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1 Introduction

A quiver @Q = (Qo, Q1, s,t) is given by a set () of vertices, a set (1 of arrows and two maps
s,t: Q1 — Qo assigning to every arrow « € @ its starting point s(a) and its terminating
point t(a).

A star is a quiver of the following shape:

.<o<—o cee<—0

This means taking k linearly ordered quivers of type A with all arrows going in one direction
and identifying them at the end points.

A star of type T, . has k arms of type A, where the i-th arm (¢ = 1,...,k) contains
exactly p; points (including the central point).

A representation (Vi, Vi )icgo.acq, of a quiver @) is given by vector spaces V; for each i € Q
over a particular field K and K-linear maps V, : Vi) — Vi) for each o € Q;. A
representation can be viewed as an element in

H Hompg (Vi(a)s Vita))-

a€e@

A representation (V;,V,) # 0 is called indecomposable, if it is not a sum of two non zero
representations, i. e. for all (V;-(l), a(l)), (V-(Q), a(z)) with (V;, V,) = (Vi(l), VOE”)@(%(Q), VOEQ))

)

cither (VY VV) = 0 or (@, V) = 0.

By a subspace representation of a star () we mean a representation that contains only injec-
tive maps. Every representation of a star which contains only injective maps is isomorphic
to a representation, where the vector spaces along the quiver’s arms are contained in one
another by using the natural isomorphisms of n-dimensional vector spaces over K with
K"
A morphism f = (f;)icq, between two representations V = (V;,V,)icqo.acq, and W =
(Wi, Wa)icgo.acq, of Q is given by K-linear maps f; : Vi — W, i € Qo, satisfying the
conditions

ft(a) oVy=Wsyo fs(a) Va € Ql
and can be viewed as an element in

H Homg (V;, W;).
1€Qo
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The set of representations of a quiver () is denoted by rep @ and the set of subspace
representations by repi; Q).

From now on we consider only quivers with finitely many vertices, finitely many arrows
and all vector spaces being finite dimensional over the field K.

The map

dim : rep Q — Z%°

assigns to every representation V = (V;, V,,)icqy.ac0, its dimension vector (dimg V;)ieq,-

We know by Gabriel (see [6]) that there are only finitely many isomorphism classes of
indecomposable representations for a star ) if and only if the underlying graph Q of @ is
contained in Table 1. And for ) contained in Table 2 there are infinitely many isomorphism
classes of indecomposable representations, but one can characterise the behaviour of the
representations in a nice way:

There are no two parameter families of indecomposable representations, and the dimension
vectors of the one parameter families of indecomposable representations are exactly the
integral multiples of the critical dimension vector corresponding to the quiver (see Table 4).
The classification (up to isomorphism) of all indecomposable representations of the tame
quivers was done by Dlab and Ringel in 1976 (see [5]).

A dimension vector d of representations of a star () is called an s-vector, if there is a
subspace representation with this dimension vector. Every s-vector must be increasing
along its arms, and for every dimension vector of a representation of a star that is increasing
along its arms, there exists a (not necessarily indecomposable) subspace representation. So
it is equivalent to say that d is increasing along its arms.

The set of all dimension vectors for a quiver ) is denoted by D(rep ()) and the set of all
s-vectors for ) by D(repiy; Q).

The following can be shown (see Chapter 2): If the central dimension of a dimension vector
for a star is not zero and we have an indecomposable representation with this dimension
vector, then this is already a subspace representation. Therefore, the indecomposable
representations of s-vectors are always subspace representations.

An s-decomposition of an s-vector d is a decomposition d = > ;_, d; (the addition is carried
out componentwise) such that each of the summands d; is an s-vector.

The s-vectors are compared as follows: If there is an s-vector ds # 0 with d = d; + da,
then d; is called smaller than d, and d is called bigger than d; and ds.

The maximal number of parameters for families of representations of a certain dimension
vector and the existence of indecomposable representations for a dimension vectors are
closely related to its Tits form.
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The Tits form ¢ : Z% — Z of a quiver Q = (Qq, Q1, s, 1) is given by

q(d) = Z d? — Z ds(a)dt(a), de ZQO.

1€Qo ac@1

For an algebraically closed field, Kac has shown the following:

If d is a positive root (see Section 8.2), the number 1 —¢(d) is exactly the maximal number
of parameters needed for families of indecomposable representations with dimension vector
d and there is a unique indecomposable representation with dimension vector d if and only
if ¢(d) = 1. And if d is not a root, there is no indecomposable representation with this
dimension vector.

By an s-finite dimension vector we mean an s-vector with the property that there are
only finitely many isomorphism classes of subspace representations with this s-vector. The
classification of the s-finite dimension vectors has been done by Magyar, Weyman, and
Zelevinsky, and can be found in [13]. In particular, an s-vector d is s-finite if and only if
the following two conditions hold:

1. g(d) =1, and

2. if d = d; + d3 is an s-decomposition, then ¢(d;) > 1 and ¢(d3) > 1, where ¢ is the
Tits form corresponding to the star.

The next question arising from this is: If there are infinitely many isomorphism classes of
subspace representations, what is the maximal number of parameters needed for families
of subspace representations with this dimension vector? Our aim is to find all s-vectors d
with the following two properties:

(i) There is a one parameter family of indecomposable subspace representations for d,
and

(ii) for every s-decomposition there is never an n-parameter family of indecomposable
subspace representations with n > 2 for either of the summands.

An s-vector d is called s-hypercritical, if

1. ¢(d) < 0, and

2. for every non trivial s-decomposition d = d; + da the conditions ¢(d;) > 0 and
q(dz2) > 0 are fulfilled.

These will turn out to be the minimal dimension vectors (w.r.t. s-decompositions) for
which there exists an n-parameter family of subspace representations with n > 2.
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So if we want to find the s-vectors with the properties (i) and (ii), we have to search them
among the s-tame ones, where we say that an s-vector d is s-tame, if the following two
conditions hold:

1. ¢(d) =0, and

2. if d = dy 4 dz is an s-decomposition, then ¢(d;) > 0 and ¢(d3) > 0.

It will turn out that the s-tame dimension vectors are exactly the s-vectors with the prop-
erties (i) and (ii).

We see that (by definition) every s-vector which is smaller than an s-tame one has either
Tits form > 1 or is also s-tame.

s-finite, s-tame and s-hypercritical dimension vectors will always be dimension vectors of
subspace representations.

This text is organised as follows: In Chapter 2 we are going to show that all indecomposable
representations of the s-vectors are already subspace representations. Then — in Chapter
3 — we rewrite the s-vectors in terms of tuples of compositions and calculate the Tits form
for the tuples of compositions. Chapter 4 shows the main properties of the Tits form for
the tuples of compositions and gives the basics for the classifications of all s-hypercritical
and s-tame vectors which are done in Chapter 5.

In Chapter 6 we will see how in the cases of non tame quivers families of decomposable
representations can be constructed for the s-tame dimension vectors. Here it is shown that
— in contrast to the situation of tame quivers — it is not possible to decompose an s-tame
dimension vector into the sum of two s-tame dimension vectors.

Chapter 7 gives an overview over the reflection functors introduced by Bernstein, Gel’fand
and Ponomarev (in [2]) and shows how one can reduce the problem of finding families of
representations. In Chapter 8 one can find a summary of results of Kac (from [9], [10],
[12] and [11]) and the proof for the existence of one parameter families of indecomposable
representations for the s-tame vectors and n-parameter families for the s-hypercritical ones
with n > 2. (Basically, one has to show that the s-tame and s-hypercritical dimension
vectors are indeed roots.) In Chapter 9 the main result of this text is proven:

Theorem. Let K be an algebraically closed field. Then the following assertions are equiv-
alent:

e A dimension vector d is s-tame.

o There is a one parameter family of indecomposable subspace representations (over K )
for d, but for every s-decomposition there is never an n-parameter family of indecom-
posable subspace representations (over K ) with n > 2 for either of the summands.
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Table 1: Stars of finite type — Stars of Dynkin type

*——oO

Furthermore, a characterisation of the s-hypercritical dimension vectors is given.

Chapter 10 shows that not all s-tame dimension vectors are tame. In Chapter 11 there
are listed some construction methods for families of indecomposable representations. Basi-
cally, the methods work as follows: One restricts the given dimension vector to a dimension
vector of a smaller quiver, decomposes the new one into a sum of dimension vectors of inde-
composable (subspace) representations, chooses a suitable realisation of the representation
restricted to the smaller quiver and then embeds a vector space into this realisation in an
appropriate way.

After that (in Chapter 12) the s-hypercritical and the s-tame vectors are sorted into orbits
under the action of the reflection functors introduced in Chapter 7. And finally, in Chapter
13, the families of indecomposable representations for the s-hypercritical and the s-tame
dimension vectors are constructed explicitly.

The appendices show that the results for the values of the Tits form for stars of finite and
tame type can also be obtained by using the methods introduced in Chapter 4.
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Table 2: Tame stars — Stars of Euclidean type
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Table 3: Hyperbolic stars

N

T52222
[ ]

R
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Table 4: Critical dimension vectors for the tame stars

1——2——-1

Dy
1—2—3—2—1
Ee
123i321
7
415~4321
g
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2 Subspace representations

Lemma 2.1. Letd € D(repQ), where Q is a star, and let d. denote the central dimension
ofd. Ifd. # 0 and (V;, Vy,) is an indecomposable representation of Q) with dimension vector
d, then (V;, V) is already a subspace representation.

Proof. We enumerate the points in the quiver as follows:

(1,p1 = 1) (1,p1 —2) (1,2) (1,1)
o<—————— O ... o<— 0

(2,p2 — 1) (2,p2 —2) (2,2) (2,1)
o< o “ e o< ©

o .\
® L] s o<———"—©

(k,pe — 1) (k,pe — 2) (k,2) (k, 1)

It suffices to show that a representation (V; j), Va)(i.j)c0o,0c0, With exactly one non injective
map Vj for some 8 € (); has to be decomposable.

Let Vs : Vim) = Viims1)- If V3 is not injective, then Ker Vs # 0 and
Viim) = V(l,m)/ Ker Vg @ Ker V3.

Then every vector space Vo) which is mapped into V/;,,) by a sequence of injective maps
Va,,..., Vs, , has also a decomposition

Vi) = Viey/ Ker(Vgo Vg, 0 0 Vs, ) @ Ker(Vgo Vg, ,0---0Vp,).

So
(Viigys Vo) = (W WD)y @ (W2 W)

(3,5)) "« (i,5)) @
with

W) = Viag) for (i,5) & {(1,1),.., (1L m)},
W = Vi Ker(Vy o Vs, 0+ 0 V) for (i,5) € {(L,1),..., (I,m)},
W =0 for (i,5) ¢ {(L.1),....(IL,m)},
W =Ker(Vzo Vs, o oVy) for (i,5) € {(1,1),....(I,m)}
as vector spaces and maps acting as

Wo(ll) =V, for s(a) ¢ {(I,1),...,(l,m)},

WC(YI) =V, for s(a) € {(I,1),...,(l,m)},



10 THE S-TAME DIMENSION VECTORS FOR STARS

W2 =0 for s(a) ¢ {(1,1),...,(I,m)},
W@ .=V, for s(a) € {(1,1),...,(I,m)},

where V,, denotes the induced map on the corresponding quotient space. O

Remark 2.2. For this lemma it is essential that the arrows in the arms of the star are
ordered linearly. We can for example choose the standard bases in K and K? and take the
representation

Bl

Jos

K

K K

Y

which is indecomposable, but the map K2 Ly K is obuviously not injective.
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3 Correspondence of s-vectors and tuples of composi-
tions

3.1 s-vectors and tuples of compositions

The set of the natural numbers {1,2,3,...} is denoted by N, whereas the set of natural
numbers including zero is denoted by Nj.

Definition 3.1. Let p € N. A tuple a = (aq,...,a,) € Nj is called a composition of a
number n € Ny, if Z§:1 a; = n. If a € NP, we say that it is a strict composition of n.

If a=(ay,...,a,) € Njj, we write for short

p
|a| = Z as,
j=1

P
lal = a}
j=1

and
mina = min{q; | j =1,...,p}.

The set of k-tuples of compositions of a number, where the compositions have lengths
pi,---,0r €N, k€ N, is denoted by D), .

Dy oo ={(a1,...,ax) e NJ' x .- x Ni¥ | |ag| = ... = |ak|}

Proposition 3.2. There is a bijection o : D,, ., — D(repim; Q) from the k-tuples of
compositions to the s-vectors of a star Q) of type T}, . which is giwen by the following
formula

p1—1
=1 ay; 0 an + ajo<=—=011

p2—1
<//jl agj -+ Q91 + Qge<—021

Pr—1
Zj:l agj -+ Ap1 T Qpo<—"0k1

oag,...,ax) = |aj

with the property

o((ar, ... a1) + (b1, ....,b)) = o((ar,. .. ax) + o((b,. .., by)).
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Proof. The inverse map is given by

dl,prl T d12<;d11
ds cor dooe—d
,p2—1 22 21
—1 d L
o k7pk
dk,pkfl o dgg~——di

- ((dlla s 7d1,p1—1 - dl,pl—Qa dk‘,pk - dl,p1—1)7 ey (dk17 cee 7dk‘,pk—1 - dk,pk—Qa dk:,pk - dk‘,pk—l))-

Since the s-vectors are increasing along their arms, the right hand side is again a tuple of
compositions.

It remains to show the additivity of o:

0((a1,...,ak)+(b1,...,bk)) :a((a1+b1,...,ak+bk))

P g +byy) oo ann+ by

= >0 (akj +brg) = > (agy Hby) e az + by
Jj=

TR b

j=1 \Akj + Ok; ag1 + Op1

-1
/ 1?2 1 a2j .. a21

/ =
_Zj la’kJ /

PE—
Sitay e am

pl 1
by, .. by,

ZPZ ' b2 T b21
+ Z?kzl bkj/ 7

Sy ba
= o((as, ..., a)) +o((by,....by)).
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Comparison of tuples of compositions of a number means comparison of the corresponding

s-vectors. It follows from Proposition 3.2 that a tuple (aj,...,a}) of compositions of
the same number is smaller than a second one (ay,...,ayx), if and only if (ay,...,ax)
—(a),...,a}) > 0. (Addition is again carried out componentwise.)

3.2 The Tits form for tuples of compositions

The Tits form for tuples of compositions can be easily calculated.
Let (ay,...,ax) € Dy, .. The corresponding Tits form § — defined by

k
T ) = 5O il + (2 = ),

where n = |a;| = ... = |ak|, — shows, that the original Tits form ¢ depends only on the
(unordered) dimension jumps of the dimension vectors along their arms, but not on the
dimensions themselves.

In order to show that the Tits form g of the tuples of compositions actually coincides with
the usual Tits form for the corresponding s-vectors we have to prove the following lemma.

Lemma 3.3. Let a = (ay,...,a,) € N. Then

p Jj—1

SN = 5 (laP  lal). 51)

j=1 1=1

Proof. (by induction on the length p of a)
For p = 1 the formula holds because

1
0= Q(a% —a3).

p~p+ 1L
We have

DN | —

by assumption 1 u ’ u u
2
= 5 Qa; — E (Zj ‘|‘(Zp+1E ap
j=1 j=1 =1
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p 2 p p
j=1 j=1

=1
p+1 2 ph
PO oF
j=1 j=1
(lal* = llal*) -

N | —

N —

Now it is easy to show the Proposition, which shows that the form g coincides for a tuple
of compositions with the Tits form for the corresponding dimension vector.

Proposition 3.4. Let (a;,...,ax) € D,,.. . and o as in Proposition 3.2. Then

.....

q((ag,...,ax)) = q(c((az,...,ax))).

Proof.
1 k
flan o) = 5 (Z Haiu2+<2—k>n2)
1 k k
= 5 (Z las]|* — Z|ai|2> +n?
pi j—1
(3:1) _Zzzazla1]+n
=1 j=1 I=1
pi j—1
= _Zzzazlazg+n
=1 j=2 I=1
kE pi—1 J
= —Zzzauaz‘,g’+1+nz
i=1 j=1 I=1
k pi—1 J Jj+1
= ZZ (Z%l) (Zazl _Zazl> +n?
i=1 j=1 \lI=1
. ,
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pi—l
Zj:l a1j an
Pr D5l az 421
= g j=1 %kj
pr—l
Doe g Akl

= q(o(ay,...,ax))
O

Definition 3.5. Given a composition a of a number n € Ny, the reduced composition a*®d
is the composition which we obtain by deleting all zero entries in a and ordering the entries
increasingly.

We say that a tuple of compositions of a number is equivalent to another tuple of com-
positions, if the reduced tuples of compositions coincide. The notions of s-finite, s-tame

and s-hypercritical are used for the tuples of compositions as well. A tuple (ay,...,ax)
s-finite
of compositions is called ¢ s-tame if the corresponding s-vector o(ay, ..., ax) is
s-hypercritical
s-finite
s-tame

s-hypercritical



16 THE S-TAME DIMENSION VECTORS FOR STARS

4 Overview of properties of strict tuples of compositions

The following is a complete list of the tuples of strict compositions of a number with
properties of their Tits forms.

Proposition 4.1. Let (ay,...,ax) be a tuple of strict compositions of a number. Then:
1. If (ag,...,ak) belongs to a case labelled with (x), then its Tits form is positive.
2. If (ay,...,ax) belongs to a case labelled with (x), then its Tits form is non negative.

3. In each of the cases labelled with (o) the Tits form is indefinite, and the tuples of
compositions with smallest central dimension and these properties have Tits form
< 0. If for these tuples of compositions there is no restriction on the dimension
Jumps along one arm, then the entries in the corresponding composition are 1 except

for at most one position.

e it = 1: quiver of type A, (%)
e it = 2: quiver of type A, (%)
o k=3

ep =2

e py = 2: quiver of type D, ()
[ ] p2 = 3

e 3 < p3 < 5: quiver of type Egrg (*)
e p3 = 6: quiver of type Eg (%)
o p3 =17

e mina; <5 (x)
[} mina1 Z 6

e mina, < 3 (%)
e minas > 4

e at least three times 1 in ag (*)
e at most two times 1 in ag (o)

®p3>8

e mina; < 3 (x)
[ mina1 Z 4
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e at least one 1 in ag (*)
e at least two times 2 in ag (%)
e at most one 2 in ay (o)

®py =4

e ps = 4: quiver of type E; (%)
ep3=>5

e mina; < 3 (x)
e mina; =4

e minas = 1 (%)
e minas > 2

e at least three times 1 in ag (%)
e at most two times 1 in ag (o),@

e mina; > 5

e at least two times 1 in ag (%)
e at least one 1 in a,

e minag =1 (%)
e minag > 2 (o)

e at least one 1 and one 2 in ay (%)
e minas > 2

e at least three times 1 in ag l*)

e at most two times 1 in agl
ep3>6

e mina; <2 (x)
e mina; > 3

e at least three times 1 in ag (*)
e at most two times 1 in ay (o)

®py>5

e mina; = 1 (%)
e mina; > 2 (o)

ep; =3

17
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®p, =3

e p; = 3: quiver of type Eg (%)
o p3 =4

e mina; = 1 (%)
[ mina1 Z 2

e minas = 1 (%)
® minaz Z 2

e at least three times 1 in ag (%)
e at most two times 1 in ag (o)

®p3 >0

e at least two times 1 in a; (%)
e at most one 1 in a;

e at least two times 1 in as (%)
e at most one 1 in as (o)

oy >4 (o)
e p1 >4 (o)
o k=4
op =2
o py =2
o p3 =2

e py = 2: quiver of type Dy (x)
e ps =3

e mina; = 1 (%)
[ mina1 Z 2

e minas = 1 (%)
e minas > 2

e minag = 1 (%)
[} mina3 Z 2 (O)

epy >4
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[} mina1 =1

e minas =1 (%)
e minas > 2

e minag = 1 (%)
[ mina3 2 2 (O)

e mina; > 2
[} minag =1

e minag =1 (%)
e minag > 2 (o)

[ mina2 Z 2 (O)
®p3 >3 (o)

ey >3 (o)

®p1 >3 (o)
ek >5 (o)

In order to prove this proposition we have to prove some lemmas which give a lower bound
for the Tits form (depending on the central dimension n) and show part the behaviour of
the Tits form for tuples of compositions. The main consequences of these lemmas are that
for a fixed star the Tits form for a dimension vector is always bigger than a polynomial of
degree 2 in the central dimension n of this dimension vector and that it becomes minimal
for fixed central dimension if and only if the dimension jumps along the arms are distributed
as evenly as possible.

Lemma 4.2. Let (a1,...,a,) € Ng with 3°0_ a; =n =pm +r, m,r € No, p € N, and
r <p. Then

P 2
Za? >pm?+r2m+1) =mn+ (m+1)r > .
, p

7j=1

Proof. Every a;, j = 1,...,p, can be written in the shape a; = m + b;, where b; € Z and
P b=
7=1"J .
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hS]

p
a; = ) (m+b)

j=1 J=1
p
= ) _(m®+2mb; +b7)

j=1
p p
= pm? —|—2mij —i—Zb?
j=1 j=1

p
= pm2+2mT+Zb§
j=1

P
pm? + 2mr + Z |b; |

J=1

v

v

P

pm® + 2mr + Z b;
j=1

= pm?+2mr +r

= pm®>+r(2m+1)

= mn+ (m+1)r

The first equality holds exactly if and only if |b;| <1 for all j = 1,...,p, and the second
holds exactly if and only if |b;| = b; for all j =1,...,p. Using Z;’:l b; = r, we get equality
signs, if and only if b; = 1 for r indices and b; = 0 for the remaining.

n

;T. This leads to the following equation:

If n=pm+r, and p # 0, then m =
n—rn rn—r? n?

mn+ (m+ 1)r = + +r>—.

p p p

The last inequality holds, because r < p and therefore % <r. O]

Remark 4.3. The proof of this lemma shows that the Tits form for s-vectors with a fixed
central dimension becomes smallest, if and only if the dimension jumps along the arms are
distributed as evenly as possible.

Lemma 4.4. Let a,b,c € N with c < a <b. Then

a’+b* < (a—c)*+ (b+c)

Proof.
(a—c)P+(b+c)=a+b+20b—a)c+2c®>a>+ b
>0

J/

>0
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]

Remark 4.5. By induction (on the number of changes in the tuple of compositions) one
gets that the Tits form becomes strictly bigger, if one changes the dimension jumps along
the arms of a dimension vector in such a way that they are distributed more unevenly, even
if they were already distributed unevenly.

Proof of Proposition 4.1. It suffices to show the properties in the Proposition for the cases
in which the tuples of compositions are ordered increasingly along their arms, since the
value of the Tits form does not change for any reordering by Proposition 3.4.

First we prove the claim for the cases labelled with (o).

We have the following tuples of compositions with smallest central dimension and their
Tits forms are always negative:

k=3
e 7((6,6),(4,4,4),(1,1,2,2,2,2,2)) = 3(2-1*4+5-22+3-42+2.6> 4+ (2—3) - 12%) = —1
e 7((4,4),(2,3,3),(1,1,1,1,1,1,1,1)) = 5(8- 1> +224+2-32 + 2.4+ (2 3) - 8?) = —1
e 7((4,4),(2,2,2,2),(1,1,2,2,2)) = 1(2- 1> +7-22 +2-42+ (2 - 3) - 8%) = —1
e 7((5,5),(1,3,3,3),(2,2,2,2,2)) = 1(12 +5- 22 +3-32 + 2. 52 + (2 — 3) - 10%) = —1
e 7((3,3),(1,1,2,2),(1,1,1,1,1,1)) = 3(8 - 12 +2- 22 +2- 32 + (2 - 3) - 6%) = —1
e 7((2,3),(1,1,1,1,1),(1,1,1,1,1)) = (10 - 1> + 22 + 3 + (2 - 3) - 5%) = —1
e 7((2,2,2),(2,2,2),(1,1,2,2)) = 3(2- 12 +8-22 + (2 - 3) - 6?) = —1
e 7((1,2,2),(1,2,2),(1,1,1,1,1)) = 4(7- 12+ 4- 22 + (2 - 3) - 5%) = -1
e g((1,1,2),(1,1,1,1),(1,1,1,1)) = (10 - 12 + 22 + (2 - 3) - 4%) = —1
e q((1,1,1,1),(1,1,1,1),(1,1,1,1)) = (12 12— (2 - 3) - 4?) = -2
k=4
¢ 7((2,2),(2,2),(2,2),(1,1,2)) = 5(2- 12+ 7-22 + (2 —4) - 4?) = -1
¢ 7((2,2),(2,2),(2,2),(1,1,1,1)) = 5(4- 12+ 6 - 22 + (2 — 4) - 4?) = =2
. @((1,3),(2,2)7(2 2), (1,1,1171)) q((2,2),(1,3),(2,2), (1,1, 1,1))

1,1)=1(5- 12+4 224324+ (2—4)-4%) = —1

e g((1,2)(1,2)(1,1,1)(1,1,1)) = 5(8- 12 +2-22 + (2 —4) - 3%) = —1
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e 7((1,2),(1,1,1),(1,1,1),(1,1,1)) = 2(10- 12 + 22 4 (2 — 4) - 3%) = —2

o 7((1,1,1),(1,1,1),(1,1,1),(1,1,1)) = 5(12- 12+ (2 —4) - 3*) = =3

1
2

g((1,1),(1,1),(1,1),(1,1),(1,1)) = %(10 124(2-5)-2%) = —1

Now we will prove the claims for the cases labelled with (%) and (%) (except for the ones
with underlying quiver of finite or tame type). !

We are going to show that in these cases the Tits form is bounded from below by a
polynomial in the central dimension of degree 2 with a positive leading coefficient. (For
this we will use Lemma 4.2.) Once we have shown this, the Tits form will certainly
become positive, if the central dimension becomes big or small enough. So there are only
finitely many cases left to check whether or not the Tits form is non negative. The central
dimensions to be considered can be computed by computing the zeros of the polynomials.

By Remark 4.3 we know that we can restrict ourselves to the cases in which the dimension
jumps along the arms are distributed as evenly as possible. Then we have:

o k=23
—p1=2,pp=3,p3=T7with7<n<1lora; = (5n—>5),n>12
(a) * g(ai,az,ag) > 1(52+(n—5)> +§+7—n2):%(% 2—10n+50) > 0,
ifn>13
(b) *g((3,4),(2,2,3),(1,1,1,1,1,1,1)) = 3(7- 12+ 2- 22+ 2. 32 + 42 + (2 —
3)-7)=0(n="7)
* 7((4,4),(2,3,3),(1,1,1,1,1,1,2)) = 3(6- 12 +2-22 +2-3*+2. 42+ (2 -
3)-8)=0(n=238)
* 7((4,5),(3,3,3),(1,1,1,1,1,2,2)) = 3(5- 12 +2- 22 + 3- 32 + 4 + 52 +
(2-3)-92) =0 (n=09)
* q((5,5),(3,3,4),(1,1,1,1,2,2,2)) = 5(4-12+3-22+2-32 + 42+ 2. 5 +
(2—=3)-10%) =0 (n = 10)
* 7((5,6),(3,4,4),(1,1,1,2,2,2,2)) = 3(3-12 +4- 22 + 32 + 2. 4> + 52 +
624+ (2—3)-11%) =0 (n = 11)
* q((5,7),(4,4,4),(1,1,2,2,2,2,2)) = 3(2-124+5-2243-42 452477 —12?) =
0 (n=12)
—p=2,p2=3,p3="T,a=3,—,—), n>12

n the finite cases it was shown by Gabriel (see [6]) that the Tits form is always positive, and in the
tame cases Dlab and Ringel showed that the Tits form is non negative (see [5]). This can also be shown
be using the lower bound for the Tits form we have by Lemma 4.2 (see Appendices A and B).
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(a) = 5(31732733)2%(%2"‘324'@‘#"_72_”2):%(”_72_3”4‘2_27) >0, if

n>15
(b) = q((6,6),(3,4,5),(1,1,2,2,2,2,2)) = 2(2- 124+ 5-22 + 32 4 42 + 52 + 2 -

1
* 7((6,7),(3,5,5),(1,2,2,2,2,2,2)) = 5(1°4+6-2> + 32 +2-5° + 62+ 7* —
132) = 0 (n = 13)
« g((7,7),(3,5,6),(2,2,2,2,2,2,2)) = 1(7-224+32+52+6%+2.72—14?) = 0
(n=14)
- D :25p2:3ap3:7a a3:(17171a_7_7_7_)a TLZ 12
-3
(a) * qlas,ag,ag) > H(% 42 43124 20 2y L 3y, 4 2Ly 5
ifn>14

* q((6,7),(4,4,5),(1,1,1,2,2,3,3)) = 5(3-124+2-22+2.32 + 2. 42 + 5 +
62+72—-13%) =1 (n=13)
(b) = q((6,6),(4,4,4),(1,1,1,2,2,2,3)) = £(3-1°+3-22+32+3-47+2-6% —
122) =0 (n = 12)
_p1:27p2:37p3287 81:<3,7’L—3),7’L28

(a) * G(ai,az,a3) > $(3%+ (n—3)> + 2 +n—n?) = L(Z —5n+18) > 0, if

n > 10
(b) = q((3,5),(2,3,3),(1,1,1,1,1,1,1,1)) = 1(8- 1>+ 22 +3-32+ 5> —8%) =0
(n=8)
* 7((3,6),(3,3,3),(1,1,1,1,1,1,1,1,1)) = 1(9- 12 + 4- 32 + 62 — 9%) = 0
(n=09)
_p1:27p2:37p3287 32:(1,—7—>,n28
—1

(a) q(al,az,a:;)z%(%2—1-12—1-@4—71—712):3-%:%>OVn€N

2
—p1=2,pp=3,p3>8 az2=(2,2,n—4),n>8

(a) * g(ay,as, az) > %(”72+2-22+(n—4)2+n—n2):%(%2—771—1—24) > 0,

ifn>9
(b) = q((4,4),(2,2,4),(1,1,1,1,1,1,1,1)) = (812 +2-2* +3-42 = 8) =
(n=38)
—p1=2,pp=4,p3=>5with5<n<T7ora;=(3,n—-3),n>8

(a) * q(ar,az,a3) > §(3+ (n—3)*+ % + % —n?) = §(n? — 6n+18) > 0,

ifn>9

(b)  * q((2,3),(1,1,1,2),(1,1,1,1,1)) = (8- 12 +2-22 + 3>+ (2—3) - 5?) = 0
(n=9)

* 7((3,3),(1,1,2,2),(1,1,1,1,2)) = 2(6-12+3-2242-324+(2—3)-62) = 0
(n = 6)
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* 7((3,4),(1,2,2,2),(1,1,1,2,2)) = 2(4-12+5-22 43442+ (2-3)-7%) = 0
(n="7)
% 4((3,5),(2,2,2,2),(1,1,2,2,2) = §(2- 124+ 7- 224 32 + 52 — 82) = 0
(n=238)
7p1—25p2 4p3—5 a; = (4n—4),a2:(1,—,—,—),n28
n—1

(a) * lar,ag,a5) > (A2 4 (n—4)2 4+ 124 20 22y 18,2 26,

100)>0 1fn>11

(b)  * q((4,4),(1,2,2,3),(1,1,2,2,2)) = 3(3-124+5-22 + 32 +2.42 - 8%) =0
(n=8)

« 7((4,5),(1,2,3,3),(1,2,2,2,2)) = 2(2:1245:2242.32 442452 - 9?) = 0
(n=09)

* 7((4,6),(1,3,3,3),(2,2,2,2,2)) = 1(1245-224+3-32+42+62 - 10?) = 0
(n =10)

_p1:27p2:47p3:57 31:(4,71—4)7332(1,1,1,—,—)77128
N~

n—3
(a) * las,as,a3) > (42 + (n—4)2+ 2 43124 0B _ 2y — L
1n+2)>0,ifn>9
(b)  * q((4,4),(2,2,2,2),(1,1,1,2,3)) = 5(3-124+5-22 +32+2.42 - 8%) =0

(n=28)
7pl:25p2:47p3:5aa2:(1717_7_)7n210
~2
(a) * g(aj,ag,az) > ( 212, 12+@+%2—n2):%(——2n+4)>O,if

n > 10 (even 1fn 2 8)

—p1:2,p2=4,p3=5,a2=(1,—, 7_)’a3_(1__7__)n>10
n—1 n—1
(a) * Glar,a,a5) > $(5+12+ 04124 B —p?) = L2 It 3) > 0,

if n > 12
% g((5,6),(1.3,3,4),(1,2,2,3,3)) =
112) = 0(n = 11)

(2:1242-224+4-32+42+ 524+ 6% —

D=

b)  * g((5,5),(1.3,3,3),(1,2,2,2,3)) = 1(2-124+3-22 4+ 4-32+2.52—10%) = 0
2
(n = 10)
_pl:27172:47133:57a2:(1727_a_)7n210
3
(a) * Glar,ag,as) > (5 +12+ 224 20 pnt 2y = L gy 4 10y 5
ifn>11

(b) = q((5,5),(1,2,3,4),(2,2,2,2,2)) = 5(12+6-22+32+42+2.52—10%) = 0
(n = 10)
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_p1:27p2:47p3:57 33:(1,1,17—,—),TL210
~—

n—3

(a) * q(ai,as,ag) > %(%2+%2+3-12+@—n2):%(7ﬁ1—2—3n+§)>O,
if n > 10 (even if n > 9)

—p1=2,pp=4,p3>6,a1=(2,n—2),n>6
(a) * glar,az,a3) > 122+ (n— 22+ = +n—n?) = (% —3n+8) > 0, if

n>9
(b) * g((2,4),(1,1,2,2),(1,1,1,1,1,1)) = 1(8-12+3-224+42—6%) = 0 (n = 6)
* 7((2,5),(1,2,2,2),(1,1,1,1,1,1,1)) = 2(8- 12 +4-22 4+ 52 = 7%) = 0
(n="7)
* 7((2,6),(2,2,2,2),(1,1,1,1,1,1,1,1)) = 1(8- 12+ 5-22 + 6 — 8%) = 0

(
— p1 =2, ps =4, p3 > 6, a2:(1,1,1,n 3),n>6
(a) * glar,az,a3) > (X +3-12+ (n—3)> +n—n?) = L(& —5n+12) > 0,
ifn>7
(b) = q((3,3),(1,1,1,3),(1,1,1,1,1,1)) = 2(9- 124+ 3 - 32 — 62) = 0 (n = 6)
—p1=2,pp>5p3>5a;=(1,n—1),n>5
(a) * glaj,az,a3) > 1(1*+(n—1)*+n+n—-n?)=1>0VneN
7pl:35p2:3ap3:4531:(17_7_)0ra2:<1a_7_)7n26
——

N——
n—1 n—1
(a) * lag,ag,ag) > 1124 5l pn? w2y Lm2 4 8y 5 f

n > 11
« g((1,4,5),(3,3,4),(2,2,3,3)) =7q((3,3,4),(1,4,5),(2,2,3,3)) = 5(1* +
2.2244.324+2-424+52-10%) =1 (n = 10)

(b) = q((1,2,3),(2,2,2),(1,1,2,2)) = 7((2,2,2),(1,2,3),(1,1,2,2)) = 3(3
1246-224+32-6%) =0 (n=6)
* g((1,3,3),(2,2,3),(1,2,2,2)) = q((2,2,3),(1,3,3),(1,2,2,2)) = 1(2-
1245-2243-32-7)=0(n="7)
112+

x q((1,3,4),(2,3,3),(2,2,2,2)) =q((2,3,3),(1,3,4),(2,2,2,2)) =
5:2243-32+42—-8%) =0 (n=28)
x q((1,4,4),(3,3,3),(2,2,2,3)) =4((3,3,3),(1,4,4),(2,2,2,3)) = %(12 +
3-2244-324+2-4%2 -~ 92)—()(71 9)
7pl:3p2:3p3 4 3:(1,1,1,7L 3)7’L>6
(a) * g(ai,az,a3) > (T +2 +3-12+ (n—3)>—n?) = 1(2n®> —6n+12) > 0,
ifn>7
(b) = q((2,2,2),(2,2,2),(1,1,1,3)) = 3(3- 12+ 6 -2+ 32— 62) =0 (n = 6)
- =3,p=3,ps>5a;=(,1,n—2)oraz=(1,1,n—2),n>5
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a) x glag,as,as) > 2(2-124 (n—224+ % 4 n—n? ——l——3n—|—6 0,
2 3 2
iftn>7

(b) * g((1,1,3),(1,2,2),(1,1,1,1,1)) =g((1,2,2),(1,1,3),(1,1,1,1,1)) = %(8-
124222432~ 5%) =0 (n =5)
« q((1,1,4),(2,2,2), (1,1,1,1 1,1) =7((2,2,2),(1,1,4),(1,1,1,1,1,1)) =
1(8-12 4322447 —6?) = O(n 6)
e k=4
- =2,p=2,p3=2,p4=3,a1 = (I,n—1)oraz = (1,n—1) oraz = (1,n—1),
n>3
(a) * g(a,as,ag,a4) > 2124+ (n— 12+ 2 42 4 2 1 (2 4).p?) =
L —2n4+2)>0,ifn>5
(b) * ((1,3),(2,2), (2.2), (1,1,2)) = 7((2,2), (1,3), (2,2), (1, 1,2))
=7((2,2),(2,2),(1,3), (1,1, 2) =12(3-124+5-22+32+(2—4)-4%) =0
(n=4)

—p=2p=2,p3=2,ps>4a=(l,n—1), a3 =(l,n—1) oray = (1,n—1),
ag=(IL,n—1)orag=(I,n—1),a3=(1,n—1),n >4
(a) * q(ar,az,a3,84) > J2-12+2-(n— 12+ % +n+(2—4) - n?) =

2

B —=3n+4)>0,ifn>5

3
(b) * q((13),(1,3),(2,2), (1,1, 1,1)) = g((1
(—q((232),(1,3),(1,3),(1,1 ,1,1) =
n =4

,3),(2,2),(1,3),(1,1,1,1))
(6-1242-2242.32-2.42) =

N =
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5 Classification of the s-hypercritical and s-tame vectors

As we have seen in Chapter 3, the dimension vectors of subspace representations are in
one-to-one correspondence with the tuples of compositions of a number.

The aim of this chapter is to provide two lists: The first one (in Proposition 5.3) contains
(up to reordering) all s-hypercritical tuples of strict compositions, and in the second one
(in Proposition 5.4) one can find (up to reordering) all s-tame tuples of strict compositions.

It suffices to give the classification up to reordering since the following holds:

Remark 5.1. Let 0, € S,,, @ = 1,...,k, where S, denotes the group of permutations of
the set {1,...,p}. Let a” = (ag(),.--,a0(p)) be the reordering of a = (ay,...,a,) w.r.t.
o€ S, Then:

o Q(ailw o 7aik) = Q<al7- e 7ak>7 and

o (a,...,ax) < (by,...,bx) & (al',...,ap%) < (b7",...,by*).

This means that the tuples of compositions which are smaller than an unordered tuple of
composition are exactly the reorderings of the tuples of compositions which are smaller
than the corresponding tuple of compositions which is ordered increasingly along its arms.

Furthermore, we can restrict ourselves for the classification to tuples of strict compositions,
because monomorphisms between two vector spaces of the same dimension already have
to be isomorphisms, and therefore, the subspace representations of tuples of non strict
compositions have the same decomposition properties as the subspace representations for
the corresponding tuples of strict compositions.

Remark 5.2. As already mentioned in Chapter 3, the partial order given on the s-vectors
carries over to the corresponding partial order on the tuples of compositions, where it is
given in the following way:

(al,...,ak) < (bl,...,bk) & Vi= ].,JCV]Z 1,...pz~:aij sz] and
(al,...,ak) §£ (b17-~-7bk>
5.1 Classification of the s-hypercritical vectors

Proposition 5.3. A reduced tuple (a;,...,ax) of compositions is contained in List 1 if
and only if

(1) g(ay,...,ax) <0 and

(2) g(ay,...,a,) >0 forall (a%,...,a,) < (az,...,ax).
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List 1
k=5:

THE S-TAME DIMENSION VECTORS FOR STARS

PL=P2=DP3=ps=D5 =2, (317327337a4aa5) = ((17 1)7 (17 1)7 (17 1>7 (17 1)7 (17 1))

k=4:

L. b1 =DpP2 =pP3 = 27 bs = 37 (al7a2aa37a4) = <<2a 2)? (272)7 (Qv 2)’ (1’ 172))

2. b1 =DpP2 =pP3 = 27 bs = 47 (alva2aa37a4) = ((Qa 2)7 (272)7 (27 2)7 (1’ 17 17 1))

3. P1=pP2 =PpP3 = 27 Pa = 47 (al>a2a337a4) = ((1’3)7 (272)7 (27 2)? (1’ 17 17 1))

4. p1=p2=p3 =2, ps =4, (alaa2aa3>a4) = ((27 2)7 (173)7 (27 2)’ (L L1, 1))

5. pr=p2=p3=2,ps =4, (a1,az,as,a4) = ((2,2),(2,2),(1,3),(1,1,1,1))

6. p1=pP2 = 27 P3 = P4 = 37 (alaa27a3aa4) = ((17 2)7 (172)7 (17 17 1)7 (17 17 1))

7. b1 = 27 P2 =P3 =P4 = 37 (a17a27a37a4) = ((172>7 (17 17 1)7 (17 17 1)7 (17 17 1))

8. P1=DP2=P3 =pP4s= 37 (a17a27a37a4) - ((17 ]-7 1)7 (17 17 1)7 (17 ]-7 1)7 (17 17 1))

L. p1 = 27 P2 = 37 p3 = 77 (3.178.273.3) = ((676)7 (4747 4)7 (17 17272727272))

2. P11 = 27 P2 = 37 P3 = 87 (a17a27a3) = ((474)7 (27373)7 (17 ]-7 ]-7 17 17 17 ]-7 ]-))

3. P11 = 27 P2 = 47 P3 = 57 (a17a27a3) - ((474)7 (2727272)7 (17 1727272))

4. b1 = 27 b2 = 47 P3 = 57 (3173—2733) = ((57 5)a (1737373)7 (27 2’ 27272))

5. b1 = 27 P2 = 47 p3 = 67 (ala3-2>a3) = ((373)a (17 17272)? (1’ 1’ 17 17 17 1))

6. p1 = 27 P2 = P3 = 57 (a17a27a3) = ((273)7 <1a 17 ]-> 17 )7 (1a 1’ ]-7 17 1))

7. p1=p2 =3, p3 =4, (ar,az,a3) = ((2,2,2),(2,2,2),(1,1,2,2))

8. p1=p2 =3, p3 =05, (ar,az,a3) = ((1,2,2),(1,2,2),(1,1,1,1,1))

9. b1 = 37 P2 = P3 = 47 (a17a27a3) = ((17 172)7 (17 17 17 )7 (17 17 17 1))

10. p1=p2=p3=47(

31,32733) = ((17 17 17 1)7 (17 17 17 1)7 (17 17 17 1))
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5.2 Classification of the s-tame vectors
Proposition 5.4. A reduced tuple (ay,...,ax) of compositions is contained in List 2 if

and only if

(1) g(ay,...,ax) =0 and

(2) g(al,...,a) >0 forall (a3,...,a) < (ai,...,ax).

List 2
b —

1. pr =p2=p3s =ps =2, (a1>a2aa3>a4) = ((m,m), (mam)7 (m’m)7 (m’m))v m €N
1

2. p1=p2=p3=2,ps =3, (a1,az,a3,a4) = ((1,2),(1,2),(1,2),(1,1,1))
3. pr=p2=p3=2,ps=3, (a1,a2,a3,a4) = ((1,3),(2,2),(2,2),(1,1,2))
4. p1=p2=p3=2,ps =3, (a1,a2,a3,a4) = ((2,2),(1,3),(2,2),(1,1,2))
5. p1=p2=p3=2,ps =3, (ar,az2,a3,a4) = ((2,2),(2,2),(1,3),(1,1,2))
6. pr =p2 =p3=2,ps =4, (a1,a2,a3,a4) = ((1,3),(1,3),(2,2),(1,1,1,1)
7. pr=p2=p3=2,ps =4, (a1,a,a3,a4) = ((1,3),(2,2),(1,3),(1,1,1,1)
8. p1=p2=p3=2,ps=4, (a1,a,a3,a4) = ((2,2),(1,3),(1,3),(1,1,1,1)

1. P11 = 27 P2 = 37 P3 = 67 (a17a27a3) = ((3m73m)7 <2m7 2m72m>) (mam)mam)mam>>7

m €N
2.p1=2,pp=3,p3="7, (a1,a2,a3) = ((3,4),(2,2,3)
3. p1=2,p=3,p3 =1, (a1,as,a3) = ((4,4),(2,3,3)
4. p1=2,p2=3,p3 =17, (a1,a2,a3) = ((4,5),(3,3,3)
5. p1=2,p2=3,p3 =17, (a1,az2,a3) = ((5,5), (3,3,4)
6. p1=2,p2=3,p3 =17, (a1,az2,a3) = ((5,6), (3,4,4)

o~ o~ o~ o~~~

1,1,1,1,1,1,1

Y Y ? ) ? Y

1,1,1,1,1,1,2

)
)
1,1,1,1,1,2,2)
1,1,1,1,2,2,2)

)

~— N N~ ~—

1,1,1,2,2,2,2

7. p1 =2, po = p3 =4, (a1,az,a3) = ((2m, 2m), (m, m, m,m), (m, m, m, m

8. b1 = 27 P2 = 47 P3s = 57 (alaa2>a3) = ((273)a (17 17 172)? (1’ 1’ 17 17 1))
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11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.

. P11 =

10. P1 =

b1

y4

J4

J4!

b1

b1

P

P

4

4

J4

J4!

b1

b1

b1

P

p1 =

pP1 =

J4!

J4!

J4!

b1

b1

P
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( )= (( (
( )= (( (
=2,p =4, p3 =5, (a1,az2,a3) = ((4,4), (
=2,pp=4,p3 =5, ( ) = ((4,5),(
= p2 = p3 = 3, (a1, az,a3) = ((m,m,m), (
=p2=3,p3 =4, (a1,a2,a3) = (

:p2:37 p3:4, (al,az,ag) = ( 172,2 ,(1,2,2 ,(1,1,1,2))

=2,ps=3,p3 =17, (a,az,a3) = ((5,7),(4,4,4),(1,1,2,2,2,2,2))
=2,p=3,p3s=17, (ar,az,a3) = ((6,6),(3,4,5),(1,1,2,2,2,2,2))
=2,p=3,ps=17, (ar,az,a3) = ((6,7),(3,5,5),(1,2,2,2,2,2,2))
=2,p=3,p3=17, (ar,az,a3) = ((7,7),(3,5,6),(2,2,2,2,2,2,2))
=2,py=3,p3 =17, (a,az,a3) = ((6,6),(4,4,4),(1,1,1,2,2,2,3))
=2,py =3, p3 =8, (a,az2,a3) = ((3,5),(2,3,3),(1,1,1,1,1,1,1,1))
=2,p2=3,p3 =09, (a;,az2,a3) = ((3,6),(3,3,3),(1,1,1,1,1,1,1,1, 1))
=2,py =3, p3 =8, (a,az2,a3) = ((4,4),(2,2,4),(1,1,1,1,1,1,1,1))
=2,py =4, p3 =5, (a,az2,a3) = ((3,5),(2,2,2,2),(1,1,2,2,2))
=2,py =4, p3 =5, (ay,az2,a3) = ((4,4),(2,2,2,2),(1,1,1,2,3))

=2, py =4, p3 =5, (a;,a2,a3) = ((5,5),(1,2,3,4),(2,2,2,2,2))
=2,py =4, p3 =6, (a;,az,a3) = ((2,4),(1,1,2,2),(1,1,1,1,1,1))
=2,ps=4,p3 =17, (a,a2,a3) = ((2,5),(1,2,2,2),(1,1,1,1,1,1,1))
=2,ps =4, p3 =8, (ar,az2,a3) = ((2,6),(2,2,2,2),(1,1,1,1,1,1,1,1))
=2,py =4, p3 =6, (a,az,a3) = ((3,3),(1,1,1,3),(1,1,1,1,1,1))
=py =3, p3 =4, (ar,az,a3) = ((1,2,3),(2,2,2),(1,1,2,2))

=py =3, p3 =4, (a1,a2,a3) = ((2,2,2),(1,2,3),(1,1,2,2))

=py =3, p3 =4, (a;,a2,a3) = ((1,3,3),(2,2,3),(1,2,2,2))
=pe=3,p3 =4, (a1,az,a3) = ((2,2,3),(1,3,3),(1,2,2,2))
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35. p1=p2=3,p3 =4, (a1,az,a3) =
36. p1 =p2 =3, p3 =4, (a1,a2,a3
37. pr=p2=3,p3 =4, (a1,az,a
38. p1=p2=3,p3 =4, (a1,a2,a
39. p1=p2=3,p3 =4, (a1,az,a3
40. p1 =pa =3, p3 =5, (a1,az,a
41. pr =p2 =3, p3 =5, (ar,az,a
(a1

42. p1:p2:37p3:67

~—_— — ' Y~ ~— ~—  ~—  ~—  —
o T N s s T T N T
~~ I~ I~ N N I~ o~
[\
[\
[\
~— ~— N~ S ~— N~ ~—
—_~ o~ o~ o~ o~ o~~~ o~
[\
[N}
O

43 P1=PpP2 = 37 pP3 = 67 (alaa27a3

44. P1 = 27 P2 = 47 P3 = 57 (a17a27a3) - (476 7(1737373)7 (272727272

—~ o~

) )
45. P1= 27 P2 = 47 p3 = 57 (alua27a3> = (57 5)7 (1737373)7 (17 2727273))

5.3 Proofs of Propositions 5.3 and 5.4

We can use the results of Chapter 4 to prove Proposition 5.3:

Proof of Proposition 5.3. We know that in the cases labelled with (%) and (%) (in Propo-
sition 4.1) there cannot be any tuples of compositions which fulfil condition (1), since the
Tits form is non negative in these cases. If a tuple of compositions belongs to a case (o)
and has a central dimension bigger than the smallest central dimension possible in this
case, then condition (2) cannot be fulfilled. And if a tuple of compositions belongs to case
then condition (2) is not fulfilled either: A tuple of compositions in case( — )is always
igger than ((4,4),(2,2,2,2),(1,1,2,2,2)) (from cas@ which has negative Tits form.

Now we want to show that the tuples of compositions with smallest central dimension in
the cases labelled with (o) fulfil both conditions (1) and (2). All of them have negative Tits
form and therefore fulfil condition (1). If a tuple of compositions is smaller than one of
these, the central dimension also becomes smaller. Then we have exactly two possibilities:
either the smaller tuple of compositions belongs to a case labelled with (x) or (%), since
the conditions on the arms cannot be fulfilled anymore, or the underlying quiver becomes
smaller. If the quiver becomes smaller, then a case by case inspection gives that one of the
following conditions has to be fulfilled:

e the underlying quiver is of finite or tame type

e k=3 p1=2,p,=3,p3=7,n="T7 (= mina; <5)
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e k=3 p=2py=4,p3=5n=>5 (= mina; < 3)

e k=3 p1=3,p=3,p3=4,n=4 (= mina; = 1)

i k:47p1:27p2:27p3:27p4:37n:3<:minalzl)
Each of these cases is labelled with (%) or (%). If a tuple of compositions belongs to a
case labelled with (%) or (x), then one of the following holds for each smaller tuple of
compositions: either the same restrictions on the arms have to be fulfilled — thus, the
Tits form is non negative — or the underlying quiver becomes smaller. By a case by

case inspection we get that in the cases the quiver becomes smaller one of the following
conditions has to be fulfilled:

e the underlying quiver is of finite or tame type

d k:3)p1:2,p2:37p3:7)mina1§5

e k=3, p1=2,p=3,p3 =7, minas < 3

e k=3, p1=2,p=4,p3s =5 mina; <3

e k=3,p1 =2, p,=4,p3 =5, minag =1

e k=3, p1=3,p2=3,p3s =4, mina; =1

e k=3 p=3,p=3,p3 =4, minay =1

e k=4 p1=2,pp=2,p3=2,py, =3, mna; =1

e k=4, p1=2,pp=2,p3=2,ps =3, mina; > 2, minas =1

But in all cases the Tits form stays non negative — these cases are all labelled with (x)

or (x) from Proposition 4.1 —, and therefore also condition (2) is fulfilled. So we have to
list all tuples of compositions with minimal central dimension from the cases labelled with
(o). [

And here is the proof for Proposition 5.4:

Proof of Proposition 5.4. If a tuple of compositions belongs to a case labelled with (o), then
it is always bigger than a tuple of compositions with negative Tits form or has negative
Tits form itself, because the tuples of compositions with smallest central dimension in the
cases labelled with (o) have negative Tits form. So condition (2) is not fulfilled.

We also know that a tuple of compositions from case@cannot fulfil condition (2), since it
is bigger than ((4,4),(2,2,2,2),(1,1,2,2,2)) (from cas@ which has negative Tits form.
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Furthermore, if a tuple of compositions has positive Tits form, then condition (1) is not

fulfilled.

If a tuple of compositions belongs to a case labelled with (x) and has Tits form zero, then
we already know (by the last part of the proof of Proposition 5.3) that all smaller tuples
of compositions have non negative Tits form. That means we have to list all tuples of
compositions in the cases labelled with (x) with Tits form zero.

The tuples of compositions in the cases labelled with (x) and Tits form zero are exactly
the ones which occur in the proof of Proposition 4.1 and are labelled with (b). ]
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6 Decomposition properties of the s-tame vectors

In this chapter the underling quivers for the tuples of compositions are always assumed to
be stars and not of tame type.

Lemma 6.1. For every s-tame vector d except for the cases 27., 28., 29., and 30. there
exists exactly one tame quiver which is smaller than the underlying quiver of d.

Proof. We obtain the result by comparing the lengths of the arms of the quivers with those
of the tame ones. O

Lemma 6.2. In the cases 27., 28., 29., and 30. the tuples of compositions are not bigger
than a tuple of compositions equivalent to one belonging to the critical dimension vector of
Es.

Proof. In the cases 27., 28., and 29. we have
min(a;) = 2,
but
min(aj) = 3,
for a tuple (a}, a5, a3) of compositions equivalent to one belonging to the critical dimension

vector of Eg.

In case 30. we have

‘{agj ’] = 1,,4, Clgj 2 2}’ = 1,
but

[{ay; |7 =1,...,3; ay; > 2} =3

in a tuple (af, a5, a3) of compositions equivalent to one belonging to the critical dimension

vector of [Eg. O
Labels in Proposition 5.4 tame quiver
k=42 -8 Dy
k=3,2. —-6.,16. — 23. Esg
k=3,8. —12.,24. - 30., 44., 45. E,
k=3,14.,15., 31. — 43. Eg

Figures 1 — 4 show how the s-tame tuples of compositions can be compared with each other.
The tuples at the tops of the figures are the biggest ones, those at the bottoms the smallest
ones, and they can be compared if there is a line between them. (Sometimes one has to
extend the underlying quiver of the smaller one by one point and one arrow at the end
of one arm and then add a zero for the corresponding entry in the tuple of compositions.
This is indicated by dotted lines between the particular tuples.) The numbers are those of
Proposition 5.4.
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Figure 1: > ]ﬁu

37. 38,
35, 36.

33, 34.
42, 31, 3/32‘ 43,
40\. 41.
|
o

Figure 2: > Eq

Proposition 6.3. Fvery s-tame vector d can be decomposed into a sum of s-vectors dq
and do, where dy is equivalent to a critical dimension vector of a tame quiver and dg is
s-finite.

Proof. Firstly we see by Figures 1 — 4 that every s-tame vector d can be decomposed into a
sum of an s-vector d; equivalent to a critical dimension vector of a tame quiver and another
s-vector dg. Secondly it is not possible to split off more than one s-vector equivalent to a
critical dimension vector of a tame quiver.

If it were possible to split off more than one s-vector equivalent to a critical dimension
vector of a tame quiver, the central dimension would be at least twice as much as the
central dimension of the critical dimension vector of the tame quiver.

This happens only for £ = 4 in the cases 3. — 8. and for k = 3 in the cases 11., 12., 16. —
20., 24. — 26., 29., 31. — 39., and 42. — 45.

If one takes the sum of two s-vectors both equivalent to a critical dimension vector of the
tame quiver which is uniquely determined by the above lemmas, the dimension jumps along
the first two arms (for & = 3) or the first three arms (for k = 4) are uniquely determined.

The following possibilities occur:
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44, 26/\5.
\ . 2.
24, 11./25. 8.
3:).\3. 27

D,

E7
Figure 3: > E;

]{524, D4Z a1:a2:a3:(2,2)

This shows that splitting off more than one s-vector equivalent to a critical dimension
vector of Dy is not possible in the cases 3. — 8.

o k=3 E¢ a; =a, =(2,2,2)

This shows that splitting off more than one s-vector equivalent to a critical dimension
vector of [Eg is not possible in the cases 31. — 38., 42., and 43.

o k=3 E; a; = (4,4),a, = (2,2,2,2)

This shows that splitting off more than one s-vector equivalent to a critical dimension
vector of [E; is not possible in the cases 11., 12., 24., 26., 29., 44., and 45.

o k=3 Es: a; =(6,6),a, = (2,2,2)

This shows that splitting off more than one s-vector equivalent to a critical dimension
vector of [Eg is not possible in the cases 16. — 19.

The remaining cases are 20., 25., and 39.

But here we have the following properties:

|{a3j]j:1,...,7; ClngQ}’Il,

but
{ab;|j=1,...,7; ay; > 2} >2

in a sum (a}, a5, a3) of two tuples of compositions equivalent to one belonging to the critical
dimension vector of Eg (case 39.),

|{a3j|j:1,...,7; 6L3j22}|:2,
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19.
18.
m.lé/w.

\\6
.
22.

23,

(L.

8

Figure 4: > Es

but
{as; |j=1,...,7; a3; > 2}| >3

in a sum (a}, a5, a3) of two tuples of compositions equivalent to one belonging to the critical
dimension vector of E; (case 25.),

{asj|j=1,....7; ag; > 2} = 4,
but
{ab;|j=1,....7 ay; > 2} > 5

in a sum (a}, a3, a3) of two tuples of compositions equivalent to one belonging to the critical
dimension vector of Eg (case 20.).

This shows (along with the classification of the s-finite vectors, see [13]) that d2 must be
s-finite. ]

Corollary 6.4. Ifd is an s-tame vector and d = dy + dg is a decomposition of d with dy
s-tame, then dg is s-finite.

Proof. Proposition 6.3 shows that if d = d;’+dy’ with d;’ equivalent to a critical dimension
vector of a tame quiver, then dy’ is s-finite. Since d; > dy’, we have dy < ds’, and hence
d- is s-finite. O
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This means that the one parameter families of decomposable subspace representations for
the s-tame vectors can be constructed by using the one parameter families of indecom-
posable subspace representations for the smaller s-tame vectors and adding some subspace
representations for s-finite vectors. Furthermore, in contrast to the case of the underlying
quiver being of tame type, there are also no n-parameter families of decomposable subspace
representations with n > 2.

In the tame case we can for example decompose

2
d=2 4 2
2
as
1 1
121121
1 1

and find a two parameter family of decomposable subspace representations for d.
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7 Reflection functors, Coxeter functors and the Auslander-
Reiten translate

7.1 Reflections for representations of quivers

In 1973, Bernstein, Gel’fand, and Ponomarev introduced reflection functors for represen-
tations of quivers (see [2]).

Definition 7.1. Let Q = (Qo, Q1, s,t) be a quiver. A point j € Q) is called a source (resp.
a sink) if t(a) # j (vesp. s(a) # j) for all @ € Q. It is called accessible if it is either a
source or a sink.

source

sink j € o, one constructs a new quiver

starting }

Given a quiver ) = (Qo, @1, s,t) with a {

{ SJ_(Q) = (QOanaSlat/)
SHQ) = (Qo, Q1,8 1)

in j.

} y cnanging € orientation o € arrows { termlnatlng

This means the new maps s’ : Q1 — Qo and t' : Q1 — @ are given by

$(a) = s(a), (@) = t(a), if s(a) #

and
s'(a) = t(a),t'(e) = s(a), if s(a) = j
in the first case (for S;7) and

and

in the second one (for S}").

SJ(‘/iava)iGQo,QEQl } of
S;_(‘/z; Va)iGQo,aéQl

} by calculating the cokernel (resp. kernel) of the sum of the maps

In [2], it is shown how one can construct a new representation {

5,(Q)
57(Q)

involved in point j € Qo in the given representation (V;, V,)icQo.ac: -

the quiver {

With these reflection functors it is possible to construct a family of indecomposable rep-
resentations from another family of indecomposable representations. But before we can
show the next proposition we have to recall the definition of simple representations.

Definition 7.2. The representation S(j) := (Vi, Va)icgo.aco, With Vi = 0 for all i € Qg
with ¢ # 7, V; = K and V, = 0 for all o € @y is called the simple representation according
to the point 7 € QQp.
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Proposition 7.3. The functors S; and S;-L, J € Qo, preserve the indecomposability of non
simple representations and the number of parameters on which families of representations
depend.

Proof. The assertion follows from [2], Theorem 1.1 and Lemma 1.1. If (V;,V,) was inde-
composable and there was a decomposition (I/Vi(l), Wc(yl)) @ (VVZ«(Q), WOEQ)) of S5 (V;, Vo), then
one could decompose (V;,V,) = S} 087 (V;, V,) into SJ»*(WZ-(I), W) @S]»*(Wi(z), W) (and
analogously for S}).

The second part follows from the fact that every parameter in a family of representations
gives rise to an indeterminant in a representing matrix in the representations, and this
indeterminant is preserved under the reflections, since it is preserved under taking kernels
and cokernels. [

From now on let ) be a quiver without oriented cycles. If one chooses a sequence

S R
{ J1l o Sj'& of possible reflections which contains every vertex j € )y exactly
dlgol ~ T P

C .
o+ (- (The Coxeter functors are independent
of the chosen order of the points in the sequence, see [2].) Clearly, these also preserve the
indecomposability of representations, if no simple representation occurs in the sequence of
representations, and the numbers of parameters for a family of representations. Note that
the underlying quiver S, PRICRERES S;,(Q) is again (), since every arrow is reversed exactly

twice.

once, one obtains the Coxeter functors

o+ } give exactly the construction of { TT }, where 7 is the

Auslander-Reiten translate, in the Auslander-Reiten quiver of ¢) (which contains all iso-
morphism classes of indecomposable representations), provided the underlying quiver does
not contain any cycle of odd length. This was shown in 1976 by Brenner and Butler (see
[1]). Unfortunately, there was a mistake in their proof?, but Gabriel showed in |7], that

The Coxeter functors { ¢

TS CtoT=ToCT,

where
T:repQ — rep @
is given by
T((Vi’ Va)ier,aEQ1) = (Vlv _Va)ier,aEQ1-
And if the quiver does not contain any cycle of odd length — especially for a star —, we
always have isomorphisms

(‘/Z'7 va)iGQo,ate = (‘/;7 _VOz)iEQQ,aEQl .

2They claimed that the Coxeter functors gave always the construction of 7 and 7.
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7.2 Reflections for dimension vectors

For a quiver @ without loops we have the corresponding Weyl group W = W (Q). That is
the subgroup of Aut(Z%) generated by the reflections 7; in the points i € @y which are
defined in the following way: Let d = (d;);cq, € Z%°, then r;(d) = (r;(d);)jeq, With

’I"i(d>j = dj fOl"j 7é Z', and ’f‘z(d)l = —dz + Z dj,

j€adj(i)
where
adj(i) ={j € Qo | Jo € Q1 with s(a) =i and t(a) = j or s(a) = j and t(a) =i} .

(So reflecting in point i € )y means leaving the entry in a point j # i as it was and taking
the sum over all entries of the neighbours of point ¢ and subtracting the original entry for
the point i.)

Remark 7.4. Ifd = (d;)eq, € NOQO 15 the dimension vector of a non simple representation
+

(Vi, Va)icgo,acq, and i € Qg is an accessible point for the reflection { Si }, then r;(d) is

S;
. . . ST(Vi, Vi)
the dimension vector of the representation { ’_( i» Vaieqo aca, }
Si (‘/Za Va)iEQo,aECh
But note that reflections on representations are only defined for accessible points whereas
reflections on the dimension vectors can always be done (and sometimes lead to negative
entries).
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8 Families of indecomposable representations and a
Theorem of Kac

From now on let K be an algebraically closed field.

8.1 The number of parameters for families of indecomposable rep-
resentations

The main aim of this work is to characterise the s-tame vectors as follows:

They have a one parameter family of indecomposable subspace representations, and for
every s-decomposition there is no indecomposable n-parameter family of indecomposable
subspace representations for either of the summands with n > 2.

A family of representations R,, p € I, for a dimension vector depends on n parame-
ters if there are “normal forms” N(Aq,...,\,) of the representations — depending on
(A1,.-.,An) € K™ — such that for every (\i,...,\,) € K" there exists p € I with
N, .o ) =2 Ryand N(Aq, ..., ) Z N (v, vp) i (A, ) # (1,00, 1),

For a dimension vector d € N(?O the number 1q(Q) is the maximal number of parameters
on which a family of indecomposable representations of () with dimension vector d can
depend.

8.2 Root systems for quivers and a Theorem of Kac

By Kac (|9], Theorems 1 and 3) we know that for a quiver () there is an indecomposable
representation of dimension 0 # d € Z% over K if and only if d is an element of the
positive root system AT for the quiver Q). (In this text roots will always be positive roots.)
So let us first recall how the positive root system AT looks like.

Let (—, —) denote the Euler form of Q which is a bilinear form on Z% x Z%? and given by

the following formula:
(dd) =) did; = ) dyaydiga

i€Qo ac@:
ford = (di)ier; d = (dg)iEQo € 7%,
The symmetric Euler form (—,—) : Z9° x Z2° — 7 is given by
(d,d’) =(d,d’) + (d’,d)

for d,d’ € Z?. Note that (d,d) =2-(d,d) = 2-¢(d) for all d € Z?, where q is the Tits

form.
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Let e; denote the dimension vectors of the simple representations of () in the points i € )y
and Il := {ei | 1€ Qo}
Kac has shown ([9], Proposition 1.1) that AT decomposes into two disjoint parts, the set

AL of positive real roots and the set A of imaginary roots which can be described as

follows:
AL = [ (w() n(NF\{0}) and AL, = [ w(M),
weW weW
where M denotes the so called fundamental set

{d e N\{0} | (d,e;) <0 for all i € Qy, d has connected support}

and T is the Weyl group for the quiver (see Chapter 7).

Moreover we can describe whether a root is real or imaginary (see 9], Lemma 2.1):

Lemma 8.1 (Kac, 1980). Let d € A*. Then:

ede Al &qg(d) =1
edec Al &q(d) <0

As already mentioned in the introduction, the maximal number pq(Q) of parameters for
families of indecomposable representations for a dimension vector d € NOQO is closely related
to the Tits form of d.

Kac has shown the following Theorem in [11], §1.10:

Theorem 8.2 (Kac, 1982). Let K be an algebraically closed field and Q = (Qo, @1, 8,t) a
quiver. Then:

e There exists an indecomposable representation of dimension 0 # d € NOQO if and only
ifde AT,

o There ezists a unique indecomposable representation (up to isomorphism) of dimen-
sion d € N§° if and only if d € Af.

o Ifde Al then ug(Q) =1—q(d).

im’

8.3 Existence of families of indecomposable representations for
the s-tame and s-hypercritical dimension vectors

In the next lemma we show that reflecting tuples of compositions within the arms just
means changing the order of the entries along the arms. This is a very useful property in
order to show that an s-vector is indeed a root. For reflections within the arms we can
restrict ourselves to a quiver () of type A, since nothing happens with the central point.
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Lemma 8.3 (Reflecting tuples of compositions within their arms).

Let (ay,...,a,) € N§ be a composition. Then
o torioo(a,... ap) = (A1, ..., Qi, Qig1, G,y Qiga, - .., Q)
foralli=1,...,p—1, where o is the summation map from Proposition 3.2.
P
Proof. We have o((as,...,a,)) = (a1,a1 + ag,..., > a;). Reflecting in position ¢ means

=1
i—1 i+1

7 i _
changing the dimension ) a; in position ¢ to the dimension — Y a; + > a; + > a; =

J=1 J=1 J=1 J=1
i—1
>~ aj + a;4+1 and leaving the others as before. Therefore
J=1

o torioo((ay,...,a,)) = (ar, ..., ¢ 1,01, 0, 0ira,. .., ap).

O

Now we are going to prove that all s-hypercritical and all s-tame dimension vectors are
indeed roots.

If the underlying quiver of a dimension vector is of hyperbolic type, then verifying that
a dimension vector is an imaginary root is very easy. Namely, every non zero dimension
vector with non positive Tits form is then a root.

The following result was also shown by Kac in [9], Lemma 2.1.

Lemma 8.4 (Kac, 1980). If the quiver Q) is of hyperbolic type, then the set of all imaginary
T001S 1S

{d e z\{0} | q(d) <0},
where q is the Tits form of Q.

Now we can show the following:

Proposition 8.5. Ifd € NOQO 1s an s-tame vector, then it is also an tmaginary root for Q).

Proof. By Lemma 8.3 it suffices to show the property for all s-tame tuples of compositions
which are ordered increasingly along their arms. The Tits form is preserved under the
action of the Weyl group (see [9], Lemma 1.9), and so property (1) for s-tame tuples of
compositions and Lemma 8.4 show that it is enough to show the following: every s-tame
tuple of compositions which is ordered increasingly along its arms can be reflected to a
tuple of compositions equivalent to an s-tame one with underlying quiver of hyperbolic

type.
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The cases in which the underlying quivers are not of hyperbolic type are the 13 cases
connected with dotted lines in Figures 1 — 4.

The different cases for k =4 (6., 7., and 8.) are just relabellings of the arms and therefore
show the same behaviour for the reflections. For k = 3, the cases 40. and 41. and the
cases 42. and 43. are also relabellings of the arms.

So we have to consider the following ten cases:

k =4 (no. 6.): (a1,as,as,a4) = ((1
by applying C~ to ((2,1),(2,1), (1,

e k=3 (no. 40.): (a1, az,a3) = ((1,1,3),(1,2,2),(1,1,1,1,1)): This can be reflected
by applying C~ to ((2,1,1),(1,1,2),(0,1,1,1,1)) which is a root.
(

),(1,3),(2,2),(1,1,1,1)): This can be reflected
0,1,1,1)) which is a root.

),(2,2,2),(1,1,1,1,1,1)): This can be reflected
1 1

e k=3 (no. 42) (al,az,a3) = ((1, 1,4
( )) which is a root (by the previous

by applying C~ to ((3,1,1),(1,2,2),
step).

e k =3 (no. 27.): (a1,as,a3) = ((2,4),(1,1,2,2),(1,1,1,1,1,1)): This can be re-
flected by applying C~ to ((3,2),(1,1,1,2),(0,1, 1,1, )) which is a root (no. 8. in
Proposition 5.4).

[\

1,1,1,1)): This can be

e k = 3 (no. 28.): (a1,az,a3) = ((2,5),(1,2,2,2), (1,
1,1, ,1,1)) which is a root (by

(1,
reflected by applying C~ to ((4,2),(1,1,2,2),(0,1,
the previous step).

1,1,1,1,1,1,1,1)): This can be

e k=3 (HO. 29) (al,az,ag) = ((2
( ,1,1,1,1,1,1)) which is a root (by

reflected by applying C~ to ((5,2),
the previous step).

D
~
—~

[\
0o

/\[\3
[\
)—‘\_/
—_

—_

,1,1)): This can be re-

e k=3 (no. 30.): (a3,az,az) = ((3,3),( 1,1,
1 ,1,1)) which is a root (no. 8. in

flected by applying C~ to ((2,3), (2,1, 1,
Proposition 5.4).

e k = 3 (no. 21.): (a1,az,a3) = ((3,5),(2,3,3),(1,1,1,1,1,
reflected by applying C'~ to ((4,3), (2,2,
2. in Proposition 5.4).

1,1,1,1,1,1,1,1,1)): This can be

e k =3 (no. 22.): (aj,agz,az) = ((3
( ,1,1,1,1,1,1)) which is a root (by

reflected by applying C~ to ((5, 3),
the previous step).

D
~—
—~
w

/\Q_’)
w
—_—
—_

)

e k = 3 (no. 23.): (a;,ag,as) =
reflected by applying C~ to ((3,4)
2. in Proposition 5.4).

,4),(1,1,1,1,1,1,1,1)): This can be
1,1,1,1,1,1,1)) which is a root (no
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]

Before we get the same result for the s-hypercritical vectors, we are going to prove another
lemma which shows that for reduced dimension vectors d of stars we have to check the
conditions

(d7 ei) S 0

for d being an element in the fundamental set only for the central points.

Lemma 8.6. Let (ay,...,ax) be a reduced tuple of compositions and ¢ € @y denote the
central point of the underlying quiver. Then

(o(ag,...,ax),e) <0

for all £ € Qp\{c}.

Proof. Since (ay, ..., ay) is reduced, we have
a;j < Q41
foralli=1,...,kandall j=1,...,p;, — 1.
Suppose ¢ = (i,7) € Qo for some ¢ € {1,...,k} and j € {1,...,p; — 1}. We have

J Jj—1
(o(ag,...,ax), e, = Zam -1 - Zai»t l=a;;
=1 t=1

and
J Jj+1
<eg, O'(al, c. 7ak)> =1- E Qi — 1- E Qi = — Q4 5+1,
t=1 t=1
SO

(o(ay,...,ax),e) = (o(as,...,ax), e + (ep,0(as,...,ax)) = a;; —a; ;41 < 0.

Proposition 8.7. Ifd € N(?O 15 an s-hypercritical vector, then it is also an itmaginary root

for Q.

Proof. As before we can restrict ourselves to the cases in which the tuples of compositions
are ordered increasingly along their arms (by using Lemma 8.3) and the underlying quiver
is not of hyperbolic type (by using Lemma 8.4).

We are going to show now that each of these tuples of compositions is already contained
in the fundamental set.
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The cases to deal with are the following:

k =4, cases 2. — 8. and k = 3, cases 2., 5., 6., 8., 9. and 10., where cases 3., 4. and 5. for
k = 4 are just relabellings of the arms.

By Lemma 8.6 we only have to check the properties for the central points in the quivers.

o k=4 (no. 2)
2 0
4 2 10
) S —2.4-2-9-9-3=_1
3 21 000
e k=4 (no. 3)
1 0
4 2 10
; S —2.4-1-2-2-3=0
3 21 000
e k=4 (no. 6)
1 0
31 10
s 10 o |=23-1-1-2-2=0
2 1 00
o k=4 (no. 7)
1 0
321 100
9 1° 0 0 =2-3-1-2-2-2=-1
2 1 0 0
e k=4 (no. 8)
2 1 0 0
321 100
9 1° 0 0 =2-3-2-2-2-2=-2
2 1 0 0
e k=3 (no. 2)
4 0
8 5 2 , 100 =2-8-4-5-7=0
76 5 43 21 000O0O0O0®O
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e k=3 (no. 5)
3 0
6 4 2 1 , 1 0 0 0 =2:6-3-4-5=0
54 3 2 1 000O0O0
e k=3 (no. 6)
2 0
5432 1,10000]=25-2-4-4=0
4 3 2 1 00 0O
e k=3 (no. 8)
3 1 00
5 3 1 , 1 00 =2-5-3-3-4=0
4 2 1 0000
e k=23 (no. 9)

4321,1000]=24-2-3-3=0

3 21 000
4321,1000]=2-4-3-3-3=-1
3 21 000

By applying Kac’s Theorem we immediately get the following Corollary:

Corollary 8.8. For every s-tame vector there is a one parameter family of indecomposable
representations, but no n-parameter family of indecomposable representations with n > 2.
For every s-hypercritical vector there is an n-parameter family of indecomposable represen-
tations with n > 2.

Since (by Lemma 2.1) all indecomposable representations of s-vectors are already subspace
representations, we can even replace “indecomposable representations” by “indecomposable
subspace representations”.
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Remark 8.9. This only shows the existence of the families of indecomposable (subspace)
representations, but gives no constructive procedure since the reflections on the dimension
vectors used here are sometimes non accessible reflections for the representations.> Con-
structing the families as reflections of representations only works with accessible reflections

as used by Bernstein, Gel’fand, and Ponomarev in [2]. This is done in the Chapters 11.1
and 11.2.

3A reflection r;, i € Qy, is called accessible, if i is an accessible point for the given orientation of the
quiver Q.
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9 Characterisation of the s-tame and the s-hypercritical
dimension vectors

9.1 Characterisation of the s-tame dimension vectors

The aim of this section is to give a characterisation of the s-tame dimension vectors.

Remember that (by Theorem 8.2) for a root d there is a unique isomorphism class of
indecomposable representations if and only if ¢(d) = 1 and that there is no indecomposable
representation if d is not a root. Also, all roots have Tits form < 1.

We have the following Theorem:

Theorem 9.1. For a tuple (ay,...,ax) of compositions of a number the following asser-
tions are equivalent:

1. (a,...,ax) is s-tame.

2. (aed, ... af®d) is contained in List 2 (see Proposition 5.4).

3. There is a one parameter family of indecomposable subspace representations for (ay, . ..

and for every s-decomposition (ay, ..., ax) = (b(ll), o ,bl(j)) + (b(12), . ,bl(f)) there

s mo n-parameter family of indecomposable subspace representations with n > 2 for
b, bM) or (P, bP).

Proof. The equivalence of the conditions 1. and 2. is the content of Proposition 5.4.

One of the consequences of Kac’s Theorem is that for every imaginary root the maxi-
mal number of parameters needed for families of indecomposable representations can be
calculated by the Tits form: If d is an imaginary root, then puq =1 — ¢(d).

Let (aj,...,ax) be s-tame. Then we have a one parameter family of indecomposable
subspace representations for (ay,...,ax), but no n-parameter family of indecomposable
subspace representations with n > 2 (by Corollary 8.8). All smaller tuples of composi-
tions are (by definition) also s-tame or have Tits form > 0. For the s-tame ones there is no
n-parameter family of indecomposable subspace representations with n > 2 (also by Corol-
lary 8.8), and if the Tits form is bigger than zero, there are no families of indecomposable
subspace representations at all. Therefore both conditions in 3. are fulfilled.

Let now (aj,...,ax) be a tuple of compositions fulfilling both conditions in 3. Then it
cannot be bigger than any s-hypercritical tuple of compositions (or an s-hypercritical tuple
of compositions itself), because we had an n-parameter family of indecomposable subspace
representations for a smaller tuple of compositions (or the tuple of compositions itself),
otherwise , since for all s-hypercritical tuples of compositions there is an n-parameter family

7ak)7
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of indecomposable representations with n > 2 (by Corollary 8.8). Therefore, we have

G(by,...,bx) >0

for all (bq,...,bx) < (a1,...,ax). And the condition on the existence of a one pa-
rameter family of indecomposable subspace representations for (ag,...,ay) gives that
g(ay,...,ax) =0. ]

9.2 Characterisation of the s-hypercritical dimension vectors

Not only the s-tame dimension vectors, but also the s-hypercritical dimension vectors can
be characterised by the existence and non existence of families of representations depending
on a certain amount of parameters.

We can show the following proposition:

Proposition 9.2. For a tuple (ay,...,ax) of compositions of a number the following as-
sertions are equivalent:

1. (ay,...,ax) is s-hypercritical.
2. (a%ed, ... af*d) is contained in List 1 (see Proposition 5.3).
3. There is an n-parameter family of subspace representations for (ai,...,ax) with

n > 2, but for every proper s-decomposition (ay, .. .,ax) = (b(ll)7 e ,bl({l))—i-(b(lz), o ,bl(f))
there is no n-parameter family of indecomposable subspace representations with n > 2
for (b(ll), . ,bf(l)) or (b(12), . ,bl((z)).

Proof. The equivalence of the conditions 1. and 2. was shown in Proposition 5.3.

Let (aj,...,ay) be s-hypercritical. By Corollary 8.8 we have an n-parameter family of
indecomposable subspace representations for (ay, ..., ax) with n > 2. All smaller tuples of
compositions must be either s-tame or have Tits form > 0. For the s-tame ones we already
know (again by Corollary 8.8) that there is no m-parameter family of indecomposable
subspace representations with n > 2, and for a tuple of compositions with positive Tits form
there are no families of indecomposable representations at all. Therefore both conditions
in 3. are fulfilled.

Let now (ay,...,ax) a tuple of compositions which fulfils both conditions in 3. The ex-
istence of an n-parameter family of indecomposable subspace representations shows that
g(ay,...,ax) < 0. But for all smaller tuples of compositions there is never an n-parameter
family of indecomposable subspace representations with n > 2. By the characterisation of
the s-tame tuples of compositions (Theorem 9.1) we know that all smaller tuples of com-
positions are s-tame — thus have Tits form zero — or s-finite. If a tuple (bq,...,by)
of compositions is s-finite, then in particular g(bq,...,bx) > 0 (see [13]). Therefore
g(by,...,bx) >0 for all (by,...,bx) < (az,...,ax). So (ay,...,ax) is s-hypercritical. [
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10 s-tame # tame

If we skip the properties of the representations to be subspace representations, we can also
define tameness for arbitrary dimension vectors of stars with subspace orientation.

Definition 10.1. A dimension vector d = (d;)icq, € N$° is called tame, if there is a one
parameter family of representations for this dimension vector, but there is no (arbitrary)
decomposition into a sum of dimension vectors with an n-parameter family of indecom-
posable representations and n > 2 for one of the summands.

We will see that not all s-tame dimension vectors are tame. This is a consequence of
the fact, that s-decompositions of dimension vectors are just special decompositions and
therefore the partial order of the s-vectors differs from the partial order of usual dimension
vectors.

10.1 An example: not all s-tame dimension vectors are tame
The following tuple of compositions of 4 is s-tame, but not tame:

((3,1),(2,2),(2,2),(1,1,2)

There is a two parameter family of representations for this tuple of compositions, which
one can construct by decomposing the corresponding dimension vector

[\
— N R W
[\

into the sum

For the dimension vector on the left hand side there is an indecomposable two parameter
family of representations. (In fact, it is s-hypercritical.) But note that the family of
representations constructed in this way is not a family of subspace representations, because
there is no subspace representation for the dimension vector on the right hand side in this
decomposition.
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11 Construction methods for families of indecompos-
able representations

In Chapter 8 we have shown the existence of one parameter families of indecomposable
subspace representations for the s-tame dimension vectors and the existence of n-parameter
families of indecomposable subspace representations with n > 2 for the s-hypercritical
dimension vectors. Another question arising from this is, how the families actually look

like.

We construct a smaller quiver from the original one by deleting one point and one arrow
at the end of one of the arms. If the representations for the smaller quiver are known, then
the task is to find the right embedding(s) for the vector space(s) at the deleted point(s) in
order to construct a family of indecomposable representations for the original quiver.

Since every representation (V;, V) is isomorphic to one of type (K%, f,,), it suffices to find
representing matrices for the embeddings with respect to the standard bases of the K%’s
which contain sufficiently many indeterminants.

If not mentioned, in this chapter there are no non zero homomorphisms and only trivial
extensions between the different representations needed for the construction. Furthermore,
all representations for the restricted quivers have trivial endomorphism rings, i.e. all
homomorphisms from the representations to themselves are given by scalar multiplications.

Since there are no non trivial extensions between the indecomposable representations for
the decompositions of the smaller dimension vectors, we can even see how the restrictions
of maps between the vector spaces at the sources of the restricted quivers look like.

We use the following Lemma, which is a special case of a Lemma by Happel and Ringel
(see [8], Lemma 4.1).

Lemma 11.1. Let V = (V;, Va)ic@o.acgr and W = (Wi, Wa)icQo.acq, be non isomorphic
indecomposable representations of a quiver Q = (Qo, Q1,s,t) with Ext'(W,V) = 0. If
f € Hom(V, W), then f is either injective or surjective.

As a consequence we get that the dimension of the restriction of the homomorphism space
between two non isomorphic indecomposable representations of a quiver to two non zero
vector spaces is at least 1, provided there are non zero homomorphisms, but no non trivial
extensions between the representations.

Let V = (Vi, Va)icgo.acor, W = (Wi, Wa)ie@o.acq, € rep @ and j € Qp. Then set
Hom(V,W)[; :=={f; : V; = W; | 3f = (fi)ieq € Hom(V,W)}.

Corollary 11.2. Let V = (V;, Va)icgo,acqr and W = (Wi, Wo)icqo.acq, be non isomorphic
indecomposable representations of a quiver Q@ = (Qo, @1, s,t) with dimg Hom(V, W) = 1,
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dimg Ext'(W, V) =0, V; # 0 and W; # 0 for some j € Qo. Then
dimg Hom(V, W)|; = 1.

Proof. Suppose there is a non zero homomorphism (f;)ieq, = f : V — W. By Lemma 11.1
we have the following two cases:

Case 1. f is injective. Therefore, also f; : V; — W is injective. But then f;(V}) # 0, since
V; = f(V;) and V; £ 0.

Case 2. f is surjective. Therefore, also f; : V; — W; is surjective. But then f;(V;) = W, #
0.

Therefore, dimxg Hom(V,W)|; > 1. But we also have dimx Hom(V,W)|; < 1, since
dimg Hom(V, W) = 1. O

11.1 Construction methods for n-parameter families of indecom-
posable representations with n > 2

Proposition 11.3.

@Let (Vi, Vi) be a representation with K3 at a source. If we choose the embedding

1
At

A

K K3,

we get a two parameter family of indecomposable representations.

Let (\/;-(1)(/\1, ce Ay ) Vcsl)(/\l, o3 A ) A dny)ekm be an ny-parameter family of

representations and (‘/;(2) (f1y -yt ), v (115 -+ 5 M) (ur oo iy Je 2 DEaM Mig-
parameter family of representations, each of which has a K at a source. If we choose

the embedding
1
1

we get an (ny + ng)-parameter family of indecomposable representations.

K KoK,

Let (Vi(A1, -5 A0), Va(A1, oo, An)) (uoan)ekn be an n-parameter family of represen-
tations with K? at a source. If we choose the embedding

<1>
A
K K?,
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we get an (n + 1)-parameter family of indecomposable representations.

@Let (V;(j), Va(j)), 7 =1,...,n1 with ny € Ny, be representations, each of which has a
K at the same source, and (WZ-(J), Wo(f)), j=1,...,ny with ng € N\{1}, be represen-
tations, each of which has a K? at the source. If we choose the embedding

n2

K Ko - oKoK*@---®K?,

we get an ny-parameter family of indecomposable representations.
Moreover, all representations of the constructed families have trivial endomorphism rings.

Proof. We have to show the following in each of the cases: If

Kal M Kag

o |

K% — K

commutes for the allowed base change matrices A and B, then A = 0 and B = 0, or
M=M and A=b-1,, and B="b-1,,.

@We have to consider the following commutative diagram:

1
A1
A2
K K3
b 0 0
(a) 0 b 0
0 0 b
K K3
1
H1
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Then
a b
apiy = b\ )
a2 b2
and

a=b=0or
a=>b%#0and \; =y and Ay = po.

So we get a two parameter family of indecomposable representations with trivial
endomorphism rings.

We have to consider the following commutative diagram:

K | KoK
(7)

Then

a . bl

a o bg ’
and

a = b1 = bQ
So we get an indecomposable representation for each of the (A1, ..., Any )y (f1, -+, finy)),

therefore an (ny+nsy)-parameter family of indecomposable representations with trivial
endomorphism rings.

@We have to consider the following commutative diagram:
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Then

and

a=b=0or
a=0b%#0and \ = pu.

So we get an (n+ 1)-parameter family of indecomposable representations with trivial
endomorphism rings.

@We have to consider the following commutative diagram:

K Ko - oKoK*®- - K?,

(a) B

K Ko - dKoK*® - K?
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by| O 0
01
bn,
where B = b1
bn1+1
: - | bnytns 0
(T 0 D,
Then
a b1
a bn,
a . bn1+1
9% bn1+1)\1 ’
a bn1+n2
A flpy bn1+n2 )‘nz
and
a=b=-=bp,4n, =0o0r
a=by = =byn, #F0and \; = p; foralli =1,... ns.

So we get an no-parameter family of indecomposable representations with trivial
endomorphism rings.

11.2 Construction methods for one parameter families of inde-
composable representations

The following shows how one can construct one parameter families of subspace represen-
tations for the s-tame dimension vectors.

Proposition 11.4.

@Let (Vi(j), Vogj)), j=1,...,n withn € Ny, be representations, each of which has a K
at the same source, and (W;, W) a representation which has a K?* at the source. If
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we choose the embedding

L

K Ko - ®K®K?,

we get a one parameter family of indecomposable representations.

Let (Vi(j), Va(j)), j=1,...,n with n € Ny, be representations, each of which has a K
at the same source, and (Wi(l), 0(41)) and (VVZ@),WC(,Z)) two representations, each of
which has a K? at the source.

Let dim Hom((Wi(l), Wc(yl)), (W»(z), W) = 1. If we choose the embedding

)

L

K Ko - oKpoK?p K?,

we get a one parameter family of indecomposable representations.
@Let (V;(l), Vogl)) and (Vi(z), 052)) be representations, each of which has a K at the same

source, and (W;,W,) a representation which has K* at the source.
Let dim Hom((Vi(l), vy, (VZ-(Q), VOEQ))) = 1. If we choose the embedding

1 A
01
10
11

K? K®KoK?,
we get a one parameter family of indecomposable representations.
Let (Vi(l), Vogl)) and (VZ»(Q), VOEQ)) be representations, each of which has a K at the same

source, and (Wi, Wy) a representation which has a K? at the source.
Let dim Hom((‘/;(l), Vogl)), (Wi, Wy)) = 1. If we choose the embedding

1 A
0
1

1
0
0 1

K? KeoK*¢ K,
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we get a one parameter family of indecomposable representations.

@Let (Vi(l), Va(l)) and (Vi@), 052)) be representations, each of which has a K at the same
source, and (W;,W,) a representation which has a K* at the source.

Let dim Hom((W;, W,,), (Vi(l), Vogl))) = 1. If we choose the embedding

10
0 1
11
1 A

K2P—SK*¢0KO®K,
we get a one parameter family of indecomposable representations.

@Let (V;(j), Vcsj)), 7 =1,...,8, be representations, each of which has a K at the same

source.
Let dim Hom((V?, V), (VU VIt =1, j =1,3,5,7. If we choose the embed-
ding

I A

01

11

01

10

01

01

10

K2

KOKOKOKOKOKOK DK,
we get a one parameter family of indecomposable representations.
@Let (Vi(l), Va(l)) and (‘/;(2), VOEZ)) be representations, each of which has a K at the same

source, and (W;(A), Wo (X)) a one parameter family of representations which has
K at the source. If we choose the embedding

KeKe K,

we get a one parameter family of indecomposable representations.
Moreover, all representations of the constructed families have trivial endomorphism rings.

Proof. As in the last section we have to show the following in each case:



11 Construction methods for families of indecomposable representations 61

If
Kal M Ka2

a |»

Ko — K

commutes for the allowed base change matrices A and B, then A = 0 and B = 0, or
M =M and A =0b-1, and B = b-1,,. But in contrast to the last section we have
to pay attention to the possible homomorphisms between the indecomposable representa-
tions for the restricted quivers when constructing the possible base change matrices. By
Corollary 11.2 we also know the possible restrictions of the homomorphisms to the vector
spaces at the sources of the quivers.

@We have to consider the following commutative diagram

1
L
1
A
K Ko - aKoK?
by | O 0
NE
(a) b,
: b0
Ol---]---1 0 b
K ) Ko---dKOK
L
1
1
Then
a b1
a = bn )
a b
ap bA
and
a=b=0bj=0foralj=1,...nor
a=b=0bj#0forall j=1,...,nand A = p.
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So we get a one parameter family of indecomposable representations with trivial
endomorphism rings.

Since dim Hom((Wi(l), Wél)), (Wi@), WCSQ))) = 1, we have to consider the following

commutative diagrams:

v
1
1
A
0
1
K Ko - - oKoK?q K?,
(a) B
K Ko - oKpK?® K?
1
1
K
0
1
where
by| 0 0
e
. b
B = 0 C1
: 0 C1
d 0 Co 0
O|---1 0 0 d 0 ¢
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Then

a b1

a by,

a = C1 )

ajft I\
0 d
d\ + Co

and

1=co=d=0forall j=1,...nor
1=cy#0forallj=1,....n,d=0and A=pu ~

So we get a one parameter family of indecomposable representations with trivial
endomorphism rings.

7

@Since dim Hom((V(l), Vogl)), (Vi@), Vf))) = 1, we have to consider the following dia-

gram
1 A
0 1
10
1 1
K? K& Ko K?
b1 0] 0 O
a1 Q19 clby| 0 O
(fl21 CL22> 0]01]bs O
0]0]0 bs
2 Ko Ko®K?
I
0 1
10
11
Then
a11 + Ag1ft Q12 + Qoo ft b biA
21 22 o c by
a1 a2 B by 0 7
ai; +a a2+ ag bz b3
and

all:a22:b1:b2:b3:a12:a21:C:OOr
allzaggzblzbgzbg#o, GIQZCLQl:C:O&Dd)\:u '

So we get a one parameter family of indecomposable representations with trivial
endomorphism rings.
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Since dim Hom((Vi(l), Vogl)), (W;,Wy)) = 1, we have to consider the following com-
mutative diagram

1 A
1 0
0 1
0 1
K? Ko K*¢o K
by |0 010
a1p a9 C bQ 0 0
( 921 A92 ) 0 0 bg 0
0|0 O]bs
K? KoK?*oK
I
1 0
0 1
0 1
Then
ai +anpt Az + agpp by hiA
ai a19 o c+ bQ cA
Q21 Q22 B 2 by ’
a1 a2 0 bs
and

a11 =G =b; =by=0b3=a;a=ay =c=0or
{ aH:agg:bl:bg:bg;&O, a12:a21:c:0and)\:,u '
So we get a one parameter family of indecomposable representations with trivial
endomorphism rings.

@Sinee dim Hom((W;, W,,), (V;(l), VYY) = 1, we have to consider the following com-
mutative diagram:

1 0
0 1
11
1 A
K? K0 KoK
by 01010
ai; a2 0 b1 00
(a21 a22> C 0 bQ 0
0 01]0]|bs
K? KPoKae K
10
01
11
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Then
011 @2 b 0
a1 22 _ 0 by
a1l + ag1  ai + Ao c+by by ’
a1+ aapt ajz + agoft b3 b3\
and

ajp = agr = by =by =b3 =a;3 =ay =c=0or
a11:a22:b1:b2:b37é0, CLIQZCLQl:C:O&Dd)\:u '

So we get a one parameter family of indecomposable representations with trivial
endomorphism rings.

@Sinee dim Hom((V;%, Vo), (VU™ v It)) = 1 for j = 1,3,5,7, we have to consider
the following commutative diagram:

1 A
0 1
1 1
0 1
1 0
0 1
0 1
1 0
K? KOKOKOKOKOKOKDK,
AF:=< a1l G12) Bp
21 Q22
K? n KOeKOPKOPKPKOKPKK
7]
0 1
1 1
0 1
1 0
01
0 1
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where
by | O] O] O] O] O0]07]O0
ba1 [baa | O | O | O] O] 0] O
0] 0 |byzs| O]0]0]0]O
B — 0 0 b43 b44 0 0 0 0
=1 0]0]l0]0bss|0]0]0
O] 0] 0] 0 |bes|beg| O] O
O]0]O0]0]|0]0/|bmr| O
O] 0[O0 ] 0] 01| O |bgr]|Dbss
Then
an +anp aig + app b1y b1 A
ag ag ba1  bai A+ bao
a1 +ag a1z + ag b3 b3
az1 (22 | baz buz + by
ai1 a2 B bss 0 ’
a21 22 bes bee
a1 22 0 br7
a1 a2 bss b7
and

ay = Gy = b1y = byo = b33 = byy = bss = bee = byr = bes

= a12 = Q21 = byy = by3 = by = bgy = 0 or

a11 = ago = b1y = boy = b3z = byy = bs5 = bgs = brr = bgg # 0,

a1y = a1 = byy = byz = bgs = bgr =0 and A = p
So we get a one parameter family of indecomposable representations with trivial
endomorphism rings.

@We have to consider the following commutative diagram:

1
1
1
K KoKae K
b1 010
(a) 0 b2 0
00 |bs
K " KoK K
1
1
Then
a b
a = bg s
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anda:blzbgzbg.

So we get a one parameter family of indecomposable representations with trivial
endomorphism rings.

11.3 Construction methods for indecomposable representations

Proposition 11.5.

@Let (Vi(j), a(j)), j = 1,2,3, be representations each of which has a K at the same
source. If we choose the embedding

we get an indecomposable representation.

Let (V;, Vi) be a representation which has a K? at a source and (W;, W,) a represen-
tation which has a K at the source.

Let dim Hom((V;, V,,), (Wi, W,,)) = 1. If we choose the embedding

we get an indecomposable representation.

Moreover, all representations have trivial endomorphism rings.
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Proof. @We have to consider the following commutative diagram:

1
1
1
K KoKaoK
b1 010
(a) 0[by| 0
0|0 |bs
K ! KoKae K
1
1
Then
a b
af =1t
a bg
and
a:blzbgzbg.

So we get an indecomposable representation with trivial endomorphism ring.

@Sinee dim Hom((V;, V), (W;, W,,)) = 1, we have to consider the following commuta-
tive diagram:

1 0
0 1
1 1
K? KloKaoK
by 010
a11 A12 0 b |0
Q21 A22 ¢ 0| b
K? KPoKaeK
10
0 1
1 1
Then
a1 a12 b1 0
21 22 = 0 by )
a1l + ag1  ai2 + Ao c+by by
and

au:a22:b1:bQ:bg,:Oandam:an:c:O.
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So we get an indecomposable representation with trivial endomorphism ring.

11.4 Another construction method for one parameter families of
indecomposable representations

@

In the next proposition we also restrict the quiver, but instead of choosing an embedding
for the vector space at the deleted point, we choose a projection to this vector space. If we
can show that such a representation is indecomposable, we can change the orientation by
applying the reflection functor for the point we deleted in the restricted quiver and get an
indecomposable (subspace) representation for the original quiver.? (This is a onsequence
of Lemma 7.3.)

Proposition 11.6. Let (Vi(j), Va(j)), j=1,...,8, be representations, each of which has a
K at a source. } . ‘
Let dim Hom((l/;(]), VOEJ)), (Viu_l), C53_1))) =1, j=2,4,6,8. If we choose the projection

1lol1]lol1lolo]1
A1l1]1]o]1/1]0
KoKoKoKoKeoKoKa K K?,

we get a one parameter family of indecomposable representations.

Proof. We have to consider the following commutative diagram:

1{0/1{011]0]0|1
/\11101102

KeKeKeKaeKaeaKaKaK K=
A B’
KOKOKOPKODKOKDOKODK K?

1lof1]ol1]o]o]1
plll1l1]o/1]1]0

where A’ := AL and B’ := BL from@of Proposition 11.4. This gives the same equations

40f course, the dimension of the vector space at the “deleted” point is changed.



70 THE S-TAME DIMENSION VECTORS FOR STARS

as the commutative diagram in case@ such that

a1 = Gz = by = bag = b3z = byy = bs5 = bgg = bry = bgs

= a1z = A1 = by = by3 = bgs = bgy = 0 or
all:a22:bll:b22:b33:b44:b55:b66:b77:b887£07 '
a1y = a1 = byy = by = bes = bgy = 0 and A\ = p

So we get a one parameter family of indecomposable representations. ]
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12 Orbits for the dimension vectors

The representations for the s-hypercritical and the s-tame dimension vectors can be sorted
into orbits under the Auslander-Reiten translate. Accordingly, we get a decomposition of
the set of all s-hypercritical dimension vectors and a decomposition of the set of all s-tame
dimension vectors with respect to these orbits.

The orbits for the s-tame tuples of compositions are given by letters for the corresponding
tame quivers (see Figures 1, 2, 3, and 4 in Chapter 6): D, — A, Es -~ B, E; — C, Eg -
D, and by numbers, which are used to distinguish the different orbits. The orbits for the
s-hypercritical tuples of compositions are given by the letter H and by numbers, which are
also used to distinguish the different orbits.

The tables can be used as follows: Choose an s-tame (or an s-hypercritical) dimension
vector. First of all one has to find out in which of the 7-orbits the s-tame (s-hypercritical)
dimension vector is contained (by the tables from this chapter). In the tables of the next
chapter one can see how one can construct a family of indecomposable representations for
one of the dimension vectors in the orbit by the methods from the previous chapter. And
finally, one applies (sometimes repeatedly) the Coxeter transformations C* or C'~ to the
family of indecomposable subspace representations in order to get a family of indecompos-
able subspace representations for the chosen dimension vector (see also tables from this
chapter). (The indecomposablity and the correct number of parameters for this family of
representations are guaranteed by Proposition 7.3.)

12.1 Orbits for the s-hypercritical dimension vectors

No. dim. vector orbit | apply ...to con-
structed family

k=>5:
((1,1),(1,1),(1,1),(1,1),(1,1)) H36 | -

k=4

1. ((2,2),(2,2),(2,2),(1,1,2)) H1 -
((2,2),(2,2),(2,2),(1,2,1)) H2 -
((2,2),(2,2),(2,2),(2,1,1)) H1 C~

2. ((2,2),(2,2),(2,2),(1,1,1,1)) H3 -

3. ((1,3),(2,2),(2,2),(1,1,1,1)) H4 -
((3,1),(2,2),(2,2),(1,1,1,1)) H4 Cc-

4 see 3.

5 see 3.

6 ((1,2),(1,2),(1,1,1),(1,1,1)) H5 -
((1,2),(2,1),(1,1,1),(1,1,1)) H6 -
((2,1),(1,2),(1,1,1),(1,1,1)):




..to con-

structed family

apply

(c-)?
(c)?

o
o
o
o
o
C
C
C
C
C
C
C
C
C
C
o
(¢
o
o
o
(c7)?

orbit
H5
H8

H15
H15
H15
H16
H17
H18
H19
H16
H17
H18
H16
H17
H16
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see 6.2 (with arms 1 and 2 exchanged)

((2,1),(2,1),(1,1,1),(1,1,1))
(1,1,1),(1,1,1), (1,1, 1), (1,1, 1))

dim. vector
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No.
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..to con-

structed family

apply

o
(C7)?
(c)?
o
o
(c)?
o
-
o
(c)?
o
o
(c)?

orbit

H20
H20
H20
H20
H21
H22
H23
H21
H22
H21
H24
H24
H25
H26
H27
H25
H26
H25
H28
H29
H30
H31
H29
H32
H30
H28

dim. vector
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e e e e e e e e TN T N e e e e e [ e D D) N N N S e
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12 Orbits for the dimension vectors
No.

..to con-
structed family

apply

orbit
known

H35

(1,1,1,1),(1,1,1,1), (1,1,1,1))

((m,m), (m,m), (m,m), (m, m)),

m e N

dim. vector

10.

No.

12.2 Orbits for the s-tame dimension vectors



THE S-TAME DIMENSION VECTORS FOR STARS

74

1
=
@}
5]
>
—
2 g
-
e,
<)
> 5 ™ o~
e Q —~ —~
3,z + + +
pwu_ | | | | | | C+ SRS
]
5 :
2 — N |0 ™M MmO 0 © r~ = — Al A1 A A
S < < < << < << <C < << < < 4 AAAAAA
—~
B
—~~ —~~ —~ —~~ — m.;
e el el = = m
&) Q ) ) )
o0 o0 o0 0 o0 -
S = =i S = m
9 < 9 © = = - 9 = = m — o~ -~ —
" < > > b5} e)))X\l/ D b} e - - - - - -
.8 .8 .. 8 D oo T H & |f EAAA A
N NN — — — AN NN N N N N
NN AN /D) ) )~ |~~~/ =] =i -~ -~ ~ O -~ =) =) ~— n T T T " T
— o — — — — o~ N —H — N~ < S |- — — — < < _ — o
DR D - B N - B B L P SIS - R MDA« B R | - P N
— = = g g 9 g = |~ N~ — N [S) Ol — — g — 3] 3] m MU
171717a1aalaalualalalalazalulanéa mm mmlala_laala % % N o
(((2 — o ~— (2 Dl I — N e — - - -~ - -~ -~ -
"~~~ - - ~ PO e - T o N s A | e mllllll
e e e 2 R N L R N I N 2 B T L e e e e ~~ I~ n —~ ~ e e e e e
N g g g g g o geaa s g gl Q@ oo
N H BN E A Ea AN = Sl 2o = = g SRR
~— — — ~— ~— ~— — — [ — — — ~— — — ~— NN TN TN TN T
s <= 9. %49 2.9 %<2/ 5 oo oo = —| =z = 2.9 3 — — QU ECR O NCAR S
= = - — = - ~ T m Al A AN A
ey - - - - - - - - - - - - - - - - - - ~— - - - - - -
I e e T T L A = SIS =2 & = E oo
> NI IR D AN BN e N P PN . e N RN . 37N —~ = ==<==
. 2222221212113331113m3m331616m6m m€444333
g St g gagagaadd SRS ReE|gES s gRgElgE o eI
=) Nl INal” Nl SNl SNarNes NN I SN I SN Nl SN I SN B SN e
()
S I
Z. ™ o <f ) © = o0 < | ™




75

12 Orbits for the dimension vectors
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con-

.. to

apply

structed family

< A AN [~ I o N 0 0 M 10 M ™ ™D ™ <t
AN AN AN \|/\|/\|/\|/\|/\|/\|/\|/\|/\|/\|/ —~ e —~ e e e e e e
[ I+ +

| + ++ﬂ/+
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orbit

O 00
AA

dim. vector
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12 Orbits for the dimension vectors
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12 Orbits for the dimension vectors
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13 Constructing families of indecomposable subspace
representations

For the constructions of the families, the points of the quivers are always labelled in the
following ways:

p1—1 p1—2 2 1

o<———"—©@ [
p1+p2—1 p1+p2 —2 p1+2 p1+1

o<——"—"©@ [ S —

P1 @

® L ] [ o
k . k—1 k—1
2pi—k+1 2izipi—k > pi—k+4 > pi—k+3
i=1 i=1 i=1

The projective representation according to a point i € @ is denoted by P(i) and the
injective representation according to a point i € Qg by 1(i). The indecomposable projective
and injective representations can be calculated easily by applying reflection functors to
simple representations of a reflected quiver. A characterisation of the projective and the
injective representations can be found in [5] (Proposition 2.4). 7 is again the Auslander-
Reiten translate.

Definition 13.1. An indecomposable representation R of a quiver () is called preprojec-
tive, if C"(R) = P(i) for some r > 0 and some i € @, and R is called preinjective, if
C7"(R) = I(i) for some r > 0 and some i € )y, where C' is the Coxeter transformation.
If an indecomposable representation R is neither preprojective nor preinjective, it is called
reqular.

In the tables for each orbit one tuple of compositions is given and then the quiver to which
we restrict ourselves in order to find the representations into which we have to embed a
vector space by the methods given in Chapter 11. The next column shows the realisations
of the representation for the restricted quiver. (The representations are given as 7-shifts of
projective or injective representations or by their dimension vectors if they are regular. In
the latter case there is either a unique indecomposable representation with this dimension
vector or a whole one parameter family of representations with this dimension vector.)
In the s-tame cases, the dimensions of the homomorphism spaces for the summands are
given, which — in case there is a family of representations — are independent of the chosen
representation in the family. And the last column shows the construction method according
to Chapter 11.

Dlab and Ringel have shown in [5] (Proposition 2.1) that the endomorphism rings of rep-
resentations are preserved under the reflection functors for non simple representations:
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Proposition 13.2 (Dlab/Ringel, 1976).

o Leti € QQy be a sink and R be a representation of (). Then there is a canonical
monomorphism

w:S; S R — R,

and if R is indecomposable, then either R = S(i) for some i € Qy and S; R =0 or
End(S;"R) = End(R).

o Let 1 € Qg be a source and R be a representation of (). Then there is a canonical
epimorphism

e: R— StS’R,

and if R is indecomposable, then either R = S(i) for some i € Qy and S; R =0 or
End(S; R) = End(R).

From the construction of the indecomposable projective and indecomposable injective rep-
resentations we get the following Corollary (since all simple representations have trivial
endomorphism rings):

Corollary 13.3. If R is an indecomposable projective or an indecomposable injective rep-
resentation, then End(R) = K.

Remember that for the tame quivers the Auslander-Reiten quivers consist of three parts:
the preprojective component, the regular component and the preinjective component. The
regular component is (in these cases) always a stable separating tubular family. If an
indecomposable representation R of a tame quiver is regular and belongs to a tube of rank
rin a layer < r, then also End(R) = K. Also, an indecomposable regular representation of
a tame quiver belongs to a tube of rank r in a layer < r if and only if its dimension vector
is componentwise smaller than or equal to the critical dimension vector for the quiver.

The representations for the restricted quivers in the lists of this chapter always have trivial
endomorphism rings: One can check that in each case exactly one of the following conditions
holds:

1. The representation R is preprojective, i.e. R = 7"P(i) for some r > 0 and some
1 € Qq, and
End(R) = End(7"P(i)) = End(P(7)) = K.

2. The representation R is preinjective, i.e. R = 7 "I(i) for some r > 0 and some
1 € Qo, and
End(R) = End(77"1(7)) = End(1(7)) = K.

3. The representation is regular, has underlying quiver of tame type and is contained
in a tube of rank » € N, but in a layer of height < r. All of these have trivial
endomorphism rings.
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4. The representation is constructed by one of the construction methods of Chapter 11
which give families of representations with trivial endomorphism rings.

All (isomorphism classes of the) indecomposable representations for the tame quivers are
known (see [5]), so the corresponding construction method for tuples of compositions of
tame quivers is just labelled by “known”.
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13.1 Constructing n-parameter families of indecomposable sub-
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13.2 Constructing one parameter families of indecomposable sub-
space representations for the s-tame vectors

= e
o ©)
= =
) +2
O O
g S
218 218
2= S|=
—
I
% ) %
g = =
R ~ .4
= =) <
o ~ o
= g =
@] 2 o
m [ [ A R = m, I | | | | | | | ,
= S

~ o =

— = SURNS —

= & eo -

-~ —~ —~ i

A~ M NeliNe] o <A ~

— N S— S— -

STAY Ay &K =

N2 1O — N - IS

| I~ I | | —
M\L/T TO..[TT =~ & mla
S-eooto0 o0 2= =
Ol —~ —~ —~ QO —~ <t
Dl 2 8gd ol APPSR el s S am e
FER L AT 1 IS IO O
Sl 7 N N A Sl N~NNMNo &7 ~No o
ol I e | e ol ¥ o o = | n s A
Ol— & &+ &k & & & & - Ol— b+ &+ & +k = &+ & & &

quiver
quiver

J— J— J— J— J— J— AN SN N AN N N N N N
\l/\l/\l/\l/l./l./l?\l/\l/ e N N N N N e e e N
— o= = o~~~ o~ O Ao I B e B e B R RO RO
— = N o o o o o — o= = = A AN AN AN
0’ 17 17 27 1./ 17 1.; 17 17 b TR e B e TR e R e IR i e B e B e R |
S e e e e e e e N - Lal Lal - - - - - - -
- - - - - - - - - O = ™ o o = o
NN N N N N N N S e e e e e N N N N
— = AN AN AN AN AN AN ~ o~ s e e e e e e e
- . - - - - - - — AN SN AN N N N N N N
— AN AN AN AN AN AN AN — o= = = = A0 AN AN
S N N N N e N N -~ -~ ~ -~ -~ - - - - -
P S — — AN AN AN~ — —~ —
N ~N ~N ~N ~N 7 ~N 7 N TN TN - - - - - - - - - -

—S AN AN ANMMN— AN A
— NN~ - NN
— e N e N N
~ e o~ ~ e e e e
—S AN MMM M A
17 17 17 1./ 17 17 37 17 17
—_— N
— — S

dim. vector
dim. vector

1

1

1

1

1

2

2

1

1

2

S~ N N N N N N N

— N SO © - 00 O — oM D O~ 0SS

No.

&

A:
No.



13 Constructing families of indecomposable subspace representations

constr. method
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No. | dim. vector quiver | construction morphisms constr. method

53 | ((2,1,1),(1,2,1),(0,1,1,1,1)) Tssa | ((2,1,1),(1,2,1),(1,1,1,1))
(see case 14.)

54 | ((1,1,2),(1,2,1),(1,1,1,1,0)) Tssa | ((1,1,2),(1,2,1),(1,1,1,1))
(se e case 14.)

55 | ((1,1,2),(2,1,1),(1,1,1,1,0)) Tssq | ((1,1,2),(2,1,1),(1,1,1,1))
(see case 14.)

56 | ((3,1,1),(1,2,2),(0,1,1,1,1,1)) Tsss | ((3,1,1),(1,2,2),(1,1,1,1,1))
(see case 33.)

57 | ((1,1,3),(2,2,1),(1,1,1,1,1,0)) Ts35 ((1,1,3),(2,2,1),(1,1,1,1,1))
(see case 33.)

C:

No. | dim. vector quiver | construction morphisms constr. method
1 [((2,2),(1,1,1,1),(0,1,1,1,1)) E, ((2,2),(1,1,1,1),(1,1,1,1)) - known
2 1((3,2),(1,1,1,2),(1,1,1,1,1)) E, 151(3) -

3 1(3,2),(1,1,2,1),(1,1,1,1,1)) E, 81(7) -
4 1((3,3),(2,2,1,1),(1,1,2,1,1)) R, 1(2) -
5 1((3,3),(2,2,1,1),(1,1,1,2,1)) E, 751(8) -
6 | ((3,3),(2,2,1,1),(1,1,1,1,2)) E, T91(4) -
7 1(03,3),(2,1,2,1),(1,1,1,1,2)) E, T181(3) -
8 |((3,3),(2,1,2,1),(1,1,2,1,1)) E, 751(5) -
9 |((3,3),(1,2,1,2),(1,1,2,1,1)) E, 7191(3) -

10 | ((3,4),(1,2,2,2),(1,1,2,2,1)) E, 720P(6) -

11 | ((3,3),(1,2,2,1),(1,1,2,1,1)) E, 7107 (4) -

12 | ((3,3),(1,2,2,1),(1,1,1,2,1)) E. 727 (6) -

13 | ((4,4),(2,2,2,2),(1,1,2,1,3)) E; 7-21P(6) -

suorjejussardor 9oedsqns a]jqesoduodopur Jo SoIJIUIR] SUIPONIISUO)) &

611



No. | dim. vector quiver | construction morphisms constr. method
14 |((4,3),(2,1,2,2),(1,1,2,1,2)) E; 211(6) -
15 | ((4,3),(2,2,2,1),(1,1,2,2,1)) E; 1(2) -
16 | ((4,3),(2,2,2,1),(1,1,2,1,2)) E; 771(8) -
17 | ((4,3),(2,2,2, 1),(1,1,1,2 2)) E; TI(7) -
18 | ((4,3),(1,2,2,2),(1,1,2,1,2)) Eg T 'P(1) &7 "P(7) —
19 |((4,3),(2,2,1,2),(1,1,2,1,2)) E; T107(1) -
20 | ((4,3),(2,2,1,2),(1,1,1,2,2)) E; 217(3) -
21 | ((4,4),(1,3,2,2),(1,1,2,2,2)) E; T3 P(3) -
22 | ((4,5),(1,3,2,3),(2,1,2,2,2)) Fg P4 @ P() @7 P(5B) | -
23 | ((4,4),(2,1,3,2),(1,1,2,2,2)) E; 7722 P(3) -
24 | ((3,4),(2,2,2,1),(1,1,2,2,1)) E; (1) -
25 | ((3,4),(2,2,2,1),(1,1,2,1,2)) E; 7221(3) -
26 | ((4,4),(2,2,1,3),(1,1,2,2,2)) E; T21P(3) -
27 | ((4,5),(2,2,3,2),(1,1,2,3,2)) E; 7 13P(1) -
28 | ((4,3),(1,2 2,2),(1,2 1 2,1)) Fg 79P(4) @ 778 P(7) -
29 | ((5,4),(2,2,2,3),(1,1,2,2,3)) E; 712P(1) -
30 | ((4,4),(2,2,2,2),(1,1,1,3,2)) E; 7722 P(6) -
31 | ((5,5),(2,2,3,3),(1,1,3,2,3)) E; 79P(8) -
32 | ((4,3),(2,1,2,2),(1,1,2,2,1)) E; T (4) -
33 | ((4,3),(2,2,1,2),(1,1,2 2,1)) E; 771(5) -
34 | ((4,5),(3,2,2,2),(1,1,2,2,3)) E; 7=2P(3) ~
35 | ((4,4),(1,3.2,2), (1,2, 1,2,2)) Es TPB) BT PR) B TP(T) | -

SHVLS HOA SHOLOHAA NOISNANIA HNVL-S HH.L
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constr. method
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No. | dim. vector quiver | construction morphisms constr. method
100 | ((5,5),(3,1,3,3),(1,2,2,3,2)) E; ((2,1),(1,0,1,1),(1,0,1,1)) @ | - ©
((1,2),(1,0,1,1),(1,1,1,0)) &
((2,2),(1,1,1,1),(1,1,1,1))
101 | ((5,5),(2,4,1,3),(2,2,2,2,2)) ol TBI(3) @ r71(3) ® T121(6) hom(dy,dz) = 1 |(C)
102 | ((5,5),(1,4,2,3),(2,2,2,2,2)) Esg _8P(8)®7_9P(4)€97_7P(5) hom(dy,dz) =1 |(B)
103 | ((5,5),(2,4,3,1),(2,2,2,2,2)) E; m81(6) ® 771(7) ® 7°1(4) hom(dy,dz) =1 |(C)
104 | ((5,5),(2,3,4,1),(2,2,2,2,2)) E; 81(7) @ 781(6) @ T1°1(3) hom(dy,da) = 1 (&)
105 | ((5,5),(1,4,3,2),(2,2,2,2,2)) Es _QP(4)@T_1OP(2)€BT_7P(5) hom(dy, dz) =1 (B)
106 | ((5,5),(1,3,4,2),(2,2,2,2,2)) Es T 8PB) @t PR2)® 7 P(6) |- (4)
107 | ((6,4),(1,3,3,3),(2,2,2,2,2)) Es P4 e P @7 8P(T) | - (A)
108 | ((4,6),(3,3,3,1),(2,2,2,2,2)) E; T01(3) @& r7I(1) & T81(6) hom(dy,dz) =1 (D)
109 | ((5,5),(1,3,3,3),(3,1,2,2,2)) Fg T TP(7)® 77P(2) hom(dy,d2) =1 |(B)
110 | ((5,5),(1,3,3,3),(1,3,2,2,2)) Fg T OPB)Yer TP(1)® T TP®) |- (4)
111 | ((5,5),(3,1,3,3),(1,2,3,2,2)) E, 7241 (3) o |- (4)
((1,1),(0,0,1,1),(1,1,0,0))
112 | ((5,5),(3,1,3,3),(1,3,2,2,2)) E; 121(3) ©  THI3) @ @
(( )7(0,0,1,0),(1 0,0,0))
113 | ((5,5),(3,3,1,3),(1,3,2,2,2)) E, 1(3) @ r01(3) ® 77I(1) - (4)
114 | ((5,5),(3,3,1,3),(1,2,3,2,2)) E; 10[(1)@710](6) ~ (A)
115 | ((5,5),(3,3,1,3),(1,2,2,3,2)) E; 13[(3)@718](6) ~ (A)
116 | ((5,5),(3,3,3,1),(1,3,2,2,2)) R, 71(3) @ 7°1(5) @ 7°1(1) - (A)
117 | ((5,5),(3,3,3,1),(1,2,3,2,2)) R, T1(5) @ 77I(7) - (A)
118 | ((5,5),(3,3,3,1),(1,2,2,3,2)) E; 8](6)@781(5) ~ (4)
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No. | dim. vector quiver | construction morphisms constr. method
141 ] ((3,3),(1,3,1,1),(1,1,1,1,1,1)) Es ™I1(4) @ m°1(5) & T8I (5) -
142 ] ((3,3),(1,1,3,1),(1,1,1,1,1,1)) Fg T107(3) -
143 | ((4,2),(1,2,2,1),(1,1,1,1,1,1)) Fg I(2) @ °1(5) -
144 | ((4,2),(1,2,1,2),(1,1,1,1,1,1)) Fg °1(5) ® 771(8) -
1451 ((4,2),(1,1,2,2),(1,1,1,1,1,1)) Fg 07(1) -
146 | ((2,5),(2,2,2,1),(1,1,1,1,1,1,1)) | Eg I(4) & TI(8) & T5I(5) — in pt. 3 and
en@in pt. 5
147 | ((2,6),(2,2,2,2),(1,1,1,1,1,1,1,1)) | Ayy P(l) @ 77'P(2) & 772P4) & | -
r2P(11)®7r P9 e P(8)®
P(6)® P(5)
148 | ((6,2),(2,2,2,2),(1,1,1,1,1,1,1,1)) | Ay P(2) ® P(1) ® 72P(11) &
T2PA)e T PR T IP9) @
P(5) @ P(6)
149 | ((3,2),(1,1,1,2),(1,1,1,1,1,0)) Th 45 ((3,2),(1,1,1,2),(1,1,1,1,1))
(see case 8.)
150 | ((2,3),(2,1,1,1),(0,1,1,1,1,1)) To45 ((2,3),(2,1,1,1),(1,1,1,1,1))
(see case 8.)
151 | ((2,3),(2,1,1,1),(1,1,1,1,1,0)) Th 45 ((2,3),(2,1,1,1),(1,1,1,1,1))
(see case 8.)
152 | ((2,3),(1,2,1,1),(1,1,1,1,1,0)) To45 ((2,3),(1,2,1,1),(1,1,1,1,1))
(see case 8.)
153 ] ((2,3),(1,1,2,1),(1,1,1,1,1,0)) Tou5 ((2,3),(1,1,2,1),(1,1,1,1,1))
(see case 8.)
154 | ((3,2),(1,2,1,1),(0,1,1,1,1,1)) Th45 ((3,2),(1,2,1,1),(1,1,1,1,1))
(s

ee case 8. )

9¢1
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No. | dim. vector quiver | construction morphisms constr. method

155 | ((3,2),(1,1,2,1),(0,1,1,1,1,1)) Toas | ((3,2),(1,1,2,1),(1,1,1,1,1))
(see case 8.)

156 | ((3,2),(1,1,1,2),(0,1,1,1,1,1)) Toas | ((3,2),(1,1,1,2),(1,1,1,1,1))
(see case 8.)

157 | ((2,4),(2,2,1,1),(1,1,1,1,1,1,0)) | Tous | ((2,4),(2,2,1,1),(1,1,1,1,1,1))
(see case 27.)

158 | ((2,4),(2,1,2,1),(1,1,1,1,1,1,0)) | Tous | ((2,4),(2,1,2,1),(1,1,1,1,1,1))
(see case 27)

159 | ((2,4),(1,2,2,1),(1,1,1,1,1,1,0)) | Thus ((2,4),(1,2,2,1),(1,1,1,1,1,1))
(see case 27)

160 | ((4,2),(1,2,2,1),(0,1,1,1,1,1,1)) | Tous | ((4,2),(1,2,2,1),(1,1,1,1,1,1))
(see case 27)

161 | ((4,2),(1,2,1,2),(0,1,1,1,1,1,1)) | Toue | ((4,2),(1,2,1,2),(1,1,1,1,1,1))
(see case 27)

162 | ((4,2),(1,1,2,2),(0,1,1,1,1,1,1)) | Thus ((4,2),(1,1,2,2),(1,1,1,1,1,1))
(see case 27.)

D:

No. | dim. vector quiver | construction morphisms constr. method
1 1(3,3),(2,2,2),(0,1,1,1,1,1,1)) Es ((3,3),(2,2,2),(1,1,1,1,1,1)) |- known
2 1 ((3,4),(2,3,2),(1,1,1,1,1,1,1)) Es 36](5) -

31 ((4,4),(3,3,2),(1,1,2,1,1,1,1)) Es 751(2) -
4 1 ((4,4),(3,3,2),(1,1,1,2,1,1,1)) Fq 781(9) -
5 1((4,4),(3,3,2),(1,1,1,1,2,1,1)) Fg T107(4) -
6 | ((4,4),(3,3,2),(1,1,1,1,1,2,1)) Fq T4I(7) -
71 ((5,4),(3,3,3),(1,1,1,1,2,1,2)) Fq 51(5) -
8 |((5,4),(3,3,3),(1,1,2,1,1,1,2)) Fq T 1(7) -

suorjejussardor 9oedsqns a]jqesoduodopur Jo SoIJIUIR] SUIPONIISUO)) &
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No. | dim. vector quiver | construction morphisms constr. method
9 |((5,4),(3,3,3),(1,1,1,2,1,1,2)) Fg 7221(3) -
10 | ((5,4),(3,3,3),(1,1,2,2,1,1,1)) Fg 71(2) -
11 | ((5,4),(3,3,3),(1,1,2,1,2,1,1)) Fg 97(9) -
12 | ((5,4),(3,3,3),(1,1,2,1,1,2,1)) Fg 111(4) -
13 | ((5,4),(3,3,3),(1,1,1,2,2,1,1)) Fg T121(8) -
14 | ((5,4),(3,3,3),(1,1,1,2,1,2,1)) Fg T151(1) -
15 | ((5,4),(3,3,3),(1,1,1,1,2,2,1)) Fg 7241(6) -
16 | ((5,6),(4,3,4),(1,1,2,2,1,2,2)) Fg 7750P(5) -
17 | ((6,6),(4,4,4),(1,1,2,2,1,2,3)) Fg =26 P(6) -
18 | ((5,5),(4,3,3),(1,1,1,2,1,2,2)) Fg 7501 (5) -
19 | ((5,6),(4,4,3),(1,1,1,2,2,2,2)) Fg 7752 P(5) -
20 | ((7,6), (4,4,5),(1,1,2,2,2,2,3)) Fg 7720P(1) -
21 | ((6,5),(3,4,4),(1,1,2,1,2,2,2)) Fg 7751 P(5) -
22 | ((5,5),(3,4,3),(1,1,2,2,1,1,2)) Fg 26[(6) -
23 | ((5,5),(3,4,3),(1,1,2,1,2,1,2)) Fg o (5) -
24 | ((5,5),(4,3,3),(1,1,2,2,2,1,1)) Fg m81(2) -
25 | ((5,5), (4,3,3),(1,1,2,2,1,2,1)) Fg 7107(9) -
26 | ((5,5),(4,3,3),(1,1,2,2,1,1,2)) Fg T12](4) -
27 | ((5,5), (4,3,3),(1,1,2,1,2,2,1)) Fg T131(8) -
28 | ((5,5),(4,3,3),(1,1,2,1,2,1,2)) Fq T167(1) -
29 | ((5,5), (4,3,3),(1,1,1,2,2,2,1)) Fg TI81(7) -
30 | ((5,5),(4,3,3),(1,1,1,2,2,1,2)) Fg 721(3) -
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No. | dim. vector quiver | construction morphisms constr. method
31 | ((6,5),(4,3,4),(1,1,1,2,2,2,2)) Fg ((3,3),(2,2,2), (1, - ©
((3,2),(2,1,2), (1,
32 | ((6,6),(3,5,4),(1,1,2,2,2,2,2)) g T2 P(3) - (A)
33 | ((5,6),(4,4,3),(1,1,2,1,2,2,2)) Fg ((3,3),(2,2,2), (1,1, - (G)
((2,3),(2,2,1), (1,1,
34 | ((6,7),(4,5,4),(1,1,2,2,2,3,2)) oA 72LP(1) - (4)
35 | ((5,5),(3,4,3),(1,2,1,2,1,2,1)) Fg THI(T) @ T121(5) ~ (A)
36 | ((5,5),(3,4,3),(1,2,1,1,2,2,1)) Fg T41(5) @ °1(6) ~ (A)
37 | ((5,5),(3,4,3),(1,1,2,2,2,1,1)) Fg T131(4) - (A)
38 | ((5,5),(3,4,3),(1,1,2,2,1,2,1)) Fg T17I(1) - (A)
39 | ((5,5),(3,4,3),(1,1,2,1,2,2,1)) Fg 7201(3) - (A)
40 | ((5,5),(3,4,3),(1,1,1,2,2,2,1)) Fg o4 (5) - (A)
41 | ((6,6),(4,4,4),(1,1,2,2,2,1,3)) Fg 7795 P(5) - (A)
42 | ((6,5),(4,3,4),(1,1,2,1,2,2,2)) Fg 551 (5) - (A)
43 | ((6,7),(5,4,4),(1,1,2,2,2,2,3)) Fg 7730P(3) - (A)
44 | ((6,5),(4,4,3),(1,2,2,1,2,1,2)) Eg 7TI(4) @ T91(7) - (A)
45 | ((5,6),(4,4,3),(1,1,2,2,1,2,2)) Fg 7501 (5) - (A)
46 | ((7,7),(5,4,5),(1,1,2,2,3,2,3)) Fg 7722P(1) - (A)
47 | ((6,5),(4,4,3),(1,2,1,2,2,1,2)) Eg 1(8) @ 71°1(3) - (A)
48 | ((6,5),(4,4,3),(1,2,1,2,1,2,2)) Eg T01(7) @ 7141(6) - (A)
49 | ((6,5),(3,4,4),(1,1,2,2,2,1,2)) Fg 571(5) - (A)
50 | ((6,5),(4,4,3),(1,1,2,2,2,2,1)) Fg 1(2) - (A)
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No. | dim. vector quiver | construction morphisms constr. method
51 | ((6,5),(4,4,3),(1,1,2,2,2,1,2)) Fg 11(9) -
52 | ((6,5),(4,4,3),(1,1,2,2,1,2,2)) Fg 17(8) -
53 | ((6,5), (4,4,3),(1,1,2,1,2,2,2)) Fg T1(7) -
54 | ((5,6), (4,3,4),(1,1,2,2,2,2,1)) Fg 581(5) -
55 | ((6,6), (4,4,4),(1,1,1,3,2,2,2)) Fg 7758 P(5) -
56 | ((7,7),(4,5,5),(1,1,3,2,2,2,3)) Fg T2 P(7) -
57 | ((6,6), (4,4,4),(1,1,2,1,3,2,2)) Fg 7757 P(5) -
58 | ((6,5), (4,3,4),(1,2,2,1,2,2,1)) Fg T071(5) & 71(9) ~
59 | ((6,5), (4,3,4),(1,2,2,1,2,1,2)) Fg T1(5) @ 7101 (8) ~
60 | ((6,6),(4,4,4),(1,1,2,2,1,3,2)) Fg 7756 P(5) -
61 | ((6,5),(4,3,4),(1,2,1,2,2,2,1)) Fg T07(5) & T121(8) ~
62 | ((6,5),(4,3,4),(1,2,1,2,2,1,2)) Fg TBI(1) @ TI(5) ~
63 | ((6,5),(4,3,4),(1,2,1,2,1,2,2)) Fg 01(5) & 7171 (3) ~
64 | ((6,5),(4,3,4),(1,1,2,2,2,2,1)) Fg T4 (4) -
65 | ((6,5),(4,3,4),(1,1,2,2,2,1,2)) Fg T181(1) -
66 | ((6,5),(4,3,4),(1,1,2,2,1,2,2)) Fg T271(3) -
67 | ((7,6),(4,4,5),(1,1,2,2,2,3,2)) Fg 7731 P(3) -
68 | ((5,6),(4,4,3),(1,2,2,1,2,1,2)) Fg TBI(3) & T1°1(6) ~
69 | ((5,6),(4,4,3),(1,2,1,2,2,1,2)) Fg T8I1(5) & 72°1(6) ~
70 | ((5,6),(4,4,3),(1,1,2,2,2,1,2)) Fq 7281(3) -
71| ((7,7),(4,5,5),(1,1,2,3,2,3,2)) Fg 772 P(1) -
72 | ((6,5),(3,4,4),(1,2,2,2,1,2,1)) Fg T I(4) & T121(5) ~
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No. | dim. vector quiver | construction morphisms constr. method
73 1 ((6,5),(3,4,4),(1,2,2,1,2,2,1)) [Eg THI(3) @ T°1(6) —
74 | ((6,5),(3,4,4),(1,2,1,2,2,2,1)) Fg TI7I(3) & 7241 (5) -
75 | ((6,5),(3,4,4),(1,1,2,2,2,2,1)) Fg 7291(3) =
76 | ((6,7),(4,5,4),(1,1,2,2,3,2,2)) Fg 7732 P(3) -
77 1 ((5,6), (4,4,3),(1,2,2,2,1,2,1)) Fg 9I(1) & 701(7) -
78 | ((5,6),(4,4,3),(1,2,2,1,2,2,1)) Fg U73) e i) -
79 | ((5,6),(4,4,3),(1,2,1,2,2,2,1)) Fg THI(7) ® T8I (5) ~
80 | ((5,6),(4,4,3),(1,1,2,2,2,2,1)) Fg 97(1) -
81 | ((7,5),(4,4,4),(1,2,2,2,2,2,1)) Fg 1(2) ® T1(6) ~
82 | ((7,5),(4,4,4),(1,2,2,2,2,1,2)) Fg SI(1) @ T1(8) ~
83 | ((7,5),(4,4,4),(1,2,2,2,1,2,2)) Fg TO1(1) @ T101(7) ~
84 | ((7,5),(4,4,4),(1,2,2,1,2,2,2)) Fg TH(4) @ TI(5) ~
85 | ((7,5),(4,4,4),(1,2,1,2,2,2,2)) Fg TI(1) @ TI(5) ~
86 | ((7,5),(4,4,4),(1,1,2,2,2,2,2)) Fg 7207 (1) -
87 | ((7,7),(5,4,5),(1,1,2,3,2,2,3)) Fg 7733 P(3) -
88 | ((6,6),(5,4,3),(1,2,2,2,2,1,2)) Fg TI1(4) © 8I(8) -
89 | ((6,6),(5,4,3),(1,2,2,2,1,2,2)) Fg T81(9) & 71(6) ~
90 | ((6,6),(5,4,3),(1,2,2,1,2,2,2)) Fg T07(4) © T1°1(6) ~
91 | ((6,6),(5,4,3),(1,2,1,2,2,2,2)) Fg THI(1) @ T4I(6) ~
92 | ((6,6),(5,4,3),(1,1,2,2,2,2,2)) Fq T151(4) -
93 | ((6,6),(3,4,5),(2,2,2,2,2,1,1)) Fg 81(2) & 71(5) ~
94 | ((6,6),(5,3,4),(1,2,2,2,2,1,2)) Fg T07(3) & 7191 (8) ~
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No. | dim. vector quiver | construction morphisms constr. method
95 | ((6,6),(5,3,4),(1,2,2,2,1,2,2)) Es (1) @ r121(3) -
96 | ((6,6),(5,3,4),(1,2,2,1,2,2,2)) Fg 151(3) & 7°1(6) -
97 | ((6,6),(5,3,4),(1,2,1,2,2,2,2)) Fg 07(3) @ 7201(5) ~
98 | ((6,6),(5,3,4),(1,1,2,2,2,2,2)) Fg 7301 (3) -
99 | ((7,7),(4,5,5),(1,1,3,2,2,3,2)) Fg 734 P(3) -
100 | ((7,7),(5,4,5),(1,2,1,3,2,2,3)) Fg 7758 P(5) ® | -
((1,1),(1,0,1),(1,0,0,0,0,1))
101 | ((6,7),(4,5,4),(1,2,2,1,3,2,2)) Fg ((3,3),(2,2,2),(1,1,1,1,1,1)) @ | —
((2,3),(2,2,1),(1,1,0,1,1,1)) &
((1,1),(0,1,1),(1,0,0,1,0,0))
102 | ((7,6),(4,4,5),(1,2,2,2,1,3,2)) Fg 7521 (5) ® |-
(2,1),(1,1,1),(1,0,0,0,1,1))
103 | ((6,7),(5,4,4),(1,2,2,2,2,1,3)) Fg 7281(3) ® |-
((1,1),(1,0,1),(1,0,0,0,0,1))
104 | ((6,6),(3,5,4),(1,2,2,2,2,2,1)) Fg T1(5) & 721(6) -
105 | ((6,6), (4,5,3),(1,2,2,2,2,2,1)) Fg I(1) @ 7°1(8) ~
106 | ((6,6),(4,5,3),(1,2,2,2,2,1,2)) Fg T107(4) ® THI(6) -
107 | ((6,6),(4,5,3),(1,2,2,2,1,2,2)) Fg TI(6) & THI(T) -
108 | ((6,6),(4,5,3),(1,2,2,1,2,2,2)) Fg T161(3) & 7151(6) -
109 | ((6,6),(4,5,3),(1,2,1,2,2,2,2)) Fg 1(5) & 71(6) -
110 | ((6,6), (4,5,3),(1,1,2,2,2,2,2)) Fg m1(3) -
111 | ((7,6),(5,5,3),(1,2,2,2,2,2,2)) Fg 1(7) & 81(9) ~
112 | ((7,6),(5,3,5),(1,2,2,2,2,2,2)) Fg TI(3) @ r'7I(3) ~
113 | ((7,6),(3,5,5),(2,2,2,2,2,2,1)) Fg TI(3) @ 721(5) @ 7°1(6) hom(dy, dy) = 1
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No. | dim. vector quiver | construction morphisms constr. method
136 | ((6,6),(4,4,4),(1,2,2,3,2,1,1)) Fg 81(2) @ 721(5) -

137 | ((6,6), (4,4,4),(1,2,2,3,1,2,1)) Fg T01(9) & T121(5) -

138 | ((6,6),(4,4,4),(1,2,1,3,2,2,1)) Fg °1(1) @ T8I(5) -

139 | ((6,6), (4,4,4),(1,1,2,3,2,2,1)) Fg 7221(7) -

140 | ((6,6), (4,4,4),(1,3,2,2,1,1,2)) Fg TO1(7) @ 771 (4) hom(dy,dy) =1
141 | ((6,6), (4,4,4),(1,3,2,1,2,1,2)) Fg TO0(7) @ 781 (3) @ 7°1(5) -

142 | ((6,6),(4,4,4),(1,3,1,2,2,1,2)) Fg T1(5) @ M I(1) @ T'21(5) -

143 | ((6,6), (4,4,4),(1,2,3,2,2,1,1)) Fg I1(3) @ 77I(2) -

144 | ((6,6), (4,4,4),(1,2,3,2,1,2,1)) Fg 81(4) © TI1(7) ~

145 | ((6,6), (4,4,4),(1,2,3,1,2,2,1)) Fg THI(3) & 7101 (8) -

146 | ((6,6), (4,4,4),(1,1,3,2,2,2,1)) Fg T101(8) -

147 | ((6,6), (4,4,4),(1,3,2,2,2,1,1)) Fg 77I(4) @ 791(9) hom(dy, d)
148 | ((6,6), (4,4,4),(1,3,2,2,1,2,1)) Fg TI(4) @ T7I(1) @ T°I(5)

149 | ((6,6), (4,4,4),(1,3,2,1,2,2,1)) Fg I(8) @ T1°I(5) @ T81(3) ~

150 | ((6,6),(4,4,4),(1,3,1,2,2,2,1)) Fg T1I01(5) @ 7101 (4) @ T121(5) -

151 | ((6,6), (4,4,4),(1,2,2,2,1,3,1)) Fg TBI(1) @ r1°1(5) ~

152 | ((6,6), (4,4,4),(1,2,2,1,2,3,1)) Fg T01(5) @ 7*1(6) ~

153 | ((6,6),(4,4,4),(1,2,1,2,2,3,1)) Fg 01(5) & 731(5) -

154 | ((6,6), (4,4,4),(1,1,2,2,2,3,1)) Fg 7041 (5) -

155 | ((4,4),(2,4,2),(1,1,1,1,1,1,1,1)) | Eg T9I(8) @ 791(5) hom(d;, dy) = 1
156 | ((3,5),(3,2,3),(1,1,1,1,1,1,1,1)) | Eg (1) @ 751(5) hom(dy,dy) = 1
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157 [ ((3,4),(3,2,2),(0,1,1,1,1,1,1,1)) | Thar | ((3,4),(3,2,2),(1,1,1,1,1,1,1))
(see case 2)

158 | ((4,3),(2,2,3),(1,1,1,1,1,1,1,0)) | Tosr | ((4,3),(2,2,3),(1,1,1,1,1,1,1))
(see case 2.)

159 | ((4,3),(2,2,3),(0,1,1,1,1,1,1,1)) | Thar | ((4,3),(2,2,3),(1,1,1,1,1,1,1))
(see case 2.)

160 | ((4,3),(2,3,2),(0,1,1,1,1,1,1,1)) | Thsr | ((4,3),(2,3,2),(1,1,1,1,1,1,1))
(see case 2)

161 | ((3,4),(2,3,2),(1,1,1,1,1,1,1,0)) | Tosr | ((3,4),(2,3,2),(1,1,1,1,1,1,1))
(see case 2)

162 | ((3,4),(3,2,2),(1,1,1,1,1,1,1,0)) | Thar | ((3,4),(3,2,2),(1,1,1,1,1,1,1))
(see case 2 )

163 | ((5,3),(2,3,3),(0,1,1,1,1,1,1,1)) | Tosr | ((5,3),(2,3,3),(1,1,1,1,1,1,1))
(see case 21 )

164 | ((3,5),(3,3,2),(1,1,1,1,1,1,1,0)) | T3z ((3,5),(3,3,2),(1,1,1,1,1,1,1))
(see case 21 )
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Appendix

THE S-TAME DIMENSION VECTORS FOR STARS

By using Lemma 4.2 one can easily prove the results of the positiveness (resp. non nega-
tiveness) of the Tits form in the finite (resp. tame star) cases.

A Proof of the positiveness of the Tits form in the finite

A,

cases
k=1:
1 n2 (p1+1)n2
) 2<p1 ( ) 2py
k=2:
1 2 2 2
G(alaa2>>_(n_+n_+<2_2>n2):(p1+p2)n >0
2\p1 P2 2p1po
k:3>pl:p2:2
1 /n? n? 2 n2
= , ag, > - 2 — Pn? —— >0
Q(a1a2a3)_2(2+2+p3+( )n) 2p3
k:37p1—2,p2—3,p3—3
flanazan) > 5 (o4 2] = >0
a, as, a [ — 4+ =+ — — -
glai,az,as =5\ % 5 n T
k‘:3,p1:2,p2:3,p3:4
1 77,2 n2 n2 n2
7 >ttt t2=3n*)=5>0
(](31,82733) 9 ( 9 + + 1 —{—( )n ) .
k:37])1:2,p2:3,p3:4:
1 /n?> n? n? n2
q >l gttt t2-3n’)="—1>0
(a1, az,a3) 5 ( 5 + =+ E + ( )n) i
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B Proof of the non negativeness of the Tits form in the

tame cases (only for stars)
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