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Let M be a first-order L-structure and G := Aut(M) a topological group.
Recall:

Theorem (∗). (ΣM, tpfull(m̄)) is the universal right G-ambit with G-action tpfull(σ(m̄)) · g :=
tpfull(σ(g(m̄))).

Definition.

(a) For a tuple ā and B ⊆M let
(
B
ā

)
:= {ā′ ⊆ B | ∃f ∈ G : ā′ = f(ā)} the set of embeddings of

ā in B.

(b) M has the embedding Ramsey property (ERP) if

∀k, r ∈ ω,B
finite

⊆ M, ā ∈ Bk : ∃C
finite

⊆ M : ∀c :

(
C

ā

)
→ r :

∃B′ ∈
(
C

B

)
:

∣∣∣∣c [(B′ā
)]∣∣∣∣ = 1

(c) A topological group is extremely amenable if every flow has a fixed point.

Theorem. M has the ERP iff G is extremely amenable.

Proof. We will structure this proof as a series of equivalences for M.

ERP (1)

⇔

∀k, r ∈ ω,B
finite

⊆ M, ā ∈ Bk, c :

(
M

ā

)
→ r :

∃B′ ∈
(
M

B

)
:

∣∣∣∣c [(B′ā
)]∣∣∣∣ = 1

(2)

⇔
∀k, n, r ∈ ω, ā ∈Mk, (gi)i∈n ∈ Gn, {ϕi((xi)i∈k) | i ∈ r} ⊆ Lfull((xi)i∈k) :

∃σ ∈ G :
∧
i<r

∧
j<n

(
ϕi(σ(gj(ā)))↔ ϕi(σ(ā))

) (3)

⇔
∃σ ∈ G∗ : ∀g ∈ G : tpfull(σ(g(m̄))) = tpfull(σ(m̄)) (4)

⇔
∃p ∈ ΣM : p ·G = {p} (5)

⇔
G is extremely amenable (6)

(b) For any finite tuple from a finite set there is a finite superset such that for any coloring of all embeddings of
the tuple in the superset we find an embedding of the original set monochromatic regarding the coloring.

(2) For any coloring of all embeddings of a finite tuple from a finite set we find an embedding of the set
monochromatic regarding the coloring.
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”(1)⇒ (2)” Clear.

”(2)⇒ (1)” In order to prove by contraposition we assume ¬ERP.

∃k, r ∈ ω,B
finite

⊆ M, ā ∈ Bk : ∀C
finite

⊆ M : ∃c :

(
C

ā

)
→ r :

¬∃B′ ∈
(
C

B

)
:

∣∣∣∣c [(B′ā
)]∣∣∣∣ = 1.

Fix such ā, B and r. For C
finite

⊆ M define

KC :=

{
c :

(
C

ā

)
→ r | ¬∃B′ ∈

(
C

B

)
:

∣∣∣∣c [(B′ā
)]∣∣∣∣ = 1

}
6= ∅.

For C ⊆ C ′
finite

⊆ M

KC =
{
c �(C

ā)| c ∈ KC′

}
.

Hence we can fix in the resulting profinite space η :∈ lim←−
C

KC 6= ∅ and define c :
(
M
ā

)
→ r;

c(ā′) := η(B ∪ ā′)(ā′) Since ∀C
finite

⊆ M : c �(C
ā)∈ KC

∃k, r ∈ ω,B
finite

⊆ M, ā ∈ Bk, c :

(
M

ā

)
→ r :

¬∃B′ ∈
(
M

B

)
:

∣∣∣∣c [(B′ā
)]∣∣∣∣ = 1.

”(2)⇒ (3)” For any k, n, r ∈ ω, ā ∈ Mk, (gi)i∈n ∈ Gn, {ϕi((xi)i∈k) | i ∈ r} ⊆ Lfull((xi)i∈k) take
the coloring c :

(
M
ā

)
→ 2r; c(ā′)(i) := χϕi(ā′). Then for a B ⊆ M , {ā, g0(ā), ..., gn−1(ā)} ⊆ B

by statement (2)

∃B′ ∈
(
M

B

)
:

∣∣∣∣c [(B′ā
)]∣∣∣∣ = 1.

Therefore we have a σ ∈ G with σ[B] = B′ and since σ(ā), σ(g0(ā)), ..., σ(gn−1(ā)) ∈
(
B′

ā

)
we

conclude statement (3).

”(3)⇒ (2)” For any k, r ∈ ω,B
finite

⊆ M, ā ∈ Bk, c :
(
M
ā

)
→ r the fibers of c are subsets of Mk and

hence can be defined by formulas {ϕi((xi)i∈k) | i ∈ r} ⊆ Lfull((xi)i∈k). Take (gi)i∈n ∈ Gn
such that {g0(ā), ..., gn−1(ā)} =

(
B
ā

)
. From statement (3) we get

∃σ ∈ G :

∣∣∣∣c [(σ[B]

ā

)]∣∣∣∣ = 1

which yields (2).

”(3)⇔ (4)” By |M |+-saturation of M∗.

”(4)⇔ (5)” Trivial.

”(5)⇔ (6)” Follows from Theorem (∗).
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Example (Kechris-Pestov-Todorcevic). Some examples of extremely amenable automorphism groups:

(a) Aut(Q, <).

(b) Aut([0, 1], λ).

(c) The automorphism group of the random ordered graph.

(d) The automorphism group of the random ordered hypergraph of a type.

There is a similar Theorem with weaker equivalent properties:

Definition.

(a) For subsets B ⊆ C ⊆M and a enumeration b̄
bijective
∈ B|B| let〈(

B

ā

)〉
:=

{∑
i∈k

λib̄i | k
6=0
∈ ω,∀i ∈ k : b̄i ∈

(
C

b̄

)
,∀i ∈ k : λi ∈ [0, 1],

∑
i∈k

λi = 1

}

be the set of affine combinations of copies of b̄ ∈ C.

Also for k ∈ ω, ā ∈ Bk, ā′ ∈
(
ā
B

)
, v =

∑
i∈k λib̄i ∈

〈(
B
ā

)〉
, σ0, ..., σk−1

σi(b̄)=b̄i
∈ G write

v ◦ ā′ :=
∑
i∈k

λiσi(ā
′) ∈

〈(
B

ā

)〉
.

For c :
(
C
ā

)
→ 2r

c(v ◦ ā′) :=
∑
i∈k

λic(ā
′
i) ∈ [0, 1]r.

(b) M has the embedding convex Ramsey property (ECRP) if

∀ε ∈ R>0, k, r ∈ ω,B
finite

⊆ M, b̄
bijective
∈ B|B|, ā ∈ Bk : ∃C

finite

⊆ M : ∀c :

(
C

ā

)
→ 2r :

∃v ∈
〈(

C

b̄

)〉
: ∀ā′, ā′′ ∈

(
B

ā

)
: ‖c(v ◦ ā′)− c(v ◦ ā′′)‖sup ≤ ε.

M has the strong ECRP if the above holds with ε = 0.

(c) A topological group is amenable if on every flow there is a G-invariant Borel probability
measure.

Theorem. The following are equivalent:

(a) M has the ECRP.

(b) M has the strong ECRP.

(c) G is amenable.

The proof is similarly structured to before.
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