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Preliminaries Cuntz-Li Algebras

Partial Crossed Products
Partial Group Algebras

Cuntz-Li Algebras: Definition

@ R integral domain with finite quotients, i.e., R/(m) is finite,
for all m # 0 in R, which is not a field.
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Cuntz-Li Algebras: Definition

@ R integral domain with finite quotients, i.e., R/(m) is finite,
for all m # 0 in R, which is not a field.
Definition (Cuntz-Li, 2010)

The Cuntz-Li algebra of R, denoted by 2A[R], is the universal
C*-algebra generated by isometries {s,, | m € R*} and
unitaries {u" | n € R} subject to the relations

(CL1) SmSmy = Smnv;

(CL2) uhy = gt

(CLS) Smun = umnSm,

(CL4) > Uspspu=1. =
I+(m)eR/(m) ?‘_-'TE
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Partial Crossed Products
Partial Group Algebras

Cuntz-Li Algebras: Properties

@ There is a natural projection pp v : R/(mM') — R/(m)
whenever m < m'.
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Preliminaries Cuntz-Li Algebras

Partial Crossed Products
Partial Group Algebras

Cuntz-Li Algebras: Properties

@ There is a natural projection pp v : R/(mM') — R/(m)
whenever m < m'.

e R= lim{R/(m), pm,nm} is the profinite completion of A.
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Partial Crossed Products
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Cuntz-Li Algebras: Properties

@ There is a natural projection pp v : R/(mM') — R/(m)
whenever m < m'.

e R= lim{R/(m), pm,nm} is the profinite completion of A.

Theorem (Cuntz-Li, 2010)

span{u"sms,u~" | me R*, n € R} is a commutative
C*-algebra and its spectrum is homeomorphic to R.
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Partial Crossed Products
Partial Group Algebras

Cuntz-Li Algebras: Properties

Theorem (Cuntz-Li, 2010)
2A[R] is simple and purely infinite.
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Partial Crossed Products
Partial Group Algebras

Cuntz-Li Algebras: Properties

Theorem (Cuntz-Li, 2010)
2A[R] is simple and purely infinite.

Theorem (Cuntz-Li, 2010)
2A[R] is a crossed product by a semigroup.
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Partial Action

Definition
A partial action « of a (discrete) group G on a C*-algebra A is

a collection (D¢)sc of ideals of A and x-isomorphisms
o . 'th — Dy such that

(PA1) De = A;
(PA2) o (Dt NDs-1) C Dgpy-1;
(PA3) aso ar(X) = ast(x), Vx € a; (DN D).
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Partial Crossed Product

@ « partial action of a group G on a C*-algebra A.
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Preliminaries Cuntz-Li Algebras

Partial Crossed Products
Partial Group Algebras

Partial Crossed Product

@ « partial action of a group G on a C*-algebra A.

@ Let £ = @4sD: and denote an element (a;)scg by
2 teG @t
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Preliminaries Cuntz-Li Algebras

Partial Crossed Products
Partial Group Algebras

Partial Crossed Product

@ « partial action of a group G on a C*-algebra A.
@ Let £ = @4sD: and denote an element (a;)scg by
> teG a0t
@ L is a x-algebra with the operations
(asés)(atét) = as(as_1 (as)at)ést and (atét)* = Q-1 (af)étq .
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Partial Crossed Product

@ « partial action of a group G on a C*-algebra A.
@ Let £ = @4sD: and denote an element (a;)scg by
> teg atot.
@ L is a x-algebra with the operations
(asés)(atét) = as(as_1 (as)at)ést and (atdt)* = Q-1 (a?)ét_1 .

Definition

The full partial crossed product and the reduced partial
crossed product of A by G through «, denoted by Ax,G and
Axq G, are the completion of £ under certain C*-norms.
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Partial Representation

Definition

A partial representation r of a (discrete) group G into a unital
C*-algebra Bisamap 7 : G — B such that, forall s, t € G,
(PR1) =(e) = 1;

(PR2) m(t™") = m(t);

(PR3) 7(s)n(t)n(t~") = m(st)n(t=1).
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Universal Property of Ax,G

Definition

Let 7 : G — B be a partial representation of G into a unital
C*-algebra B and ¢ : A — B be a x-homomorphism. We say
that the pair (p, 7) is a-covariant if:

(COV1) p(at(x)) = m(e(x)n(t="), forall t € Ge x € Dyi;
(COV2) p(x)n(t)n(t~) = n(t)w(t~")p(x),forall x c Aetc G./
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Partial Crossed Products
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Universal Property of Ax,G

Definition

Let 7 : G — B be a partial representation of G into a unital
C*-algebra B and ¢ : A — B be a x-homomorphism. We say
that the pair (p, 7) is a-covariant if:

(COV1) p(at(x)) = m()p(x)r(t~1), forall t € Ge x € Dyi;
(COV2) p(x)m(t)n(t™") = n(t)m(t~)p(x),forallx c Aetec G.

Proposition
If (¢, ) is a-covariant pair, then there exists a unique

x-homomorphism ¢ x 7 : Ax,G — B such that e
(¢ x 7)(ary) = p(an)r(t), Yte G, Va; € Dy %E
4
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Partial Group Algebra

@ Given a (discrete) group G, define G = {[t] | t € G}.
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Partial Group Algebra

@ Given a (discrete) group G, define G = {[t] | t € G}.

Definition (Exel-Laca-Quigg, 2002)

The partial group algebra of G, denoted by C;(G), is defined
to be the universal C*-algebra generated by the set G subject to

the relations

Ry = {le] = 1} U{[t""] = [t e U {[sIAIt ] = [stllt T}s rea-
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Partial Crossed Products
Partial Group Algebras

Partial Group Algebra with Relations

@ Denote [t][t"] by &.
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Preliminaries Cuntz-Li Algebras

Partial Crossed Products
Partial Group Algebras

Partial Group Algebra with Relations

@ Denote [t][t"] by &.
@ Let R be a set of relations on G such that every relation is

of the form
S I]e =o
i J
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Preliminaries Cuntz-Li Algebras

Partial Crossed Products
Partial Group Algebras

Partial Group Algebra with Relations

@ Denote [t][t"] by &.
@ Let R be a set of relations on G such that every relation is

of the form
S I]e =o
i J

Definition (Exel-Laca-Quigg, 2002)

The partial group algebra of G with relations R, denoted by
G, (G, R), is defined to be the universal C*-algebra generated
by the set G with the relations R, U R.

i
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Partial Crossed Products
Partial Group Algebras

Theorems

Theorem (Exel-Laca-Quigg, 2002)
Co(G) = C(X) xq G, where X = {{ C G| e € &}.
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Partial Crossed Products
Partial Group Algebras

Theorems

Theorem (Exel-Laca-Quigg, 2002)
Co(G) = C(X) xq G, where X = {{ C G| e € &}.

Theorem (Exel-Laca-Quigg, 2002)

G (G, R) = C(Q) xq G, where
Q={eecX|f(t71¢)=0,VfcR, Vtec}.
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Partial Group Algebra Description

Partial Group Algebra Description

@ R integral domain with finite quotients which is not a field.
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Partial Group Algebra Description

Partial Group Algebra Description

@ R integral domain with finite quotients which is not a field

@ K field of fractions of R.

ST
3
T
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Partial Group Algebra Description

Partial Group Algebra Description

@ R integral domain with finite quotients which is not a field.

@ K field of fractions of R.
@ Semidirect product K x K*.
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Partial Group Algebra Description

Partial Group Algebra Description

@ R integral domain with finite quotients which is not a field.
@ K field of fractions of R.
@ Semidirect product K x K*.
@ Set of relations R = R1 U Ro U R3, Where
Ry ={enny=11ne R Ra= {1y =1|me A"}

anng{ S eum =1 ‘mel?X
I+(m)eR/(m)
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Partial Group Algebra Description

Partial Group Algebra Description

@ R integral domain with finite quotients which is not a field.
@ K field of fractions of R.
@ Semidirect product K x K*.
@ Set of relations R = R1 U Ro U R3, Where
Ry ={enny=11ne R Ra= {1y =1|me A"}

anng{ S eum =1 ‘mel?X
I+(m)eR/(m)

@ Partial group algebra C;(K x K*,R).

Giuliano Boava Partial Crossed Product Description of the Cuntz-Li Algebras



Partial Group Algebra Description

Partial Group Algebra Description

Proposition (B.-Exel, 2013)
There exists a x-isomorphism

ARl — Cj(K x K*,R)
u" —  [n, 1]
Sm +—— [0,m]

% N n m
Sm/USm <— —g — || o
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Sketch of the Proof

@ Let's check (CL3) spu" = u™sp,
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Partial Group Algebra Description

Sketch of the Proof

@ Let’'s check (CL3) spu" = u™spy:

@ spu" — [0, m][n, 1] = [0, m][n, 1][n, 1]*[n, 1] =
[mn, m][n,1]*[n, 1] = [mn, m],
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Partial Group Algebra Description

Sketch of the Proof

@ Let’'s check (CL3) spu" = u™spy:

@ spu" — [0, m][n, 1] = [0, m][n, 1][n, 1]*[n, 1] =
[mn, m][n,1]*[n, 1] = [mn, m],

@ u™sy — [mn,1][0, m] = [mn, 1][mn, 1]*[mn, 1][0, m] =
[mn, 1][mn, 1]*[mn, m] = [mn, m].
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Partial Group Algebra Description

Sketch of the Proof

@ Let’s check (PR3) [s][t][f]* = [st][{]*:
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Partial Group Algebra Description

Sketch of the Proof

@ Let’s check (PR3) [s][t][f]* = [st][{]*:

@ With s = (p,,p,) and t = (&

st — (m’q+pn pm )

o, ), we have

om o pm
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Partial Group Algebra Description

Sketch of the Proof

@ Let’s check (PR3) [s][t][f]* = [st][{]*:
e With s = (g, 5) and t = (%, ), we have

m'qg+pn  pm \.
st = (Teten, £ )

[st][t]* —
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Partial Group Algebra Description

Sketch of the Proof

@ Let’s check (PR3) [s][t][f]* = [st][{]*:

e With s = (p,,p,) and t = (%, ), we have
'g+ .
st = (Teten, £ )
[StIE]" > (Spymy U™ 9" Spm) (S} U"Sm)” =
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Partial Group Algebra Description

Sketch of the Proof

@ Let’s check (PR3) [s][t][f]* = [st][{]*:

e With s = (p,,p,) and t = (%, ), we have
'g+ .
st = (maen, B
[SHU" — (Shy U™ TP Spm) (S} U"Sm)*

SpyUISp, SpU"SmSimU ™" Sy
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Partial Group Algebra Description

Sketch of the Proof
@ Let’s check (PR3) [s][t][f]* = [st][{]*:

e With s = (p,,p,) and t = (%, ), we have
'q+ .
st = (maen, B
/ / pm n m
[St[]* — (S U™ TP Spm) (S U"Sm)*
—n
Sm/ —

Sp’ Uqu/SpU Smsm
s;;, u9s:, sp U"smSmU ™" Sy Shy Spy

ST
3
T
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Partial Group Algebra Description

Sketch of the Proof

@ Let’s check (PR3) [s][t][f]* = [st][{]*:

e With s = (p,,p,) and t = (%, ), we have
'q+ .
st = (maen, B
[st][t]* — (s ,m,u’" TP som)(Sk, u"Sm)* =

SpyUISy, SpU"SmSimU ™" Sy

s;;, u9s:, sp U"smSmU ™" Sy Shy Spy
—_—— N~

SpyUIS ], SpSny Spy U"SmSiU ™" Sy =
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Partial Group Algebra Description

Sketch of the Proof

@ Let’s check (PR3) [s][t][f]* = [st][{]*:

e With s = (p,,p,) and t = (%, ), we have
'q+ .
st = (maen, B
[st][t]* — (s ,m,u’" TP som)(Sk, u"Sm)* =

SpyUISy, SpU"SmSimU ™" Sy

Spy U8, Sp U"SmSHU ™" Sy Sy Sy =
—_—— N~

SpyUIS ], SpSny Spy U"SmSiU ™" Sy

(55 U750) (3 U"m) (Sints~"51v)
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Partial Group Algebra Description

Sketch of the Proof

@ Let’s check (PR3) [s][t][f]* = [st][{]*:

e With s = (p,,p,) and t = (%, ), we have
'g+ .
st = (maen, B
[SHU" — (Shy U™ TP Spm) (S} U"Sm)*

SpyUISy, SpU"SmSimU ™" Sy

s;;, u9s:, sp U"smSmU ™" Sy Shy Spy
—_—— N~

SpyUIS ], SpSny Spy U"SmSiU ™" Sy =

(S U75p)(Spy U"Sm)(SU™ ") — [S][{][1]"-
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Partial Crossed Product Description

Partial Crossed Product Description

A[R] is x-isomorphic to C(Q) xo K x K*.
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Partial Crossed Product Description

Partial Crossed Product Description

A[R] is x-isomorphic to C(Q) xo K x K*.

@ Now, we characterize .
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Partial Crossed Product Description

Partial Crossed Product Description

A[R] is x-isomorphic to C(Q) xo K x K*.

@ Now, we characterize Q.
@ Extend the partial order from R* to K*. For w,w' € K*,

w < w' if there exists r € R such that w = wr.
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Partial Crossed Product Description

Partial Crossed Product Description

A[R] is x-isomorphic to C(Q) xo K x K*.

@ Now, we characterize Q.
@ Extend the partial order from R* to K*. For w,w' € K*,

w < w' if there exists r € R such that w’ = wr.
@ Consider the fractional ideals (w) = wR, w € K*.
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Partial Crossed Product Description

Partial Crossed Product Description

A[R] is x-isomorphic to C(Q) xo K x K*.

@ Now, we characterize Q.

@ Extend the partial order from R* to K*. For w,w' € K*,
w < w' if there exists r € R such that w’ = wr.

@ Consider the fractional ideals (w) = wR, w € K*.

@ There is a natural projection
pww : (R+(W))/ (W) — (R+ (w))/(w) whenever
w<w.
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Partial Crossed Product Description

Partial Crossed Product Description

A[R] is x-isomorphic to C(Q) xo K x K*.

@ Now, we characterize .

@ Extend the partial order from R* to K*. For w,w' € K*,
w < w' if there exists r € R such that w = wr.

@ Consider the fractional ideals (w) = wR, w € K*.

@ There is a natural projection
pww : (R+(W))/ (W) — (R+ (w))/(w) whenever
w<w.

° ﬁ?K = “(LT]{(R—F (W))/(W), pw,w’}-
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Partial Crossed Product Description

Partial Crossed Product Description

A[R] is x-isomorphic to C(Q) xo K x K*.

@ Now, we characterize .

@ Extend the partial order from R* to K*. For w,w' € K*,
w < w' if there exists r € R such that w = wr.

@ Consider the fractional ideals (w) = wR, w € K*.

@ There is a natural projection
pww : (R+(W))/ (W) — (R+ (w))/(w) whenever
w<w.

o Ak =Im{(R+(W))/(W), Puw}.
@ Clearly, Rx = R.




Partial Crossed Product Description

Partial Crossed Product Description

Proposition

Q is homeomorphic to Ry and, hence, to R.
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Partial Crossed Product Description

Partial Crossed Product Description

Proposition

Q is homeomorphic to Ry and, hence, to R.

Corollary
There exists a x-isomorphism

AR] — C(Rk) xa K x KX
Un — 1(5(,,’1)

Sm +— 10,m)d0,m)

where 1, w) is the characteristic function of

(U + (W))w € B | tn + (W) = u+ (w)}. Fac
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Partial Crossed Product Description

Proposition

The partial action 6 on Ry is topologically free and minimal.
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Partial Crossed Product Description

Partial Crossed Product Description

Proposition
The partial action 6 on Ry is topologically free and minimal.

A[R] is simple.
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Application in Bost-Connes Algebra

Bost-Connes Algebra

Definition (Bost-Connes, 1995)

The Bost-Connes algebra, denoted by Cg, is the universal
C*-algebra generated by isometries {um | m € N*} and
unitaries {e, | v € Q/Z} subject to the relations
(BC1) pumptmy = fomm;
(BC2) pumpt, = piypem, if (m,m') =1;
(BCE) &6y = @
(BC5) pmeyuly = 3" €5, where the sum is taken over all
0 € Q/Z such that mé = .

=,
&
e
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Application in Bost-Connes Algebra

Partial Crossed Product Description

@ Taking R = Z, we have A[Z] = C(Zg) X Q x Q*.
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Application in Bost-Connes Algebra

Partial Crossed Product Description

@ Taking R = Z, we have A[Z] = C(Zg) X Q x Q*.

@ There is a natural embedding Q% — Q x Q* given by
g+~ (0,9).
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Application in Bost-Connes Algebra

Partial Crossed Product Description

@ Taking R = Z, we have A[Z] = C(Zg) X Q x Q*.

@ There is a natural embedding Q% — Q x Q* given by
g+~ (0,9).

@ Restricting o to Q7 , we obtain the partial crossed product
C(Zg) » Q1.
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Application in Bost-Connes Algebra

Partial Crossed Product Description

@ Taking R = Z, we have A[Z] = C(Zg) X Q x Q*.
@ There is a natural embedding Q% — Q x Q* given by
g+~ (0,9).

@ Restricting o to Q7 , we obtain the partial crossed product
C(Zg) » Q1.

The Bost-Connes algebra Cy is *-isomorphic to C(Zg) x Q7. e

<&
y %
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Application in Bost-Connes Algebra

Partial Crossed Product Description

One side of the isomorphism is given by

Co — C(Zg) » Q3
HBm 1(0,m)5m

In .
e(n/m) — Z exp <—m . 27TI> 1(l,m)51-
I+(m)ez/(m)

Giuliano Boava Partial Crossed Product Description of the Cuntz-Li Algebras



Application in Bost-Connes Algebra

Partial Crossed Product Description

The other side is given by

Cli)x Q. — Cq
Sm/m = Iy Hm

1 <nl ) (Im’)
Y exp(—-2ri)e(— ).
m m

1(n/m’,m/m’) — E
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THE END!
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