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Abstract. The authors have shown recently that the canonical p-henselian valuation is
uniformly ∅-definable in the elementary class of fields which have characteristic p or con-
tain a primitive pth root of unity ζp. In order to do this, we proved a classification of the
canonical p-henselian valuation via case distinction. One of the cases discussed was previ-
ously not even known for algebraic extensions of the p-adic numbers. The aim of this note
is to give a direct proof of this p-adic fact.

In [JK14, Theorem 3.1], we give a uniform definition of the canonical p-henselian val-
uation. In this note, we show why one of the main ingredients involved ([JK14, Lemma
4.5]) holds for algebraic extensions of the p-adic numbers. The proof is completely inde-
pendent of the one given in [JK14] and uses specific properties of the p-adics. However,
it gave us reason to search for a proof of the more general Lemma. For an introduction to
p-henselian valuations in general and the canonical p-henselian valuation in particular, see
[EP05, §4.2], [Koe95] and [JK14]. We use the following notation: For a valued field (F, v),
we denote the valuation ring by Ov and the maximal ideal by mv. Furthermore, we write
Fv for the residue field and vF for the value group. The canonical p-henselian valuation
on F is denoted by vp

F .
The fact which we aim to prove in the p-adic context is the following:

Lemma (Lemma 4.5 in [JK14]). Let (F, v) be a p-henselian valued field with char(F) = 0,
char(Fv) = p and ζp ∈ F. Assume further that Fv is perfect, vF has a non-trivial p-
divisible convex subgroup and that Fv = Fv(p) holds. Then, we have

v = vp
F ⇐⇒ ∀x ∈ mv \ {0} : 1 + x−1(ζp − 1)pOv * (F×)p.

The aim of this note is to show explicitely that the lemma holds for any algebraic exten-
sion F of Qp. For simplicity, we assume p > 2. On any such F there is a unique non-trivial
(p-)henselian valuation, namely the unique extension vF of the p-adic valuation vp on Qp.
Note that FvF is an algebraic extension of Fp and is thus perfect. Furthermore, the value
group vF F has rank 1, i.e. it contains no non-trivial proper convex subgroups. Thus, in case
the value group vF F contains a non-trivial p-divisible subgroup, it is already p-divisible.
Hence, in the p-adic context, the lemma reads as follows:

Lemma (p-adic version). Let p > 2 and (F, vF) be an algebraic extension of (Qp, vp) with
ζp ∈ F, such that vF F is p-divisible and FvF = FvF(p) holds. Then, we have

∀x ∈ mvF \ {0} : 1 + x−1(ζp − 1)pOvF * (F×)p.

The rest of this note is a proof of the above Lemma. Take (F, vF) ⊇ (Qp, vp) an algebraic
extension satisfying the conditions of the Lemma. In particular, F is an infinite algebraic
extension of Qp. Assume for the sake of a contradiction that the condition in the Lemma
does not hold, that is we have

∃x ∈ mvF \ {0} : 1 + x−1(ζp − 1)pOvF ⊆ (F×)p.(1)
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Note that we have vF(p) = 1 and, as in any algebraic extension of the p-adics containing
ζp, also vF(ζp − 1) = 1

p−1 . Since we have 0 < (F×)p, we get

1 < x−1(ζp − 1)pOvF

for any x satisfying the condition in 1. In particular, we have 0 < vF(x) < vF((ζp − 1)p) for
any such x.

Consider
α0 := inf

{
q ∈ Q

∣∣∣ 1 + pq · OvF ⊆
(
F×

)p
}
∈ R.

Then, by the discussion in the last paragraph and since vF(pq) = q for any q ∈ Q with
pq ∈ F, we have

0 < α0 <
p

p − 1
.

Note that this implies in particular that

1 − α0

(
1 −

1
p

)
> 0

holds. Take α ∈ Q, such that we have

α0 ≤ α <
p

p − 1
and

α − α0 <
1
2

[
1 − α

(
1 −

1
p

)]
.(2)

In particular, we get once again

1 − α
(
1 −

1
p

)
> 0.

Note that such α exists since every rational in the real intervalα0, α0 +
1 − α0

(
1 − 1

p

)
1 + 1

p


satisfies condition 2. We want to use α in order to show that there can be no such α0,
yielding that there are no algebraic extensions of Qp satisfying condition 1.

Take F ⊇ K ⊇ Qp such that K is a finite extension of Qp, say n = [K : Qp] = e f with
uniformizer π (so we have v(π) = 1

e for the restriction v of vF to K). We assume further
that e is ‘large enough’, i.e.

eα ∈ Z,(3)
p | eα,(4)

e
(
1 − α

(
1 −

1
p

))
+

1
p
> 7.(5)

Define

rmax := max
{

t ∈ Z

∣∣∣∣∣∣ p - t and t ≤ e
(
1 − α

(
1 −

1
p

))
+

1
p
− 1

}
so we have rmax ≥ 5 by assumption 5. Furthermore, calculation yields

rmax ≤ e
(
1 − α

(
1 −

1
p

))
+

1
p
− 1 ≤ ep

(
1 − α

(
1 −

1
p

))
.(6)
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We want to show first that
1 + πeα−rmaxOv ⊆

(
F×

)p

holds and then conclude that this contradicts the minimality of α0. In order to do this, we
consider the element 1 + πeα−r for r ≤ rmax with r ∈ Z.

Case 1: We first assume p | r and define m := 1
p (eα − r). Then we have

1 + πeα−r = (1 + πm)p − pπm + terms of higher valuation

∈ (1 + πm)p
⊆

(
K×

)p (1 + pαOv)

as

v (pπm) =
1
pe

(eα − r) ≥
1
pe

(eα − rmax) ≥ 1 +
α

p
−

(
1 − α

(
1 −

1
p

))
= α

holds by inequality 6. Thus, as every element x ∈ K with

v(x) = v(πeα−1) =
1
e

(eα − 1)

is of the form x = πeα−1
0 for some uniformizer π0 of K, we get

1 + πeα−rO×v ⊆ (K×)p.(7)

Case 2: On the other hand, if p - r, we also consider the element 1 + πeα+1. Then, we
have gcd(p, eα + 1) = gcd(p, eα − r) = 1 and thus

1 + πeα+1, 1 + πeα−r <
(
K×

)p and

1 + πeα+1 ∈ pαOv, 1 + πeα−r < pαOv

holds. Consider L := K
( p√

1 + πeα+1
)

and let w be the prolongation of v to L.
Claim: We have 1 + πeα−r ∈ (L×)p

· (1 + pαOw).
Proof of Claim: We first show that

ρ :=
1 −

p√
1 + πeα+1

π
eα
p

is a uniformizer for L. Indeed, this follows immediately as we have

w(ρ) =
v(π)

p
=

1
ep
.

So, we get

1 + πeα+1 =
(
1 − ρπ

eα
p
)p

= 1 − pρπ
eα
p + · · · + p

(
ρπ

eα
p
)p−1
− ρpπeα

Hence, ρ satisfies the following polynomial equation over Ow:

ρp − pπ
eα
p (p−1)−eαρp−1 + · · · + pπeα( 1

p−1)ρ + π = 0

This is in fact an Eisenstein polynomial: Note that

w
(
pπ

eα
p n−eα

)
= 1 +

1
e

(
eα
p

n − eα
)

= 1 +
1
p
αn − α,

so the valuations of the coefficients increase with n. Furthermore,

w
(
pπeα( 1

p−1)
)

= 1 − α
(
1 −

1
p

)
> 0
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holds as α < p
p−1 . Moreover, we have

w(π) < w
(
pπeα( 1

p−1)
)
< · · · < w

(
pπ

eα
p (p−1)−eαρp−1

)
where the first inequality holds by assumption 5. So the ρ-adic expansion of π is

π = −ρp + asρ
s + terms of higher valuation

with s such that w (ρs) = w
(
pπeα( 1

p−1)
)

and as ∈ O
×
w, i.e.

s = ep
(
1 + α

(
1
p
− 1

))
+ 1.

Thus, we get

1 + πeα−r = 1 − ρp(eα−r) ± (eα − r)ρp(eα−r−1)asρ
s + terms of higher valuation.

Calculation and our assumption on rmax now yield

w
(
ρp(eα−1)asρ

s
)
≥ w

(
ρp(eα−rmax−1)asρ

s
)
≥ α,

so we get

1 + πeα−r ∈ 1 − ρp(eα−r) + pαOw.

On the other hand, we also have(
1 − ρeα−r)p

= 1 − ρ(eα−r)p + pρeα−r + terms of higher valuation.

Now

w
(
pρeα−r) = 1 +

1
pe

(eα − r) ≥ 1 +
1
pe

(eα − rmax) ≥ α

holds by inequality 6. So, we have(
1 − ρeα−r)p

∈ 1 − ρ(eα−r)p + pαOw

and thus

1 + πeα−r ∈
(
1 − ρeα−r)p

+ pαOw ⊆
(
L×

)p (1 + pαOw)

as required. �Claim
Hence, for any r ≤ rmax, we have shown that 1 + πeα−r is a pth power in F. As in 7, we

get

1 + πeα−rmaxOv ⊆ (F×)p.

Note that we have

rmax >
1
p

+ e
(
1 − α

(
1 −

1
p

))
− 3.
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Thus, we have

w
(
πeα−rmax

)
≤

1
e

(
eα −

1
p
− e

(
1 − α

(
1 −

1
p

))
+ 3

)
= α −

1
ep
−

(
1 − α

(
1 −

1
p

))
+

3
e

< α −

(
1 − α

(
1 −

1
p

))
+

3
e

< α −

(
1 − α

(
1 −

1
p

))
+

1
2

(
1 − α

(
1 −

1
p

))
by assumption 5

= α −
1
2

(
1 − α

(
1 −

1
p

))
< α0 by inequality 2.

As any element in OvF is contained in some finite extension K ⊇ Qp with ‘large enough’
inertia degree e (i.e. such that e satisfies conditions 3–5), we conclude

1 + pα−
1
2 (1−α(1− 1

p ))
OvF ( 1 + pα0OvF ⊆

(
F×

)p
.(8)

This contradicts our choice of α0.

References

[EP05] Antonio J. Engler and Alexander Prestel. Valued fields. Springer Monographs in Mathematics. Springer-
Verlag, Berlin, 2005.

[JK14] Franziska Jahnke and Jochen Koenigsmann. Uniformly definining p-henselian valuations. Preprint,
available on ArXiv:1407.8156 [math.LO], 2014.

[Koe95] Jochen Koenigsmann. p-Henselian fields. Manuscripta Math., 87(1):89–99, 1995.

Institut fürMathematische Logik, Einsteinstr. 62, 48149 Münster, Germany
E-mail address: franziska.jahnke@uni-muenster.de

Mathematical Institute, Radcliffe Observatory Quarter, Woodstock Road, Oxford OX2 6GG, UK
E-mail address: koenigsmann@maths.ox.ac.uk


