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Exercise 1. Let G be a profinite group such that for each natural number n it has
only finitely many open subgroups of index n. Prove that any epimorphism of G
onto itself is an automorphism.

Exercise 2. Let G be a nonfinitely generated profinite group and let N be the
collection of all open normal subgroups of G. Suppose that X is a set that generates
G and converges to 1. Show that |X| = |N |.
Hint: To see that |X| ≤ |N |, consider for each finite set A of X the set

N (A) = {N ∈ N : X \ A ⊆ N}

and prove that it is countable.

Exercise 3. Suppose that C is a formation of groups. Let X be a set and let F be
a pro-C group. Let ι : X → F be a continuous map that converges to 1 and such
that F = 〈ι(X)〉. Assume that F satisfies the following property:
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whenever ϕ : X → G is a continuous mapping into a finite group G from C such
that ϕ(X) generates G, then there exists a continuous homomorphism ϕ̃ : F → G
such that the above diagram commutes, i.e. ϕ̃ ◦ ι = ϕ.
Show that F is a free pro-C group on X converging 1.

Exercise 4. Let C be a formation of groups and let F1 and F2 be two free pro-C
groups converging to 1 with basis X. Show that there is an isomorphism between
F1 and F2 that is the identity on X.
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