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Exercise 1. Suppose p is odd. Show that G is powerful if G is the product of
d(QG) cyclic subgroups.
Note: By Corollary 2.13 (Lecture 5), this is in fact an ‘if and only if".

Exercise 2. Let G be a powerful finitely generated pro-p group. Show that the
following are equivalent:

a) G is uniform;
b) d(P;(G)) = d(Q) for all i > 1;
¢) d(H) = d(G) for every powerful open subgroup H < G.

Hint: Recall that for G powerful with d(G) finite, we have P, (G) = ®(P;(G))
(why?).

Exercise 3. Let GG be a profinite group and let N <. G. Show that

max{rk(N),rk(G/N)} < rk(G) < rk(N) + rk(G/N).

Deduce that if H <, G and rk(H) is finite then rk(G) is finite.

Exercise 4. Let G be a pro-p group. Show that G has finite rank if and only if
G is virtually uniform and finitely generated.
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