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In this talk, all C*-algebras denoted by A, B, C, ... are assumed to be o-unital and graded. Some
statements are also true if not all of the C'*-algebras involved are o-unital, but we would like to keep the
formulation of our theorems and propositions simple.

1 Invitation to the Kasparov product

The aim of this talk is to define the Kasparov product
®p: KK(4, B) x KK(B,C) — KK(A4,C)

for C*-algebras A, B and C. We will have to assume that the algebra A is separable. In the first part of the
talk, we will discuss the Kasparov product for some special cases giving us some desirable conditions for
the general product. Before we dive into the technicalities, an outline of the product is given as a goal for
the construction.

1.1 The Kasparov product in some special cases

1.1.1 Homomorphisms

Definition 1.1. Let A and B be C*-algebras and f: A — B be a x-homomorphism. Then we define
() i= (B.£.0) €E(A,B) and [f]:=[(B.£.0)] € KK(4, B).

(f) is indeed an element of E(A, B) because B is o-unital (and hence countably generated as a B-
Hilbert-module) and Kz (B) = B (so f factors through the compact operators).
Obviously, we should define the Kasparov product in a way that ensures the formula

(1 lgo fI=1fl@pld],

where we denote the Kasparov product with a tensor product notation which will soon be plausible. If A is
a C*-algebra, then (Id4) = (4,Id4,0). Now [Id4] seems to be a natural candidate for a left unit element
for KK(A, B) and [Id g] should act as a right unit:

2) Vx € KK(A,B) : [IdA]®A$ =zXp [IdB] = .

In the following section we are going to analyze a more general, but still comparatively simple situation:

1.1.2 Kasparov cycles with trivial operator
What do these Kasparov cycles look like?

Proposition 1.2. Let A and B be C*-algebras. Then (E, ¢,0) is a Kasparov cycle if and only if E is a
countably generated graded Hilbert B-module and ¢: A — Lg(F) is a graded *-homomorphism such
that p(A) C Kp(E).

For such modules there is an obvious definition of a product on the level of cycles:

Definition 1.3. Let A, B and C be C*-algebras. Then we define for every £, = (E1, ¢1,0) € E(A, B)
and & = (FEs, ¢2,0) € E(B,C):

&1 @B & = (E1,¢1,0) ®p (2, ¢2,0) := (E1 ®p E2,¢1 ® 1,0) € E(4,C)

The module E; ® g F is countably generated because £ and F5 are. Because ¢2(B) C Ko (F>) one
can show that Kg(F1) ® 1 C K¢ (E; ®p Es) (but be careful: this is not true in general). The grading of
E; ®p E9 was given in the preceding talk.

The Kasparov product should surely satisfy

3) [E1] ®B [&2] = [&1 ®B &)

There is a link of the above definition to strong Morita equivalences of C'*-algebras:
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Proposition 1.4. Let A and B be C*-algebras, & := (E1,¢1,0) € E(A,B) and & = (Es, ¢2,0) €
E(B, A) such that & ®p & = (Ida) = (A4,1d4,0) and & R4 & = (Idg). Then ¢1: A — Kg(Ey) is

an isomorphism, F; is an A-B-imprimitivity bimodule and Fy 2 Fj.

This was proved in a more general setting (but without the grading which should not cause any prob-
lems) in [EKQRO2]], Lemma 2.4.
Of course also the opposite is true:

Proposition 1.5. Let A and B be C*-algebras and E be an A-B-imprimitivity bimodule. Let ¢ denote the
action of A on E. Then £ := (E,$,0) € E(A, B). Moreover, E is an B-A-imprimitivity bimodule, and if
1 is the action of Bon F, then & := (F,¢,0) e E(B, A) and EQp & = (Idy) aswellas ER4 € = (Idp).

Note that E and E are automatically countably generated because A and B are o-unital.

1.1.3 No problems so far

It’s worth a thought to check that these requirements for the Kasparov product are not contradictory. In
particular, we would like to show the following proposition which implies (3) = ().

Proposition 1.6. Let A, B and C' be C*-algebras, f: A — Bandg: B — C. Then

lgo f1=1(f) @5 (9)]-

Proof. Note that (go f) = (C,go f,0) and (f) ®p (9) = (B®4 C, f ®1,0). There is a canonical map
w from B ®, C to C, given on simple tensors by

b®gcr— g(b)e.

A short calculation shows that this is a well-defined isometric C'-linear map respecting the inner products.
If g is non-degenerate, then y is unitary and the cycles in question are isomorphic. For general g, the image
of p is g(B)C, the non-degenerate part of the left Banach B-module C. This is also a Hilbert B-module
and the result follows from the following observation that we are going to prove later also for non-zero
operators. O

Lemma 1.7. Let A and B be C*-algebras and (E,¢$,0) € E(A, B). Then Ey := ¢(A)E = ¢(A)E
is a graded Hilbert sub-B-module of E, invariant under ¢(A), such that (Eg, ¢,0) is in E(A, B) and
homotopic to (E, ¢,0). The homotopy may be chosen with vanishing operator.

Proof. We have to construct the homotopy and we do this analogously to the construction in 18.3.6 of
[Bla98]. Define E := E|0,1] and the sub-B[0, 1]-module Ey := {f € E[0,1] : f(1) € Ep}. Let
v: Lp(E) — Lpjp,1y(E[0,1]) = Lp(E)[0, 1] be the embedding of Lz (E) as constant functions. Note
that v maps K (E) into Kgjo,1)(£[0,1]) = Kp(£)[0, 1]. Then 7 o ¢ is a graded *-homomorphism with
image in the compact operators on F[0,1], so (F[0,1],7 o ¢,0) € E(A4, B[0,1]) (note that E[0,1] is
countably generated). Obviously, Ey is (¢ (A))-invariant so that (Eg,~y o ¢, 0) is in E(A, B[0, 1]) as well
(note that every element of F can be written as a sum of an element of E[0, 1) and of an element of
Ey[0, 1] with both B0, 1]-modules being countably generated). Now

wt:EO(@evtB_)E,f@b’—’f(t)b

is an isometric B-linear map respecting the inner product for every ¢ € [0,1]. Tt is surjective for every
t < 1 and has image E for ¢t = 1, and (E,y o ¢, 0) is a homotopy from E to Ej.
O



The Kasparov product, seminar on K K -theory, May 2004 4

1.1.4 Homotopies

Proposition 1.8. Let A, B be C*-algebras and E be a countably generated Hilbert B-module. Let ¢p: A
— Kp(£)[0,1] = Kpjo,1)(E[0, 1]) be a graded *-homomorphism. For every ¢ € [0, 1] let

¢r: A— Kp(E), a— ¢(a)(t).

Then
evt,*(E[O; 1]a ¢a 0) = (Ea ¢t7 0)

In particular, (E[0, 1], ¢, 0) is a homotopy from (E, ¢, 0) to (E, ¢1,0).

Corollary 1.9. Let A and B be C*-algebras and (ft);c[0,1] be a homotopy of graded *-homomorphisms
from A to B. Then (fy) is homotopic to ( f1), i.e. if fo and f;: A — B are homotopic, then [fo] = [f1].

1.2 A picture of the Kasparov product
Theorem 1.10. Let A, B, C be C*-algebras, A separable. Then there exists a map

®p: KK(A4, B) x KK(B,C) — KK(A4,C),
called the Kasparov product. It has the following properties:
(Biadditivity) The Kasparov product is additive in the first component
V1,20 € KK(A,B)Vy e KK(B,C): (11 +22)QpY =210 %y + 22Qp Y,
as well as in the second:

Vo € KK(A, B) Vy1,y2 € KK(B,C): zQp(y1 +y2) = 2Qpy1 + Q5 yYa.

(Associativity) Let D be another graded C*-algebra and assume that B is separable, too. Then

Vo € KK(A,B)Vy € KK(B,C)Vz e KK(C,D): 2®p (yQc 2) = (2Qpy)R¢ 2.

(Unit elements) [f we define 14 := [Id4] and 1 := [Idg], then

Ve € KK(A,B): 1la®az=2Qplp==z.

(Functoriality) If f: A — Band g: B — C are graded x-homomorphisms, then

Ve e KK(A,B): ®p 9] = g«(x) and Vy e KK(B,C): [f]®sy= f"(y).
(“Triviality”) If (E1, ¢1,0) € E(A, B) and (Es, ¢2,0) € E(B, C), then

[(E1,01,0)] @5 [(E2, ¢2,0)] = [(E1 @p E2, ¢1 ® 1,0)].

Remark 1.11. Note that if we restrict ourselves to separable C'*-algebras, we can take the KK-elements
as morphisms and obtain a category with the Kasparov product as composition. (To be more precise: you
first have to flip the variables of the product.)

Definition 1.12. Let A and B be separable C*-algebras. Then © € KK (A, B) is called an isomorphism
(in KK-theory) if thereisay € KK(B, A) suchthatz @ gy = 1p and y ® 4 = 1.

Remark 1.13. Obviously, isomorphisms of separable C*-algebras induce isomorphisms in KK-theory. In
the situation of propositionwe have in particular that [€ ® 5 €] = 14 and [€ ® £] = 15, so it follows
that A- B-imprimitivity bimodules induce “isomorphisms in KK-theory ” as well.
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2 Three technical tools

Before we introduce the technical devices that we are going to use in the proof of the existence as well
as in the proof of the properties of the Kasparov product, we would like to sketch the basic ideas of the
construction in order to point out the technical problems that we have to face.

Of course we are going to try to define the product on the level of Kasparov cycles. Let A, B and C be
C*-algebras and (F1, ¢1, F1) € E(A, B), (Ea, ¢2, F3) € E(B, C). Then there is an obvious choice of the
module and the action of A for the product: E15 := E; ®p Fs and ¢15 := ¢1 ® 1.

Now we have to find a suitable operator on F; ®p Es. A first idea would be F} ® g Fy. Despite the
problem that this isn’t a well-defined operator (as F is not B-linear on the left), it would be an operator of
degree zero rather than of degree one anyway.

So what about F; ®p 1+ 1®pF>. The first part makes sense and is of degree one. But the second
definitely causes some problems: As already pointed above, F5 isn’t B-linear on the left. On the other hand,
there is at least the commutation relation [Fs, ¢2(b)] € K¢ (E2) for every b € B. We will use this relation
to construct a substitute for the operator 1 ® g F5, called an Fs-connection for F;. This construction is one
of the three technical tools presented in this talk.

Suppose for a moment that the expression 1 ® g F> makes sense. Then we still have to check that the
operator Iy ®p 1+ 1 ®pF, satisfies the conditions from the definition of a Kasparov cycle. In particular,
we have to analyze its square. But

(FLopl+10pF) = (FHepl+(F @ 1)(1@pF) + (10pF)(Fy ®@p 1) + 1@5(F3).
To some extend, we are able to handle the first term because we have
((F£) ®@p 1)¢12(a) = (Fi1(a)) ®p 1 = (1®@p 1)¢12(a)

for all a € A, at least up to some operator in Kg(E) ®p 1 that we might disregard for the time being.
Similarly, we might get the last term under control. But the middle terms are problematic.

The solution is to find suitable operators M, N > 0 in Lo(E12) such that M + N = 1 in order to
consider the operator

M3(Fy®p1)+ Ni(1@pF).

The idea is to choose M and N in a way that the middle terms of the square of the operator are small. The
result that ensures the existence of such coefficient operators is known as Kasparov’s technical lemma and
constitutes the second tool that is going to be presented in this section.

The way we are going to construct a Kasparov product on the level of Kasparov cycles will involve
many choices; the construction thus cannot be expected to give a well-defined function on the level of
cycles. But at least we will be able to show that whatever choices we make, we will end up with operator
homotopic cycles, allowing us to define a function on the level of KK-elements. This aim is achieved by
means of a criterion for operator homotopy that forms the first technical tool given in this exposition.

2.1 A sufficient condition for operator homotopy

Definition 2.1. Let B be a C*-algebra and I be a closed ideal in B. Let g: B — B/J, b+— b+ J. Let
a,b € B. We say that

1. ais orthogonal to b mod J if ab € J, i.e. if ¢(a)q(b) = 0.
2. a=b mod Jifa—be J,ie.ifq(a) = q(b).
3. a < b mod Jif g(a) < q(b).
Remark 2.2. Let B be a C*-algebra and J be a closed ideal in A. Then

a>0 modJ < djedJ:a+j>0.
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Proof. Letq: A — A/J be the quotient map. Suppose that g(a) > 0. Then we can find a b € A such that
q(b)*q(b) = ¢q(a). Then we have j :=b*b—a € Janda+ j = b*b > 0.
On the other hand, let j € J such that a + j > 0. Then g(a) = g(a + j) > 0. O

Definition 2.3. Let E be a graded (A, B)-Hilbert-bimodule where ¢: A — Lg(FE) denotes the action of
Aon E. Define

Q:=Qa(E):={T e€Lp(E): YVac A: [T, ¢(a)] € Kp(E)}
and
J:=Ju(E) ={T €Qa(E): Yac A: To(a) € Kp(E)}.

Then it’s easy to check that Q 4 (E) is a graded sub-C*-algebra of Lg(E) and J4(E) is a closed *-invariant,
graded ideal in Q4 (FE) containing the compact operators. By definition, if (E, ¢, F) € E(A, B) then
FeQWand (F—F*),(F?—-1) € J. So Qa(F) and J4(E) can be used to rephrase the definition of
E(A4, B).

Lemma 24. Let ¢ € Q4(E)© satisfying Va € A : ¢(a)qgp(a)* > 0 mod Kg(E). Then ¢ > 0
mod JA(E)

Proof. We first show that ¢ — ¢* € J, i.e. q is self-adjoint modulo J. Let b € A be positive and find a € A
such that b = aa*. Because [¢ — ¢*, ¢(a)] € Kp(E) we have

(g=q")o(b) = (¢—=q")¢(a)p(a”) = ¢(a)(g—q")¢(a)” = d(a)q¢(a)”—(p(a)gp(a)”)” = 0 mod Kp(E).

As every element of A can be written as the sum of four positive elements we have shown that ¢ is self-
adjoint modulo J4(F). So w.Lo.g. let ¢ be self-adjoint. Then there are unique g, q— € Q4 (FE) such that
g+ > 0,9y —g¢- =qand ¢g4g- = q_q4 = 0. But ¢(a)g+p(a)* > 0 mod Kp(F) and

(¢(a)gx9(a))(d(a)gzd(a)") = d(a)p(a”a)qrqz¢(a)” =0 mod Kp(E)

for every a € A. So ¢(a)q_¢(a)* is the negative part of ¢(a)gqp(a)* for every a € A. Therefore
¢(a)g-¢(a)* isin Kg(E). As above we conclude that ¢_ € J. So ¢ > 0 mod J.
Note that it suffices to have Va € A : ¢(a)qp(a)* > 0 mod J O

Proposition 2.5. [[Let A and B be C*-algebras, £ = (E, ¢, F) and &' = (E, ¢, F') elements of E(A, B).
Then the following condition is sufficient for £ and £’ to be operator-homotopic:

4) Vae A: ¢(a)[F, F'l¢(a)* >0 mod Kg(E).
Proof. Let Q := Qa(FE) and J := J4(F). As a first approximation let’s define for every ¢ € [0, 1]:
F, :=VtF' +V1—tF € Q.

We choose the square root because we would like to facilitate the calculations involving E2. One could
also use the functions sin and cos. The family (F})co,1) has surely the property that Fy = F'and Fy = F".

Moreover, F} is of degree 1 for every ¢ € [0,1] and
Fy— Ff =Vt(F — F*) 4+ V1 —t(F - F*) € J.
To prove that (E, ¢, Ft) the only thing that is left to check is the condition on the square of the operator:

F2=tF? 4+ (1 -t)F? 4+ \/t(1—t)(FF' + F'F) = (t + (1 — t)) 1 ++/t(1 — t)[F, F'] mod J.
N—————’
=[F,F’]

So F; will not do, but the idea is to normalize it. This requires that 1 ++/¢(1 — ¢)[F, F'] is positive and
invertible so that we can take (-)~!/2. To this end we approximate [F, F'] by a positive operator, commuting
with F" and F’ modulo J.

Icf. lemma 2.1.18 in [JTOT].
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We have [F, F'] € @ because

7. F), ¢(a)] = =(=1)*[[F", ¢(a)], F]  [[¢(a), F], F]

for every homogeneous a € A. So we can apply the preceding lemma to get that [F, F'] = p + j where
peQO p>0 and j € J(©. But p commutes with F' and F’ mod .J because:

2:1_mod J

Fp=F|F,F|=FFF +FF'F " F'+ FF'F mod J

and
2=1 _mod J

pF =|F,F|F =FFF+FFF "
Similarly for F’. Now define

FF'F+F' mod J.

Fo=(1+t(1—t)p)~YV2F e Q

for every t € [0,1]. Then F? =1 mod .J. We also have

F,—F = (1+/t(A—t)p) Y*(F, — F)=0 mod J.

2.2 The technical lemma

Definition 2.6. If B is a graded C*-algebra with grading automorphism (g, and A is a sub-C*-algebra of
B we say that A is a graded sub-C*-algebra if S5(A) C A. Note that a graded sub-C*-algebra is itself a
graded C'*-algebra with the induced grading.

In the following, all sub-C*-algebras are supposed to be graded.

Definition 2.7. Let B be a C*-algebra, A a sub-C*-algebra and F a subset of B. We say that F derives A
if
Vae AVf e F: [f,a] € A

Here we use the graded commutator.
The following theorem is known as Kasparov’s technical lemma:

Theorem 2.8. E]Let B be a graded o-unital C*-algebra, let A1, As be o-unital sub-C*-algebras of M(B)
and let F be a separable closed linear subspace of M(B) such that Bg(F) = F. Assume that

1. A1A; C B, ie. Ay and As are orthogonal mod B, and
2. [F, A1) C Ay, ie. F derives Ay.

Then there exist elements M, N € M(B) of degree 0 such that M + N =1, M,N > 0, MA; C B,
NA; C Band [N, F] C B.

Remark 2.9. Note that the larger A;, A and F, the stronger the lemma. For example, we can always
assume that B C Aj, A because we can replace A; by A; + B. Note that A; + B is a graded sub-C*-
algebra and that it is o-unital, because if b is a strictly positive element in B and a; is a strictly positive
element in A; then b + a; is a strictly positive element in A; + B. To see this note that b + a; is positive
and (a; + b)(A; + B) D a;A; + bB where the latter set is dense in 4; + B.

So the interesting part of A; is the part not contained in B.

Following [Bla98|] one can rephrase the technical lemma as follows:

If Dy and D5 are orthogonal o-unital sub-C*-algebras of Q(B) := M(B)/B, i.e. of the outer mul-
tiplier algebra of B, and if JF is a separable subspace of Q(B) which derives D, then there is a positive
element M of Q(B), of norm 1, commuting with F, which is a unit for D5 and orthogonal to D;.

2¢f. [IT91]), Theorem 2.2.1
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2.2.1 Special cases

Corollary 2.10. E]Let B be a graded C*-Algebra and E be a countably generated graded Hilbert B-module.
Let L (F) have the grading O induced by the grading of E.

Let A; and A; be graded o-unital sub-C*-algebras of Lp(E) and F C Lp(E) be a separable closed
linear subspace such that 8 (F) = F. Assume

1. AjA; C Kp(E).
2. [F, A1) C A

Then there exist M, N € Lg(F) of degree 0 such that M + N = 1, M,N > 0, MA; C Kp(FE),
NA2 - KB(E) and [.7:7 M] - KB(E)

Proof. The C*-algebra Kp(FE) is o-unital, because E is countably generated. Now apply the technical
lemmato (Kg(E), A1, A2, F) instead of (B, Ay, Aa, F) where we identify Lg(E) with M (Kg(E)). O

Proposition 2.11. Let X be a topological space. Then the following are equivalent:
1. Every two disjoint open sets have disjoint closures.
2. The closures of open sets are open.

3. For every two disjoint open sets U and V' there is a clopen set W containing U such that W and V'
are disjoint.

4. For every two disjoint open sets U and V there is a continuous function on X taking values in [0, 1]
that vanishes on U and equals 1 on V.

Proof. 1. =2.:LetU C X be open. The interior V of X \ U is open. The closure of U is X \ V. Because
U and V are disjoint, so are their closures. Hence V' is closed and therefore U is open.
The rest is completely trivial. O

Definition 2.12. A topological space X is called stonean if one of the equivalent conditions of the preced-
ing proposition are satisfied.

Corollary 2.13. If X is a locally compact, o-compact topological space then the corona space 0.X :=
BX \ X is stonean.

Proof. Let B := Cy(X). Then M(B) = C(8X). Let Uy and U be disjoint open sets in 0X. Then
there are open sets Ul and UQ in @X such that U; = 0X N Uz and therefore Ul N UQ C X. Define
A; :={f € C(BX) : suppf C U;} where supp f := {x € BX : f(x) # 0}. Then A;A; C {f €
C(BX) : supp f C U NUs} C Co(X). So the conditions of the technical lemma are satisfied with F = 0
and trivial grading. Thus we can find M, N € C(8X) suchthat M, N >0, M + N =1, MA; C Co(X)
and NAy; C Cy(X). Define m := M|gx and n := N|gx. For every x € U; there exists an f € A; such
that f(z) # 0 we can deduce that m|y;, = 0. Similarly, n|y, = 0 and therefore m|y, = 1. So we have
shown that X is stonean. O

2.2.2 The proof of the lemma
Lemma 2.14. Let D be a C*-algebra.

1. D is separable if and only if it is generated as a C*-algebra by a countable subset of D.

2. If D is separable, then every approximate unit for D contains a countable approximate unit.
Lemma 2.15. Let D be a C*-algebra with grading automorphism [3p.

1. If d is a strictly positive element of D, then so is d + p(d).

3¢f. [JT91], Corollary 2.2.3
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2. If (ux)xea is an approximate unit for D, then so is 5 (ux + Bp(ux)) yen-

Definition 2.16. Suppose that D is a C*-algebra, C a closed ideal of D. Then an approximate unit (u) ) xex
for C is called quasi-central for D if

Vd € D: lim [uy,d] =0
AEA

Here we use the graded commutator.

Lemma 2.17. Let C be a C*-algebra, contained as a closed ideal in a C*-algebra D. There exists an
approximate unit for C' consisting of elements of degree 0 which is quasi-central for D. If D is separable,
then the approximate unit can be chosen to be a sequence.

Lemma 2.18. E]Let C be a C*-algebra. Then for every € > 0 there exists 6(¢) > 0 such that for all
z,y € C, |||, |llyll <1, >0, degx =0:

eyl < 8(e) = ||V <e.

Lemma 2.19. E]Let C be a C*-algebra, (xy,)nen a bounded sequence of self-adjoint elements in M(C)
and S subset of C such that the closed right ideal spanned by S in C' is C itself (this holds for example if
S contains a strictly positive element). Then (x,,)nen converges strictly in M(C) if and only if (x,,8)nen
is a norm-Cauchy sequence in C for all s € S. If all x,, are positive or of degree 0, then so is their limit.

Proof of the technical lemma. Define G := C"(F U {1}). Then G is separable. The norm closure A of
GA; is a fg-invariant C*-algebra containing A;. Moreover, A} satisfies AjAs C B as well as FA] C
GA| C A]. Furthermore, A} is o-unital since every approximate unit for A; is also an approximate unit
for A}. So if we replace A; by A}, we have improved [F, A;] C A; to FA; C A; and we can even
assume that F is a separable C'*-algebra.

Let b, a1, as be strictly positive elements of norm < 1 of B, A; and A, respectively. Let F' :=
{z1, 22, ...} be a countable subset of F which spans a dense subspace of F such that Vn € N : ||z, || < 1
and lim,,— ., ¢, = 0. Now it suffices to find a degree 0 element N € M(B) such that 0 < N < 1,
ay — Naj € B, Nas € B,and [N, F| C B.

Define A := C" (F U {a;}), and let I be the closed two-sided ideal in A generated by a;. Then A is
separable since F is, I is separable since A is, and I C A; since FA; C A;. So I contains a countable
approximate unit (u,, ),en for I of degree 0 elements which is quasi-central for A.

By passing to a subsequence we can assume that for all n € N:

(@) ||lupa; —aq|| < 27", and
(b) Vf € F: [un, fIll <27

Define C' := C" (F U {b,ay,as,u;,us,...}) and let J be the closed two-sided ideal in C' generated
by b. Then C' and J are separable and .J is contained in B. Then we can find a countable approximate unit
(Un)nen for J of degree 0 elements which is quasi-central for C. Note that (v, ),en is also an approximate
unit for B because b € J.

By passing to a subsequence we can assume that for all n € N:

(¢) Vo € {b,asun,asuni1} CBNC: ||v,x — x| <2727, and
(d) Vo € FU{ay,a0,b} : ||[vn, ]| < 6(2-+D)/2,

where §(27") > §(2-("*1) > 0 is the § from lemmal2.18]
Define d; := v; and for all n € N5 q:

dp, == (v — vn_1)1/2.

Then by lemma[2.18| we have

4cf. [Bla98], 12.4.1 and [Ped79], 3.12.14.
Scf. [IT91], 2.2.2.
6c¢f. [BIa98], proposition 12.1.2
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(@) Vx € FU{ay,a2,b}: ||[dn, ]| <27

N = Z dpund,,.

neN

We want to define

For every k € N we have
k k
n=1 n=1

so the partial sums are bounded in norm by 1. Note that

(v, — Un—1)b]| = |onb — b+ b —v,_1b|| < 272" 427201 — 5. 9720,

This yields
”dnunbdn”2 = ||dnunbdibundn‘| = ||dnunb(vn - Un—l)bundn” <5 27
and hence
|dnunbd, || < V527"
It follows that

dnundybl| < ||dnunbdn | + [[dnun| [|[b, dn]| < (\/5+ n27".

So Y>> | dyund,b converges in norm. So >~ d,un,d, converges strictly to some operator N € M(B),
where deg N = 0 and 0 < N < 1. Since multiplication is separately strictly continuous we have that

o0

ay — Na1 = Z(di - dnundn)ala

n=1

)
NCLZ = § dnundna27
n=1

and
o

Ve e F: [N,x] = Z[dnundn,x}.

n=1

We show that these series converge in norm, because all the terms which are summed up are contained in
B (d,, € B!). To this end we rewrite the terms:

D) (d2 — dpundp)ar = dn(1 — up)[dn, a1] + dn (a1 — upay)dn,
M) dpupdpes = dpunldn, ea] + dyunead,, and
(IIT) [dnundnv ZE] = dnpunp [dn7 x] + [dna x]undn +d, [Una x]dn-

The norm of (I) is < 2 - 27" by (a) and (d’). The norm of (I) is < (1 + \/5)an by (d’) and (c). Finally,
the norm of (II) is < 3 - 27" by (d’) and (b). O

2.3 Connections
2.3.1 Definition

In this section, let B, C be graded C*-algebras, F; a Hilbert B-module, E5 an Hilbert B-C-bimodule
where ¢ : B — L¢/(Es3) denotes the action of B. Let E15 := F1 ®p Es be the graded tensor product of
E1 and EQ.
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Definition 2.20. Let F; be an operator on Es. Then we say that F5 is B-linear (in the graded sense) if
Vb e B: [Fy, ¢(b)] = 0.
We say that F5 is B-linear up to compact operators if
Vb e B: [Fy, ¢(b)] € Ko(E2).

So one of the conditions of (Es, ¢, F3) being a Kasparov triple is exactly that F is B-linear up to
compact operators.

Remark 2.21. If F, is homogeneous and B-linear, then indeed we have Fy(bz)—(—1)deebdee F2p 1, (1) =
0 for every homogeneous b € B, x € Ej, i.e.

Fy(bx) = bFy(x) if Fyiseven and  Fy(bx) = Bp(b)Fa(x) if Fy is odd.

Here we abbreviate ¢(b)x by bx.
If F5 is even, the operator 1 ® g F5 is well-defined. If F5 is odd, we can at least make sense of the
expression Sg, ® g F» because for every 1 € E1, 9 € E3, b € B:

SE1 (Jflb) Rp FQ(Q?Q) = SEl (l‘1)ﬁ3(b) XRp FQ(.TJQ) = SE’1 (331) XpB ﬂB(b)FQ(JZQ) = SE1 ($1)®B Fg(bl‘g).
If Fy = F{” + F{", where deg F{") = i, we define

1®pF; = 1®BF2(0) + S, ®p Fz(l)

as a short-hand notation.

Remark 2.22. If F5 is just B-linear up to compact operators, we cannot expect the expressions 1 ® g F2(0)

or Sg, ®p Fg(l) to make sense, but we can at least try to get a substitute for these operators. That is:
We have to list some of the properties that 1 ® g F» possesses in the B-linear case and to then construct
some operator that has these properties in the general case. The topic of this section is to describe this
construction and to say to what extend the result is unique.

Definition 2.23. For any = € F set
T,: By — Eq, ea — @ ea.
T, is called an F»>-tensor operator for Ey

Remark 2.24. For all © € E; we have T, € Lo (FEs, Eq12). The operator T is given by T (e; ®
e2) = ¢({x, e1))eq. If we regard Lo (Eo, F12) as a right B-module, then the map « — T, is B-linear,
I\l < ||z|| and T, has the same degree as = whenever x is homogeneous. Note that whenever Ej is
another Hilbert B-module and S € Lg(E1, E}) then

(5) Ve E : Ts, =(S®p )T, and V2’ € Ej: TH(S®p 1) =Té.,.

Now how do the operators T, and 1 ® g F’ interact if F5 is B-linear? If Frisoddand z € Ey,y € Es
then

i.e the following diagram is commutative:

Iy

E2 - E2
Tsp, (2) T,
Eis Eis

Sg, ® Fy
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Similarly,
By(T; (y®2)) = F2((x,9)2) = B((2, ) F2(2) = T5,, (2) (5B (y) © F2(2)) = T5, (2) (SE, © F2) (y®2),

or equivalently, the diagram

Es £ - Fy
Ty TgEl (z)
Eqo Ty N Eqo

commutes.
For an elegant description of this define

~ 0 T ~ F 0
T, = (Tm 5) and Fis = (02 Fm) S LC(E2 ©® Elg),

for every € E; and Fi2 € Lo(E12). Then the commutativity of the two diagrams is equivalent to the
formula |1 ®pFs, Tm = ( for every x € Fj. A short calculation shows that this is also true if F5 is even.

Hence the following definition:

Definition 2.25 (Connection). Let F5 € Lo(FE2). Then an operator Fia € Lo (Eq2) is called an Fy-
connection for £ (or an F5-connection on E5) if, for all x € E1,

[Fu, Tx] € Ko (B2 @ Era).

If F; is odd, it’s equivalent to saying that the following diagrams commute for every * € E; modulo
compact operators

Es i Es Es F Es
TSE1 (z) Tac T; TgEl (z)
Eis Ty Eqo Eis in Eis

If F5 is even, it’s equivalent to saying that the following diagrams commute for every x € FEj; modulo

compact operators
Fy Fy

Es E, E, E,
T, T, I Ty
Eis Ty Eqs Eis n Eio

2.3.2 Uniqueness and properties

We start with a lemma that proves useful in general:

Lemma 2.26. E]Let D be a C*-algebra (not necessary o-unital), X1, Xo be Hilbert D-modules. Then

KD(Xl,XQ) = {m S LD(Xl,XQ) : mm* € KD(XQ)}

Tcf. [TT91]), lemma 1.1.10.
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Proof. Obviously, Kp (X, X2) is contained in the right-hand side. For the other inclusion note that
Vm € Lp(X1,Xs) : ||m|? = [|[mm*|.

This is easily poved as in the case that X; = X5. Now let (vy)reca be an approximate unit for Kp(X5).
Then for every m € Lp (X1, X2) and every A € A:

loxm — m||* = |luxmm*vy — vamm* — mm*vy +mm*| .

This shows that if mm* € Kp(Xs) then limyecp vam = m. Since vym € Kp (X, Xz) forall A € A this
yields m € Kp (X7, Xo). O

Remark 2.27. We can view L (X7, X2) as a left Hilbert L 5 (X2)-module. The lemma says that if one
only considers those operators m for which the inner product (m, m) = mm™* is in Kp(X3), then one gets
the left Hilbert K p(X3)-module Kp (X1, Xa2).

Proposition 2.28. An operator Fi5 € Lo (FE12) is a 0-connection on F15 if and only if
(6) VTGKB(El) . F12(T®1), (T@l)Flg GKC(Elz).

Proof. Fi2 € Lo (Eh2) is azero-connection for Fy if and only if F15T,, T, F15 are compact for all x € Ej.
Note that for every z,y € E; we have

TJLT;< = ex,y ®pl.
Thus if F}5 is a zero-connection then for all x,y € Ey:
F12(@m7y Xp ].) = (FlgTz)T; S Kc(EQ),

and similarly (6, ®p 1)Fi2 € Ko (E»). By linearity and continuity F}, satisfies (6).

Conversely, if F5 satisfies condition @ then FioT, T FYy = F12(0, , ®p 1)Fy € Ko (E12) for all
x € Fj. Because of lemmammis yields F12T,, € Ko(FE2, E12). Similarly for T, Fy5. Thus Fio is a
zero-connection for Ff. O

Proposition 2.29. Let I, F) € L (E3) and Fio be an F-connection, and FY, be an Fj-connection. Then

1. FY, is an Fi5-connection, Fl(g) is an Fz(o)-connection, and Fl(zl) is an Fél)-connection.

2. Fio+F{,isan (Fy+ Fj)-connection and Fy2 FY, is an (Fy F4)-connection. If F; and F, are normal,
then f(F2) is an f(F5)-connection for every continuous function f such that the spectra of F5 and
F1o are contained in its domain of definition.

3. The set of all F5-connections is an affine space parallel to the space of all O-connections.
4. If T € KB(El)a then [Flg, T® 1] S Kc(Elg).

5. If Fy is a “compact perturbation” of zero, i.e. Fap(B),p(B)Fy C K¢ (FE2), then Fis is also a
0-connection.

6. Suppose that F3 is a Hilbert D-module, ¢): C' — Lp(F3) is a x-homomorphism, and F3 € Lp(Es)
with [F5, ¥ (C)] € Kp(FE3). If Fpg is an Fs-connection on Fy ®¢ Es3, and F is an Fy3-connection
on £ = F; ®p (B2 ®c E3), then F is an F3-connection on E 2 (E; ®p Es) ®¢ Es.

Proposition 2.30. Assume that £y = E{ ® EY. Let//: E{ — E; be the canonical embedding and 7’: E;
— E be the canonical projection. Note that ./, 7’ have degree zero and 7'+’ = Id ;. Moreover we have
7'* = /. Similar statements hold for :” and 7"’

Assume that Fy € Lo (Es).
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1. If Fi, is an F5-connection for F, then
Fly = (r"®@p 1)Fi2({ ®p 1) € Lo(E] ®@p Es)
is an Fy-connection for F/. Similarly one can define an F-connection FY5, for EY .
2. If F{, and FY’, are F,-connections for £} and EY, respectively, then
Fiy:= (/' @p 1)Fly(n' @p 1) + (" @p 1) Fiy(r" @p 1)
is an F5 connection for F.

Proof. W.l.o.g. let F» be homogeneous.

1. Let Fi5 be an Fy-connection for F1. Assume w.l.o.g. that F5 is homogeneous. Let FY, be de-
fined as above. Then FY, is homogeneous and of the same degree as F, and Fis. Let z € Ef be
homogeneous. Then

F{QTz = (7‘(’ Xp 1)F12(L/ Xp 1)’17z = (7'(/ Xp 1)]*—11271/z
(—1)deezdee e (7 @ p VT, Fy = (—1)9898 120 By mod Ko (Ey, Er2)

and

T FY,

Ty (" @p 1)Fi2( ®@p 1) = T3, Fi2(( ®p 1)
(—ndesrdes BTy ( ©p 1) = (1) BT, mod Ke(Eha, Ea).

2. Let F},, F{, and Fy5 be as in the second statement of the proposition. Without loss of generality
we can assume that they are all homogenous. Let € E; be homogeneous. Then = = /(7' (z)) +
J'(7"(x)) and

(LI ®p5 1)F1/2T7r’(x) — (_1)degxdegF2 (L/ 5 1)T7r’(ac)F2
_ (—1)ngdegF2Tu(7r’(x))F2 mod KC(EQ,ElQ)

(' ®p 1) Fs(r' @p )T,

as well as

Ty (' ©p DFL(n' ©p1) = ThgFa(n' ©pl) = (1) REBTY (1 ©p 1)
= (—nderde BT Ly mod Ka(Ei, ).

and similar for the E{ part. It follows that

FioT, = (/@ )Fy(n' @ )T, + (" @p 1)Fly(n" @5 1)T,.
1 degl‘degFQTL/(ﬂ'/(w))FQ + (71)degxdegFzTLu(Wu(I))FQ
_1)deszdeg F2 (TL/(w’($)) + TL”(W”(I))) Iy

)
)
deg x deg F:
1) AT AL (T )y gt (1 () ) F2
)

(
(
(
(
(—1)deszdee o By mod Ke(Fy, Fra).

Analogously for the other equation.

2.3.3 Existence

Example 2.31. If F; € Lo (Es) is a B-linear operator, i.e. [Fa, ¢(B)] =0, then 1 @ g F» € L(Es ® E12)
defined as above is an F5-connection for F; (and in particular, 0 is a O-connection for every F1). If B=C
and ¢ is unital, then this applies in particular.
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Example 2.32. Let ¢: B — L (F2) be non-degenerate, F, € Lo (E3) be B-linear up to compact
operators, and 'y = B. Define

®: BRp Fy — FEy, b®p x +— bzx.
Because ¢ is non-degenerate ® is an isomorphism; in particular we have ®* = ®~!. Note that
¢(b) =P oT,, andhence D" o@(b)=T,.
If we define F'5 := ®* F»,®, then
FioTyy = O* P @Ty, = O* Fop(b) = (—1)28 48 29 () Fy = (—1)8P 48 2Ty By, mod K (Eo, Era),
and
TiFlo = T Fo® = ¢(b*) Fo® = (—1)98bdee o g (p*) @ = (—1)deebdee 2 pr mod Ko (Fhg, Ea).

Example 2.33. Assume that B is unital, ¢ is non-degenerate, i.e. unital, and E; = H B. Let F5 be B-linear
up to compact operators. Then there is a standard F5-connection. There are two ways of constructing it:
directly or by reduction to the previous example. For a direct construction define the isomorphism

CI):HB®BE2.>H®«:B®BE2 HH@CE%

Note that ® € L¢ (H B ®p Es, H Qc Eg) is unitary. Now there is an F5-connection G for H using exam-

ple[2.31] So G is an element of L (H Qc EQ). W.l.o.g. we can assume that G and F; are homogeneous

and of the same degree. Define
F:=9"10God.

Now for every & € H and every b € B we have
®oTep =Teop(b) andhence Ty, 0@ ' =¢(b*)oT}.
Moreover, the degree of £ ® b is deg & + degb if b and & are homogeneous. Now
FoTegy = @ 'oGo®oTig, =0 10GoT:og¢(b)
= (—1)d82deesp=1 o T o B,y 0 ¢(b)
_ (_1)degF2 deg&(_l)degF2 degbq)—l o Tg o ¢(b) o F2
= (_l)deg & deg(f@b) e} T£®b o FQ 1’I10d Kc(EQ, H ®B Eg),
and
Tigpo F = Tg®bo®’1oGoCI):d)(b*)ngoGo(I)
— _1 dengdeg§ b* OF2 OT* O@
13
_ (_1)dch2 dcg(£®b)F2 o ¢(b*) o Tg* o ®d
_ (_1)degF2 deg(§8) 7, Tfe, mod KC(H ®p Es, Bs).
For a prove that uses example [2.32]note that
Hp ©p By~ (H®c B)®p By 2 Ao (B®p E).

Then by example 2.32] there is an F-connection G on B ®p E». By [2.3T|there is a G-connection F' on
H ®¢ (B ®p F2) and by proposition the operator F' may be regarded as an F5-connection.

Proposition 2.34. Let F; be a countably generated Hilbert B-module, F5 a Hilbert B-C-bimodule with
B-action ¢, and F> € L (FE2) such that [F, ¢(b)] € K¢ (FE2) for every b € B. Then there exists an
F5-connection for ;.
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Proof. W.l.0.g. let B and ¢ be unital. A reduction argument for this is given in [JT91]], proposition 2.2.5..
Now we can just collect what we have already done: Because F; is countably generated we can assume
that F; is a direct summand of H B- By propositionit suffices to consider the case where ] = M B.
But we have already covered this case in example[2.33] O

Remark 2.35. A careful revision of the above construction shows that we can extend the last proposition
in the following way: If ¢ — FY¥ is a norm-continuous path of operators, being B-linear up to compact
operators, then there is a norm-continuous path FY,, where FY, is an F}-connection for E;. If all the F}
are homogeneous of degree n or self-adjoint then all the Ff, may be chosen homogeneous of degree n or
self-adjoint, respectively.

2.3.4 A first application

Proposition 2.36. Let A and B be graded C*-algebras. For every (E, ¢, F)) € E(A, B), there is some
(E',¢', F") € E(A, B) with ¢’ non-degenerate and (E, ¢, F) ~ (E', ¢', F').

Proof. Let Ey := AE. Define E := E[0,1] and the sub-B[0, 1]-module Ey := {f € E[0,1] : f(1) €
Ey} as in the proof of lemma As above, let v: Lp(E) — Lpjo1)(£[0,1]) = Lp(£)[0, 1] be the
embedding of L z(F) as constant functions. Then yo ¢: A — Lg(FE|[0,1]) is a graded *-homomorphism.
Again, Ey is (¢(A))-invariant so that Ey is a Hilbert A-B-module and

Y1 Bg ®ey, B— E, f @b f(t)b

is an isometric left A-linear and right B-linear map respecting the inner product for every ¢ € [0,1]. Tt is
surjective for every ¢ < 1 and has image F for ¢ = 1. The only problem is to find an appropriate operator
G on Ej such that Fo,v o ¢, G) is in E(4, B[0, 1]). To construct it, we use the existence of connections.
Firstly, we rewrite E as a tensor product of some suitably chosen module and E:

Define J := {f e Al0,1] | f(1) € A}; J is an ideal in A[0,1]. Let w: A — .J be the embedding
as constant functions. If J is regarded as graded Hilbert fl[O, 1]-module, then Fy = J ® 3ol E, where

¢: A —Lp (E) is the unital extension of ¢. Note that the left action of A on Ej translates to the action
a— wa)® 1.

Let ' := F®1 € Lpjo,1j(£[0,1]). We check that F is A0, 1]-linear up to compact operators: Let
AeC,ae Aand f € C[0,1]. Then

F, (é@l)((Al—l—a)@f)} [F@l,qB(AHa)@f}
[F,AL+ ¢(a)] ® f = [F,¢(a)] ®f € Kpjo,1j(£[0,1]).
——

€Kp (E)

Now we can find an F-connection G on Eg. Then (Eq,y0 6, G) € E(A, B[0, 1]). To see this note that
w(a) € K 3y 11(7), and therefore, by proposition 4:

[G,w(a) ® 1] € Kpp1)(Eo)-

Moreover, (G2 — 1) is a (F2 — 1)-connection. So by[2.29} 5, (G? — 1) is a 0-connection, too. The same
holds for G* — G. Hence:

Vae A: (G2~ 1)(w(a)®1), (G* —G)(w(a)®1) € Kpo1)(Eo)

by proposition [2.28]

The restriction to zero gives a Kasparov (A, B)-module of the form (A ® iE,j®1,Gy),wherej: A
— A is the inclusion. When A ® 4 E is identified with E, this triple becomes (E, ¢, Fy), where Fy is a
compact perturbation of F'. Similarly, the restriction to one gives a Kasparov (A, B)-module of the form
(A ®g E,1da®1, G1); under the isomorphism A ® 4 E = Ej this triple becomes (Fy, ¢, H) for some
operator H. O
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3 Definition of the product

In this section, let A, B, C be graded C*-algebras, &1 = (E1, ¢1,F1) € E(A, B) and E; = (Ea, ¢o, Fb) €
E(B,C). Let E12 := E; ®p E be the graded tensor product of £y and E5 and ¢12 the action of A on
Eqs.

Definition 3.1 (Kasparov product). 12 = (F12, ¢12, Fi2) is called a Kasparov product for (Ey, ¢1, F})
and (Eg, (bz, FQ) if

1. (E12, ¢12, F12) is a Kasparov (A, C')-bimodule,
2. F}gis an Fy-connection on Fio, and
3. Vae A: ¢12((I)[F1 029 1,F12]¢12(a)* >0 mod Kc(E12).

The set of all operators F'j5 on E15 such that (F12, ¢12, Fi2) is a Kasparov product of F; abd F; is denoted
by Fi#Fs.

We are going to prove the following theorem:

Theorem 3.2. Assume that A is separable. Then there exists a Kasparov product E12 of £1 and Es. It is
unique up to operator homotopy, and the operator Fio can be chosen to be self-adjoint if Fy and Fs are
self-adjoint.

This theorem ensures that the map sending &£; and &; to [£12] € KK(A, C) exists and is well-defined.
We then have to show that homotopic modules have homotopic Kasparov products in order to be able to
pass to a map on the level of KK-elements.

3.1 Existence in some special cases

Example 3.3. Assume that f: A — B is a homomorphism and (E1, ¢1, F1) = (B, f,0) = (f). Assume
moreover that ¢, is non-degenerate (by proposition we can always arrange this within any given
KK-equivalence class). Then there is an isomorphism ®: B ® g E5 ~ E5. As in example P*Fyrd
is an Fy-connection on B ® Ea, and ®*Fo® € 0fF». In other words, (B ®p Fa, f @ 1, 0*Fy®) is a
Kasparov product for (B, f,0) and (Es, ¢2, F). It is obviously isomorphic to (Es, ¢ o f, Fy). But this
cycle is actually f*(&>). So if we have proved that the Kasparov product is well-defined on the level of
KK-elements, we can conclude that

Vy € KK(B,C): [flepy = f"(y).

Example 3.4. Assume that F, = 0. Then F; ® 1 is a O-connection on F15 because for every T € Kg(E})
wehave (TR 1)(F1®1) = (TF)®1 € Kg(E1) ® 1 C K¢ (FE12), where the last inclusion follows
from the fact that ¢o(B) C K¢ (Fs). Similarly, one shows that (F; ® 1)(T' ® 1) € K¢ (F12). Hence
(E12, 12, F1 ® 1) is a Kasparov product because the third condition of the definition is trivially satisfied,
and the second follows from the fact that Kg(F1) ® 1 C Ko (E2).

Example 3.5. As a special case of the preceding example consider F; = F» = 0. Then (Fy ®p Fa2, 1 ®
1,0) is a Kasparov product of (E1, ¢1,0) and (E>, ¢2,0). So we have proved

[(E1, ¢1,0)] ®5 [(E2, ¢2,0)] = [(E1, ¢1,0) ®p (E2, ¢2,0)],
if the Kasparov product is well-defined on KK-level.

Example 3.6. As another special case of let g: B — C be a homomorphism and (E2, ¢2, F5) =
(C,g,0) = (g). Then (Eq ®, C,¢1 ® 1, F1 ® 1) is a Kasparov product. But this is the cycle ¢.(&1). So
we have proved that if the Kasparov product exists, then

Vz € KK(4,B): g.(z) =z ®p [g]

Remark 3.7. As Id*(z) = Id.(z) = z for every x € KK(A, B) the above examples show in particular
that
Va GKK(A,B) 1A ®@ar=2®plg ==.



The Kasparov product, seminar on K K -theory, May 2004 18

3.2 Existence in general and uniqueness

Proof of theorem[3.2] Let’s proof existence of an element in F;§F5>. Let G be an F>-connection for E of
degree 1. Using the technical lemma, we are going to find suitable M, N € L (E2), such that M2 (Fy®p
1+ N:G € F11F5. To find candidates for the algebras A;, A5 and the space F C L (FE12) to which we
will apply the technical lemma we define

Fy = M3(F ®@p 1)+ (1-M) G

for every degree zero operator M € Lo (FE12), 0 < M < 1. Now we give conditions on M, i.e. conditions
on Ay, A, and F, ensuring that F; is in F1§F5. We will then check that the resulting candidates fulfill the
conditions of the technical lemma.

Solet M € Lo (E12) be of degree zero, 0 < M < 1. Define N :=1—-M.

e A first sensible condition would be that M3 commutes with Fy ®pg1land N 3 commutes with G
modulo compact operators, because this will come in handy when we compute the square of F;.
This condition is obviously equivalent to the condition that N commutes with F} ®p 1 and G
mod K¢ (FE12). In other words, we would like to have that

@) F1®31,G e F.

e We also want to have that M 3 (F1 ®p 1) is a O-connection and N 3G is an F5-connection, because
by proposition[2.29] this ensures that F; is an Fp-connection. As G is already an F,-connection it
would suffice for the second property that N 2 is a 1-connection. But by proposition 2., this is
the case precisely if N is a 1-connection, which in turn is equivalent to M being a 0-connection. So
a good condition on M would be that M is a 0-connection, or in other words:

®) Kp(E1) ®1C Ay

If this is the case, then also M 2 is a O-connection by proposition 2. The product M 3 (Fr®p1)
is also a 0-connection because it is compact when multiplied with elements of Kz (F1) ®p 1 from
the left and from the right.

e We have to make sure that (F12, ¢12, F') is indeed a Kasparov triple:
- Note that by
F} -1 = M(F?®p1)+NG*>+M>N? (G(Fy®p 1)+ (F,®p1)G) —1
= M((F?-1)®p1)+N(G*—1)+M?Nz?[G,F, ®51] mod K¢ (Eis).
Thus for every a € A:
(Fir = Déna(a) = M((Ff —1éi(a) @5 1) + N(G? — 1)¢12(a)
+ MENZ (G, F @p 1] ¢12(a) mod Ko (Eio).

Because (F2 — 1)¢1(a) is in Kp(E}) it follows by (8)) that the first term is 0 mod K¢ (E12).
The second term will be compact if (G2 — 1)¢12(a) € As. For the third term it suffices to ask
for N [G, F1 ®p 1] ¢12(a) being compact (here, we could also use M instead, but as we will
have more to check for A; than for A5 in the technical lemma, we prefer to express everything
in terms of V). So one possible condition on As is

©) Vac A: [G,F; ®p 1] ¢12(a), (G* —1)¢12(a) € As.
— For every a € A we have (under condition (7))

(Far = Fip)éia(a) = M2 ((Fy = F{)¢1(a) ® 1) + N2 (G — G*)¢ra(a) mod K (Er).
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Because (Fy — F7)é(a) € Kz (E1) follows from the fact that £, is a Kasparov cycle, and M 2
is a zero-connection by (8), the first term is compact. So the following condition seems natural
in order to get rid of the second term:

(10) Vac A: (G — G*)¢12(a) € A,.

— For every a € A we have

N

[p12(a), Fp] = [¢12(a),M
= [én(), M
+ [¢12(a),N%} G+ N¥ [p10(a), G].

(F1 ®B 1)} + [¢12(a),N%G

[N

} (Fy ®p 1)+ M? [pr2(a), (F ®p 1)]

Note that for any T' € L (E12) the following statements are equivalent: 7' commutes with M 3
up to compact operators, T' commutes with M up to c.o. (use functional calculus), 7' commutes
with N up to c.o., T commutes with N B up to compact operators. To make the first and the
third term compact it suffices to have

(11 Va e A: qblg(a) eF.

The second term is equal to M2 ([¢12(a), Fi] ®p 1), so this is compact using condition .
The last term is compact if we have the following:

(12) Va € A: [G, ¢12(a)] € As.

e Let a € A. Under which circumstances is ¢12(a)[Fy ®p 1, Farl¢12(a)* > 0 mod Ke(Ei2)? We
have

[Fiopl,Fy] = |[Fiopl MR ep1)|+ R el NG|

[Fl ®p 1,M%} (FLopl)+M? [F,®p1,F, ©p 1]

+|:F1®B17N%:|G+N%[F1®B]-1G]

From (7)) it follows as above that the first and the third term is compact. If we multiply with ¢12(a)*
from the right, it follows from (9) that the fourth term becomes compact. So

[Fi ©p 1, Fyloa(a)* = M2 [Fy®pl,F ®p1]¢12(a)*
= 2M? (F2¢1(a)* @5 1) mod Ko(Ers).

Because M 2 is a O-connection if condition (8) holds, it follows, using (1 —FZ2)¢;(a) € Kp(Ey):
[F1 ®@p 1, Fuléia(a)* = MZ¢ia(a)* mod Ke(Bia).
If we multiply this by ¢12(a) from the left, the right-hand side is obviously positive. So without any
extra condition we have positivity of the left-hand-side mod K¢ (FE12).
If all of these conditions are satisfied, we know that F)y; is in FifF5. So let us define
Ay :=Ke(E12) + Kp(F1) ®@p 1,

Ay = C* ([G, F1 ®p 1]¢12(A), (G* — 1)¢12(A), (G — G*)¢12(A), [G, d12(A)]) ,
F = <F1 ®p 1, G, ¢12(A)>(C'
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Note that our A; also contains the compact operators as this will ensure that F derives A;.

What is left to check is that these data satisfy the conditions of the technical lemma. Obviously, all of
the three spaces are invariant under the grading. That A; is o-unital was already shown directly after the
statement of the technical lemma. A, and F are separable because they are each generated by a separable
set. So the size conditions are satisfied.

In order to show A; Ay C Ko (FE12) take k € Kp(E7). Note that G? — 1 is an (F§ — 1)-connection,
and this operator is a compact perturbation of 0. So G2 — 1 is a 0-connection and hence

(k®@p 1)(G? = 1)¢12(a) € Ko(Ei2).
For the same reason we have
(k®p 1)(G — G")d12(a) € Ko (Er2).
Moreover,
(D)% kop )G Fiepl] = [G, (kFy)®pl]-[G kg l](F ®p1).

The first terms on the right-hand side are compact proposition [2.29] 4. So the left-hand side is compact
(and stays compact when multiplied with ¢12(a). Similarly,

(D (k@p1)[G d1(a) @p 1] = [G,(k¢1(a)) ®p 1]~ [G k@5 1(41(a) ©p 1)

is compact. So we have shown that A; As is contained in K¢ (F12).

The last thing that remains to be checked is [F, A;] C A;. Itis obvious that F; ® 5 1 and ¢12(A) derive
A;. G derives Ay by proposition [2.29] 4.

So we have shown that A;, Ay and F satisfy the conditions of the technical lemma, so we can find
appropriate M and N such that

F:=M3:(F,®p1)+ N3G
isin FifiFs.
Note that the F; we have just constructed is a compact perturbation of
Fy = Mi(F, ®p1)M7 + NiGNT,
because M and N commute with F; ®p 1 and G modulo compacts, respectjvely. So FM € FifiFs, as
well. Now, if F and F5 are self-adjoint, we can take G self-adjoint and then F'; will be self-adjoint.

To prove uniqueness note that if the operator G is already in Fy§F5, then F) is operator homotopic to
G. To see this note that

(G.Fy] = [G.M?(F@1)]+[G,N2G)
= [G,M?)(FL®1)+M3[G,F,®1]+[G, N3G+ N2[G,G]
= 04+ M3[G,F,®1|M%+0+2NG2N3 mod K¢ (Eio).

Hence we have for every a € A, because ¢12(A) commutes with M and N modulo compacts:

$12(0)[G, Frldi2(a)* = ¢12(a)M3[G, Fy @ 1M 7 ¢12(a)* + 2¢12(a) NTG2N 3 ¢15(a)*
= Mi(ﬁu(a)[G? Fr ® 1]¢12(a)*M% + 2Ni¢12(a)G2¢12(a)*N% mod K¢ (Ei2).

The first term is positive because G' € FfFy. The second term is positive because ¢12(a)G2¢12(a)* =
d12(a)p12(a)* mod Ke(FE12). Thus we see that ¢12(a)[G, Far]p12(a)* > 0 mod Ko (FE12) for every
a € A. This shows that G and F; are operator homotopic.

Solet G and G’ be in F}§F,. Now the trick is to modify the above proof to produce M and N such that
M3 (Fi®p1l)+ N3G as well as M3 (Fi®pl)+ N2G’ are in F1#F5 and differ by a compact operator.
The difference is N2 (G — G'). After everything we have done, it is obvious that a good choice would be

Ay :=Ke(E12) + Kp(Er) ®@p 1,
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Ag = C*([G, F1 @B 1]¢12(A), [G', F1 @ 1]p12(A), (G — G')p12(A), Ko (E12))
F:=(F1op1, G,G', ¢12(A))c.

Note that the algebra As is now defined in a way that ensures that it contains the one defined above
because it follows from G, G’ € Fy§F, that the operators (G? — 1)¢12(a) etc. are contained in the algebra
Ke(FEi2) € As.

The size conditions are obviously met. When proving A; Ay C K (F12) just note that G — G’ is a
O-connection. The rest is trivial. Note that the “old” A5 for G and G’ is contained in the new one. This
ensures that M 3 (Fr®p1)+ Nz@ is in F1#F5 and operator homotopic to G, M3 (FF®pl)+ N2G'is
in F1fF5 and operator homotopic to G, and N3 (G —G"p12(A) C Ko (Er2). O

3.3 The Kasparov product on the level of KK-theory

For the rest of this section, let A be separable.
The proof of the following lemma is straightforward but tedious and will be left to the reader.

Lemma 3.8 (Poor man’s associativity). Let D be another C*-algebra, f: A — B, g: B — C, h: C
— D be x-homomorphisms. Let & = (Ey1,¢1,F1) € E(A,B), & = (Fa,¢2,F>) € E(B,C), and
&3 = (B3, ¢3, F3) € E(C, D).

1. If €23 is a Kasparov product for Eo and Es, then f*(Ea3) is a Kasparov product for f*(E2) and Es.
2. Define
U: (B ®¢C) Qpy B3 — E1 Qpyoq E3, (€1 @) @ e3 — e ® ces.

Then ¥ is an isomorphism of Hilbert A-D-bimodules. Let F € Lp (E1 ®¢,0q Es3). Define F' :=
U=lo FoW. Then (Ey ® E3,¢1 ® 1, F) is a Kasparov product for €1 and g*(E3) if and only if
(B1 ® C) ® E3,(¢p1 ® 1) ® 1, F') is a Kasparov product for g.(&1) and Es.

3. If &12 is a Kasparov product for €1 and E, then h.(E12) is canonically isomorphic to a Kasparov
product of €1 and h(E3), the isomorphism being

: (B1 ®g, E2) @p D — E1 ®@pye1 (B2 @1 D), (e1®e2) @d— €1 ® (e2®@d).

Remark 3.9. We will use the preceding lemma to show that the Kasparov product is well-defined on the
level of KK-elements. If this is achieved, the lemma yields the following corollary: Let f, g, h be as above,
z € KK(A, B),y € KK(B,C) and z € KK(C, D). Then

1.

([flopy) ®cz= f"(y)@cz= [ (y®c z) = [f]®B (y @c 2),
2.

(z @5 [9]) ®c 2= g.(z) @c 2 =2 ®p " (2) = 2 ®5 ([g] ®c 2),
3.

(r®@py)®c [h] =he (@B Y) =2 @B hi(y) =225 (y @c [h]).

This explains the name of the lemma. Note that the lemma gives some additional information as it does not
involve homotopies but gives proper isomorphisms.

The following lemma is a direct consequence of lemma|[3.8] 3:

Lemma 3.10 (Homotopy invariance in the second variable). Let & = (E1,¢1, F1) € E(A, B) and & =
(B2, ¢2, F2) € E(B, C[0,1)) (this a homotopy!). Let 12 € E(A, C|0,1]) be a Kasparov product for &
and & (this is again a homotopy!). Then for every t € [0,1] we have that m; ,(E12) is isomorphic to a
Kasparov product of €1 and m; . (E2).

In particular, €12 is a homotopy from a Kasparov product for & and o +(E2) to a Kasparov product
for &1 and 1 4 (E2).
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For the moment, we need the following definition just for notational convenience but the notation will
be made clearer in the subsequent talks:

Definition 3.11. Suppose that & € E(B, C'). Then we define
T(01](E2) == (E2[0,1], 92 ® 1, F> ® 1) € E(BJ0, 1], C[0, 1]).
Note that we have for every ¢t € [0, 1]:
T (Te0,1)(E2)) = m) (E2).

Lemma 3.12 (Homotopy invariance in the first variable). Ler & = (E1, ¢1,F1) € E(A4, B[0,1]) (yet
another homotopy!) and E; = (Ea, ¢2, Fs) € E(B, C).

Let £15 € E(A,C[0,1]) be a Kasparov product for £, and Tco1](E2) (homotopy!). Then for every
t € [0, 1] we have that ; ,.(E12) is isomorphic to a Kasparov product of m; ,.(E1) and Es.

In particular, €12 is a homotopy from a Kasparov product for 7 (1) and &> to a Kasparov product
Sformi (1) and &Es.

Proof. By lemma 3, we know that 7, . (£12) is isomorphic to a Kasparov product of the cycles & and
T« (Tcj0,17(€2) ), where the latter is isomorphic to 7 (€2). But by lemma 2, this is in turn isomorphic
to a Kasparov product of 7 . (€1) and &;.

Lemma 3.13. Ler & = (E1,¢17F1), g{ = (Ei,gﬁ’l,Fll) S E(A,B) and £y = (E2,¢2,F2), Eé =
(B3, ¢5, F3) € B(B,O).

1. If €15 is a Kasparov product of £, by E2 and &1, is a Kasparov product of E] by E5 then E15 ® 14 is
isomorphic to a Kasparov product of &, & &{ by &Es.

2. If &2 is a Kasparov product of €1 by E; and E1, is a Kasparov product of €1 by E} then E12 ® £, is
isomorphic to a Kasparov product of €1 by E; @ &S,

Proof. 1. Let
O: (B, ®p E2) ® (Ey ®@p Ey) — (E1 @ E}) @p Es
=E
be the obvious isomorphism. Note that ®~! = ®*, Let F := ® @ (Fi2 ® Fy,) o ® ! and ¢(a) :=

® o (p12(a) ® ¢is(a)) o @~ L. Then £ := (E, ¢, F) is in E(A, C) by definition. Now note that F is
an Fs-connection by proposition Moreover, we have

(FLoF)®pl=00(F@pl®F ®@p1)od .
Let a € A. Then we have

¢(a)[(F1 © FY) @p 1, Flé(a")
O(d12(a) @ ¢15(a)) [(F1 @p L&F] @p 1), (F12 @ Fi,)] (¢12(a”) & ¢a(a”)) 2"
= ®((¢r2(a)[Fy @5 1, Fio]dr2(a”)) & (¢h2(a)[F] @5 1, F1o]¢a(a”))) 7.

As the direct sum of two positive operators is positive and the direct sum of two compact operators
is compact, we conclude that we have indeed constructed an Kasparov product.

2. Let
O: (B ®@p Ey) @ (B ®@p EY) — By ®@p (Ey © EY)
=F
be the obvious isomorphism. Let F := ® @ (F12 ® F|5) o ® ! and ¢(a) := ® o (¢12(a) ® ¢)5(a)) o
&=, Then £ := (E, ¢, F) is in E(A, C) by definition. A short calculation similar to the one in

proposition shows that F' is an F» @ Fj-connection. As above we can conclude that (E, ¢, F)
is a Kasparov product for &5 and & @ &J.

O
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From what we have done we can now derive the following theorem:
Theorem 3.14. The Kasparov product is a well-defined bi-additive map on the level KK-elements.

Proof. That the Kasparov product is invariant up to homotopy under homotopies in the first variable follows
from lemma In the second this follows from Biadditivity is a consequence of the preceding
lemma. O

Theorem 3.15. The Kasparov product is associative.

This last theorem of this section will not be proved here as the proof is rather technical and the main
techniques used in it, e.g. the technical lemma, as well as the way they are applied have already been
presented in this talk. A proof of the associativity of the Kasparov product can be found in any introduction
to KK-theory, for example in [JT91]].
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