Prof. K. Tent Universitat Miinster
Dr. F. Jahnke Sommersemester 2016
Dr. D. Palacin

Profinite and pseudofinite groups
Sheet 7

Exercise 1. Let (G, ) be a uniform pro-p group. Show that the set G with
the operation + (as defined in the lectures) is an abelian group, with identity
element 1 and inversion given by x +— 271

Exercise 2.

a) (Witt-Hall identity) Let G be a group and z,y,z € G. Show that we

have

1 1

[x>?/_ ’Z]y[%z— ’x]z[z7x—17y]x =1

b) (Three subgroup lemma) Let X,Y,Z be three subgroups of a group
G, and N < G normal. Show that if [X,Y, Z] and [Y, Z, X] are both
contained in N, then so is [Z, X, Y].

Exercise 3. Let GG be a pro-p group. Show that we have

a) P(G/K)= P,(G)K/K for all K <G closed and all 1.

b) [Fi(G), Pi(G)] < Piy;(G) for all i and j.
Hint: Use induction on j and the three subgroup lemma.

Exercise 4.
a) Let a,b be elements of a group and suppose that ¢ = [b,a™!] commutes
with both a and b. Show that for h € N, we have

bt — (ab)hch(h—l)/Q

b) Now let G be a pro-p group, p # 2 and put G; = F;(G). For any
k,n € N define m := k + min{k,n}. Show that the mapping = > z*"
induces a homomorphism from Gy, into Gy /Grim
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