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Aufgabe 1. Let {X;,¢;;, I} be an inverse system of compact topological spaces
(respectively, compact topological groups) over a directed poset I and assume that
I' is a cofinal subset of I. Show that then

% z%’

holds.

Aufgabe 2. Recall that a topological space X is second countable if it has a coun-
table base of open sets. Show that a profinite space X is second countable if and
only if
X = I'&nXi
i€l
holds, where (7, <) is a countable totally ordered set and each X is a finite discrete
space.

Aufgabe 3. Let H be a closed subgroup of a profinite group GG. We say that a
collection § of subsets of a group G is filtered from below if for every pair of subsets
S1, 59 € S, there exists some S3 € § with S3 < .57 N S,. Show that:

a) If {U;|i € I} is a family of closed subsets of G filtered from below, then
(HU: = H(U.
iel iel

b) Let ¢ : G — R be a continuous epimorphism of profinite groups. Assume that
{U;|i € I} is a family of closed subsets of G filtered from below. Then

¢(m U;) = ﬂ o(Ui).
iel iel
¢) Every open subgroup of G that contains H, contains an open subgroup of the
form HU for some open normal subgroup U of G.

d) H is the intersection of all open subgroups of G containing H. If H is normal
in G, then H is the intersection of all open normal subgroups of G containing
H.

(Bitte wenden.)



Aufgabe 4. Recall that Z, := @Z/p”Z. Show that the group 7 is topologically
isomorphic to the cartesian product [[Z,, where p ranges over all primes numbers.
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