi� � �

i�
i�
Gi� 
 Gi� � �

�
i�
G� 
Gi� � �x�x�x� x�x�x� �
x�x�x�

�� �
�
i�
i�
i�

Gi� 
Gi� 
 Gi� � �
i�
i�
i�

Gi� 
Gi� 
Gi� � �
�
i�
i�

G� 
Gi� 
Gi� � �x�x�x�x� x�x�x�x� �
x�x�x�x� �

Since the left vertical arrows in the last column represent� as indicated� the zero maps
this can be rewritten as a short exact sequence of augmented complexes

� � �x� x� x�
� �

P
i���

Gi �
P
i

Gi � G�	G� 

P
i���

Gi � �

�
j
j

�
j
j

�
j
j

� � C��G�� ���� Gm� � C��G�� ���� Gm� �

���
G�

�
C��G� 
G�� ���� G� 
Gm�

��� � ��

We now argue by induction with respect to m� There is nothing to prove for m � ��
Obviously� with G�� ���� Gm� also the families G�� ���� Gm and G� 
 G�� ���� G� 
 Gm

ful
ll the assumption of our assertion� Therefore� by induction� we can assume that
C��G�� ���� Gm�� resp� C��G� 
 G�� ���� G� 
 Gm�� is an acyclic resolution of

P
i���

Gi�

resp�
P
i���

G� 
 Gi � G� 

P
i���

Gi� The above short exact sequence then shows that

also C��G�� ���� Gm� is an acyclic resolution of
P
i

Gi�

It remains to prove that the inclusion C��G�� ���� Gm� � C�G�� ���� Gm� is a homotopy
equivalence� In case G � G� � ��� � Gm � ZZ we view ZZN� � C�ZZ� ����ZZ� as the
complex associated with the free abelian group on the simplicial set

N ���� N �N
������ N �N �N

��������
��� � N �� f�� ����mg �



It is well�known �compare� for example� 	�� p� 
�� 
�
� that the homomorphisms

ZZNq �� ZZNq

�i�� ���� iq� ���

���
�sgn ���i����� ���� i��q�� if there is a permutation

� such that i���� � ��� � i��q� �
� otherwise

form an endomorphism of the complex ZZN� which is homotopic to the identity�
furthermore the homotopy ZZN�� ZZN��� can be chosen in such a way that

�i�� ���� iq� ���
X

j��			�jq�fi��			�iqg

c
i�			iq
j�			jq

� �i�� j�� ���� jq�

with appropriate integers c						 	 ZZ� Coming back to our general situation we de
ne
an endomorphism � of C�G�� ���� Gm� by

g 	 Gi� 
 ��� 
Giq ���

�������
�sgn �� � g 	 Gi���� 
 ��� 
Gi��q� if there is a permutation

� such that
i���� � ��� � i��q� �

� otherwise

and a homotopy h on C�G�� ���� Gm� by

g 	 Gi� 
 ��� 
Giq ���
M

j��			�jq�fi��			�iqg

c
i�			iq
j�			jq

� g 	 Gi� 
Gj� 
 ��� 
 Gjq �

It is clear that h is a homotopy between � and id� furthermore we have
�jC��G�� ���� Gm� � id and im��� � C��G�� ���� Gm�� q�e�d�

We are going to use this general result in the following particular situation�

Lemma ��

For any injective sheaf I on V we have �where all groups are considered as subgroups
of I�X�	�
i�
P
i

H��X�Ui� I� � H��X�U � I��

ii� �
P
i�V

H��X�Ui� I�� 
 � 

j�W

H��X�Uj � I�� �
P
i�V

�H��X�Ui� I� 
 � 

j�W

H��X�Uj � I���

for any two subsets V�W � f�� ����mg�

Proof� i� Assume 
rst that m � � and let s 	 I�X� be a section with sjU� 
 U� � ��
By the sheaf property we 
nd a section s�� 	 I�U� � U�� such that s��jU� � � and
s��jU� � sjU�� and by the injectivity of I the section s�� extends to a section s� 	 I�X��
If we put s� �� s� s� then we obviously have s�jU� � �� The general case follows by
induction�



ii� Because of 

j�W

H��X�Uj � I� � H��X� �
j�W

Uj � I� we can assume that� say� W �

f�g� But� using i�� we compute

�
X
i�V

H��X�Ui� I�� 
H
��X�U�� I� � H��X� 


i�V
Ui� I� 
H

��X�Ui� I�

� H��X� � 

i�V

Ui� � U�� I� � H��X� 

i�V

�Ui � U��� I�

�
X
i�V

H��X�Ui � U�� I� �
X
i�V

�H��X�Ui� I� 
H
��X�U�� I�� �

q�e�d�

Now� let F
	
�� I 
 be an injective resolution� We then have the augmented double

complex
H��X�U � I 
�x�

C�H��X�U�� I 
�� ����H��X�Um� I 
��

in which the columns are acyclic according to Proposition � and Lemma �� Con�
sequently� the homology of the total complex of this double complex is equal to
the homology of the augmenting complex which is H��X�U�� On the other hand�
the homology of the r�th row in the double complex� for trivial reasons� is equal toL
i��			�ir

H��X�Ui� � ��� � Uir �� Therefore ��� simply is the second spectral sequence of

this double complex� It is strongly convergent since� as we have seen in the proof of
Proposition �� the above double complex is homotopy equivalent to the subcomplex
C��H��X�U�� I 
�� ����H��X�Um� I 
�� whose r�th row is zero for r � m�

x� The cohomology of ��d��� � Connection to the Tits building

In this Paragraph we want to compute the abstract cohomology of ��d��� in
terms of the cohomology of certain p�adically topologized simplicial complexes which
naturally arise in the theory of the Tits building for GLd��� Because of the relative
cohomology sequence

���� Hs�IPd�� Hs���d����� Hs���IPd���d����� Hs���IPd�� ���

and our axiomatic knowledge of the cohomology of IPd we equivalently have to de�
termine the relative cohomology H��IPd���d����� In x� we have seen that the open
subvarieties

�n � IP
dn �

H�Hn

H�j�jn�

form an increasing admissible covering of ��d���� Later on we will see that we can
apply x� Corollary ! and calculate H��IPd���d���� as the projective limit of the



groups H��IPd��n�� But �n can be written as an intersection

�n � 

H�Hn

U�H�n�

of 
nitely many open subvarieties in IPd of the form

U�H�n� �� IP
dnH�j�jn� �

Therefore the spectral sequence ��� which we have constructed in x� is at our disposal�

E�r�s� �
M

�H������Hr �

�Hr��
n

Hs�IPd� U�H��n� � ��� � U�Hr �n�� �� Hs�r�IPd��n� �

We see that the central problem is to understand this spectral sequence� For that it
is useful to introduce the notation

rk�H�� ����Hr� �� rank $M

where

$M ��
rX
i��

�o	�no��Hi
� L��	�

nL�� �

We observe that rk�H�� ����Hr� � � since the �Hi
are unimodular�

Lemma ��

Hs�IPd� U�H��n� � ��� � U�Hr �n�� �

	
A if s is even with rk�H�� ����Hr� �

s
� � d�

� otherwise�

Proof� According to x� Lemma ! and Proposition � we have� after a suitableK�linear
automorphism of IPd� the diagram

IP
d 


�� U�H��n� � ��� � U�Hr �n� � IP
dn

r


i��

Hi�j�jn�

�
j
j

���ypr
IP
m

with m �� rk�H�� ����Hr� � � where pr is the projection 	z� � ��� � zd� �� 	z� � ��� � zm�
and the dotted arrow represents the section 	z� � ��� � zm� �� 	z� � ��� � zm � � � ��� � ���
we furthermore know that pr is a locally trivial 
bration with polydiscs as 
bers�
By x� Lemma � pr induces an isomorphism in cohomology� If then follows from x�
Lemma � that the restriction map

Hs�IPd� �� Hs�U�H��n� � ��� � U�Hr �n��

is an isomorphism for s � �rk�H�� ����Hr� and is surjective and the zero map oth�
erwise� Using the relative cohomology sequence this is easily translated into our
assertion� q�e�d�



Inserting this into our spectral sequence we get

E�r�s� �

�����
L

�H������Hr ��H
r��
n

rk�H������Hr ��
s
�

A if s is even and � � s � �d�

� otherwise �

In order to keep track of the d��di�erential in this spectral sequence we introduce the
simplicial sets Y��n�k�� for � � k � d� given by

Y �n�k�
r �� set of all �H�� ����Hr� 	 H

r��
n such that rk�H�� ����Hr� � k

with face� resp� degeneracy� maps given by omitting� resp� doubling� one hyperplane
in a tuple� If C�Y��n�k�� A� denotes the chain complex on Y��n�k� with coe�cients in
the abelian group A �viewed as a cohomological complex in negative degrees� we have

E�r�s� �



C�Y

�n�s� �
r � A� if s is even and � � s � �d �

� otherwise �

furthermore� the d��di�erential is induced from the chain di�erentials in the com�
plexes C�Y��n�k�� A�� The corresponding E��spectral sequence therefore reads

E�r�s� �

���
Hr�Y��n�

s
� �� A� if s is even and

� � s � �d
� otherwise

��� �� Hs�r�IPd��n� �

Remarks�

�	 Because of Y
�n�k�
r � Hr��

n for r � k we have

Hr�Y�
�n�k��ZZ� � � for � � r � k � � �

�	 Since the C�Y��n�k�� A� are complexes of 
nitely generated modules over the artinian

ring A the spectral sequence shows that the relative cohomology groups Hs�IPd��n�
are 
nitely generated A�modules�

Instead of trying to compute the E��terms further we will pass at this point to the
projective limit with respect to n� It is easy to check that there is a homomorphism
of spectral sequences

Hr�Y��n���
s
� �� A� �resp� �� �� Hs�r�IPd��n����y �y

Hr�Y��n�
s
� �� A� �resp� �� �� Hs�r�IPd��n�



where the left arrow is induced from the obvious map of simplicial sets Y��n���k� �
Y��n�k� and the right arrow is induced from the inclusion �n �� �n��� According
to the above Remark we therefore have a projective system of spectral sequences of

nitely generated modules over the artinian ring A so that passing to the projective
limit still gives a spectral sequence �	��� Cor� ����� The same Remark together with
x� Corollary ! implies that in the abutment we get

lim
��

H��IPd��n� � H��IPd���d���� �

The limit spectral sequence consequently reads

E�r�s� � lim
��

Hr�Y�
�n� s� �� A� �resp� �� �� Hs�r�IPd���d���� �

In the next step we will express the E��terms above in terms of the simplicial pro
nite
sets

Y��k� �� lim
��

Y��n�k� �

For any tuple �H�� ����Hr� 	 Hr�� we have

rank�

rX
i��

�o	�no��Hi
� � k for all n 	 IN

if and only if

dimK�
rX
i��

K�Hi
� � k �

We therefore can interprete Y��k� as the simplicial pro
nite set given by

Y �k�
r � set of all �H�� ����Hr� 	 H

r�� such that

dimK�
rX
i��

K�Hi
� � k

with face� resp� degeneracy� maps given by omitting� resp� doubling� one hyperplane

in a tuple� the topology on Y
�k�
r is induced from the obvious topology on H �

IP��Kd����� � IP
d�K� so that Y

�k�
r is a closed subset of Hr���

Let jY��k�j be the topological realization of Y��k�� We recall that jY��k�j is de
ned

to be the quotient of �
r��

Y
�k�
r � %r with respect to the equivalence relation given

by the face and degeneracy maps� here the topology on Y
�k�
r �%r is the product of

the pro
nite topology on Y
�k�
r and the usual topology on the topological standard

r�simplex %r �compare 	�!� x���



Lemma ��

There are natural exact sequences

� �� Ext�
ZZ
�H����jY��k�j�ZZ�� A� �� lim

��
H��Y��n�k�� A�

�� HomZZ�H
��jY��k�j�ZZ�� A� �� ��

Proof� �Cohomology of a topological space always is �constant� sheaf cohomology&�
By the universal coe�cient theorem �	��� Th� !�!���� we have natural exact sequences

�� Ext�
ZZ
�H����Y��n�k��ZZ�� A�� H��Y�

�n�k�� A�� HomZZ�H
��Y��n�k��ZZ�� A�� ��

Since all groups involved are 
nitely generated modules over the artinian ring A
passing to the projective limit gives the exact sequences

� �� Ext��lim
��

H����Y��n�k��ZZ�� A� �� lim
��

H��Y��n�k�� A�

�� HomZZ�lim
��

H��Y��n�k��ZZ�� A� �� �

�	��� Th� ��� and Cor� ����� It remains to show that we have

H��jY��k�j�ZZ� � lim
��

H��Y��n�k��ZZ� �

Using the standard spectral sequence

Hs�Y �k�
r �ZZ� �� Hs�r�jY��k�j�ZZ�

�	�!� Prop� !�� together with 	��� Th� ����!� and analogous spectral sequences for the
Y��n�k� this follows from the continuity property of cohomology �	��� p� 
��� which
implies that

H��Y �k�
r �ZZ� � lim

��
H��Y �n�k�

r �ZZ�

holds true for each r � ��

Remark�

Let S� be an arbitrary simplicial pro
nite set� If C��Sr�ZZ� denotes the group of
ZZ�valued locally constant functions on Sr then we have the �cohomological	 complex

��� �� C��Sr�ZZ� �� C��Sr���ZZ� �� ���

where the di�erential is given as the alternating sum of the maps induced from the
face maps in S�� Since

Hs�Sr�ZZ� �

	
C��Sr�ZZ� if s � � �
� if s � �



by the continuity property of cohomology the same spectral sequence as in the above
proof shows that the complex C��S��ZZ� computes the cohomology of jS�j� i�e�� that

H��jS�j�ZZ� � H��C��S��ZZ�� �

We now de
ne simplicial pro
nite sets T ��k�� for � � k � d� by

T �k�
r �� set of all �ags W� �W� � ��� �Wr of K � subspaces

in �Kd���� such that � � dimKWi � k

with face� resp� degeneracy� maps given by omitting� resp� doubling� one subspace

in a �ag� furthermore� the topology on T
�k�
r is given in the following way� The group

GLd���K� in a natural way acts on T
�k�
r and the stabilizer of a �ag � 	 T

�k�
r is a

parabolic subgroup P� �K�� We take the 
nest topology on T
�k�
r whose restriction on

each orbit

GLd���K� � � � GLd���K�	P� �K�

is the obvious topology on the right hand side �induced from the valuation on K��
�Remember that T ��d� considered only as a simplicial set is the Tits building of GLd��
over K� This has to be well distinguished from the Bruhat�Tits building BT which
we introduced earlier� In case d � �� for example� BT is the familiar tree whereas
the Tits building is just a set of points which by the way can be viewed as the set
of ends of the tree� An excellent introductory text to the theory of buildings is 	"���
We will show that jY��k�j and jT ��k�j have naturally isomorphic cohomology�

Lemma ��

For any subspace W � �Kd���� such that � � dimK W � k let Y��k��W � � Y��k��
resp� T ��k��W � � T ��k�� be the simplicial pro
nite subset de
ned by

Y �k�
r �W � �� f�H�� ����Hr� 	 Y �k�

r �
rX
i��

K�Hi
�Wg � resp�

T �k�
r �W � �� f�W� � ��� �Wr� 	 T

�k�
r � W �W�g �

Then the augmented complexes

ZZ �� C��Y��k��W ��ZZ� and ZZ �� C��T ��k��W ��ZZ�

are acyclic�

Proof� This is a standard fact in the context of simplicial sets� We only have to
observe in addition that the maps

Y
�k�
r���W � �� Y

�k�
r �W �

�H�� ����Hr��� ��� �H�H�� ����Hr���



where H 	 H is some 
xed hyperplane such that �H 	W and

T
�k�
r���W � �� T

�k�
r �W �

�W� � ��� �Wr��� ��� �W �W� � ��� �Wr���

are continuous so that they also induce contracting homotopies in our pro
nite set�
ting�

In order to relate Y��k� and T ��k� we introduce the bisimplicial pro
nite set Z���k�

de
ned by

Z�k�
rs �� f�W� � ��� �Wr�H�� ����Hs� 	 T

�k�
r � Y �k�

s �
sX
i��

K�Hi
�W�g

together with the obvious face and degeneracy maps� It will follow from Lemma 

and a simpli
ed version of the base change formalism �compare 	��� II������ that the
projection maps

Y��k�x�
T ��k� �� Z���k�

induce cohomology isomorphisms between the corresponding topological realizations�

Remark�

Let T � S be a closed subset in a pro
nite set S� We have�
i� The restriction map C��S�ZZ�� C��T�ZZ� is surjective�
ii� if f � S� � S is a continuous map between pro
nite sets and if U runs through
the compact open neighbourhoods of T in S then

C��f���T ��ZZ� � lim
��

C��f���U��ZZ� �

Proof� i� Since the compact open subsets in S form a base of the topology it is easy
to see that for any compact open subset V in T there is a compact open subset U in
S such that U 
 T � V � ii� From i� we see that

C��f���T ��ZZ� � lim
��

C��U ��ZZ�

where U � runs through the compact open neighbourhoods of f���T � in S�� But any
U � contains a f���U� �compare 	��� p������



Lemma ��

Let f� � S�� T be a map from a simplicial pro
nite set S� into a �constant simplicial	
pro
nite set T � If the augmented complexes

ZZ
f���� C��f����t��ZZ� for t 	 T

are acyclic then the augmented complex

C��T�ZZ�
f���� C��S��ZZ�

is acyclic� too�

Proof� We consider the complex of sheaves on T

ZZ �� f��ZZ �� ��� �� fr�ZZ �� ���

From the above Remark together with 	��� II�
�
 Cor� � we conclude that the sheaves
fr�ZZ are soft� Part ii� of the above Remark also shows that

ZZ �� C��f����t��ZZ�

is the associated complex of stalks in t� Our complex therefore is an acyclic complex
of soft sheaves� According to 	��� II Th�
�!�� the associated complex of global sections

C��T�ZZ� �� C��S��ZZ�

then is acyclic� too�

Proposition 	�

For any � � k � d we have a natural isomorphism

H��jT ��k�j�ZZ� �� H��jY��k�j�ZZ� �

Proof� Consider the biaugmented double complex

C��Y��k��ZZ��y
C��T ��k��ZZ� �� C��Z���k��ZZ� �

Because of Lemma 
 we can apply Lemma � to each row and each column of this
double complex and we get that all rows and columns are acyclic� Therefore both
augmentation maps are quasi�isomorphisms�



Remark�

De
ne a third simplicial pro
nite set X��k� by

X�k�
r ��set of all 
ags M� �M� � ��� �Mr of o�submodules in L��

such that M� contains an unimodular vector and rankMr � k�

The cohomology of jX��k�j also is naturally isomorphic to the cohomology of jY��k�j�

Proposition 
�

i� lim
��

Hr�Y��n�k�� A� � HomZZ�H
r�jT ��k�j�ZZ�� A��

ii� Hr�jT ��k�j�ZZ� � � for r �� �� k � ��

iii� H��jT ��k�j�ZZ� �

	
C��IP��Kd������ZZ� if k � � �
ZZ if k � � �

Proof� Let NT
�k�
r denote the open and closed subset of �nondegenerate� �ags

W��
��
����
��
Wr in T

�k�
r � By the cosimplicial version of the normalization theorem

�compare 	
�� VIII� �� the inclusion of complexes

C��NT ��k��ZZ� � C��T ��k��ZZ�

is a homotopy equivalence� But we have NT
�k�
r � � for r � k which implies

Hr�C��T ��k��ZZ�� � � and consequently Hr�jT ��k�j�ZZ� � � for r � k� On the other
hand we already know from the Remark after Lemma � that Hr�Y��n�k��ZZ� � � for
� � r � k�� and n 	 IN� By the universal coe�cient theorem �	��� Th� !�!�
� we then
also have Hr�Y��n�k��ZZ� � � for � � r � k � � and n 	 IN� Using Proposition ! and
the argument in the proof of Lemma � we see that Hr�jT ��k�j�ZZ� � Hr�jY��k�j�ZZ� �
lim
��

Hr�Y��n�k��ZZ� � � for � � r � k � �� This establishes our second assertion� In

order to prove the 
rst assertion we consider the exact sequence

� �� Ext�
ZZ
�Hr���jT ��k�j�ZZ�� A� �� lim

��
Hr�Y��n�k�� A�

�� HomZZ�H
r�jT ��k�j�ZZ�� A� �� �

which arises from Lemma � and Proposition !� By what we have just seen� for
r �� k � �� the 
rst term vanishes and� for r � k � �� even the middle term vanishes�
Finally� our third assertion is clear since jT ��k�j obviously is connected for k � � and

since� on the other hand� we have NT
���
� � T

���
� � IP��Kd������ q�e�d�

In the next Paragraph we will compute the groupsHk���jT ��k�j�ZZ�� Here we go back
to our spectral sequence

lim
��

Hr�Y�
�n�s� �� A� �resp� �� �� Hs�r�IPd���d���� �



Because of Proposition � we can rewrite it in the form

E�r�s� �

�������
HomZZ�H

r�jT ��
s
� �j�ZZ�� A� if s is even�

� � s � �d�
and r � � or s

� � �
� otherwise

������� �� Hs�r�IPd���d�����

s

�

� � �d

� �
� �
� �

� � �

� � �

� �

�r ������������������������������ � �
��d��� ����

Lemma ��

The composed map

E��s
� �� Hs�IPd���d���� �� Hs�IPd� �

where the 
rst arrow is the edge homomorphism in the above spectral sequence� is an
isomorphism for s � � and is surjective for s � ��

Proof� We can assume that s is even with � � s � �d since otherwise both terms are
zero� The edge homomorphism

E��s
� � �

H�Hn

Hs�IPd� U�H�n�� �� Hs�IPd��n�

in our original spectral sequence is� of course� the natural homomorphism induced by
the inclusions �n � U�H�n�� In the proof of Lemma � we have seen that the natural



map

�
H�Hn

Hs�IPd� U�H�n�� �� Hs�IPd�

k k

�
H�Hn

A

P
�� A

can be identi
ed with the sum homomorphism� If � denotes the set of connected
components of jY��n�

s
� �j we therefore get the following commutative diagram

E��s
� �� E��s

� �� Hs�IPd��n� �� Hs�IPd�
k

k H��Y��n�
s
� �� A� k

k
�

H�Hn

A ��
�
C

P
H�C

�
C��

A ������������������P A �

It remains to observe that jY��n�
s
� �j is connected for s � �� q�e�d�

This Lemma implies that E��s
� � E��s

� is canonically a direct summand of

Hs�IPd���d����� Since� on the other hand� there can be no di�erentials between
terms on the line s � �� � � ��r� we see that our spectral sequence degenerates and
gives canonical isomorphisms

Hs�IPd���d���� �

�����������
E
��s������s���
� �E��s

� if s � � is even�

E
��s������s���
� if s � � is odd�

E���
� if s � ��

� if s � �� � �

In order to pass to the cohomology of ��d��� we use the relative cohomology sequence
which� in the light of our axiom about the cohomology of IPd� breaks up into exact
sequences

� � H�t�����d���� � H�t�IPd���d���� � H�t�IPd� � A �resp� � for t � d�

� H�t���d���� � H�t���IPd���d���� � � �

Inserting the above table into these sequences and applying Lemma � once more we
derive

Hs���d���� �

�����
E
��s�����s
� if s � � �

ker�E���
� � H��IPd�� if s � � �

H��IPd� if s � � �

We 
nally have established our 
rst main result�



Theorem ��

Hs���d���� �

�������
A if s � � �
ker�HomZZ�C

��IP��Kd������ZZ�� A�� A� if s � � �
HomZZ�H

s���jT ��s�j�ZZ�� A� if � � s � d �
� if s � d �

Remarks�

�	 As we have seen in the proof of Lemma � the map HomZZ�C
��IP��Kd������ZZ�� A�

� A in the above statement is given by evaluation on the constant function on
IP��Kd����� with value ��

�	 The isomorphism in Theorem � is equivariant with respect to the natural actions
of GLd���K� on both sides� This is not entirely obvious since in its construction
we have used unimodular coordinates in order to de
ne the �n� But if we 
x a
g 	 GLd���K� and choose an a � � such that �aL� � gL� � ��aL� then it is
easy to see that g induces a homomorphism from the spectral sequence for �n��a into
the corresponding spectral sequence for �n� Therefore GLd���K� acts on the limit
spectral sequence �after Prop� �	�

�	 If the cohomology theory is etale cohomology then the isomorphism in Theo�
rem � is Aut� $KjK��equivariant if the left hand side is replaced by the Tate twist

Hs
et��

�d���� A�s���



x� The cohomology of ��d��� � Distributions and harmonic cochains

In this Paragraph we will discuss two ways of computing the cohomology groups
Hk���jT ��k�j�ZZ�� As a consequence we will obtain two explicit expressions for the
cohomology of ��d��� one in terms of distributions on �ag manifolds and another one
in terms of generalized harmonic cochains on the Bruhat�Tits building�

We have seen in the proof of x
 Proposition � that there is a canonical exact
sequence

C��NT
�k�
k���ZZ�

d
�� C��NT

�k�
k���ZZ� �� Hk���jT ��k�j�ZZ� �� �

where d is the alternating sum of the maps induced from the face maps

NT
�k�
k��

��
���
��

NT
�k�
k�� �

In order to reinterprete this map in purely group theoretic terms we have to recall very
brie�y the theory of parabolic subgroups� Set G �� GLd���K� and let e��� ���� e

�
d��

be the standard basis of �Kd����� For every subset I � % �� f�� ���� dg we have the
standard �ag

�I ��

�� d��X
i�ir��

Ke�i
�

�� ���
�

��
d��X

i�i���

Ke�i
�

��
d��X

i�i���

Ke�i


A
�

�� i�X
i��

Kei
�

��

i�X
i��

Kei
�

�� ���
�

��

irX
i��

Kei


A�

where %nI � fi� � i� � ��� � irg and its stabilizer PI in G� Then the map

subsets of % �� parabolic subgroups of G
which contain P�

I ��� PI

is an inclusion preserving bijection� Furthermore� for � � r � k � d� we have the
homeomorphism


S
j�nIj�r��

�nI�fd���k�����dg

G	PI
	
�� NT �k�

r

gPI ��� g��I� �

Of particular interest for us are the homeomorphisms

G	Pf��			�d�kg
	
�� NT

�k�
k��



and� if k � ��

�

d�k
i�d

G	Pf��			�d�k�ig
	
�� NT

�k�
k�� �

The face maps NT
�k�
k�� � NT

�k�
k�� obviously correspond under those identi
cations to

the projections

G	Pf��			�d�kg �� G	Pf��			�d�k�jg �

�

d�k
i�d

G	Pf��			�d�k�ig �

Lemma ��

�Hk���jT ��k�j�ZZ� � C��G	Pf��			�d�kg�ZZ�	
dP

i�d�k��

C��G	Pf��			�d�k�ig�ZZ��

Proof� � �H 
� � denotes reduced cohomology�� Obvious�

In order to further analyze the quotient group on the right hand side in the above
Lemma we use the theory of the Bruhat decomposition� Let W � G be the subgroup
of permutation matrices which we identify with the symmetric group on the d � �
letters �� ���� d� �� The injection

% �� W
i ��� si �� �i i� ��

de
nes a set of generators for W � if we speak about the length of an element in W
this is always meant with respect to this set of generators� For I � % we set

WI �� subgroup of W generated by fsi � i 	 Ig �

We then have

PI � P�WIP�

and the Bruhat decomposition

G	PI �


�
w�W�WI

CI�w�

of G	PI as a disjoint union of the subsets

CI�w� �� P�wPI	PI �

Lemma ��

In each coset wWI there is a unique element �w of minimal length� it is also the unique
element in wWI such that the projection map C�� �w�� CI� �w� is injective �and then
even a homeomorphism	�

Proof� 	�� Prop� �
��� and �
�����



Let W I � W denote the subset of those elements w which are of minimal length in
their coset wWI � The Bruhat decomposition then reads

G	PI �

�

w�W I

CI�w� �

In terms of permutations we can explicitly describe W I as being the set of permuta�
tions w such that w�i� � w�i � �� for all i 	 I �	�� Chap� IVx� Exerc� 
 and ��� We
put

V I �� W In
�

i�
nI

W I�fig �

Using Lemma � we see that

V I is the set of all w 	W I such that none of the projection maps CI�w��
CI�fig�w� for i 	 %nI is a homeomorphism�

The topological properties of the Bruhat decomposition are described by the Bruhat
order on W � We write w � tw for w 	 W and any transposition t 	 W such that
length�tw� � length�w� � �� The Bruhat order � is de
ned to be the transitive
closure of � �compare 	��� I x���

Proposition ��

For any w 	W I the closure of CI�w� in G	PI is

CI�w� �
�

v�WI

v�w

CI�v� �

Proof� In case I � � the assertion is shown in 	�� Cor� 
��!� The general case can
easily be derived from that using that the projection maps G	P� � G	PI are closed
and that w � ww� holds true for all w 	W I and w� 	WI �

We now 
x an enumeration W I � fw�� w�� ���� wNg of the elements in W I in such a
way that

a � b if wa � wb �

On the group C��G	PI �ZZ� we then have the descending 
ltration

C��G	PI �ZZ� � F �
I � F �

I � ��� � FN
I � f�g

de
ned by

F a
I �� ff 	 C��G	PI �ZZ� � f jCI�w�� � � for all � � 
 � ag �



From Proposition 
 we easily deduce that� for any � � a � b � N � the restriction of
functions induces an isomorphism

F a
I 	F

b
I � C�c �

�
a
��b

CI�w���ZZ� �

Here C�c �S�ZZ� denotes the group of ZZ�valued locally constant functions with com�
pact support on the topological space S� In the following we want to examine more
closely the 
ltration $F 
I on the quotient group

C��G	PI �ZZ�	
X
i�
nI

C��G	PI�fig�ZZ�

which is induced by F 
I �

Proposition ��

i� If wa 	W InV I then $F a
I � $F a��

I �

ii� if w� 	 V I for all a � � � b then $F a
I 	

$F b
I � C�c �

S
a
��b

CI�w���ZZ��

Proof� i� Let f be any function in F a��
I and put

f� �� f jCI�wa� 	 C�c �CI�wa��ZZ� �

Since wa is not in V I there exists an i 	 %nI such that the projection map induces

a homeomorphism CI�wa�
	
� CI�fig�wa�� De
ne g� 	 C�c �CI�fig�wa��ZZ� to be the

function which corresponds to f� under the induced isomorphism

C�c �CI�fig�wa��ZZ�
	�
�� C�c �CI�wa��ZZ� �

According to Proposition 
 the set CI�fig�wa� is open in the closed subsetS
����a

CI�fig�w�� of G	PI�fig � We therefore 
nd a function g 	 C��G	PI�fig�ZZ�

such that

gj
�

����a

CI�fig�w�� � extension by zero of g� �

By construction we have f � g 	 F a
I � ii� We have to show that

F a
I 


X
i�
nI

C��G	PI�fig�ZZ� � F b
I �



Let f be any function in F a
I which can be written as a sum

f �
X
i�
nI

fi

of functions fi 	 C��G	PI�fig�ZZ�� In a 
rst step we show that then f also can be
written as a sum

f �
X
i�
nI

gi

of functions gi 	 F a
I 
 C��G	PI�fig�ZZ�� By induction we may assume that the fi

already lie in F a��
I � For any i 	 %nI such that wa �	 W I�fig we 
nd an 
i � a � �

such that

CI�fig�wa� � CI�fig�w�i� �

Therefore for those i the function gi �� fi must be contained in F a
I � If there is at

most one i 	 %nI with wa 	W I�fig the sum relation implies that the corresponding
fi also is contained in F a

I so that we again de
ne gi �� fi� Otherwise there are

i� j 	 %nI� i �� j� such that wa 	 W I�fig 
W I�fjg � W I�fi�jg� The projection map
then induces a homeomorphism

CI�fig�wa�
	
�� CI�fi�jg�wa�

and similarly as in the proof of part i� we 
nd a function

h 	 F a��
I 
 C��G	PI�fi�jg�ZZ�

such that fi�h 	 F a
I � Replacing fi by gi �� fi�h and fj by fj�h we get a new sum

representation for f � It is clear that in this manner we can construct inductively a
sum representation for f of the wanted form� In the second step it remains to observe
that F a

I 
 C
��G	PI�fig�ZZ� � F b

I for any i 	 %nI� By assumption we namely have
that� for any a � � � b�

CI�fig�w�� � CI�fig�w��

with an appropriate 
 � a depending on i and ��

Corollary 	�

Hk���jT ��k�j�ZZ� is ZZ�free�

Proof� According to the above Proposition the group in question has a 
nite 
ltration
the quotients of which are of the form C�c �S�ZZ� with some locally compact totally
disconnected and metrizable space S� Such groups are ZZ�free as is shown in 	
� ����



Corollary 
�

For � � s � d de
ne ��s� �� ��d���s�
s
�

� There is a natural surjective homomorphism

Hs���d���� �� Dist�A��s��K�� A�

where the right hand side denotes the group of A�valued distributions on A��s��K��
for s � � or d this even is an isomorphism�

Proof� �We recall that a distribution is a 
nitely additive function on the family
of compact open subsets�� Let wI denote the unique element of maximal length in
WI � For any enumeration of W I we then have wN � w
wI � Therefore the subspace
$FN��
I in C��G	PI �ZZ�	

P
i�
nI C

��G	PI�fig�ZZ� is de
ned independently of the

particular choice of the enumeration� Since furthermore w
wI 	 V I the above
Proposition implies that $FN��

I � C�c �CI�wN ��ZZ� is a direct summand� On the
other hand it is well�known �compare 	��� that if UI denotes the unipotent radical of
PI and U�I its transpose then the map

U�I �� CI�w
wI�
u ��� w
uPI	PI

is a homeomorphism and that

UI � A��I��K�

with ��I� �� length�w
wI� � d�d���
� � length�wI�� Combining these facts and

dualizing we obtain a natural epimorphism

HomZZ�C
��G	PI �ZZ�	

X
i�
nI

C��G	PI�fig�ZZ�� A� �� Dist�A��I��K�� A� �

In case I � � we have V I � fw
g so that� by the above Proposition again� this
map even is an isomorphism� For I � f�� ���� d� sg the left hand side is canonically

isomorphic to Hs���d���� and length�wI� �
�d�s��d�s���

� �

In particular� if our cohomology theory is the de Rham cohomology we have con�
structed in this way surjections

closed s�forms
on ��d��� ��

K�valued distributions
on A��s��K�

for � � s � d which can be viewed as some kind of p�adic Mellin transforms� An
explicit version of this map in case d � s � � was given in 	����



Remarks�

�� In case k � d our Lemma � and Proposition � already are contained in 	
� x��
� In
fact� the topological realization of our simplicial pro
nite set T ��d� appears as space
Yt in loc� cit� Our proof of Proposition � is a slight extension of the method proposed
in 
�� of loc� cit�

�� The 
ltration on Hk���jT ��k�j�ZZ� which corresponds to $F 
f��			�d�kg depends on an

enumeration of W f��			�d�kg� There seems to be no distinguished choice of such an
enumeration which leads to a 
ltration of minimal length� Consider� for example� the
case d � 
 and k � �� The set W f�g then has �� elements� In any enumeration of
W f�g which is compatible with the Bruhat order the 
rst " elements lie inW f�gnV f�g�
The remaining � elements are

���� �� ����� �� ��
���
� �

��
�����

of which the three upper ones form the set V f�g� We see that either w�� �	 V f�g

or w�� �	 V f�g� This means that our construction gives two di�erent 
ltrations of
minimal length � on H��jT ����j�ZZ��

We now turn to our second computation in terms of generalized harmonic co�
chains� Let B � GLd���o� denote the standard Iwahori subgroup� i�e�� the subgroup
of all matrices which are upper triangular modulo �� and� for simplicity� put P �� P��
Let � be the characteristic function of the compact open subset BP	P � G	P � We
will study the homomorphism of G�modules

H � C�c �G	B�ZZ� �� C��G	P�ZZ�
� ��� � � � ��

P
g�G�B

��g� � g��� �

The theory of Bernstein� Borel� and Casselman of representations generated by its
Iwahori 
xed vectors cannot be applied since we are working with integral coe�cients�
Instead we observe that the properties of H obviously re�ect properties of the family
fgBP	P � g 	 Gg of compact open subsets in G	P so that we are going to explore
this family� De
ne the semigroup T�� by

T�� ��

�����
�B� t� �

� � �

� td��


CA 	 G � � � jt�j � ��� � jtd��j

����� �



In particular� we put

t ��

�BBB�
� �

�
� � �

� �d


CCCA and yj ��

�BBBBBBB�

� �
� � �

�
�

� � �

� �


CCCCCCCA

��� j

for � � j � d�

Proposition ��

If the sets byBP and �byBP with b��b 	 GLd���o� and y 	 T�� are not disjoint then

they are equal and we have byB � �byB �and� in particular� bB � �bB	�

Proof� Obviously it su�ces to treat the case that byBP and yBP are not disjoint�
From the Iwahori decomposition

B � �B 
 U���B 
 P � with U� �� w
U�w


we deduce that
byBP � by�B 
 U��y��P and

yBP � y�B 
 U��y��P �

Because of

y�B 
 U��y�� � B 
 U�

we then have bBP 
BP �� � so that there exist b�� b� 	 B and p 	 P with bb� � b�p�
This implies p 	 GLd���o� 
 P � B 
 P and hence b 	 B� Again by the Iwahori
decomposition we 
nd a b� 	 B 
 U� such that b��b� 	 B 
 P and we see using

y���B 
 P �y � B 
 P

that

byBP � b�yBP �

Our assumption becomes

b�y�B 
 U��y��P 
 y�B 
 U��y��P �� � �

Since b� and y�B 
U��y�� are contained in B 
U� already the intersection b�y�B 

U��y�� 
 y�B 
 U��y�� must be nonempty which means that b� 	 y�B 
 U��y���
resp� that b 	 y�B 
 U��y���B 
 P �� Our assertions are easily derived from this�



Proposition ��

Any compact open subset in G	P can be written� for any n � � big enough� as a

nite disjoint union of subsets of the form btnBP	P with b 	 GLd���o��

Proof� We have

tnBP � tn�B 
 U��t�nP

�
�
x

xtn���B 
 U��t�n��P

�
�
x

xtn��BP

where x runs through the left cosets of tn���B 
U��t�n�� in tn�B 
U��t�n� In the
light of the above Proposition we therefore only have to show that the sets btnBP	P
for b 	 GLd���o� and n � � form a basis of the topology of G	P � Because of the
Iwasawa decomposition G � GLd���o� � P it furthermore su�ces to show that the
sets tnBP	P for n � � form a fundamental system of neighbourhoods of the trivial
coset� But we have

tnBP � tn�B 
 U��t�nP � B�n�P

where the compact open subgroups

B�n� �� fb 	 B � b 
 �mod�ng

in G form a fundamental system of neighbourhoods of the unit element�

Corollary 
�

C��G	P�ZZ� as a G�module is generated by the characteristic function �� in partic�
ular� the homomorphism H is surjective�

In order to determine the kernel of H we recall that C�c �BnG	B�ZZ� is an associative
ring with unit �the Hecke ring of B� via the convolution product

� � 
 ��
X

g�G�B

��g� � g�
� �

It acts via convolution from the right on C�c �G	B�ZZ�� We denote by A the subring
which is generated by the characteristic functions �y of the double cosets ByB for
y 	 T��� More generally let �M denote the characteristic function of a subset
M � G� The following result is well�known but we have not found an appropriate
reference�



Lemma ���

A is a polynomial ring over ZZ in the variables �y� � ���� �yd � we have �y � ��y � �y�y
for y� �y 	 T���

Proof� By de
nition we have

�y � ��y �
X

g�ByB�B

g���y� �
X

g�ByB�B

�gB�yB �

Using once more the formulae

B � �B 
 U���B 
 P � and

y���B 
 P �y � B 
 P � y�B 
 U��y�� � B 
 U�

we get

ByB � �B 
 U��yB �

�
x

xyB

where x runs through the left cosets of y�B
U��y�� in B
U� �the union is disjoint��
We also get

xyB�yB � xy�B 
 U���B 
 P ��yB � xy�B 
 U���yB

� x�y�B 
 U��y���y�yB � By�yB �

Combining these computations we obtain

�y � ��y �
X
x

�xyB�yB and

By�yB �
�
x

xyB�yB �

Next we have to show that the above union is disjoint� Assume therefore that

xyB�yB 
 yB�yB �� � �

We then 
nd b�� b� 	 y�B 
 U��y�� such that xb�y�yB � b�y�yB� Since xb� and b�
are contained in B 
 U� it follows that

xb��y�y�B 
 U���y��y��� � b��y�y�B 
 U���y��y���

and hence that x 	 y�B
U��y��� Therefore the above union is disjoint and we have
established that

�y � ��y � �y�y �



But then
ZZ	X�� ����Xd� �� A

Xj ��� �yj

de
nes a surjective ring homomorphism� It is also injective since� by the Cartan
decomposition of G� for any y 	 T�� there are unique integers n�� ���� nd � � such
that

ByB � Byn�� � ��� � yndd B �

q�e�d�

In the following we always view ZZ as an A�module through the ring homomorphism

A �� ZZ

�yj ��� � �

Proposition ���

H induces a G�isomorphism C�c �G	B�ZZ��
A
ZZ

	�
��C��G	P�ZZ��

Proof� C�c �G	B�ZZ� as a G�module is generated by ��� In order to see that H
factorizes through C�c �G	B�ZZ��

A
ZZ it therefore su�ces to show that

H��� � ��y � ���� � H��y � ��� � � for any y 	 T�� �

According to Proposition � the union in

ByBP �

�

g�ByB�B

gBP

is disjoint� We get

H��y � ��� � �
X

g�ByB�B

�gBP �� �BP � �ByBP � �BP �

It remains to notice that

ByBP � By�B 
 U��y��P � BP �

The induced map

��� C�c �G	B�ZZ��
A
ZZ �� C��G	P�ZZ�

clearly is surjective� For the proof of its injectivity we need the following fact�



Lemma ���

For any g 	 G there is a y 	 T�� such that gByB � GLd���o�T��B�

Proof� Let T be the subgroup of diagonal matrices in G and let N�T � denote its
normalizer� Because of the Cartan decomposition G � GLd���o�TB we can assume
g 	 T � As in any generalized Tits system �compare 	���� we then 
nd 
nitely many
g� 	 N�T � such that

gBhB �
�
�

Bg�hB for any h 	 N�T � �

Since N�T � � WT we can write g� � w�y� with w� 	 W and y� 	 T � Choosing a
y 	 T�� such that y�y 	 T�� for all 
 we then have

gByB �
�
�

Bw�y�yB � GLd���o�T
��B �

q�e�d�

Because of

�gB � �gB � ��y � ��� � �gB � �y � �gByB

the above Lemma says that the composed map

C�c �GLd���o�T
��B	B�ZZ�

�
��C�c �G	B�ZZ� �� C�c �G	B�ZZ��

A
ZZ

is surjective� Given y 	 T�� and n � � big enough we 
nd a �y 	 T�� such that
y�y � tn� In the proof of Lemma �� we have seen that yB�yB � BtnB so that

�yB � �yB � ���y � ��� � �yB�yB 	 C�c �BtnB	B�ZZ� �

Therefore even the composed map

�
n��

C�c �GLd���o�t
nB	B�ZZ�

�
��C�c �G	B�ZZ� �� C�c �G	B�ZZ��

A
ZZ

is surjective� But as an immediate consequence of Proposition � we have the following
result which then implies the injectivity of ����



Lemma ���

For any y 	 T�� the restriction of H to the subspace C�c �GLd���o�yB	B�ZZ� is
injective�

In the next step we want to identify the preimages under the map H of the
G�submodules C��G	PI �ZZ� in C��G	P�ZZ�� In C�c �G	B�ZZ� we have the G�
submodules C�c �G	BI �ZZ� where the subgroups BI in G are given by the inclu�
sion preserving bijection

subsets of % �� subgroups of GLd���o�
which contain B

I ��� BI �� BWIB �

Any parahoric subgroup of G is conjugate to some �possibly several� BI �

Lemma ���

i� BI � �B 
 U�I ��BI 
 PI� with U�I �� transpose of UI �
ii� BIPI � BPI � BIP �

Proof� i� In case I � � this is the Iwahori decomposition of B which also holds in
the form

B � �B 
 U�I ��B 
 PI� for any I � % �

In the general case we 
rst notice that� for any w 	 W � the Iwahori decomposition
together with the fact that

w�B 
 U�� � Bw

implies that

BwB � Bw�B 
 P � �

We then compute

BI �
�

w�WI

BwB �
�

w�WI

�B 
 U�I ��B 
 PI�w�B 
 P �

� �B 
 U�I ��BI 
 PI� �

ii� The 
rst equality immediately follows from the assertion i� For the second equality
we use the fact that

wPsi � BwP �BwsiP

holds true for any w 	 W and i 	 %� This can be shown by adapting the proof in
	�� Chap� IV x���� We then see that

PI � PWIP � BWIP � BIP

and therefore that BIPI � BIP �



Proposition �	�

H induces a surjective G�homomorphism C�c �G	BI �ZZ�� C��G	PI �ZZ�� its kernel
as a G�module is generated by the functions �ByjBI � �BI for � � j � d�

Proof� By Lemma �� ii and Proposition � we have

BIPI � BIP �

�

g�BI�B

gBP

where the union is disjoint� We therefore obtain

H��BI � �
X

g�BI�B

�gBP � �BIPI

which impliesH�C�c �G	BI �ZZ�� � C��G	PI �ZZ� since C�c �G	BI �ZZ� as a G�module
is generated by �BI � In order to establish the surjectivity we introduce the semigroup

T��
I ��

�����
�B� t� �

� � �

� td��


CA 	 T�� � jtij � jti��j for i 	 I

�����
and tI ��

Y
j�
nI

yj 	 T��
I �

Exactly the same arguments as in the proof of the Propositions � and " based now
on Lemma �� i and on the obvious inclusions

y�B 
 U�I �y�� � B 
 U�I and y���BI 
 PI�y � BI 
 PI for y 	 T��
I

then lead to the following generalization of those Propositions�

Proposition ���

i� If the sets byBIPI and ebyBIPI with b�eb 	 GLd���o� and y 	 T��
I are not disjoint

then they are equal and we have byBI � ebyBI and bBI � ebBI�
ii� any compact open subset in G	PI can be written� for any n � � big enough� as a

nite disjoint union of subsets of the form btnIBIPI	PI with b 	 GLd���o��

Corollary 
��

C��G	PI �ZZ� as a G�module is generated by H��BI � � �BIPI �

Since C�c �G	BI �ZZ� is not a right A�submodule of C�c �G	B�ZZ� the computation of
the kernel becomes slightly more complicated� Let M � C�c �G	BI �ZZ� denote the



G�submodule generated by �ByjBI � �BI for � � j � d� Using Lemma �� i we see

that with x running through the left cosets of yj �B 
 U�I �y��j in B 
 U�I we have

H��BI � � �BIPI � ��B�U�
I
�PI

�
X
x

�xyj�B�U�I �y��
j

PI

�
X
x

�xyjBIPI � H�
X
x

�xyjBI � �

Lemma �
�

y��j �B 
 PI�yj � BI 
 PI for � � j � d�

Proof� Exercise�

From Lemma �� i and Lemma �� we now deduce that

B 
 yjBIy
��
j � �B 
 U�I ��B 
 PI� 
 	yj�B 
 U�I �y��j �	yj�BI 
 PI�y

��
j �

� yj�B 
 U�I �y��j �B 
 PI�

and consequently that

B	B 
 yjBIy
��
j � �B 
 U�I �	yj �B 
 U

�
I �y��j �

Since ByjBI is the disjoint union of the cosets x�yjBI where x� runs through the left

cosets of B 
 yjBIy
��
j in B we obtain

H��BI � � H�
X
x

�xyjBI � � H�
X
x�

�x�yjBI � � H��ByjBI � �

Therefore M is contained in the kernel of H� On the other hand we get

�yBI � �yByjBI � y��ByjBI � �BI �

	 C�c �ByyjBI	BI �ZZ� �M for any y 	 T��

since yByjBI � ByyjBI � It follows inductively that

�BI 	 C�c �ByBI	BI�ZZ� �M for any y 	 T��

which by Lemma �� implies that the projection map

C�c �GLd���o�T
��BI	BI�ZZ� �� C�c �G	BI �ZZ�	M



is surjective� Let us 
x a y 	 T�� for the moment� For any z � wyjw
�� with

w 	WI we have

��B�U�
I
�zBI

� �BI � �w�B�U�
I
�yjBI

� �BI

� w��ByjBI � �BI � 	M �

it su�ces to observe that w���B
U�I �w � B
U�I and that ByjBI � �B
U�I �yjBI

by Lemma ��� This shows that

�yBI � �y�B�U�
I
�zBI

� y���B�U�
I
�zBI

� �BI �

	 C�c ��B 
 U�I �yzBI	BI�ZZ� �M �

But for any n � � big enough we 
nd a sequence z�� ���� za of elements in the set
fwyjw�� � � � j � d�w 	WIg such that

yz�� yz�z�� ���� yz� � ��� � za 	 T�� and yz� � ��� � za � tnI �

We therefore obtain inductively that

�yBI 	 C�c ��B 
 U�I �tnIBI	BI�ZZ� �M �

This means that even the projection map�
n��

C�c �GLd���o�t
n
IBI	BI �ZZ� �� C�c �G	BI �ZZ�	M

is surjective� But by Proposition "�i the restriction ofH to C�c �GLd���o�tnIBI	BI�ZZ�
is injective� Therefore the kernel of H restricted to C�c �G	BI �ZZ� is contained in M �
This 
nishes the proof of Proposition �!�

Corollary ���

For � � s � d there is a GLd���K��equivariant isomorphism

Hs���d���� � HomZZ�C
�
c �G	BI �ZZ�	RI � A�

where I � f�� � � � � d� sg and where RI is the GLd���K��submodule generated by

�ByjBI � �BI for � � j � d and �BIsiBI � �BI for d� s � i � d �

Proof� The only necessary additional observation is that for subsets of % of the form
I � f�� � � � � d � sg we have WI�fig � WI �WIsiWI � Quite generally BI�fig is the
disjoint union of the double cosets BIwBI with w running through WInWI�fig	WI �
It then follows that for I � f�� � � � � d � sg and d � s � i � d the relation �BI�fig �
�BIsiBI � �BI holds true�



Remarks�

�� In case I � � Proposition �! gives a natural isomorphism

C�c �G	B�ZZ�	R� � �Hd���jT ��d�j�ZZ� �

A straightforward computation shows that the left hand side is nothing else than the
highest cohomology with compact support Hd

c �jBT j�ZZ� of the Bruhat�Tits building
BT � In this way we obtain a new proof of �part of� a result of Borel Serre �	
� Th�
!��� which avoids the use of their compacti
cation theory for BT �

�� It is clear that the space on the right hand side of the statement of Corollary ��
can be viewed as a space of certain cochains on the Bruhat�Tits building BT � In case
I � � it is precisely the space of harmonic cochains in the sense of 	����


� In the case s � d � � with etale cohomology as the underlying cohomology theory
Corollary �� was proved by Drinfeld �	���� in an entirely di�erent manner� If K has
characteristic � his proof even works for arbitrary coe�cients�



x	 The cohomology of quotient varieties

Let � � PGLd���K� be a cocompact discrete subgroup which we always assume
to act without 
xed points on ��d���� We want to apply our results to the study of
the cohomology of the quotient

X� �� �n��d��� �

Theorem ��

X� in a natural way is a proper and smooth �rigid	 analytic variety over K� The
projection map pr� ��d��� � X� is an etale covering�

The proof which we will sketch in the following is extracted from 	���� For torsionfree
� a corresponding result in the context of formal schemes is shown in 	
��� X�

becomes a G�ringed space �in the terminology of 	��� over K in the following way�
The topology is the quotient topology� i�e�� a subset U � X� is called admissible open
if pr���U� is admissible open in ��d��� and similarly for admissible coverings� the
structure sheaf on X� is given by

OX	�U� �� O��d��� �pr
���U��� �

Obviously� pr� ��d��� � X� then is a morphism of G�ringed spaces over K� In
order to analyze the situation more closely we use the open a�noid subvarieties
Ua

 � ��d���� for any simplex � in BT and any rational number � � a � �� which

were constructed in 	��� Prop� ��� and which have the following properties�

�� The Ua

 � for 
xed a and varying �� form an admissible covering of ��d��� whose

nerve is the barycentric subdivision of BT �
�� g�Ua


 � � Ua
g
 for any g 	 PGLd���K��


� Ua

 ��

K
Ub

 for � � a � b � � �for the notation see 	�� �������

Drinfeld 
rst constructs subsets V a

 � jBT j with corresponding properties and then

de
nes Ua

 �� ����V a


 � where �� �
�d��� � jBT j is the map which we described in the


rst Paragraph�

Let us 
x � and a for a moment� The subgroup �
 �� fg	��g���g is 
nite� further�
more � and g� for g 	 � n�
 never are neighbouring vertices in the barycentric sub�
division of BT � By �� and �� this implies that the open a�noid subsets Ua

g
 � g�Ua

 �

for g 	 �	�
 are pairwise disjoint� Put

Ua
�
 ��


�
g�����

Ua
g
 �


�
g�����

g�Ua

 �



and

Xa
��
 �� pr�Ua

�
� �

Using �� and the fact that BT is locally 
nite we 
nd for any simplex � in BT 
nitely
many g�� � � � � gr 	 � such that

Ua
� 
 U

a
�
 �

r�
i��

�Ua
� 
 U

a
gi
� �

This shows that Ua
�
 is admissible open in ��d��� and consequently that Xa

��
 is
admissible open in X�� Moreover we see that pr induces an isomorphism of G�ringed
spaces

�
nU
a



	�
�� Xa

��
 �

But by 	��� Prop� ��
 �or 	�� ��
�
� the left hand side is an a�noid variety over K�
Since � is cocompact there are simplices ��� � � � � �m such that any simplex in BT is a
��translate of one of them� The Xa

��
�
� � � � �Xa

��
m
then form an admissible covering

of X� by a�noid varieties over K� the intersections Xa
��
i


Xa
��
j

are easily checked
to be a�noid� too� Therefore it follows that X� is a separated analytic variety over
K� By 
� and 	��� Prop� ��� we have Xa

��
��
K

Xb
��
 for � � a � b � � which implies

that X� is proper� Finally our assumption that � acts without 
xed points on ��d���

guarantees that pr is an etale covering and that X� is smooth�

We also obtain thata
g��

��d���
	�
�� ��d��� �

X	

��d���

z in component g ��� �gz� z�

is an isomorphism �compare 	
"� Prop� � on p� ���� If � is torsionfree so that the
subgroups �
 are trivial we see that pr even is an analytic covering in the sense that
the natural sequence

G�X�� �� G���d��������G��
�d��� �

X	

��d����

is exact for any sheaf G in the analytic topology�

Lemma ��

i� For any injective sheaf G on V the ��module G���d���� is injective�
ii� if either the given topology is 
ner than the etale topology or � is torsionfree then
we have G�X�� � G���d����� for any sheaf G on V�

Proof� i� The functor

sheaves on V �� ��modules
G ��� G���d����



respects injective objects since it has an exact left adjoint functor M �M which is
given in the following way� For any variety Y in V put

M�Y � ��� �
x���d����Y �

M� modulo the subgroup generated

by all elements of the form

�m in component x� � �gm in component gx�

with g 	 � �

This is a presheaf on V� M is de
ned to be the associated sheaf�

ii� This follows easily from the two observations preceding this Lemma �compare 	

�
II������

Proposition ��

We have the spectral sequence

Hr���Hs���d����� �� Hr�s�X��

in each of the following cases�

�	 � is torsionfree�

�	 the given topology on V is 
ner than the etale topology�

�	 the given cohomology theory is de Rham cohomology�

Proof� In the cases �� and �� this is an immediate consequence of Lemma �� But
then also the assertion in the case 
� follows since de Rham cohomology can be
computed on the small etale site on X�� This can be seen in much the same way as
the corresponding statement in algebraic geometry� 	

� III�
�� and II���� based on
	
�� ����" and on the following fact�

Lemma ��

For any etale morphism f �X � Y of K�analytic varieties we have

f����
Y�K �

f��OY

OX � ��
X�K �

Proof� Obviously there is a natural map f����
Y�K � OX � ��

X�K � Since both

sides are coherent OX�modules it can be checked to be an isomorphism locally in
the neighbourhood of each point of X� Furthermore we may assume that K is
algebraically closed� The 
bers of any etale morphism between K�a�noid varieties
are 
nite� As the analytic topology is Hausdor� it follows that f is locally injective
at each point� But then SGA � exp� I Cor� ��� and 	�� ��
�
 Prop� ! imply that f
even is locally an isomorphism�



Let us now assume that our cohomology theory has the properties I�'IV� in
Paragraph � and is such that the spectral sequence in Proposition � is at our disposal�
Preserving the notations introduced in Paragraph � we put� for any subset I � %
and any abelian group M �

VI�M� ��C��G	PI �M�	
X
i�
nI

C��G	PI�fig�M�

�VI�ZZ� �M �

It is known �	!� X���� and ����� that in case M is a 
eld of characteristic � the VI�M�
are the irreducible constituents of the PGLd���K��module C��G	P�M�� Our main
result says that Hs���d���� � � for s � d and that

Hs���d���� � HomZZ�Vf��			�d�sg�ZZ�� A�

� HomA�Vf��			�d�sg�A�� A� for � � s � d �

Since Vf��			�d�sg�A� is a free A�module by x� Corollary ! we get

Hr���Hs���d����� � Hr���HomA�Vf��			�d�sg�A�� A��

� ExtrA����Vf��			�d�sg�A�� A� for � � s � d

so that the spectral sequence in Proposition � becomes

Er�s
� �

	
ExtrA����Vf��			�d�sg�A�� A� if � � s � d
� otherwise

�
�� Hr�s�X�� �

We therefore have the task of studying the groups ExtrA����VI�A�� A��

Proposition ��

i� VI�ZZ� has a projective resolution by 
nitely generated free ZZ	���modules�
ii� ExtrZZ����VI�ZZ��ZZ� is 
nitely generated for any r � ��
iii� there is a natural exact sequence

�� ExtrZZ����VI �ZZ��ZZ��
ZZ
A � ExtrA����VI �A�� A� � TorZZ�Ext

r��
ZZ���

�VI�ZZ��ZZ�� A�� �

for any r � ��

Proof� i� The proof of this result is quite complicated and will be given in the
last Paragraph �Proposition ���� ii� This is an immediate consequence of the 
rst
assertion� iii� Let F� � VI�ZZ� be a projective resolution by 
nitely generated free
ZZ	���modules� Then F��

ZZ
A � VI�A� is a projective resolution by 
nitely generated

free A	���modules since VI�ZZ� is ZZ�free by the argument in the proof of x� Corollary



!� Therefore Ext�ZZ����VI�ZZ��ZZ�� resp� Ext
�
A����VI�A�� A�� can be computed from the

complex HomZZ����F��ZZ�� resp� HomA����F��
ZZ
A�A�� The assertion follows now from

the universal coe�cient theorem applied to the complex

HomA����F��
ZZ
A�A� � HomZZ����F��ZZ��

ZZ
A �

This Proposition in particular implies that we may pass in the corresponding spectral
sequences for H�

et�X��ZZ	�
�ZZ� with � �� p to the projective limit with respect to �

and obtain the Galois equivariant spectral sequence

Er�s
� �

�������
ExtrQ����

�Vf��			�d�sg�Q���Q����s�

if � � s � d

� otherwise

������� �� Hr�s
et �X��Q��

for Q��adic cohomology� In the following we will compute the groups
ExtrA����VI�A�� A� under the assumptions that

� � is a discrete cocompact subgroup in PGLd���K�� and

� A is a 
eld of characteristic ��

Because of the above Proposition this amounts to the computation of

dimC ExtrC����VI�C��C � �

Since � is cocompact the PGLd���K��representation

Ind� �� C��PGLd���K�	��C �

is admissible� By Shapiro�s lemma �	�
� A�"� we have

Ext�C����VI�C��C� � Ext��VI�C�� Ind��

where Ext� �without a subscript� always denotes the Ext�functor on the category
of smooth PGLd���K��representations� In order to understand these Ext�groups on
the right hand side we use the ideas in the proof of the Garland�Casselman theorem
in 	���� 	�
�� and 	!�� The representation Ind� is unitary and therefore completely
reducible �compare 	��� and 	��� �������� In addition the admissibility implies that
only 
nitely many of its irreducible constituents can have a nonzero vector 
xed
under the Iwahori subgroup B� We therefore obtain a decomposition

Ind� �� V� � V� � ���� Vm



into admissible unitary representations Vj such that V B
� � � and Vj is irreducible

with V B
j �� � for � � j �m� In particular we get

Ext��VI �C�� Ind�� ��
m
�
j��

Ext��VI �C�� Vj� �

Proposition 	�

Let V and V � be smooth PGLd���K��representations such that V B � � but V � is
generated as a PGLd���K��module by �V ��B� Then we have

Ext��V �� V � � � �

Proof� Consider any Yoneda extension of smooth PGLd���K��representations

E � �� V � E� � E� � ���� Er�� � V � � � �

In any Ej we have the subrepresentation bEj generated by EB
j � In this way we obtain

the commutative diagram

� � V � E� � E� � ��� � Er�� � V � � �x�� x�� ��
� � � � bE� � bE� � ��� � bEr�� � V � � � �

If the lower row would be exact� too� then obviously the extension class of E would
be trivial� That this indeed holds true is a consequence of the following fact� If a
smooth PGLd���K�� representation is generated by its Iwahori 
xed vectors then all
of its subrepresentations have the same property� This is proved in 	�� ��� with B
replaced by a principal congruence subgroup� But the same proof works for B if one
takes into account the following additional observation� Let J � % be any subset
and let LJ be the standard Levi component of PJ � i�e�� the intersection of PJ with
its transpose� for any w 	 �W J ��� we then have

wBw�� 
 LJ � B 
 LJ �

Proposition 
�

If V is an irreducible �admissible	 PGLd���K��representation such that V B �� � and
V ��� VJ�C � for all J � % then Ext��VI�C�� V � � ��

Proof� Let L denote the subgroup of diagonal matrices in PGLd���K�� and let
� � P � C

� be the modulus character� Our assumptions guarantee that there is an
unrami
ed character � � L� C

� with

� �� �w���������� �� �w for all w 	W



such that V is a constituent of the unrami
ed principal series representation

Ind��� �� ff 	 C��G�C � � f�hg� � ��h�f�g� for all h 	 P� g 	 Gg

where we view � as a character of P in the obvious way �	!� X�
���� By an easy
induction argument �compare the proof of X���
 in 	!�� it su�ces to prove that

Ext��VI�C�� Ind���� � � �

From 	�
� A��� and ��
 we get

Ext��VI�C�� Ind���� � Ext�L�VI�C�U � ��

� �
w�V I

Ext�L��w� �� �

here U denotes the unipotent radical of P and Ext�L is the Ext�functor on the category
of smooth L�representations� Because of �w �� � the same argument as in 	!� IX����
shows that those last groups vanish�

The following is the main result of Casselman �	�
� ��� or 	!� XI���!��

Proposition ��

If VJ �C� is a constituent of Ind� for some J � % then J � � or %�

If we apply these three Propositions to our above decomposition of Ind� then we
obtain

Ext��VI�C�� Ind��

� Ext��VI�C ��C��
�
HomG�V��C�� Ind�� �Ext��VI�C�� V��C ��

�
�

Observe that HomG�V
�C�� Ind�� � C �

Proposition ��

Extr�VI �C��C� ��

	
C if r � (% n I �
� otherwise �

Proof� Put I �� fd� � � i � i 	 Ig� The considerations on p� ��! in 	�
� imply that
VI�C� is isomorphic to the smooth contragredient of VI�C�� By 	��� A��� we then
have

Ext��VI �C��C� �� Ext��C � VI�C�� �

But those last groups were computed by Casselman �	�
� A��
 or 	!� X������



In order to determine the remaining terms we need the following general duality
statement� Let H���� � H��PGLd���K�� �� denote the homology functor on the
category of smooth PGLd���K��representations �see 	�
� p� ��!��

Duality Theorem�

There is a natural isomorphism

Extd���V��C�� �� �� H���� �

Proof� We put

H �� space of all C�valued locally constant functions

with compact support on PGLd���K� �

Via convolution �
xing once and for all a Haar measure on PGLd���K�� H is an as�
sociative ring which acts in a natural way on any smooth PGLd���K��representation
V � The space H itself is a smooth representation via left translations� More generally
we have the smooth representation H�

C
V with PGLd���K� acting only on the 
rst

factor� The map
�V � H�

C
V �� V

�� v ��� �v

then is a PGLd���K��equivariant epimorphism� By a result of Blanc �see 	�
� A���
H�
C
V is a projective object in the category of smooth representations� The maps

�V � �ker��V �� ��� therefore constitute a functorial projective resolution of V which we
will use later on� We also observe that the map �C � idV induces a natural C�linear
isomorphism

H��H�
C
V � �� V �

In order to understand the groups Ext��V��C�� V � we use the following explicit res�
olution of V��C �� Let BT�q� be the set of oriented q�simplices of BT � for � 	 BT�q�
with q � � we denote by � that oriented simplex with the same underlying simplex
as � but with the opposite orientation� Let Cor

c �BT�q��C� denote the space of C�
valued oriented q�cochains with 
nite support on BT � On the one hand we can view
Cor
c �BT�q��C� also as the space of oriented q�chains so that we have the boundary

map

�q � C
or
c �BT�q����C� �� Cor

c �BT�q��C� �

Because of the contractibility of BT the complex �Cor
c �BT�	��C�� ��� is a resolution of

C � On the other hand since BT is locally 
nite the coboundary map restricts to a
map

dq � Cor
c �BT�q��C� �� Cor

c �BT�q����C� �



By 	
� 
�
 and !�� we have the exact sequence of smooth representations

�� Cor
c �BT����C�

d�
�� ���

dd��
�� Cor

c �BT�d��C�� V��C�� � �

We want to show that Cor
c �BT�q��C� is a projective representation� Fix a � 	 BT�q�

and de
ne �
 	 Cor
c �BT�q��C� by

�
�� � ��

���
�� if � � ��
�� if � � ��
� otherwise�

let C��
� � Cor
c �BT�q��C� be the subrepresentation generated by �
� Obviously

Cor
c �BT�q��C� is a 
nite direct sum of subrepresentations of the form C��
� so that it

su�ces to show that C��
� is projective� Let B
 � G denote the stabilizer of �� the
image of B
 in PGLd���K� is a compact open subgroup� In case there is no g 	 G
such that g� � � we have

C��
� �� C�c �G	B
�C� �

Since HomG�C�c �G	B
�C�� V � � V B� is an exact functor on smooth PGLd���K��
representations V �	�
�App�� we see that C��
� is projective� Let us now assume
that there is a h 	 G such that h� � �� Then h normalizes B
 with h� 	 B
� we
have

C��
� �� f� 	 C�c �G	B
�C� � ��gh� � ���g� for all g 	 Gg

and consequently

HomG�C��
�� V � �� �V B� �h���

which again is an exact functor� Therefore C��
� is projective in this case� too� Using
this explicit projective resolution of V��C� we see that the groups Ext

��V��C�� V � can
be computed as the homology groups of the complex

HomG��C
or
c �BT�	��C�� d


�� V � �

As an immediate consequence we obtain that

��� Extr�V��C�� V � � � for r � d �

For V � H a straightforward computation shows that

HomG��Cor
c �BT�	��C�� d


��H�
	�
�� �Cor

c �BT�	��C�� ���
f ��� �� �� f��
�����



is an isomorphism of complexes� This implies� more generally� that

HomG��C
or
c �BT�	��C�� d


��H�
C
V � �� HomG��C

or
c �BT�	��C�� d


��H��
C
V

�� �Cor
c �BT�	��C�� ����

C
V �

Since BT is contractible the last complex is a resolution of V which in particular
means that

��� Extr�V��C��H�
C
V � � � for r � d �

From the facts ��� and ��� we deduce �compare 	��� I����� that Ext��V��C �� �� is the

left derived functor of Extd�V��C�� ��� It remains to exhibit a natural isomorphism

Extd�V��C�� V � �� H��V � �

For that we consider the natural transformation

HomG�Cor
c �BT����C�� V � �� H��V � � V	 � � �

f ��� f��
�mod ���

where � is some 
xed vertex of BT � Since G acts transitively on BT��� this map
actually is independent of the choice of �� It is surjective since it identi
es with the
projection map

HomG�C
or
c �BT����C�� V � � V B� pr

�� H��V �

and since the functor V �� V B� is exact�

Next we claim that

im d� � ker�Cor
c �BT����C�

pr
�� H��C

or
c �BT����C���

holds true� We have d���
� �
P
�
�
��
� where the sum ranges over all vertices

� which are neighbours of �� � �� � � then denotes the corresponding oriented ��
simplex� For any � there is a g 	 G such that � � g�� then also g��� is a neighbouring
vertex of �� We get

pr��
��
�� � pr��
g
�
�� � pr��

�g��
�� � �pr��
g��
�
��

and consequently

pr��
��
� � �
g��
�
�� � � �

If g��� � � then already pr��
��
�� � � must hold� We see that pr�d���
�� � ��

Therefore our above natural transformation vanishes on the image of HomG�d�� V �
and factorizes through a surjective natural transformation

Extd�V��C�� V � �� H��V � �

In order to establish injectivity it su�ces to consider the case V � H where both
sides are easily checked to be ��dimensional over C �



Remark�

Similar considerations as in the above proof show that

Extr�C �H� ��

	
V��C � if r � d �
� otherwise �

Proposition 
�

Extr�VI�C�� V��C�� ��

	
C if r � (I �
� otherwise �

Proof� By 	�
� A��� and the above duality we have

Ext��VI�C�� V��C�� �� Ext��V��C�� VI�C ��

�� Hd���VI�C�� �

By 	�
� A��� the C�dual of this last group is isomorphic to Extd���C � VI�C�� so that
we again are reduced to Casselman�s computation�

De�nition�

���� �� multiplicity of the Steinberg representation V��C� in Ind��

Altogether we have proved now the following result�

Theorem ��

If � � PGLd���K� is a cocompact discrete subgroup and A is a 
eld of characteristic
� then we have

ExtrA����VI�A�� A�
��

���������
A if (I � d� r �� d

� �

A���� if (I � r �� d
�
�

A������ if (I � r � d
� �

� otherwise �

In particular we obtain that in our spectral sequence nonvanishing Er�s
� �terms only

occur on the lines r � s and r�s � d� If d is even then all di�erentials in the spectral
sequence automatically must be zero� The only interesting cohomology group of X�

is Hd�X��� Let

Hd�X�� � F �Hd�X�� � F �Hd�X�� � ��� � F d��Hd�X�� � �



be the 
ltration such that

F rHd�X��	F
r��Hd�X�� � Er�d�r

� �

Corollary ���

Assume that A � H��Sp�K�� is a 
eld of characteristic �� If d is even we have

Hs�X�� ��

���
A if � � s � �d� s �� d� s even�
A�d��������� if s � d�
� otherwise

and

F rHd�X��	F
r��Hd�X�� ��

	
A���� if � � r � d� r �� d

�
�

A������ if r � d
� �

If d is odd we have

�d � ������ � � � dimAH
d�X�� � �d� ������ �

InQ��adic cohomology the spectral sequence always degenerates for reasons of weight�
In case d � � the next result was proved in 	�"� by a di�erent method�

Theorem ��

For � �� p we have

Hs
et�X��Q�� ��

	
Q�

�
� s

�

�
if � � s � �d� s �� d� s even�

� if s �� d odd or s � �d

and

F rHd
et�X��Q��	F

r��Hd
et�X��Q�� ��

���Q��r � d����� if � � r � d� r �� d
� �

Q�

�
�d

�

�������
if r � d

� �

In de Rham cohomology the spectral sequence degenerates as well� and we can use
it in order to strengthen a result of Musta
n �	
�� ����II��

Theorem 	�

If K is of characteristic � we have

Hd
DR�X�� ��

	
K�d������� if d is odd�
K�d��������� if d is even



and

Hs�X���
j
X	

� ��

	
K if s � j �� d

� �
� if s �� j� s � j �� d �

Proof� By 	
�� ����I the analytic variety X� is algebraizable to a projective variety
over K� The GAGA�principle �	�"�� then implies that the coherent and the de Rham
cohomology of X� are equal to the corresponding algebraic cohomology groups� But
since K has characteristic � we know in the algebraic context that the de Rham spec�
tral sequence for X� degenerates and furthermore that the strong Lefschetz theorem
holds� From the 
rst fact we deduce that

dimK Hs
DR�X�� �

sX
j��

dimK Hs�j�X���
j�

and from the second that

dimK H�s
DR�X�� � dimK Hs�X���

s� � � �

Because of this last inequality our above spectral sequence has to degenerate so that
dimK Hs

DR�X�� � � for s �� d odd� � � for s �� d even� and is as asserted for s � d�

For both� Q��adic and de Rham cohomology we have a natural nilpotent monodromy
operator on Hd�X�� �	�!� ����� and 	�!��� We expect that our 
ltration F 
Hd�X��
in both cases is the associated monodromy 
ltration �	�!� ���� and that F 
Hd

DR�X��
is opposite to the Hodge�de Rham 
ltration�

In the last part of this Paragraph we will deduce from Theorem � a proof of �a
slightly weakened version of� the p�adic Shimura isomorphism stated in 	��� p� ����
We assume from now on that K is of characteristic � and� for simplicity� we put

O �� O������ and � �� �������� �

In 	��� p� ��! there was constructed a SL��K��equivariant homomorphism

I � �	dO �� Char�BT �K�

where on the right hand side we have the space of K�valued harmonic ��cochains on
the Bruhat�Tits tree BT � It is an exercise to check that under the natural isomor�
phism

Char�BT �K� � ker�HomZZ�C
��IP��K��ZZ��K� �� K�

� ��� ����

�compare 	��� Lemma on p� ���� the map I corresponds to the isomorphism

H�
DR��

���� � ker�HomZZ�C
��IP��K��ZZ��K� �� K�



given in Theorem �� We therefore have the exact sequence of SL��K��modules

� �� K
�
�� O

d
�� �

I
�� Char�BT �K� �� � �

More generally� tensoring with the natural SL��K��representation

Symn �� n�th symmetric power of K�

we obtain the exact sequence of SL��K��modules

�� Symn � O�
K
Symn � ��

K
Symn � Char�BT �Sym

n�� �

for any n � ��

Let x 	 O denote the coordinate function

x � ����� #$K� �� #$K

	z� � z�� ���
z�
z�

�

The O�module � is free with generator dx� Also let e� � ��� ��� e� � ��� �� be the
standard basis of K�� We consider the 
ltration

O�
K
Symn � F � � F � � � � � � Fn�� � �

which is de
ned by

F q �� the O�submodule generated by

�xe� � e��
qen�q�j� ej� for � � j � n� q �

it induces a corresponding 
ltration

��
K
Symn � ��

O
F � � ��

O
F � � � � � � ��

O
Fn�� � � �

�This is inspired by 	���� Because of

g�xe� � e�� � ���x� 
��� � �xe� � e�� for g �

�

 �
� �

�
	 SL��K�

both 
ltrations are SL��K��invariant� O�
K
Symn is a free O�module with basis en�q� eq�

for � � q � n� On the other hand from ei�e� � �xe� � e��ei� � xei��� we deduce
inductively that

�xe� � e��
qen�q�j� ej� 	 O�xe� � e��

qen�q� � F q�� for � � j � n� q �



Therefore the elements �xe� � e��qe
n�q
� for � � q � n also generate O�

K
Symn as an

O�module and then have to be an O�basis� too� This shows that

O �� F q	F q��

f ��� f�xe� � e��
qen�q� modF q��

is an O�module isomorphism for � � q � n� Using the formula


e� � �e� � ���x� 
�e� � ��xe� � e��

we compute

g	f�xe� � e��
qen�q� �

� g�f� � ���x� 
��q � �xe� � e��
q � �
e� � �e��

n�q

� g�f� � ���x� 
��q � �xe� � e��
q � 	���x� 
�e� � ��xe� � e���

n�q


 g�f� � ���x� 
�n��q � �xe� � e��
qen�q� modF q��

for g �

�

 �
� �

�
	 SL��K�� This means that the above isomorphism becomes an

O�module and a SL��K��module isomorphism

)q � O	n � �q� �� F q	F q��

f ��� f�xe� � e��
qen�q� modF q��

if� for any m 	 ZZ� O	m� denotes O with the twisted SL��K��action

�m�g�f �� g�f� � ���x� 
�m for g �

�

 �
� �

�
�

Similarly we have an O�SL��K��isomorphism

)�q � O	n� �q � �� �� ��
O
F q	��

O
F q��

f ��� dx � f�xe� � e��
qen�q� mod � � � �

The identity

�d � id��f�xe� � e��
qen�q� ����

� dx� qf�xe� � e��
q��en�q��� � df � �xe� � e��

qen�q�

for � � q � n implies

�d� id��f�xe� � e��
qen�q� � 
 dx � qf�xe� � e��

q��en�q��� mod��
O
F q �



This is the commutativity of the diagram

O	n� �q�
q

�� O	n� �q�

�q

�y �y��q��
F q	F q�� d�id

�� ��
O
F q��	��

O
F q

for � � q � n� As a consequence we obtain that d� id induces an isomorphism

F � 	�
�� ��

K
Symn 	��

O
Fn

so that we have in particular the SL��K��invariant decomposition

��
K
Symn � �d � id��F �� � ���

O
Fn� �

We see that our original exact sequence can be simpli
ed to

�� Symn � O�
K
Symn 	F � � ��

O
Fn � Char�BT �Sym

n�� � �

In order to compute the map in the middle we observe that the above identity ���
also implies

dx� f�xe� � e��
qen�q� 
 �

�

q � �
df � �xe� � e��

q��e
n��q���
� mod�d � id��F ��

for � � q � n� Inductively we get

dx � fen� 
 ����n
�

n&
dx � f �n��xe� � e��

nmod�d� id��F �� �

Here� as usual� we put f �n� �� �f �n����� where df � f �dx� In particular� the diagram

O�
K
Symn 	F � �� ��

O
Fn

��

x� x���n
O	n� �� O	�n� ��

f �� ����n �
n�f

�n���

is commutative� In O	n� we have the SL��K��invariant subspace Pn of all polynomials
in x of degree � n� obviously it is the kernel of the map f �� f �n���� Thus we 
nally
arrive at the exact sequence of SL��K��modules

� � Pn
�
�� O	n� � O	�n� �� � Char�BT �Sym

n� � �
f �� f �n��� f ���I � id��dx � f�xe� � e��n� �



We now 
x a cocompact discrete subgroup � � SL��K�� Let Mn����� denote the
space of all K�rational automorphic forms of weight n�� for �� i�e�� the space of all
f 	 O such that

f � g � f � ��x � ��n�� for all g �

�

 �
� �

�
	 � �

Theorem� �p�adic Shimura isomorphism�

The map
In �Mn����� �� H���� Char�BT �Sym

n��
f ��� �I � id��dx � f�xe� � e��n�

is an isomorphism�

Proof� Because of

Mn����� � O	�n� ���

the above exact sequence shows that the injectivity of the map In is equivalent to the
vanishing of �O	n�	Pn��� This vanishing will be established later on as a consequence
of more general considerations �see Corollary ���� For the moment we will take it as
granted� It then remains to prove that the two K�vector spaces in the assertion have
the same 
nite dimension� By passing to an appropriate normal subgroup of 
nite
index we may assume that � is a free group of rank r� According to 	��� we then
have

dimKMn����� �

	
r if n � � �

�n� ���r � �� if n � � �

On the other hand the space of harmonic ��cochains on BT is the linear dual of the
Steinberg representation�

Char�BT �K� � HomK�V��K��K� �

Since Symn carries a natural SL��K��invariant nondegenerate bilinear formwe obtain

H���� Char�BT �Sym
n�� � H����HomK �V��K��Symn��

� H����HomK �V��K��
K
Symn�K��

� HomK�H���� V��K��
K
Symn��K�

� HomK�H����Symn��K� �

Here the last identity is a special case of the Borel�Serre duality for discrete groups
�	
� ����� Since � is free a standard Euler�Poincar*e characteristic computation gives

dimK H����Symn� � dimK H����Symn� � �n � �� � �r � �� �

But we have H����Symn� � � for n � ��



In order to deal with the remaining problem of the vanishing of �O	n�	Pn��

we will analyze the p�adic principal series representations which were introduced by
Morita� We 
x a locally analytic character � � K� � K� and put

L� �� K�vector space of all locally analytic

functions + � K �Kn��� ��� K such that

+�z�� z�� � ��z�+��� �� for all z 	 K� �

The group SL��K� acts on L� by

g�+��x� y� �� +��x � �y���x� 
y� for g �

�

 �
� �

�
�

Furthermore L� in a natural way is a topological vector space� For the de
nition
which is a little bit technical we refer to 	
!�� The above SL��K��action is continuous�
This is the p�adic principal series studied by Morita �	
!��� In order to analyze the
continuous linear forms on L� we �cover� it in the following way byK�Banach spaces�
Let m � � be minimal such that

� is analytic on fz 	 K� � jz � �j � j�jmg �

The congruence subgroup

Bm ��

	�

 �
� �

�
	 SL��o� � j
� �j� j� � �j � j�jm� j�j � j�jm��� j�j � j�j

�

acts on the disk

% �� fz 	 K � jzj � j�jm��g

by fractional linear transformations� It also acts isometrically on the Banach space
A� of K�analytic functions on % by

g�f��z� �� ����z � 
� � f

�
�z � �

��z � 


�
for g �

�

 �
� �

�
�

�In case K � Qp the Bm�representation A� is studied in 	�
��� We then have the
injective continuous Bm�equivariant map

A� �� L�

f ��� +f �x� y� ��

�����y�f

�
x

y

�
if jxj � j�m��yj �

� otherwise



�compare 	
!� p� ��"� which for simplicity we will view as an inclusion� It is not too
di�cult to see �loc� cit�� that

���
X

g�SL��K�

gA� � L�

holds true� Now let k k denote the norm on the K�Banach space A�� For any
continuous linear form L � L� � K we can de
ne a kind of generalized operator
norm

kLk�g� �� sup

	
jL�g�+f ��j

kfk
� f 	 A�nf�g

�
�

Since Bm acts isometrically on A� we obtain in this way a norm function

kLk � SL��K�	Bm �� IR��

gBm ��� kLk�g� �

The property ��� implies that

��� L � � if and only if kLk � � �

It is also clear that the map L �� kLk is SL��K��equivariant in the obvious sense�

Lemma ���

If L � L� � K is a ��invariant continuous linear form then the norm function kLk
is bounded�

Proof� We only have to note that by the cocompactness of � the set �nSL��K�	Bm

is 
nite�

In order to describe the growth of kLk we let R � o be a 
xed set of representatives
for the cosets in �m��o	�m��o� Put

h� ��

�
� ����
� ���

�
�

�
� �
� �

��
� �
� ���

�
	 SL��K�

and

%� �� fz 	 K � jz � �j � j�jm��g for � 	 R �

We have

% �

�

��R

%� and %� � h��%�



�viewing h� as a fractional linear transformation�� For any f 	 A� we de
ne

f� �� �f j %�� � h� 	 A� �

It is clear that

kf�k � kfk �

On the other hand a straightforward computation shows that

���� � +f �
X
��R

h��+f� � �

For any given continuous linear form L on L� we therefore obtain

j����j �
jL�+f �j

kfk
� max

�

jL�h��+f� ��j

kf�k
�

Since f was arbitrary this implies

j����j � kLk��� � max
�
kLk�h�� �

Replacing L by L�g�� we even see that

�
� j����j � kLk�g� � max
�
kLk�gh��

holds true for any g 	 SL��K��

Theorem 
�

If j����j � � then there is no nonzero ��invariant continuous linear form on L��

Proof� By Lemma �� any ��invariant continuous linear form L on L� has a bounded
norm function kLk� But the assumption j����j � � together with �
� then implies
that kLk � �� Because of ��� the linear form L itself has to be zero�

Corollary ���

For n � � we have �O	n�	Pn�� � ��

Proof� The character z �� z�n�� ful
lls the assumption of Theorem �� On the
other hand it is shown in 	
�� p� ��� and 	
�� p� 
�� that O	n�	Pn can be identi
ed
SL��K��equivariantly with the topological dual of Lz�n�� �



Corollary ���

There are no nonzero automorphic forms of weight � for ��

Proof� In loc� cit� Morita also shows that O	��� is SL��K��equivariantly isomorphic
to the topological dual of Lz�� �

By working with the tree of � instead of BT the p�adic Shimura isomorphism can be
obtained in an analogous way for any 
nitely generated discrete subgroup in SL��K�
with an in
nite limit set� A muchmore direct proof is given in 	���� It was pointed out
by de Shalit that contrary to what is claimed in 	��� in general not every cohomology
class in H����Symn� contains a harmonic cochain� nevertheless this holds true if
n � � and as is shown in 	��� for any n � � if � is arithmetic� Still another proof is
to be found in 	����

Remark�

Assume that � acts without 
xed points on ����� It follows from �O	K�� � �dO�� � �
that the 
ltration F 
H�

DR�X�� which we introduced earlier is opposite to the de

Rham 
ltration� This con
rms in the case of ���� our general expectation which we
explained after Theorem !� In particular we have the natural decomposition

H�
DR�X�� � H����K� �H��X���

�� �

Using the isomorphism I��H��X����� � M����
	�
�� H���� Char�BT �K�� �

H����K� we can rewrite this as a natural isomorphism

H�
DR�X�� � H����K� � I��� �H����K�� �



x
 Resolutions of GLd���K��modules

In a rather general context we study in the following the homology of certain
coe�cient systems on a simplicial complex� This is then applied to construct the
resolutions of our GLd���K��modules VI�ZZ� which we needed in the last Paragraph�

Let K be a 
nite�dimensional simplicial complex� say� of dimension d� In order to
make notations simpler we equip K with a 
xed orientation and we let denote 	� � ��
the corresponding incidence numbers� nothing will really depend on this choice� A
coe�cient system A on K consists of

� abelian groups A
 for each simplex � of K� and

� homomorphisms r

�


 � A
� � A
 for each pair � � �� of simplices of K such that

r

 � id and r

��


 � r

�


 � r

��


� whenever � � �� � ����

Any such coe�cient system gives rise to a homological complex� Let Kq denote the
set of all q�simplices of K� We have the boundary map

� � �
��Kq��

A� �� �

�Kq

A


�a� �� ��� �
X
�



	� � �� � r�
�a� ��
 �

A standard computation then shows that

�
��Kd

A�
�
�� � � �

�
�� �


�K�
A


is a complex� For example� if A is the constant coe�cient system given by ZZ we
obtain in this way the usual chain complex of K�

We are interested in coe�cient systems of the following form� Let T be a 
xed
pro
nite set and suppose that for each ��simplex � 	 K� there is given a continuous
surjection T � T
 onto a 
nite set T
� For an arbitrary simplex � � f��� � � � � �qg 	
Kq we put

T� �� T
� q
T
� � �q

T
T
q �

For any pair � � � of simplices of K we then have a commutative diagram of contin�
uous surjections

T �� T

� �

T� �

It is clear that the groups

C�T
�ZZ� �� all functions T
 �� ZZ



form a coe�cient system on K� In fact all the groups C�T
�ZZ� can be viewed as
subgroups of C��T�ZZ� so that the transition maps of this coe�cient system become
inclusion maps� Furthermore the corresponding complex is augmented in a natural
way

�
��Kd

C�T� �ZZ�
�
�� � � �

�
�� �


�K�
C�T
�ZZ� �� C��T�ZZ�

��
�
 ���
X



�
 �

We want to establish a su�cient condition under which this complex is an acyclic
resolution of C��T�ZZ��

First we observe that for any simplex � we have the simplicial pro
nite set

T��
� � � � �
��������

T �
T�
T �
T�
T
������T �

T�
T����T

together with a continuous map

T��
� �� T


to the constant simplicial �pro�
nite set T
� We immediately note that the induced
cohomological complex

� �� C�T
�ZZ� �� C��T �
�
� �ZZ� �� C��T �
�

� �ZZ� �� � � �

is exact� This follows from x
 Lemma � since the 
ber of T��
� � T
 in a 
xed t 	 T

is the simplicial pro
nite set

� � �
��������

Tt � Tt � Tt
������Tt � Tt����Tt

where Tt is the 
ber of T � T
 in t� A simplicial pro
nite set of this form namely is
cohomologically trivial as we have recalled already in the proof of x
 Lemma 
�

Each surjection T
 � T� for � � � extends in an obvious way to a map of augmented
simplicial pro
nite sets

T��
� �� T
�y �y
T���� �� T� �

similarly each surjection T � T
 extends to a map T� � T��
� of the constant
simplicial pro
nite set T� into T��
� such that

T��
�

� �
T� �� T




is commutative� By passing to functions we have corresponding commutative dia�
grams between coe�cient systems on K� All this can be expressed by saying that we
have the biaugmented double complex

� � ��y �y �y
�� �

��Kd
C�T� �ZZ� � � � �� �


�K�
C�T
�ZZ� ��� C��T�ZZ� � �

j
j
j
	

j
j
j
	

��
�� �

��Kd
C��T�ZZ� � � � �� �


�K�
C��T�ZZ� ��� C��T�ZZ� � ��y �y �y�

�� �
��Kd

C��T�
T�
T�ZZ� � � � �� �


�K�
C��T�

T�
T�ZZ� ��� C��T�

T
T�ZZ� � ��y �y ��

�� �
��Kd

C��T�
T�
T�
T�
T�ZZ�� � � �� �


�K�
C��T�

T�
T�
T�
T�ZZ� ��� C��T�

T
T�
T
T�ZZ�� ��y �y �y�

���
���

��� �

resp�

�

�K	

C�T
�ZZ� �� C��T�ZZ��y �y
�


�K	
C��T��
��ZZ� �� C��T��ZZ� �

As already noted the columns are exact� resp� the perpendicular arrows in the second
diagram are quasi�isomorphisms� Therefore let us 
x some m � � and consider the
line

�� �
��Kd

C��T ���
m �ZZ�� � � �� �


�K�
C��T �
�

m �ZZ�� C��T�ZZ�� � �

In order to shea
fy this sequence we put Tm�� �� T � � � �� T and let denote j�
� �

T
�
�
m � Tm�� the inclusion map and � � T � Tm�� the diagonal map� We then have

the obvious complex of sheaves

��� �� �
��Kd

j
���
� ZZ� � � �� �


�K�
j
�
�
� ZZ� ��ZZ� �

on Tm�� of which our line is the complex of global sections �the global section functor
on a compact space commutes with arbitrary direct sums of sheaves&�� Since the
sheaves in ��� are soft it is su�cient for the exactness of our line that ��� is an exact



complex of sheaves �compare the argument in the proof of x
 Lemma ��� the latter
can be checked stalkwise� For t � �t�� � � � � tm� 	 Tm�� we have

�j
�
�
� ZZ�t �

	
ZZ if t 	 T

�
�
m �

� otherwise�

This suggests the following de
nition�

K�t��			�tm� �� the subcomplex of K consisting of all simplices �

such that t�� � � � � tm are not all identi
ed under the

map T � T
�

Equivalently� � is a simplex of K�t��			�tm� if and only if t �	 T
�
�
m if and only if

�j
�
�
� ZZ�t � �� We make now the additional assumption that the natural map

T �
Q


�K�

T
 is injective� Then K�t��			�tm� is empty if and only if t� � � � � � tm

if and only if ���ZZ�t �� �� We obtain that the complex of stalks of ��� in t is the

relative augmented chain complex of the pair K�t��			�tm� � K� Therefore if K and all
its non�empty subcomplexes K�t��			�tm� are contractible the complexes ��� are exact�
Going back to our biaugmented double complex we then see that all its lines apart
possibly from the 
rst one are exact� But since the columns are exact anyway the

rst line has to be exact� too� We sum up this discussion in the following criterion�

Proposition ��

Assume that the map T �
Q


�K�

T
 is injective and that K and all its non�empty

subcomplexes K�t��			�tm� for ti 	 T are contractible� Then the complex

�� �
��Kd

C�T� �ZZ�� � � �� �

�K�

C�T
�ZZ�� C��T�ZZ�� �

is exact�

We want to apply this result in the concrete situation where the underlying
simplicial complex is the Bruhat�Tits building BT and where the given pro
nite set
is T �� G	PI for some 
xed subset I � % � f�� � � � � dg� Let � be a simplex in BT �
Then

B
 �� fg 	 G � g� � � and det g 	 o�g

is a compact open subgroup in G� it has a unique maximal normal pro�p�subgroup
U
 which itself is compact open� The set

T
 �� U
nT

is 
nite� We have the continuous projection T � T
 and

C�T
�ZZ� � C��G	PI �ZZ�
U� �

It is also obvious that U
 � U� if � � � �



Lemma ��

If ��� � � � � �q are the vertices of the simplex � in BT then U
 is generated by U
� �
� � � � U
q �

Proof� Let � be that maximal simplex in BT for which B� � B is the standard
Iwahori subgroup considered in x�� If ��� � � � � �d are the vertices of � appropriately
enumerated we have

B�j � yjGLd���o�y
��
j �

Using the notations introduced in x� we observe that

B�� 
B�j � B
nfjg and���

B 
 U
nfjg � yjU��y
��
j � U�j ����

By conjugation we may assume that � � � and �� � ��� �� � �j� � � � � � �q � �jq � From
��� we then deduce that

B
 � BJ with J �� %nfj�� � � � � jqg �

Furthermore one easily checks that

U
 � U
� � �B 
 UJ � �

By ��� we therefore are reduced to prove that

B 
 UJ � U
� � �B 
 U
nfj�g� � � � � � �B 
 U
nfjqg� �

Reducing mod� this amounts to the statement that the unipotent radical of a 
xed
parabolic subgroup is equal to the product of the unipotent radicals of the max�
imal proper parabolic subgroups containing the given one� This is a well�known
fact �compare 	�� 
��� which for GLd�� can be seen easily using elementary matrix
transformations�

The Lemma says that

T
 � T
� q
T
� � �q

T
T
q

so that we are in the situation which was discussed above�



Lemma ��

The map T �
Q


�BT�

T
 is injective�

Proof� Since points in the same 
ber of the map in question cannot be separated by
functions in the image of the homomorphism

�

�BT�

C�T
�ZZ� �� C��T�ZZ�

it su�ces to show that the latter is surjective� According to x� Corollary �� the
G�module C��T�ZZ� is generated by the characteristic function �BIPI � If �� 	 BT�
is a vertex such that U
� � BI then �BIPI 	 C��T�ZZ�U�� � C�T
� �ZZ�� Therefore
the above G�module homomorphism contains a generator of the right hand side in
its image and consequently has to be surjective�

The Bruhat�Tits building is contractible� Therefore it remains to deal with the last
assumption in Proposition � that all the non�empty subcomplexes BT �t��			�tm� of BT
are contractible� This requires a more elaborate argument� We will 
rst describe
BT �t��			�tm� as the union of an explicitly given family of apartments in BT � As a
convenient technical tool we interprete the sets T
 in terms of lattices� Recall that a
simplex � in BT is a family � � f	L��� � � � � 	Lq�g of similarity classes of o�lattices in
Kd�� such that

L��
��
L��

��
� � ��

��
Lq �

��
���L� �� Lq�� �

It is clear that U
 is the subgroup of all elements in G which 
x each Lj and induce
the identity on each Lj��	Lj � We now introduce

T �L�� � � � � Lq� �� set of all sequences �X�� � � � �Xq� of o�lattices

such that Lj � Xj � Lj�� for all � � j � q�

it is partially ordered by

�X�� � � � �Xq� � �Y�� � � � � Yq� if Xj � Yj for all � � j � q �

Furthermore we call

dim�X�� � � � �Xq� ��

qX
j��

dimo��oXj	Lj

the dimension of the element �X�� � � � �Xq� 	 T �L�� � � � � Lq�� Assume that %nI �
fi� � i� � � � � � irg� A �ag �� � � � � � �r in T �L�� � � � � Lq� is called of type I if
dim �� � i� for all � � � � r� It is rather obvious that the map

T �L�� �� T �L�� � � � � Lq�

X ��� �L� �X 
 L�� L� �X 
 L�� � � � � Lq �X 
 Lq���



is order and dimension preserving� Also the group U
 acts on T �L�� in an order and
dimension preserving way�

Proposition ��

The above map induces a bijection

U
nf
ags of type I in T �L��g
	
�� f
ags of type I in T �L�� � � � � Lq�g �

Proof� To check surjectivity is an easy exercise� The injectivity amounts to the
following statement in linear algebra� Let V be a 
nite dimensional vector space
over some 
eld equipped with a �ag � � V��

��
V��

��
� � ��

��
Vq �

��
Vq�� � V of subspaces�

furthermore let U� � � � � � Ur � V and U �� � � � � � U �r � V be two other �ags of
subspaces such that Vj �U� 
Vj�� � Vj �U �� 
Vj�� for all � � j � q and � � � � r�
Then there exists a g 	 GL�V � which 
xes each Vj � induces the identity on each
Vj��	Vj and ful
lls g�U�� � U �� for all � � � � r� By induction with respect to q this
is immediately reduced to another slightly more general statement� Let V� � V be a
subspace and let U� � � � � � Ur � V and U �� � � � � � U �r � V be two �ags of subspaces
such that U� 
 V� � U �� 
 V� and g�V� � U�	V�� � V� � U ��	V� for all � � � � r and
some 
xed element g 	 GL�V	V��� Then there exists a g 	 GL�V � which induces the
identity on V� and g on V	V� and ful
lls g�U�� � U �� for all � � � � r� The proof of
this is left to the reader�

Similarly as before a �ag W� � � � � �Wr of K�subspaces in Kd�� is called of type I
if dimKW� � i� for all � � � � r� We have the bijection

T � G	PI
	
�� set of all �ags of type I in Kd��

gPI ��� g���I �

where

��I ��

�� i�X
i��

Kei �

i�X
i��

Kei � � � � �

irX
i��

Kei


A �

Corollary 	�

The map

U
nT
	
�� set of all 
ags of type I in T �L�� � � � � Lq�

�W� � � � � �Wr�modU
 ��� ��� � � � � � �r�

with �� �� �L� �W� 
 L�� � � � � Lq �W� 
 Lq��� is a bijection�

Proof� We have

Lj � �L� �W� 
 �
��L�� 
 Lj�� � Lj �W� 
 Lj�� �



Therefore by Proposition � we are reduced to treat the case q � �� Surjectivity is easy
to check again� For the injectivity let t � �W� � � � � �Wr� and t� � �W �

� � � � � �W �
r�

be two �ags in T such that L��W�
���L� � L��W �
�
�

��L� for all � � � � r� Let
Pt � G be that parabolic subgroup which 
xes t� Since B
 is a maximal compact
subgroup we 
nd by the Iwasawa decomposition G � B
Pt a g 	 B
 such that
g�t� � t�� On the other hand let Pt � GL����L�	L�� � B
	U
 be that parabolic

subgroup which 
xes t �� �W � � � � � �W r� with W � �� L� �W� 
 ���L�	L�� Our
assumption implies gmodU
 	 Pt� Since any element in Pt can be lifted to B
 
 Pt
we 
nd a h 	 B
 
 Pt such that gmodU
 � hmodU
� We then have gh�� 	 U

with gh���t� � t��

In the following we always will make the above identi
cations and view elements in
T � resp� T
� as �ags of subspaces� resp� lattices� As already mentioned our aim is to
describe the subcomplexes BT �t��			�tm� in terms of apartments in BT � We therefore
have to recall brie�y this notion� Any basis v�� � � � � vd�� of the vector space Kd��

determines an apartment A in BT which is the full subcomplex generated by all
vertices of the form

	�a�ov� � � � �� �ad��ovd��� with a�� � � � � ad�� 	 ZZ �

Its topological realization jAj is a d�dimensional a�ne space� The same basis also
determines an apartment �A in the topological Tits building T ��d� which is the full
�and 
nite� subcomplex generated by all vertices of the form

Kv�� � � � � �Kv�t with � �� f
�� � � � � 
tg�
��
f�� � � � � d� �g �

Its topological realization j�Aj is a �d����sphere� In the Borel�Serre compacti
cation
of jBT j �see 	
�� j�Aj is the boundary of jAj� Since we don�t need this fact in the
moment we by de
nition call �A the boundary of A�

Lemma 
�

Let W ��W �� 	 T where (%nI � �� Any apartment A in BT such that W � and some
��dimensional subspace W � W ��nW � are vertices in the boundary �A is contained

in BT �W ��W ����

Proof� FixW and A as in the statement and let � � f	L��� � � � � 	Lq�g with L� � L� �
� � � � Lq � ���L� � Lq�� be a simplex in A� We then 
nd a basis v�� � � � � vd�� of
Kd�� such that

W � � Kv� � � � � �Kvk�� for some � � k � d� � �

W � Kvk � and L� � ov� � � � � � ovd�� �



In order to prove the assertion it su�ces to 
nd an � � j� � q such that

Lj� �W 
 Lj��� �� Lj� �W � 
 Lj��� �

Put

j� �� minf� � j � q � ���vk 	 Lj��g � � �

Since ���vk �	 L� and ���vk 	 Lq�� we have � � j� � q� By de
nition ���vk
is contained in W 
 Lj���� On the other hand it is easy to check that ���vk �	
Lj� �W � 
 Lj����

Lemma ��

Let t � �W� � � � � � Wr� 	 T and let W � � Kd�� be a subspace with dimKW � �

dimK Wr� Then BT �Wr�W
�� is contained in the union of all apartments in BT which

have t and some ��dimensional subspace W �W �nWr as simplices in their boundary�

Proof� Let � � f	L��� � � � � 	Lq�g with L� � L� � � � � � Lq � ���L� � Lq�� be a

simplex in BT �Wr�W
��� We then have

�L� �Wr 
 L�� � � � � Lq �Wr 
 Lq��� �� �L� �W � 
 L�� � � � � Lq �W � 
 Lq���

but

dim�L��Wr
L�� � � � � Lq�Wr
Lq����dimK Wr�dimK W �

�dim�L��W
�
L�� � � � � Lq�W

�
Lq����

therefore there has to be a � � j� � q such that

Lj� �W � 
 Lj��� �� Lj� �Wr 
 Lj��� �

We now consider the �ag

L��L��W�
L�� � � ��L��Wr
L��

L�� � � �

���

Lj��Lj��W�
Lj���� � � ��Lj��Wr
Lj����
��
Lj��Wr
Lj����W

�
Lj����

Lj���� � � �

���

Lq�Lq�W�
Lq��� � � ��Lq�Wr
Lq���

Lq��



viewed as a �ag of subspaces in ���L�	L�� We 
x a o	�o�basis v�� � � � � vd�� of
���L�	L� such that

� any subspace in the above �ag is generated by some of the v��s� and

� there is an � � 
� � d� � with

v�� 	 �Lj� �W � 
 Lj���	L��n�Lj� �Wr 
 Lj���	L�� �

Although some of the inclusions in the above �ag might be equalities for any 
xed
v� precisely one of the following cases holds true�

v� 	Lj �W� 
 Lj��	L� and �	 Lj �W��� 
 Lj��	L���

for some � � j � q and � � � � r� or

v� 	Lj �W� 
 Lj��	L� and �	 Lj	L� for some � � j � q� or��

v� 	Lj��	L� and �	 Lj �Wr 
 Lj��	L� for some � � j � q
�

and 
 �� 
�� or

v� �v�� ���

In cases �� and �� we 
nd

v� 	W� 
 Lj�� such that v� 
 v�modLj �

in case 
� we 
nd

v� 	 Lj�� such that v� 
 v�modL� �


nally in case �� we 
nd

v�� 	W � 
 Lj��� such that v�� 
 v�� modLj� �

The v�� � � � � vd�� constructed in this way form a K�basis of Kd�� such that any of
the subspacesW�� � � � �Wr is generated by some of the v��s� Put W �� Kv�� � we then
have W �W �nWr� Therefore the apartment A in BT determined by this basis has t
andW as simplices in its boundary� It also contains � since L� � �ov�� � � ���ovd��
and any Lj	L� is generated by some of the v�modL��

Proposition ��

Let t�� � � � � tm 	 T such that t� � �W
���
� � � � � � W

���
r �� Then BT �t��			�tm� is

equal to the union of all apartments in BT which have� for some � � � � r and



some � � � � m� the 
ag �W
���
� � � � � � W

���
� � and some ��dimensional subspace

W �W
���
� nW ���

� as simplices in their boundary�

Proof� This is an immediate consequence of the previous two Lemmata once we
observe that

BT �t��			�tm� �
�

����m

BT �t��t	�

�
�

����m

�
����r

BT �W ���

 �W �	�


 �

holds true�

All apartments which occur in the statement of Proposition " have the common

vertex W
���
� in their boundary� This enables us to explore the geodesic action of

W
���
� on BT for our purpose� Any proper subspace ��

��
V �
��
Kd�� de
nes a simplicial

self�map

�V � BT �� BT

	L� ��� 	���L 
 V � L�

called the geodesic action� In order to see its simplicial nature assume that L� �
L� � ���L� are o�lattices such that 	���L� 
 V � L�� � 	���L� 
 V � L��� Because
of ���L� 
 V � L� � ���L� 
 V � L� � �������L� 
 V � L�� this means that

���L� 
 V � L� � ���L� 
 V � L� or � �������L� 
 V � L�� �

In the 
rst case we obtain that

dimK V � dimo��o �
��L� 
 V � L�	L�

� dimo��o��
��L� 
 V � L�	L�� � dimo��o L�	L�

� dimK V � dimo��o L�	L�

and similarly in the second case that

dimK V � dimK V � dimo��o �
��L�	L� �

This implies 	L�� � 	L���

Remark�

i� f	L�� �V 	L�g is a ��simplex in BT �

ii� 	L� is a vertex in BT �W ��W ��� if and only if �W � 	L� �� �W �� 	L��



Lemma 
�

If the subcomplex K of BT is a union of apartments which have V as a vertex in
their boundary then we have�
i� �V �K� � K�
ii� the map j�V j induced by �V on the topological realization jKj is homotopic to the
identity�

Proof� i� We can assume that K � A is a single apartment and it su�ces to show
that with any vertex 	L� in A also �V 	L� lies in A� But we 
nd a basis v�� � � � � vd��
of Kd�� such that

V � Kv� � � � ��Kvk for some � � k � d

and L � ov� � � � �� ovd�� �

Then 	���L 
 V �L� � 	���ov� � � � �� ���ovk � ovk�� � � � �� ovd��� obviously lies
in A� too�

ii� On jBT j we have the metric d which restricted to an apartment is the Euclidean
metric on the a�ne space� Furthermore any two points x� y 	 jBT j are joined by
a unique geodesic 	xy� which lies in every apartment containing x and y� For any
real number � � t � � let tx � �� � t�y be the unique point z 	 	xy� such that
d�x� z� � �� � t�d�x� y�� The argument in the proof of part i� shows that with any
point x 	 jKj the whole geodesic 	x j�V j�x�� is contained in jKj� Therefore the map

jKj � 	�� �� �� jKj

�x� t� ��� tx � ��� t�j�V j�x�

is well�de
ned and provides the required homotopy once it turns out to be continuous�
But it is the restriction of the composed map

jBT j � 	�� �� � jBT j � jBT j � 	�� �� � jBT j
�x� t� �� �x� j�V j�x�� t�

�x� y� t� �� tx � �� � t�y �

here the 
rst arrow is continuous since j�V j is continuous and the second arrow is
continuous according to 	�� ���!��!��

Lemma ���

Let K be a subcomplex of BT with the following two properties�

� K is a union of apartments which have V as a vertex in their boundary� and

� for any simplex � in BT there is a m 	 IN such that �mV ��� lies in K�

Then K is contractible�



Proof� By a theorem of Whitehead it su�ces to show that �n�jKj� x� � � for all
n � � and x 	 jKj� Let f � �Sn� s�� � �jKj� x� be a continuous map� Since BT is
contractible we 
nd a base point preserving homotopy

F � Sn � 	�� ��� jBT j with F ��� �� � x and F ��� �� � f �

The image of F being compact is contained in the topological realization of a 
nite
subcomplex of BT � Our assumptions then guarantee that there is a m 	 IN such
that the image of j�V jm �F is contained in jKj� This means that the homotopy class
of j�V jm � f in �n�jKj� y� with y �� j�V jm�x� is trivial� But according to our 
rst
assumption and the previous Lemma the map j�V jm � �n�jKj� x� � �n�jKj� y� is a
bijection� Therefore already the homotopy class of f was trivial�

Lemma ���

Let W � Kd�� be a ��dimensional subspace such that V 
W � f�g� For any simplex
� in BT there is a m 	 IN such that �mV ��� is contained in an apartment of BT which
has V and W as vertices in its boundary�

Proof� The simplex � is of the form � � f	L��� � � � � 	Lq�g with L� � L� � � � � � Lq �

���L� � Lq��� For any m 	 IN we put L
�m�
j �� ��mLj 
 V � Lj so that we have

�mV ��� � f	L�m�
� �� � � � � 	L�m�

q �g �

In order to prove the assertion it su�ces to 
nd a m 	 IN and a � � j � q such that

L
�m�
j �W 
 L

�m�
j�� �� L

�m�
j � V 
 L

�m�
j�� �

Then the required apartment can be constructed by exactly the same procedure as
in the proof of Lemma �� It is easiest to deduce a contradiction from the assumption
that

L
�m�
j �W 
 L

�m�
j�� � L

�m�
j � V 
 L

�m�
j�� for all m 	 IN and � � j � q �

Since dimK W � � we know from Corollary ! that given m 	 IN there is precisely

one j such that L�m�
j �

��
L
�m�
j �W 
L�m�

j��� By the pigeonhole principle there must be

then one j which we 
x from now on and some in
nite subset M � IN such that

L
�m�
j �

��
L
�m�
j �W 
 L

�m�
j�� � L

�m�
j � V 
 L

�m�
j�� for all m 	M �

Inserting the de
nition of L
�m�
j we obtain

��mLj 
 V � Lj �
��
���mLj 
 V � Lj� �W 
 ���mLj�� 
 V �Lj���

� ��mLj�� 
 V � Lj for all m 	M �



This means that for any m 	M there is an element

wm 	W 
 ���mLj�� 
 V � Lj���

which is of the form

wm � ��mvm � �m with vm 	 Lj�� 
 V and �m 	 Lj

and which is not contained in ��mLj 
V �Lj� The latter implies that vm �	 Lj 
V �
In the identity

�mwm � vm � �m�m

all three terms viewed as sequences in m lie in compact subsets of Kd�� so that
we may assume replacing M by a smaller subset that all three sequences are even
convergent� Now the �m�m 	 �mLj obviously converge to �� similarly the �mwm 	
W 
 �Lj�� 
 V � �mLj��� converge to an element in W 
 V � f�g� that is to �� But
the vm lie in the closed set �Lj�� 
 V �n�Lj 
 V � so that they cannot converge to ��
This is the wanted contradiction�

Proposition ���

The subcomplexes BT �t��			�tm� in BT are contractible whenever the elements t�� � � � � tm
	 T are not all equal�

Proof� The �ag t� is of the form t� � �W
���
� � � � � � W

���
r �� Since not all the

t�� � � � � tm are equal we 
nd a smallest � � � � r such that

W ���
� �� W ���

� for some � � � � m �

We 
x a ��dimensional subspace W �W
���
� nW

���
� � From Lemma � and Proposition

" we then deduce that the subcomplex BT �t��			�tm�

� is a union of apartments in BT which have V �� W
���
� as vertex in their boundary�

and

� contains all apartments which have V and W as vertices in their boundary�

In this situation Lemma �� says that BT �t��			�tm� ful
lls the assumptions of Lemma
�� and therefore is contractible�

We now have established all the assumptions of Proposition � for BT and the pro
nite
set T � G	PI so that Proposition � gives the following result�



Theorem ��

The complex

� �� �
��BTd

C��G	PI �ZZ�
U� �� � � � �� �


�BT�
C��G	PI �ZZ�

U�

�� C��G	PI �ZZ� �� �

is exact for any subset I � %�

From this Theorem we want to deduce a similar result for the G�modules VI�ZZ��
We start with the simple observation that any smooth G�module A �by which we
mean an abelian group A with smooth G�action� gives rise to a coe�cient system A

on the Bruhat�Tits building BT in which A
 �� AU� and the transition maps are the
obvious inclusions� The corresponding augmented homological complex reads

� �� �
��BTd

AU� �� � � � �� �

�BT�

AU� �� A �� � �

For A � C��G	PI �ZZ� this is exactly the situation which we have discussed above�
Clearly the coe�cient system A is functorial in the smooth G�moduleA� We therefore
have� for any complex � � � � A� � � � � � Am � � � � of smooth G�modules� the
double complex

���
���

���
� � �

� � �
��BTd

AU�
m � � � � � �


�BT�
AU�
m � Am � �

� � �
���

���
���

� � �
� � �

��BTd
AU�
� � � � � � �


�BT�
AU�
� � A� � �

� � �
���

���
��� �

Since the U
 are pro�p�groups the above functor A �� A is exact on smooth

G � ZZ

h
�
p

i
�modules� Some of the complications which we have to overcome in the

following are caused by our insisting in ZZ�coe�cients� By di�erent techniques one
can show that the above homological complex is exact for all irreducible smooth
G �Q�modules A for which AU� �� f�g for some vertex � 	 BT�� We hope to come
back to this in another paper�

The obvious idea to treat the G�modules VI�ZZ� is to resolve them by the G�
modules C��G	PJ �ZZ� for J � I� For some of the subsets I � % we have done



this implicitly already in x
 Proposition � by investigating certain topological Tits
buildings� This has to be generalized appropriately� Since V
�ZZ� � C��G	P
�ZZ� �
ZZ we may assume in the following that I �

��
%� De
ne T �I to be the simplicial pro
nite

set of all �ags W� � � � � � Wr of subspaces in Kd�� such that dimK W� 	 %nI for
all � � � � r� Furthermore let NT I

r � T I
r denote the open and closed subset

of �nondegenerate� �ags W��
��
� � ��

��
Wr� NT I

r consists of all �ags of type J � I

with (%nJ � r � �� �Neglecting that in x
 we worked in the dual space we have
T ��k� � T �fk���			�dg��

Proposition ���

The reduced cohomology �Hr�jT �I j�ZZ� vanishes for r �� d� ��(I�

Proof� Put k �� d �(I� Since NT I
r � � for r � k it is clear that �Hr�jT �I j�ZZ� � �

for r � k �compare the proof of x
 Proposition ��� We will prove the vanishing for
r � k � � by induction with respect to d� The case d � � is trivial� For general d we
use the spectral sequence of a certain double complex� Set

Y�I �� simplicial pro
nite set of all sequences �H�� � � � �Hr�

of ��dim� subspaces Hi � Kd�� such that

dimK

Pr
i��Hi � j for some j 	 %nI

and

Z��I �� bisimplicial pro
nite set of all �W� � � � � �Wr�H�� � � � �Hs� 	 T I
r � Y I

s

such that
sP
i��

Hi �W��

From the obvious projection maps

Y�I

�
T �I �� Z��I

we obtain the biaugmented double complex

C��Y�I �ZZ�
�

C��T �I �ZZ� �� C��Z��I �ZZ� �

The same argument as in x
 Proposition ! shows that the horizontal augmentation
map is a quasi�isomorphism� Therefore the second spectral sequence of this double
complex reads

Er�s
� � Hs�C��Z�Ir�ZZ�� �� Hr�s�TotC��Z��I �ZZ�� � Hr�s�jT �I j�ZZ� �



We claim the following partial exactness property of the perpendicular augmentation
map� For � � r � k � � the sequence

� �� C��Y I
r �ZZ� �� C��ZI

�r �ZZ� �� � � � �� C��ZI
k���r�r �ZZ�

is exact�

According to the argument in the proof of x
 Lemma � �i�e�� 	��� Chap� II� this can
be checked on the 
bers of the projection map

f� � Z�Ir �� Y I
r �

Fix h � �H�� � � � �Hr� 	 Y I
r and put W ��

rP
i��

Hi and m �� dimKW � we have

m � r��� The 
ber f����h� is the simplicial pro
nite set of all �ags W� � � � � �Wr

such that dimK W� 	 %nI and W �W��

There are two cases to distinguish� First let us assume that m 	 %nI� Then W is
a vertex in f����h� which therefore is cohomologically trivial by the argument in x

Lemma 
� On the other hand if m 	 I then

f����h� �� T �Kd��	W ��I
�

�W� � � � � �Wr� ��� �W�	W � � � � �Wr	W �

is an isomorphism of simplicial pro
nite sets where the right hand side is the topo�
logical Tits building of all �ags in Kd��	W whose dimensions are contained in
f�� � � � � d�mgnI � with I � �� fi�m � i 	 I and i � mg� By the induction hypothesis

the reduced cohomology of jT �Kd��	W ��I
�

j vanishes in degrees � d�m� � �(I ��
Because of m 	 I we have (I � � (I� We conclude that the reduced cohomology of
jf����h�j vanishes in degrees � k � �� r � k �m � d�m�(I � d�m� ��(I ��
This establishes our claim� In terms of the above spectral sequence it means that

Er�s
� � � for r � s � k � � and s �� � �

Er��
� � C��Y I

r �ZZ� for r � k � �� and C��Y I
k���ZZ� � Ek����

� �

Since certainly d�(I � j for some j 	 %nI we have

Y I
r � Y I

� � � � �� Y I
�� �z �

r���times

for r � k � � �

The contracting argument in the proof of x
 Lemma 
 then implies that

� � ZZ � C��Y I
� �ZZ� � � � � � C��Y I

k���ZZ� � C��Y I
k���ZZ�

k k k 


� � ZZ � E���
� � � � � � Ek����

� � Ek����
�

is exact� Altogether we obtain that Er�s
� � � for � � r � s � k � � and E���

� � ZZ

which in the abutment gives the vanishing of �Hr�jT �I j�ZZ� for � � r � k � �� q�e�d�



As already discussed several times we have

C��NT I
r �ZZ� � �

I�J��

�nJ�r��

C��G	PJ �ZZ� �

Therefore Proposition �
 can be reformulated by saying that

�� ZZ� C��NT I
� �ZZ�� � � �� C��NT I

d����I �ZZ�� VI�ZZ�� �

is an exact sequence of smooth G�modules� In the corresponding diagram

� �
� �

�

�BT 	

VI�ZZ�
U� �� VI�ZZ�

� �
�


�BT 	
C��NT I

d����I �ZZ�
U� �� C��NTd����I �ZZ�

� �
���

���
� �

�

�BT 	

C��NT I
� �ZZ�

U� �� C��NT I
� �ZZ�

� �
�


�BT 	
ZZ �� ZZ

� �
� �

all horizontal arrows apart possibly from the 
rst one are quasi�isomorphisms by
Theorem �� Our aim is to prove that the 
rst arrow is a quasi�isomorphism� too�
For this it is su�cient to check that all the left hand columns are exact� Let us 
x a
simplex � � f	L��� � � � � 	Lq�g in BT with L� � � � � � Lq � ���L� � Lq��� Because of

C��NT I
r �ZZ�

U� � C�U
nNT
I
r �ZZ�

we deduce from Corollary ! that

C��NT I
� �ZZ�

U� �� � � � �� C��NT I
d����I �ZZ�

U�

is the cochain complex of the �ag complex associated with the poset

T I��� �� f� 	 T �L�� � � � � Lq� � dim � 	 %nIg �

We only remark that T I��� up to canonical isomorphism does not depend on the
choice of L�� � � � � Lq� In the following we will not distinguish notationally between a
poset and its associated �ag complex�



Proposition ���

The reduced cohomology �Hr�jT I���j�ZZ� vanishes for r �� d� ��(I�

Proof� This can be proved in a completely analogous way as Proposition �
� Therefore
we only explain how to translate the notions we have used in that argument into the
present context� First of all it is convenient to work in a slightly more general setting�
Suppose we are given 
nitely many o	�o�vector spaces L�� � � � � Lq such that

dimo��o L� � � � �� dimo��o Lq � d� � �

We then have the poset

T �L�� � � � � Lq� ��set of all sequences �X�� � � � �Xq�

where X j is an o	�o�subspace of Lj

partially ordered by

�X�� � � � �Xq� � �Y �� � � � � Y q� if Xj � Y j for all � � j � q �

Any element �X�� � � � �Xq� 	 T �L�� � � � � Lq� has the dimension

dim�X�� � � � �Xq� ��

qX
j��

dimo��oXj �

Furthermore we may de
ne the sum of any two such elements as

�X�� � � � �Xq� � �Y �� � � � � Y q� �� �X� � Y �� � � � �Xq � Y q� �

For any proper subset I �
��
% we consider the poset

T I�L�� � � � � Lq� �� f� 	 T �L�� � � � � Lq� � dim � 	 %nIg �

The assertion now is proved simultaneously for all these posets by induction with
respect to d� The argument is exactly the same as in the proof of Proposition �
�
actually it can be somewhat simpli
ed since no pro
nite topology is involved�

Proposition �	�

�Hd����I�jT I���j�ZZ� � �Hd����I�jT �I j�ZZ�U� � VI�ZZ�U� �

Proof� We will show that the sequence�
�

i�
nI
C��G	PI�fig�ZZ�

�U�

�� C��G	PI �ZZ�
U� �� VI�ZZ�

U� �� �



is exact� Since U
 is a pro�p�group taking U
�invariants is exact if we deal with ZZ
h
�
p

i
�

modules� Therefore our sequence certainly is exact after tensoring with ZZ

h
�
p

i
� By

conjugation we may assume that B
 � BJ for some J � % is one of the standard
parahoric subgroups considered in x�� If �� denotes the vertex �� �

�
od��

�
we then

have

U
� � U
 � B
 � BJ � B
� � B
 � GLd���o� �

Let P I � resp� UI � be the standard parabolic subgroups �containing the upper trian�
gular matrices�� resp� their unipotent radicals� in the group G �� GLd���o�	U
� �
GLd���o	�o�� they are de
ned in the same way as the PI and UI in x�� It is clear
that

P I � BI	U
� � P J � B
	U
� � and UJ � U
	U
� �

Using the Iwasawa decomposition G � B
P� we can rewrite our sequence in the
following way�

�
�

i�
nI
C�G	P I�fig�ZZ�

�UJ

�� C�G	P I �ZZ�
UJ ��

�
VI�ZZ�

U��

�UJ

�� � �

A drastically simpli
ed version of x� Proposition � �no topology is involved&� tells us
that the subgroup

C�

�

w�V I

P�wP I	P I �ZZ�
UJ � C�


�
w�V I

UJnP�wP I	P I �ZZ�

in

C�G	P I �ZZ�
UJ � C�UJnG	P I �ZZ�

is a complement of the image of the left hand term in the above sequence� i�e�� of the
subgroup X

i�
nI

C�UJnG	P I�fig�ZZ� �

We recall that

V I �W In
�

i�
nI

W I�fig

is the set of all permutations w 	W which are of minimal length in their coset wWI

but not in any coset wWI�fig for i 	 %nI� In this way we are reduced to prove that

C�


�
w�V I

P�wP I	P I �ZZ� �� VI�ZZ�
U��



is bijective� Both sides are ZZ�free� the left side obviously and the right side since
VI�ZZ� is ZZ�free by the argument in the proof of x� Corollary !� We already know

that the map is bijective after tensoring with ZZ
h
�
p

i
� Therefore it is at least injective

with torsion cokernel� For its surjectivity it then su�ces that the cokernel of the map

C�

�

w�V I

P�wP I	P I �ZZ� �� VI�ZZ�

is torsionfree� This in turn certainly is the case if the dual map

HomZZ�VI �ZZ��ZZ� �� HomZZ�C�

�

w�V I

P�wP I	P I �ZZ��ZZ�

is surjective� We observe that this still is a map of B��modules� For any h 	 G we
have the Dirac distribution

�h � C��G	PI �ZZ� �� ZZ


 ��� 
�h� �

The action of G on the Dirac distributions is described by the formula

g��h� � �gh �

We now consider the linear form

�I ��
X

w�W�nI

������w��w

on C��G	PI �ZZ�� Fix an i 	 %nI and let 
 	 C��G	PI�fig�ZZ� be some function�
From 
��si� � 
 and from the decomposition

W
nI � �W
nI 
W
fig�



��W
nI 
W

fig�si

we deduce

�I�
� �
X

w�W�nI

������w�
�w�

�
X

w�W�nI�Wfig

������w�
�w� �
X

w�W�nI�Wfig

������wsi�
�wsi�

� � �



Therefore �I lies in HomZZ�VI�ZZ��ZZ�� For any v 	 V I the restriction of the linear

form v��I � to C�

S

w�V I

P�wP I	P I �ZZ� is equal to

X
w�W�nI

vw�VIWI

������w��vw �
X
v��V I

m�v� v�� � �v�

where

m�v� v�� ��
X

w�W�nI

vw�v�WI

������w� �

Because of W
nI 
WI � f�g the pair �w�w�� 	W
nI �WI in the identity

vw � v�w�

is uniquely determined by the pair �v� v�� 	 V I � V I � This implies that m�v� v�� 	
f����g and that m�v� v� � �� Since v� is the element of minimal length in its coset
v�WI we have v

� � v�w� �� denotes the Bruhat order�� Also any v 	 V I is the unique
element of maximal length in its coset vW
nI so that vw � v� Together we obtain

v� � v if m�v� v�� �� � �

We see that the matrix formed by the coe�cients m�v� v�� is integrally invertible�

Therefore an appropriate integral linear combination of the v���I� with v� 	 V I

restricts to �v on C�

S

w�V I

P�wP I	P I �ZZ�� Since the �v for v 	 V I generate

HomZZ�C�

�

w�V I

P�wP I	P I �ZZ��ZZ�

as a B��module we have established the wanted surjectivity� q�e�d�

We know now that the columns in our initial diagram are exact and as already
explained this implies the result we were aiming at�

Theorem ��

The complex

� �� �
��BTd

VI�ZZ�
U� �� � � � �� �


�BT�
VI�ZZ�

U� �� VI�ZZ� �� �



is exact for all subsets I � %�

We want to complete this discussion by relating T I��� to that simplicial complex
which most naturally is associated with the simplex �� This is the combinatorial
Tits building T
 of the 
nite reductive group B
	U
 which also can be interpreted
as the link of the simplex � in BT � It is convenient to put ourselves into the slightly
more general framework of those simplicial complexes which were introduced in the
proof of Proposition ��� We repeat that� given o	�o�vector spaces L�� � � � � Lq such
that

dimo��o L� � � � �� dimo��o Lq � d� � �

we have the poset

T �L�� � � � � Lq� �� set of all sequences �X�� � � � �Xq�

where Xj is an o	�o�subspace of Lj

with the dimension function

dim�X�� � � � �Xq� ��

qX
j��

dimo��oXj �

If we put

L �� L� � � � �� Lq

then we may also consider the poset

T 	L�� � � � � Lq� �� set of all o	�o�subspaces X � L

such that X � �X 
 L��� � � �� �X 
 Lq�

ordered by inclusion� It is clear that

T 	L�� � � � � Lq�
	
�� T �L�� � � � � Lq�

X ��� �X 
 L�� � � � �X 
 Lq�

is a dimension preserving isomorphism of posets� On the other hand we 
x a semisim�
ple element s 	 GL�L� such that

GL�L��� � � ��GL�Lq� � centralizer of s in GL�L� �

One then easily checks that T 	L�� � � � � Lq� is the subposet of 
xed points of s in T 	L��

T 	L�� � � � � Lq� � T 	L�s � T �L�s �



For any proper subset I �
��
% we had considered the poset

T I�L�� � � � � Lq� �� f� 	 T �L�� � � � � Lq� � dim � 	 %nIg �

Obviously the T I��� are of this form� Using the above isomorphism we obtain

T I�L�� � � � � Lq� �� fX 	 T ��L�s � dimo��oX 	 %nIg �

The combinatorial Tits building of the group GL�L�� resp� GL�L��� � � � �GL�Lq��

by de
nition is T ��L�� resp� the join T ��L�� � � � � � T ��Lq�� In 	��� ����� it is shown

that there is a GL�L��� � � ��GL�Lq��equivariant homeomorphism

Suspq jT ��L�� � � � � � T
��Lq�j �� jT ��L�sj

where Suspq denotes the q�fold suspension� We see in particular that for a q�simplex
� in BT the topological realizations jT I���j of our simplicial complexes T I��� are
B
	U
�equivariantly homeomorphic to closed subspaces in Suspq jT
j� For general I
it seems rather complicated to 
nd a description of those subspaces which is intrinsic
in terms of T
� For I � � we of course have jT ����j �� Suspq jT
j� This latter remark
shows for example that the term V��ZZ�U� in the resolution of Theorem " for the
Steinberg module V��ZZ� is the Steinberg module of the 
nite reductive group B
	U

�this can also be seen directly from the computations in the proof of Proposition �!��

The resolutions as stated in the Theorems � and " have the defect not to be
G�equivariant� The reason is that in the above considerations we have 
xed an orien�
tation of BT and this cannot be done in a G�invariant way� But this is not a serious
problem� Recall that an ordered q�simplex of BT is a sequence ���� � � � � �q� of vertices
such that f��� � � � � �qg is a q�simplex in BT � Two such ordered q�simplices are called
equivalent if they di�er by an even permutation of the vertices� the corresponding
equivalence classes are called oriented q�simplices and are denoted by � ��� � � � � �q ��
Let BT�q� be the set of all oriented q�simplices of BT � If now A is a smooth G�module
we put

Cor
c �BT�q�� A� �� group of all maps � � BT�q� � A

such that

� � has 
nite support�

� ��� ��� � � � � �q �� 	 AUf�� ������qg �

� ��� ������ � � � � ���q� �� � sgn��� � ��� ��� � � � � �q ��

for any permutation ��

The group G acts on Cor
c �BT�q�� A� via

�g���� ��� � � � � �q �� �� g���� g����� � � � � g
���q ��� �



With respect to the boundary map

� � Cor
c �BT�q���� A� �� Cor

c �BT�q�� A�
� ��� �� ��� � � � � �q ���

P
f���� ������qg

�BTq��

��� �� ��� � � � � �q ���

we then have the augmented complex of smooth G�modules

Cor
c �BT�d�� A�

�
�� � � �

�
�� Cor

c �BT���� A� �� A
� ���

P

�BT���

���� �

It is rather clear that this complex is isomorphic to our original complex

�
��BTd

AU� �� � � � �� �

�BT�

AU� �� A �

Proposition �
�

Let � � PGLd���K� be a cocompact discrete subgroup� Any of the G�modules
C��G	PI �ZZ� and VI�ZZ� for I � % has a projective resolution by 
nitely gener�
ated free ZZ	���modules� if � is torsionfree then there exists such a resolution of length
� d�

Proof� Let A denote one of these G�modules� By the argument in the proof of x�
Corollary ! we know that A is ZZ�free so that the ZZ�modulesAU� are 
nitely generated
and free� Let us 
rst assume that � is torsionfree� Then � acts freely on BT with
a 
nite number of orbits in the q�simplices for each q� Therefore the Cor

c �BT�q�� A�
are 
nitely generated free ZZ	���modules and the above constructed resolution has
the required properties� In general� � contains a normal subgroup �� of 
nite index

which is torsionfree �	��� ����� Let B� ��
	��
�
ZZ
ZZ	�	��� denote the �unnormalized� bar

resolution of the trivial �	���module ZZ� If now C� is a resolution of the required type
for A as a �	���module then B��

ZZ
C� has the required properties for A as a ��module�
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