
ADVANCED TOPOLOGY SEMINAR: TOPOLOGICAL METHODS IN GROUP

THEORY

JOHANNES EBERT, ULRICH PENNIG

• Time/location: Wed, 14 s.t. until 15.30, seminar room SR 1D.

Talk 0. (On demand: A crash course on group homology, Johannes Ebert)
K(π; 1)-complexes. Existence, uniqueness, functoriality, representing property. Group homol-

ogy as homology of K(π; 1)-complex. Algebraic version: Homological algebra, resolutions of mod-
ules. Connection between both approaches.

Bass-Serre Theory

Talk 1. (Grushko’s Theorem, Georg Frenck)
Grushko’s Theorem: f : F → G0 ∗ G1 an epimorphism from a finitely generated free group.

Then F = F0 ∗ F1 such that f(Fi) = Gi. Literature: [5], §2. Kurosh subgroup theorem; [5], Thm
3.1. Uniqueness of free product decompositions [5], Thm 3.5.

Talk 2. (Bass-Serre Theory I, Nils Leder)
Graphs of groups and their realization. [7], §1.B. Amalgamated products and HNN-extensions

as special cases. The situation of [5], p.138f is a geometric motivation. A special case of Thm
1.B.11 loc. cit. proves Thm II.7.3 in [6], the Whitehead asphericity theorem and the Lemma 7.4.
The same material is covered in [5], p. 154–157. Proof of the ”subgroup theorem”, [5], Thm 3.15.

Talk 3. (Bass-Serre theory II, Arne Peeters)
Groups acting on graphs; [5], §4. See also [12]. A classical example is provided by the group

SL2(Z), see [12] or [6], II.7.

Ends of a group and Stallings’ Theorem

Talk 4. (Ends of a group, Robert Schielek)
Ends of a simplicial complex. Ends of a group versus homology. The number of ends of a

finitely generated group is 0, 1, 2 or ∞. A torsionfree group with 2 ends is infinite cyclic. [5], §5.
An alternative source for the same material is [4].

Talk 5. (Stallings’ Theorem I, Lukas Wolzendorff)
The Theorem is [5], Thm 6.1. Explain how the formulation in [10], Thm 0.1, is equivalent.

First application: Theorem 6.2 [5]. Then begin the proof, starting with lemma 6.3 (which is the
easy direction). The hard part of the proof is to find a tree on which the group G acts, and finding
the splitting by Bass-Serre theory; most of it will be covered in the next talk.

Talk 6. (Proof of Stallings’ Theorem, Sonja Hannibal)
Continuation of the proof, as in [5]. It goes without saying that you should communicate with

the speaker of the previous talk.

Talk 7. (Background in 3-dimensional Topology, Raphael Reinauer)
Proof of the results in [11], §5.C. For more details see the relevant parts of [8] and [9].

Talk 8. (The sphere theorem, Svenja Knopf)
The sphere theorem says that if M is an oriented compact 3–manifold with π2(M) 6= 0, then

there is an embedding S2 → M that is nontrivial in homotopy. A proof of it can be given using
Stallings’ Theorem, see [11], §5.C and §2. See also [5], p. 180f.
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Finiteness conditions and dimension

Talk 9. (A survey on finiteness conditions, Sarah Humberg)
Finiteness conditions for group, homological dimension and perhaps Euler characteristic of

groups. See [1], [4] for what is needed. Proofs can be found in [6].

Talk 10. (Homological dimension versus geometric dimension, Christoph Winges)
More or less by definition, coh− dim(G) ≤ geo− dim(G). Here we see that geo− dim(G) ≤

coh− dim(G), with the exception that there could exist a group with geo− dim(G) = 3 and
coh− dim(G) = 2. The case d = 0 is easy ([6], p. 188, exercise 1). The case d = 1 is due to
Stallings (for finitely generated groups and this uses his Theorem), see [10], §6. Swan extended
the result to the nonfinitely generated case, but there won’t be time to discuss this. The case
d ≥ 3 is due to Eilenberg and Ganea [3], see [6], VIII.7 for proofs.

Talk 11. (Euler characteristics of groups, Adam Mole)
For groups G that are virtually geometrically finite, there is a notion of an Euler characteristic.

Reference. [6]. Some examples. An easy and intructive example is again given by the group
SL2(Z). Solve the following exercises: SL2(Z) ∼= Z/6 ∗Z/2 Z/4. The abelianization is Z/12; the
map SL2(Z)→ Z/12 is a homology isomorphism and its kernel is Z ∗ Z.

The Bestvina-Brady theorem

Talk 12. (Discrete Morse Theory and RAAGs, Urs Fuchs)
This talk has two independent parts, that will be combined later. 1. Morse Theory on cell

complexes; [4], p. 187–190. Also consult the relevant sections of [1]. Then introduce flag complexes
and the associated right angled Artin groups, [1], p. 454. Discuss some easy examples of the groups
GL, HL (L = S0 is already interesting).

Talk 13. (CAT (0)-geometry, Lukas Buggisch)
The relevant parts of CAT (0)-geometry are described in [4], p. 191–192. For proofs, see [2].

Try to give as much credibility to Theorems 8.3.7 and 8.3.8 of [4].

Talk 14. (The Bestvina-Brady Theorem, Ulrich Pennig)
State and prove the Bestvina-Brady Theorem (Thm 8.3.12 of [4]). A curious consequence

is Thm 8.7 of [1]; stating that either the Eilenberg-Ganea conjecture (coh− dim(G) = 2 ⇒
geo− dim(G) = 2) or the Whitehead conjecture (a subcomplex of an aspherical 2-complex is
aspherical) is false.
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