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Exercise 1. Let G and H be sets, A a collection of subsets of G, and B a
collection of subsets of H. Let A’ be the o-algebra of G generated by A, B’ the
o-algebra of H generated by B, and C a g-algebra of G x H. Suppose A x H and
G x B are in C for all (A, B) € Ax B. Use A® B to we denote the o-algebra of
G x H generated by all of the sets A x B with (A, B) € Ax B. Show A®B C C.

The direct product G x H of profinite groups G and H is a profinite group.
Recall that G x H has a unique Haar measure ugxg. Consider also the product
measure g X pg of G x H. It is first defined on sets (‘rectangles’) of the form
A x B with A a pg-measurable set and B a ppy-measurable set by the rule
(ug X pp)(A x B) = pe(A)ug(B). Then pug X py extends to a o-additive
measure on the o-algebra generated by these rectangles. Finally, one completes
e X g by adding all zero sets.

The aim of this sheet is to prove that pg.py coincides with ug X py.

Exercise 2. Let G and H be profinite groups. Let By(G) be the Boolean algebra
of all open-closed subsets of G, B1(G) the o-algebra generated by By(G), B(G)
the Borel field of G, and B(G) the family of all measurable subsets of G (cor-
responding notation for H and for G x H). In addition let Ry be the Boolean
algebra of G x H generated by all of the sets Ax B with (A, B) € By(G) xBy(H),
Ry = By(G) ® By(H), R = B(G) ® B(H), and R be the completion of R with
respect to pug X pg.
a) Show that we have Ry = By(G x H), Ry = B1(G x H), and B1(G) ®
Bi(H) C Ry.
b) Show that ugxy and pg X py coincide on R;.
¢) Define S = {C € RNB(G x H) | (e % pg)(C) = paxu(C)}. Observe
that S is closed under countable unions and taking complements and thus
R1CS. IfEyCFEy, By €8, and (ug X pup)(Er) =0, then Ey € S. Show
that S contains R.

d) Conclude that R =S = B(G x H).
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