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Exercise 1. Let G be an infinite profinite group and let P be the family of pairs
(N, Xx) where N is a closed normal subgroup of G and X C G\ N such that

(i) for every open normal subgroup U of G containing N we have that Xy \ U is
finite, and

(il) G = (N, Xy).
Define a partial order on P as follows:
(N,XN) = (M,XM) S M < N,XN C Xy and XM\XN C N.

Show using Zorn’s Lemma that there is a maximal pair (M, X) in P. Moreover,
prove that M must be trivial and deduce that X is a system of generators of G
converging to 1.

Exercise 2. Let C be a formation of finite groups. Prove that every pro-C group is
a quotient of a free pro-C group.
Hint: Use Exercise 1.

Exercise 3. Let B C C be formations of finite groups and let m be a natural
number. Suppose that there is a non-trivial finite group B € B with rank(B) < m.
Prove that F,,(C)/N = F,,(B), where N denotes the intersection of all open normal
subgroups H of F,,(C) with F,,(C)/H € B.

Exercise 4. Let ¢ : G — A be a continuous epimorphism of profinite groups. Show

that rank(A) < rank(G).
Hint: Use Exercise 2 from Sheet 9.
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