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Topological Graphs(Katsura)

A quadruple E = (EO, E' r,s) is called a topological graph if EV, ET are locally compact
Hausdorff spaces, r : E1 — EY is a continuous map, and s : E' — EYV is a local homeomor-

phism.

We think of EY as a space of vertices, and we think of each e € E! as an arrow pointing from

s(e) to r(e).
If EQ, ET are both countable and discrete, then E is a directed graph.

Let E be a topological graph. An s-section is a subset U C E' such that s|y is a homeomor-
phism. An r-section is a subset U ¢ E' such that rly is a homeomorphism. A bisection is a
subset U c E' such that rlu, s|y are both homeomorphisms.

Let E be a topological graph. We define
1.EQ .= EV\ r(EM).
2. Ef?n .= {v € EY: there exists a neighbourhood N of v such that r~1(N) is compact}.

3. Epy = Ef \ Ede.

1-cocycle

Let T be a locally compact Hausdorff space, let N = {N;};c; be an open cover of T. Then for

i, j € 1, we denote N;j:= N;N N;.

A collection of functions S = {s;; € C(N_l-j, T)}i jer is called a 1-cocycle relative to N if for
kel SijSjk = Sik On Nijk'

Bracket Functions

Lemma

Let 7 be a locally compact Hausdorff space, let N = {N;};c; be an open cover of T, and
let S = {Sij}fl be a 1-cocycle relative to N. Fix x, x" € [];c; C(N;) with x; = s;x;,
X! = Sijle’ on Njj, for all i, j € I. Then there is a unique function [x|x’] € C(T), such that
X[X'|(t) = xi(t)xi(t), if t € N;.

Twisted Topological Graph Correspondences

Let £ = (EO, E' r, s) be a topological graph, let N = {N;};c; be an open cover of E', and
let S = {sjj}i jes be a T-cocycle relative to N. We define

CAE,N,S) := {x c[]CN): xi = sijx; on Nij, [x|x] € CC(E1)}.
iel

For x € C.(E,N,S) and f € Cy(EY), we define right and left Co(EY)-actions on C-(E,N,S)
by (x - f); = xi(f o s|zg), and (f - x); = (f o r|zz)x; for all i € /.

Proposition(Li)

Let E be a topological graph, let N = {N;};c; be an open cover of E', and let S = {sij}ijel
be a 1-cocycle relative to N. Fix x, y € C-(E,N,S). Then there exists a unique function
(X, U)y(E0) € Ce(EY), such that X U)een (V) = 2_sie)=Ix|yl(e), for all v € EY. Hence
(-, ‘>C0(E0) is a right CO(EO)—valuecl inner product on C-(E,N,S). Furthermore, the completion
X(E,N,S) of Cc(E,N,S) under the [| - || g0y norm is a C*-correspondence over Co(EY).

Let E be a topological graph. We define N := {E'}, and we define S := {1}. Then X(E,N, S)
coincides with the normal graph correspondence X(E) defined by Katsura.
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An Annoying Technicality

We can prove that it is fine to work only on the precompact open cover of the edge set
consisting of s-sections.

Twisted Toeplitz Representations(Li)

Let T be a locally compact Hausdorff space and N be an open subset of 7. We think of
Co(N) := {f € Cy(T) : f(N®) = 0} as a closed two-sided ideal of Cy(T). Fix f € Cy(N), and
g € BC(N). We define f xg: T — C by

f(t)g(t) ifteN

f x qg(t) := -
g(1) 0 otherwise,

and in fact f x g € Cy(N).

Let £ be a topological graph, let N = {N;};c; be a precompact open cover of E consisting
of s-sections, and let S = {Sij}i,jel be a 1-cocycle relative to N. A twisted Toeplitz repre-
sentation of E in a C*-algebra B is a collection of linear maps {; : Co(N;) — B};c; and
a homomorphism 7 : Cy(EY) — B, such that for all i, j €1, x € Ny, y € C(Nj), and

f € Cy(EY), we have
1 i((f o r)x) = m(F)i(x);
2. ix)*jly) = 7l(x, ) g0y X (Sijlng © SIN))-

Covariant Twisted Toeplitz Representations(Li)

Let E be a topological graph, let N = {N;},=; be a precompact open cover of E' consisting
of s-sections, let S = {s;;}; je/ be a 1-cocycle relative to N, and let {(;, 7};c/ be a twisted
Toeplitz representation of £E. We call {¢;, t};c; covariant if there exists a collection G C
CC(E,%) of nonnegative functions generating CO(E,%), and for each f € G there exist a finite

subset F C [ and a collection of functions {h;};cr C C(E',[0,1]) such that
1.{N;};eF covers r—(supp(f));

2.supp(h;) C N;, for all i € F;

3.) jephi=1o0n r~(supp(f)); and

4. 7(f) =Y ;e Yi(\/hi(Fo ) yi(x/hi(for))".

This definition is formulated so as to make it easy to check that a given collection {;, 7t} is
covariant. However, when using covariance of a collection {;, t};c; it is true that Condition
4 of the definition holds for every f & CC(E,%), every finite subset F C /, and every collection

of functions {h;};cr C C(E',[0, 1)) satisfying the first three conditions of the definition

Result

Theorem(Li)

Let £ be a topological graph, let N = {N;};c; be a precompact open cover of E consisting
of s-sections, and let S = {s;;}; jc/ be a T-cocycle relative to N. Then the Toeplitz algebra
Tx(EN,s) is isomorphic with the C*-algebra generated by a universal twisted Toeplitz repre-
sentation of E, and the Cuntz-Pimsner algebra Ox(g N,s) is isomorphic with the C*-algebra
generated by a universal covariant twisted Toeplitz representation of E.
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