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An element g of profinite group G is a nongenerator if it can be omitted from every

generating set of GG, that is, whenever G = (X, g) then G = (X).
Exercise 1. Let GG be a profinite group.

a) Show that the Frattini subgroup ®(G) of a profinite group G coincides with
the set S of all nongenerators of G.

b) If K is normal in G, H is a subgroup of G and K < ®(H) then K < &(G).

Exercise 2. Let G be a finite p-group and let N be a powerfully embedded subgroup
of G. Prove:
a) If H <G and H is powerful then NH is powerful.
b) [N,G|is p. e. in G.
c) If M is p. e. in G then NM and [N, M| are both powerfully embedded in G.
d) G has a unique maximal powerfully embedded subgroup.

Exercise 3. Let G be a powerful finitely generated pro-p group. Show that the
following are equivalent:

a) G is uniformly powerful;
b) d(P;(G)) = d(G) for all ¢ > 1;
c) d(H) = d(G) for every powerful open subgroup H of G.

Exercise 4. Consider I' = Aut(Z{) = GLq(Z%) and T; = {y € T : v = 1 mod p'}
for every ¢ > 1.
a) Show that [[': 4] = (p?—1)--- (p® — p? ) and [y : I;] = p® (=Y hold.

b) Conclude that I' is a profinite group where {I'; };>; forms a base of neighbour-
hoods of the identity.
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