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1 The exterior algebra

Definition. Let R be a commutative ring, E ∈ modR a finitely generated R-module.
Set T r(E) =

⊗r
i=1 E, T 0 = R. Then

T (E) =
∞⊕

r=0

T r(E)

is called the tensor algebra of E.1

Denote by ar ⊆ T r(E) the ideal generated by {x1 ⊗ . . .⊗ xr | xi = xj for some i 6= j}.
Set

∧r(E) = T r(E)/ar. Then

∧
(E) =

∞⊕
r=0

∧r
(E)

is called the exterior algebra of E.
The image of an element x1 ⊗ . . .⊗ xr ∈ T r(E) under the projection to

∧r(E) is denoted
by x1 ∧ . . . ∧ xr.

Remark. Let E be a free R-module of dimension n over R. Then
∧

(E) can be described as
a quotient of the free algebra in n variables:∧

(E) = R〈X1, . . . Xn〉/(X2
i , XiXj + XjXi).

• If r > n, then
∧r(E) = 0.

• Let {v1, . . . , vn} be a basis of E over R. For 1 ≤ r ≤ n,
∧r(E) is free over R, the elements

vi1 ∧ . . . ∧ vir , i1 < . . . < ir, form a basis of
∧r(E) over R, and dimR

∧r(E) =
(
n
r

)
.

2 Tensor products of complexes

Let K• and L• be two complexes of R-modules, R a commutative ring, such that Km = 0,
Lm = 0 for all m < 0, i.e. K• : · · · → Kn → Kn−1 → · · · → K0 → 0 → · · · , and similarly for
L•.

We define a new complex K• ⊗ L• as follows: The module in degree n is

(K• ⊗ L•)n =
∑

p+q=n

Kp ⊗ Lq,

and the differentials are defined as

d(u⊗ v) = du⊗ v + (−1)pu⊗ dv.

One can check that this gives really a complex.
1Tensors products are always taken over the ring R.
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3 The Koszul complex

Definition. Let R be a commutative ring, M ∈ modR. A sequence x = (x1, . . . , xr) in R is
called M -regular if

• x1 is not a zero divisor for M , and

• xi is not a zero divisor for M/(x1, . . . , xi−1)M for all 2 ≤ i ≤ r.

(Here, (x1, . . . , xi−1)M denotes the ideal in M generated by {x1, . . . , xi−1}.)
It is called regular if it is an R-regular sequence.

Definition. Let x = (x1, . . . . , xr) be a regular sequence in R. We define the Koszul complex
K(x) for R by

• K0(x) = R

• K1(x) = the free R-module with basis {e1, . . . er}

• Kp(x) = the free R-module with basis {ei1 ∧ . . . ∧ eip | i1 < . . . < ip}

• Kr(x) = the free R-module with basis {e1 ∧ . . . ∧ er}

(Note that ei1 ∧ . . . ∧ eip is just a notion for the basis element and has (so far) nothing to do
with the exterior algebra.)

The boundary maps are defined as follows —and this is where the sequence x has an
influence. . . —:

• d : K1(x) → K0(x), d(ei) = xi ∀i = 1, . . . , r

• d : Kp(x) → Kp−1(x), d(ei1 ∧ . . . ∧ eip) =
∑p

j=1(−1)j−1xijei1 ∧ . . . ∧ êij ∧ . . . ∧ eip .

This defines really a complex.

Definition. We define the Koszul complex for M ∈ modR (w.r.t. the regular sequence x)
by tensoring the complex for R with M : K(x)⊗M .

In order to calculate the Koszul complex for a regular sequence x = (x1, . . . , xr), we can
calculate the Koszul complexes for non zero divisors in R, and we obtain the Koszul complex
also inductively, since there is a natural isomorphism

K(x) ∼= K(x1)⊗ . . .⊗K(xr).

Proof. Homework.

Notation. For M ∈ modR and a regular sequence x we denote the homology groups of the
Koszul complex for M by

Hp(x,M) = Hp(K(x)⊗M).
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The following construction is very useful.
Let C• be a complex of R-modules and x ∈ R a non zero divisor.
We have a short exact sequence of complexes

0 → R → K(x) → R[−1] → 0. (1)

(Here, R denotes the stalk complex concentrated in degree zero with entry R, and R[−1] the
stalk complex concentrated in degree −1 with entry R.)

By construction, the complex K(x) is concentrated in degrees 1 and 0:

K(x) : . . . → 0 → K1(x)︸ ︷︷ ︸
∼=R

x→ K0(x)︸ ︷︷ ︸
∼=R

→ 0 → . . . ,

where x denotes the multiplication by x.
We apply −⊗ C• to the sequence (1), which gives us

(K(x)⊗ C•)p = (K0(x)⊗ Cp)⊕ (K1(x)⊗ Cp−1) ∼= Cp ⊕ Cp−1.

The boundary maps are, by definition, given by

d(v, w) = (dv + (−1)p−1xw, dw)

for (v, w) ∈ Cp ⊕ Cp−1.
Now take its homology. This leads to the long exact sequence

. . . −→ Hp+1(C•[−1])︸ ︷︷ ︸
∼=Hp(C•)

δp−→ Hp(C•) −→ Hp(K(x)⊗ C•) −→ Hp(C•[−1])︸ ︷︷ ︸
∼=Hp−1(C•)

δp−1−→ Hp−1(C•) −→ Hp−1(K(x)⊗ C•) −→ Hp−1(C•[−1])︸ ︷︷ ︸
∼=Hp−2(C•)

. . .

δ1−→ H1(C•) −→ H1(K(x)⊗ C•) −→ H1(C•[−1])︸ ︷︷ ︸
∼=H0(C•)

δ0−→ H0(C•),

where each δp is induced by the multiplication by (−1)p−1x.

Lemma. If x = (x1, . . . , xr) is an M -regular sequence in R for M ∈ modR, then Hp(x,M) =
0 for all p 6= 0, and H0(x,M) = M/(x1, . . . , xr)M .

Proof. If r = 1, then we can choose in the above construction C• = M , the stalk complex
with M concentrated in degree 0. Then Hp(C•) = 0 for all p 6= 0 and H0(C•) = M .

The complex K(x) is given by 0 → R
x→ R → 0, and K(x)⊗M is 0 → M

x→ M → 0.
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So all Hp(K(x)⊗M) = 0 for all p ≥ 2 (by the long exact homology sequence above). Since
x is a non zero divisor on M , the multiplication by x is injective. Furthermore, H1(C•) = 0,
so H1(K(x)⊗M) = 0. And H0(K(x)⊗M) = M/(x)M .

Let now r ≥ 2.
Denote by y the M -regular sequence (x1, . . . , xr−1), and let C• = K(y) ⊗M . As stated

above, we have an isomorphism K(x) ∼= K(xr)⊗K(y).
By induction, Hp(K(y)⊗M) = 0 for all p 6= 0. Therefore, all Hp(K(x)⊗M) ∼= Hp(K(xr)⊗

C•) = 0 for all p ≥ 2 (by the long exact homology sequence above). And xr is a non zero
divisor on M/(x1, . . . , xr−1)M ∼= H0(C•), therefore, the multiplication by xr is injective.
Furthermore, H1(C•) = 0, and hence H1(K(x)⊗M) ∼= H1(K(xr)⊗ C•) = 0. By definition,
H0(K(x)⊗M) ∼= H0(K(xr)⊗ C•) = M/(x1, . . . , xr)M .

Corollary. If x = (x1, . . . , xr) is an M -regular sequence in R for M ∈ modR, then K(x)⊗M
is a free resolution of M/(x1, . . . , xr)M , i.e. the Koszul complex is exact.

Now apply the construction to M = R = k[X1, . . . , Xn], with regular sequence x =
(X1−a1, . . . , Xn−an). We have k[X1, . . . , Xn]/(X1−a1, . . . , Xn−an)k[X1, . . . , Xn] ∼= ka1,...,an ,
the simple module for k[X1, . . . , Xn] defined by (a1, . . . , an) ∈ Rn.
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