INHERITANCE OF ISOMORPHISM CONJECTURES UNDER
COLIMITS

ARTHUR BARTELS, SIEGFIED ECHTERHOFF, AND WOLFGANG LUCK

ABSTRACT. We investigate when Isomorphism Conjectures, such as the ones
due to Baum-Connes, Bost and Farrell-Jones, are stable under colimits of
groups over directed sets (with not necessarily injective structure maps). We
show in particular that both the K-theoretic Farrell-Jones Conjecture and
the Bost Conjecture with coefficients hold for those groups for which Higson,
Lafforgue and Skandalis have disproved the Baum-Connes Conjecture with
coefficients.

0. INTRODUCTION

0.1. Assembly maps. We want to study the following assembly maps:

asmbl:  HS(Eyey(G); Kr) — HY({e};Kg) = K,(RxG);
asmb":  HS(Erin(G); KHR) HS({e}; KHR) = KH,(R x G);

) ( (
) ( (
) asmbl:  HS (Byey(G)LG ™) —  HE({ohLi ™) = LI (R x G);
) ( (
) ( (

1

T

asmb:  HY (Ern(G);K3h) —  HY({e}KYD) = Kn(A xp G);
asmb:  HS(Erin(G); KYP) —  HY({e}; K{P) = Ku(A %, G);
) asmb:  HS(Ern(G);KYP ) —  HY({o}; KYP ) = Kn(A x,, G).

S

Some explanations are in order. A family of subgroups of G is a collection of
subgroups of G which is closed under conjugation and taking subgroups. Exam-
ples are the family Fin of finite subgroups and the family VCyc of virtually cyclic
subgroups.

Let Ex(G) be the classifying space associated to F. It is uniquely characterized
up to G-homotopy by the properties that it is a G-CW-complex and that Ex(G)H?
is contractible if H € F and is empty if H ¢ F. For more information about these
spaces Ex(G) we refer for instance to the survey article [29)].

Given a group G acting on a ring (with involution) by structure preserving maps,
let R x G be the twisted group ring (with involution) and denote by K, (R x G),

KH,(RxG) and L (R % G) its algebraic K -theory in the non-connective sense
(see Gersten [I7] or Pedersen-Weibel [31]), its homotopy K-theory in the sense
of Weibel [37, and its L-theory with decoration —oo in the sense of Ranicki [34]
Chapter 17]. Given a group G acting on a C*-algebra A by automorphisms of C*-
algebras, let A x;1 G be the Banach algebra obtained from A x G by completion with
respect to the I'-norm, let A x, G be the reduced crossed product C*-algebra, and
let A X, G be the maximal crossed product C*-algebra and denote by K,,(A x;: G),
K, (A%, G) and K, (A X, G) their topological K -theory.
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The source and target of the assembly maps are given by G-homology theories
(see Definition [Tl and Theorem EJ]) with the property that for every subgroup
HCGandneZ

HS(G/H;Kpg) ~ K,(RxH);
HY(G/H;KHg) = KH,(RxH);
HE(G/H;LG ™) = LE (R x H);
G . top ~ .
n ’ A,r - n T ’
HE(G/H;KYP) = K, (Ax, H).

All the assembly maps are induced by the projection from Ezin(G) or Eveyc(G)
respectively to the one-point-space {e}.

0.2. Conventions. Before we go on, let us fix some conventions. A group G is
always discrete. Hyperbolic group is to be understood in the sense of Gromov (see
for instance [T1], [T2], [I8], [19]). Ring means associative ring with unit and ring
homomorphisms preserve units. Homomorphisms of Banach algebras are assumed
to be norm decreasing.

0.3. Isomorphism Conjectures. The Farrell-Jones Conjecture for algebraic K-
theory for a group G and a ring R with G-action by ring automorphisms says
that the assembly map ([II) is bijective for all n € Z. Its version for homotopy
K-theory says that the assembly map ([L2) is bijective for all n € Z. If R is a
ring with involution and G acts on R by automorphism of rings with involutions,
the L-theoretic version of the Farrell-Jones Conjecture predicts that the assembly
map ([L3) is bijective for all n € Z. The Farrell-Jones Conjecture for algebraic K-
and L-theory was originally formulated in the paper by Farrell-Jones [I5, 1.6 on
page 257] for the trivial G-action on R. Its homotopy K-theoretic version can be
found in [, Conjecture 7.3], again for trivial G-action on R.

Let G be a group acting on the C*-algebra A by automorphisms of C*-algebras.
The Bost Conjecture with coefficients and the Baum-Connes Conjecture with co-
efficients respectively predict that the assembly map (L) and LX) respectively
are bijective for all n € Z. The original statement of the Baum-Connes Conjecture
with trivial coefficients can be found in [@, Conjecture 3.15 on page 254].

Our formulation of these conjectures follows the homotopy theoretic approach in
[13]. The original assembly maps are defined differently. We do not give the proof
that our maps agree with the original ones but at least refer to [I3, page 239], where
the Farrell-Jones Conjecture is treated and to Hambleton-Pedersen [21], where such
identification is given for the Baum-Connes Conjecture with trivial coefficients.

0.4. Inheritance under colimits. The main purpose of this paper is to prove
that these conjectures are inherited under colimits over directed systems of groups
(with not necessarily injective structure maps). We want to show:

Theorem 0.7 (Inheritance under colimits). Let {G; | i € I} be a directed system
of groups with (not necessarily injective) structure maps ¢; j: G; — G;. Let G =
colim;e; G; be its colimit with structure maps ¢;: G; — G. Let R be a ring (with
involution) and let A be a C*-algebra with structure preserving G-action. Given
1 € I and a subgroup H C G;, we let H act on R and A by restriction with the
group homomorphism (¢;)|g: H— G. Fizn € Z. Then:

(i) If the assembly map
asmby, : Hyl (Bveye(H); Kr) — Hy ({0} Kr) = Ko(R % H)
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of @) is bijective for alln € Z, alli € I and all subgroups H C G, then
for every subgroup K C G of G the assembly map

asmby, : Hy (Eyeye(K); Kr) — H,' ({8};Kg) = Kn(R x K)

of @) is bijective for allm € Z.
The corresponding version is true for the assembly maps given in ([(L2),
([@3), @), and [IG);
(i1) Suppose that all structure maps ¢; ; are injective and that the assembly
map

asmbS*: HY (Byeye(Gi); Kg) — HS ({0}; KR) = K,(R % G;)
of @) is bijective for alln € Z and i € I. Then the assembly map
asmby, : H (Eveye(G); Kr) — Hy ({0} Kg) = Kn(R % G)

of @) is bijective for all n € Z;
The corresponding statement is true for the assembly maps given in ([(L2),

O3), @), [@3), and {@4).

Theorem [ will follow from Theorem B and Lemma as soon as we have
proved Theorem Bl Notice that the version ([LH) does not appear in assertion [(i))
A counterexample will be discussed below. The (fibered) version of Theorem [L7|(1)|
in the case of algebraic K-theory and L-theory with coefficients in Z with trivial
G-action has been proved by Farrell-Linnell [T6, Theorem 7.1].

0.5. Colimits of hyperbolic groups. Higson, Lafforgue and Skandalis [23, Sec-
tion 7] construct counterexamples to the Baum-Connes-Conjecture with coefficients,
actually with a commutative C*-algebra as coefficients. They formulate precise
properties for a group G which imply that it does not satisfy the Baum-Connes
Conjecture with coefficients. Gromov [20] describes the construction of such a
group G as a colimit over a directed system of groups {G; | i € I}, where each G;
is hyperbolic.

This construction did raise the hope that these groups G may also be coun-
terexamples to the Baum-Connes Conjecture with trivial coefficients. But — to
the authors’ knowledge — this has not been proved and no counterexample to the
Baum-Connes Conjecture with trivial coefficients is known.

Of course one may wonder whether such counterexamples to the Baum-Connes
Conjecture with coefficients or with trivial coefficients respectively may also be
counterexamples to the Farrell-Jones Conjecture or the Bost Conjecture with coef-
ficients or with trivial coefficients respectively. However, this can be excluded by
the following result.

Theorem 0.8. Let G be the colimit of the directed system {G; | i € I} of groups
(with not necessarily injective structure maps). Suppose that each G; is hyperbolic.
Let K C G be a subgroup. Then:

(i) The group K satisfies for every ring R on which K acts by ring auto-
morphisms the Farrell-Jones Conjecture for algebraic K -theory with coef-
ficients in R, i.e., the assembly map @I is bijective for all n € Z;

(i) The group K satisfies for every ring R on which K acts by ring automor-
phisms the Farrell-Jones Conjecture for homotopy K-theory with coeffi-
cients in R, i.e., the assembly map [L2) is bijective for alln € Z;

(iii) The group K satisfies for every C*-algebra A on which K acts by C*-
automorphisms the Bost Conjecture with coefficients in A, i.e., the assem-
bly map @A) is bijective for all n € Z.
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Proof. If G is the colimit of the directed system {G; | i € I}, then the subgroup
K C G is the colimit of the directed system {1; '(K) | i € I'}, where 9;: G; — G
is the structure map. Hence it suffices to prove Theorem in the case G = K.
This case follows from Theorem [EZI as soon as one can show that the Farrell-
Jones Conjecture for algebraic K-theory, the Farrell-Jones Conjecture for homotopy
K-theory, or the Bost Conjecture respectively holds for every subgroup H of a
hyperbolic group G with arbitrary coefficients R and A respectively.

Firstly we prove this for the Bost Conjecture. Mineyev and Yu [30, Theorem 17]
show that every hyperbolic group G admits a G-invariant metric d which is weakly
geodesic and strongly bolic. Since every subgroup H of G clearly acts properly on
G with respect to any discrete metric, it follows that H belongs to the class C' as
described by Lafforgue in [27, page 5] (see also the remarks at the top of page 6
n [27]). Now the claim is a direct consequence of [27, Theorem 0.0.2].

The claim for the Farrell-Jones Conjecture is proved for algebraic K-theory and
homotopy K-theory in Bartels-Liick-Reich [6] which is based on the results of [f)].

O

We mention that if one can prove the L-theoretic version of the Farrell-Jones
Conjecture for subgroups of hyperbolic groups with arbitrary coefficients, then it
is also true for subgroups of colimits of hyperbolic groups by the argument above.

0.6. Discussion of (potential) counterexamples. If G is an infinite group
which satisfies Kazhdan’s property (T), then the assembly map (LG for the maxi-
mal group C*-algebra fails to be an isomorphism if the assembly map ([ILH) for the
reduced group C*-algebra is injective (which is true for a very large class of groups
and in particular for all hyperbolic groups by [25]). The reason is that a group has
property (T) if and only if the trivial representation 1 is isolated in the dual G of
G. This implies that C},(G) has a splitting C @ ker(1¢g), where we regard 1¢ as a
representation of C* (G). If G is infinite, then the first summand is in the kernel
of the regular representation A: C, (G) — C*(G) (see for instance [I4]), hence the
K-theory map A: Ko(C},(G)) — Ko(C}(G)) is not injective. For a finite group H
we have A x, H = A X,, H and hence we can apply [I3, Lemma 4.6] to identify
the domains of (LX) and ([LH). Under this identification the composition of the
assembly map ([LH) with A is the assembly map ([ILH) and the claim follows.

Hence the Baum-Connes Conjecture for the maximal group C*-algebras is not
true in general since the Baum-Connes Conjecture for the reduced group C*-
algebras has been proved for some groups with property (T) by Lafforgue [26]
(see also [BA]). So in the sequel our discussion refers always to the Baum-Connes
Conjecture for the reduced group C*-algebra.

One may speculate that the Baum-Connes Conjecture with trivial coefficients
is less likely to be true for a given group G than the Farrell-Jones Conjecture
or the Bost Conjecture. Some evidence for this speculation comes from lack of
functoriality of the reduced group C*-algebra. A group homomorphism a: H — G
induces in general not a C*-homomorphism C}(H) — C;(G), one has to require
that its kernel is amenable. Here is a counterexample, namely, if F' is a non-
abelian free group, then C(F) is a simple algebra [32] and hence there is no unital
algebra homomorphism C}(F) — Cr({1}) = C. On the other hand, any group
homomorphism «: H — G induces a homomorphism

) HI(f)

H (B () KER) 55 HE (0 Bun(H) K H (Erin(G); KEY)

where G acts trivially on C and f: a.Erin(H) — EFin(G) is the up to G-homotopy
unique G-map. Notice that the induction map ind, exists since the isotropy
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groups of Eri,(H) are finite. Moreover, this map is compatible under the as-
sembly maps for H and G with the map K, (C}(«)): K,(Cx(H)) — K,(C}(Q))
provided that a has amenable kernel and hence C(«) is defined. So the Baum-
Connes Conjecture implies that every group homomorphism a: H — G induces a
group homomorphism o, : K, (C}(H)) — K,(C;(G)), although there may be no
C*-homomorphism C}(G) — Cx(H) induced by a. No such direct construction of
o is known in general.

Here is another failure of the reduced group C*-algebra. Let G be the colimit of
the directed system {G; | i € I'} of groups (with not necessarily injective structure
maps). Suppose that for every ¢ € I and every subgroup H of the kernel of the
canonical map v;: G; — G the Baum-Connes Conjecture for the maximal group
C*-algebra holds (This is for instance true by [22] if ker(¢;) has the Haagerup
property). Then

colimic; HY* (Erin(Gi); K&P,) =, colim;e; HS (Eyrrin(Gi); K2

= HS (Erin(G)KED)

is a composition of two isomorphisms. The first map is bijective by the Transitivity
Principle B3 the second by Lemma 4 and Lemma This implies that the
following composition is an isomorphism

COlimie[ H§1 (E]-'in(Gi)§ Kg?) — colimiel HS’ (Eibf ]-'in(Gi)§ Kg?)
— HY (Erm(G); K¢P)

Namely, these two compositions are compatible with the passage from the maximal
to the reduced setting. This passage induces on the source and on the target
isomorphisms since Eriy(G;) and Erin(G) have finite isotropy groups, for a finite
group H we have CX(H) = C},(H) and hence we can apply [I3, Lemma 4.6].
Now assume furthermore that the Baum-Connes Conjecture for the reduced group
C*-algebra holds for G; for each i € I and for G. Then we obtain an isomorphism

colimje; K, (C*(Gy)) = Kn(CHQ)).

Again it is in general not all clear whether there exists such a map in the case,
where the structure maps 9;: G; — G do not have finite kernels and hence do not
induce maps C;(G;) — C*(G).

These arguments do not apply to the Farrell-Jones Conjecture or the Bost Con-
jecture. Namely any group homomorphism «: H — G induces maps R x H —
RxG, Axp H— Axp G, and A X, H— A %, G for aring R or a C*-algebra
A with structure preserving G-action, where we equip R and H with the H-action
coming from a. Moreover we will show for a directed system {G; | i € I'} of groups
(with not necessarily injective structure maps) and G = colim;e; G; that there are
canonical isomorphisms (see Lemma [B2)

colim;e; K (R % G;) =N K, (R % G);
colimie; KHn (R G;) = KH,(RxG);
colimie; LS (R x Gy) = LR % G):;
colimie; Kn(Axp Gi) = Kn(Axp G);
colimie; Kn(A % Gi)  —  Kn(Axp, G).

Let A be a C*-algebra with G-action by C*-automorphisms. We can consider A
as a ring only. Notice that we get a commutative diagram
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HS (Byeyo(G);Ka) —— KH,(A x G)

HE(BEyeye(G); KHy) —— KH, (A x G)
= id

HE (Erin(G); KH ) —— KH, (A % G)

Hg(Efin(G); Kfffl)l) E— Kn(A X1 G)

o

HE (Erin(G); Kf’%) —— K, (A %, G)

o~

HE (Erim(G); KP) —— Ko (A %, G)

where the horizontal maps are assembly maps and the vertical maps are change
of theory and rings maps or induced by the up to G-homotopy unique G-map
Erin(G) — Eycyc(G). The second left vertical map, which is marked with 22, is
bijective. This is shown in [4, Remark 7.4] in the case, where G acts trivially on R,
the proof carries directly over to the general case. The fourth and fifth vertical left
arrow, which are marked with 2, are bijective, since for a finite group H we have
AxH =Axp H=Ax,.H = Ax,, H and hence we can apply [I3, Lemma 4.6]. In
particular the Bost Conjecture and the Baum-Connes Conjecture together imply
that the map K, (A xp G) — K, (A %, G) is bijective, the map K, (A xp G) —
K, (A %, G) is split injective and the map K, (A X, G) — K,(A x, G) is split
surjective.
The upshot of this discussions is:

e The counterexamples of Higson, Lafforgue and Skandalis [23] Section 7] to
the Baum-Connes Conjecture with coefficients are not counterexamples to
the Farrell-Jones Conjecture or the Bost Conjecture;

e The counterexamples of Higson, Lafforgue and Skandalis [23 Section 7]
show that the map K, (A x; G) — K, (A X, G) is in general not bijective;

e The passage from the topological K-theory of the Banach algebra I!(G)
to the reduced group C*-algebra is problematic and may cause failures of
the Baum-Connes Conjecture;

e The Bost Conjecture and the Farrell-Jones Conjecture are more likely to
be true than the Baum-Connes Conjecture;

e There is — to the authors’ knowledge — no promising candidate of a group
G for which a strategy is in sight to show that the Farrell-Jones Conjecture
or the Bost Conjecture are false. (Whether it is reasonable to believe that
these conjectures are true for all groups is a different question.)

0.7. Homology theories and spectra. The general strategy of this paper is to
present most of the arguments in terms of equivariant homology theories. Many of
the arguments for the Farrell-Jones Conjecture, the Bost Conjecture or the Baum-
Connes Conjecture become the same, the only difference lies in the homology theory
we apply them to. This is convenient for a reader who is not so familiar with spectra
and prefers to think of K-groups and not of K-spectra.



INHERITANCE OF ISOMORPHISM CONJECTURES UNDER COLIMITS 7

The construction of this equivariant homology theories is a second step and done
in terms of spectra. Spectra cannot be avoided in algebraic K-theory by definition
and since we want to compare also algebraic and topological K-theory, we need
spectra descriptions here as well. Another nice feature of the approach to equivari-
ant topological K-theory via spectra is that it yields a theory which can be applied
to all G-CW-complexes, whereas the Kasparov approach using cocycles (which has
of course other advantages) allows only to plug in proper G-CW-complexes. This
will allow us to consider in the case G = colim;c; G; the equivariant K-homology
of the G;-CW-complex ¢f Erin(G) = Ey+rin(G;) although ¢} Erin(G) has infinite
isotropy groups if the structure map 1;: G; — G has infinite kernel.

Details of the constructions of the relevant spectra, namely, the proof of Theo-
rem [Tl will be deferred to [2]. We will use the existence of these spectra as a black
box. These constructions require some work and technical skills, but their details
are not at all relevant for the results and ideas of this paper and their existence is
not at all surprising.

0.8. Twisting by cocycles. In the L-theory case one encounters also non-orien-
table manifolds. In this case twisting with the first Stiefel-Whitney class is required.
In a more general setup one is given a group G, a ring R with involution and a
group homomorphism w: G — cent(R*) to the center of the multiplicative group
of units in R. So far we have used the standard involution on the group ring RG,
which is given by 7-g = 7 - g~!. One may also consider the w-twisted involution
given by 7-g = Tw(g) - g~ *. All the results in this paper generalize directly to this
case since one can construct a modified L-theory spectrum functor (over G) using
the w-twisted involution and then the homology arguments are just applied to the
equivariant homology theory associated to this w-twisted L-theory spectrum.

0.9. Acknowledgements. The work was financially supported by the Sonder-
forschungsbereich 478 — Geometrische Strukturen in der Mathematik — and the
Max-Planck-Forschungspreis of the third author.

1. EQUIVARIANT HOMOLOGY THEORIES

In this section we briefly explain basic axioms, notions and facts about equi-
variant homology theories as needed for the purposes of this article. The main
examples which will play a role in connection with the Bost, the Baum-Connes and
the Farrell-Jones Conjecture will be presented later in Theorem BTl

Fix a group G and a ring A. In most cases A will be Z. The following definition
is taken from [28, Section 1].

Definition 1.1 (G-homology theory). A G-homology theory HS with values in A-
modules is a collection of covariant functors HS from the category of G-C'W-pairs to
the category of A-modules indexed by n € Z together with natural transformations
0% (X, A): HE(X,A) — HE | (A) := HS | (A,0) for n € Z such that the following
axioms are satisfied:
e G-homotopy invariance
If fo and f1 are G-homotopic maps (X, A) — (Y, B) of G-CW-pairs, then
My (fo) = Hi(fi) for n € Z;

e Long exact sequence of a pair

Given a pair (X, A) of G-CW-complexes, there is a long exact sequence

Hn+1 H (7’

—— H(X)
HS ()

T g, (x, 4) 2 = 5 M (A) =

00, 6 x, ) 2
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where i: A — X and j: X — (X, A) are the inclusions;

e [xcision
Let (X, A) be a G-CW-pair and let f: A — B be a cellular G-map of
G-CW-complexes. Equip (X Uy B, B) with the induced structure of a G-
CW-pair. Then the canonical map (F, f): (X, A) — (X Uy B, B) induces
an isomorphism

HE(F, f): HS (X, A) = HE(X Uy B, B);
e Disjoint union axiom

Let {X; | i € I} be a family of G-CW-complexes. Denote by j;: X; —
[1;c; Xi the canonical inclusion. Then the map

D @rccx) =g ([1x)
ierl iel il
is bijective.

Let HY and K¢ be G-homology theories. A natural transformation T,: HE —
KS of G-homology theories is a sequence of natural transformations T;,: HS — K&
of functors from the category of G-CW -pairs to the category of A-modules which
are compatible with the boundary homomorphisms.

Lemma 1.2. Let T,: HS — K¢ be a transformation of G-homology theories.
Suppose that T,,(G/H) is bijective for every homogeneous space G/H and n € Z.
Then T, (X, A) is bijective for every G-CW -pair (X, A) and n € Z.

Proof. The disjoint union axiom implies that both G-homology theories are com-
patible with colimits over directed systems indexed by the natural numbers (such
as the system given by the skeletal filtration Xo C X7 C X5 C ... C Up>0X,, = X).
The argument for this claim is analogous to the one in [86] 7.53]. Hence it suffices to
prove the bijectivity for finite-dimensional pairs. Using the axioms of a G-homology
theory, the five lemma and induction over the dimension one reduces the proof to
the special case (X, A) = (G/H, ). O

Next we present a slight variation of the notion of an equivariant homology
theory introduced in [28, Section 1]. We have to treat this variation since we later
want to study coefficients over a fixed group I" which we will then pullback via
group homomorphisms with I' as target. Namely, fix a group I'. A group (G, ¢)
over I' is a group G together with a group homomorphism ¢: G — I'. A map
a: (G1,&1) — (Ga,&) of groups over I' is a group homomorphisms «: G; — Go
satisfying &, o a = &;.

Let a: H — G be a group homomorphism. Given an H-space X, define the
induction of X with a to be the G-space denoted by a.,. X which is the quotient of
G x X by the right H-action (g,z)-h := (ga(h),h~'z) for h € H and (g,z) € Gx X.
If a: H — G is an inclusion, we also write ind% instead of a.. If (X, A) is an H-
CW -pair, then o, (X, A) is a G-CW-pair.

Definition 1.3 (Equivariant homology theory over a group I'). An equivariant
homology theory M’ with values in A-modules over a group I assigns to every group
(G, €) over T a G-homology theory H¢ with values in A-modules and comes with the
following so called induction structure: given a homomorphism «: (H, &) — (G, p)
of groups over I' and an H-CW-pair (X, A), there are for each n € Z natural
homomorphisms

(1.4) ind,: HE (X, A) — HG (. (X, A))
satisfying
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o Compatibility with the boundary homomorphisms
0% oind,, = ind, 00;
e Functoriality

Let 8: (G,u) — (K,v) be another morphism of groups over I'. Then we
have for n € Z

indgon = HE (1) o indg o inda: HI (X, A) — HE((Bo a)u(X, A)),

where fi: Bian(X,A) = (Boa)(X,4), (kg z) — (kB(g),z) is the
natural K-homeomorphism;

e Compatibility with conjugation
Let (G, &) be a group over I" and let g € G be an element with £(g) = 1.
Then the conjugation homomorphisms ¢(g): G — G defines a morphism
c(9): (G,€) — (G,§) of groups over I'. Let fa: (X, A) — c(g9)«(X,A) be
the G-homeomorphism which sends z to (1,g7'z) in G x4 (X, A).

Then for every n € Z and every G-CW-pair (X, A) the homomorphism

ind.(g): HS (X, A) — HE (c(9)+(X, A)) agrees with HS (f2).

e Bijectivity
If a: (H,§) — (G, ) is a morphism of groups over I' such that the un-
derlying group homomorphism a: H — G is an inclusion of groups, then
ind, : HZ ({o}) — HE (e {e}) = HS(G/H) is bijective for all n € Z.

Definition reduces to the one of an equivariant homology in [28, Section 1] if
one puts I' = {1}.

Lemma 1.5. Let a: (H, &) — (G, 1) be a morphism of groups over T'. Let (X, A)
be an H-CW -pair such that ker(a) acts freely on X — A. Then

ind,: HI (X, A) — HE (a. (X, A))
is bijective for all n € Z.

Proof. Let F be the set of all subgroups of H whose intersection with ker(«) is
trivial. Obviously, this is a family, i.e., closed under conjugation and taking sub-
groups. A H-CW-pair (X, A) is called a F-H-CW-pair if the isotropy group of
any point in X — A belongs to F. A H-CW-pair (X, A) is a F-H-CW-pair if and
only if ker(«) acts freely on X — A.

The n-skeleton of o, (X, A) is a. applied to the n-skeleton of (X, A). Let (X, A)
be an H-CW-pair and let f: A — B be a cellular H-map of H-C'W-complexes.
Equip (X Uy B, B) with the induced structure of a H-CW-pair. Then there is an
obvious natural isomorphism of G-CW -pairs

a.(X Uy B, B) =R (s X Uq, 5 0B, . B).

Now we proceed as in the proof of Lemma [L2 but now considering the transfor-
mations

ind, : HE (X, A) — HE (. (X, A))

only for F-H-CW-pairs (X, A). Thus we can reduce the claim to the special case
(X,A) = H/L for some subgroup L C H with L Nker(a) = {1}. This special case
follows from the following commutative diagram whose vertical arrows are bijective
by the axioms and whose upper horizontal arrow is bijective since a induces an
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isomorphism «|: L — a(L).

indy|;: L—a(r)

HE({o}) Ho" ({o})

lindf J/i“dg(L)

ind,

M (H/L) — H (0n H/L) = H(G/o(L))

2. EQUIVARIANT HOMOLOGY THEORIES AND COLIMITS

Fix a group I' and an equivariant homology theory H’ with values in A-modules
over I'.

Let X be a G-CW-complex. Let a: H — G be a group homomorphism. Denote
by a*X the H-CW-complex obtained from X by restriction with . We have
already introduced the induction a.Y of an H-CW-complex Y. The functors a
and a* are adjoint to one another. In particular the adjoint of the identity on a* X
is a natural G-map

(2.1) f(X,a): awa™X — X.

It sends an element in G x, o* X given by (g, z) to a(g)z.
Consider a map «a: (H, &) — (G, p) of groups over I'. Define the A-map
inda (f (X))

e

G
an = an(X,a): HE (a* X) = HY (. X) L HE(X).

If 5: (G,u) — (K,v) is another morphism of groups over I', then by the axioms of

an induction structure the composite H (a*3* X) on(F7Xo0), HE(B*X) an(%B),
HE(X) agrees with a, (X, B0 a): HE(a*3*X) = HE((Boa)*X) — HE(X) for a
K-CW-complex X.

Consider a directed system of groups {G; | i € I} with G = colim;e; G; and
structure maps v;: G; — G for i € I and ¢;;: G; — G for 4,5 € I,i < 5. We
obtain for every G-CW-complex X a system of A-modules {H% (¢ X) | i € I}
with structure maps a, (¢ X, ¢;;): HE (; X) — H% (7 X). We get a map of
A-modules

(2.2) t9(X,A) = colimies an(X,1;): colimie; HS (¥} (X, A)) — HE(X,A).

3

The next definition is an extension of [, Definition 3.1].

Definition 2.3 ((Strongly) continuous equivariant homology theory). An equivari-
ant homology theory H’ over I is called continuous if for every group (G, ¢) over
I' and every directed system of subgroups {G; | i € I'} of G with G = {J,.; G the

A-map (see [Z2))
ti({o}): colimies Hy*({o}) — My ({o})
is an isomorphism for every n € Z.
An equivariant homology theory H’ over T is called strongly continuous if for

every group (G, &) over I' and every directed system of groups {G; | ¢ € I} with
G = colim;e; G; and structure maps v;: G; — G for i € I the A-map

ty ({o}): colimier My ({o}) — My ({o})
is an isomorphism for every n € Z.

Here and in the sequel we view G; as a group over I' by £ o¢);: G; — I' and
;1 G; — G as a morphism of groups over I'.
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Lemma 2.4. Let (G,§) be a group over I'. Consider a directed system of groups
{G;i | i € I} with G = colim;ey G; and structure maps ;: G; — G for i € I. Let
(X, A) be a G-CW -pair. Suppose that H: is strongly continuous.

Then the A-homomorphism (see 22))

(X, A): colimies M (47 (X, A)) = HI(X, A)
is bijective for every n € Z.

Proof. The functor sending a directed systems of A-modules to its colimit is an
exact functor and compatible with direct sums over arbitrary index maps. If (X, A)
is a pair of G-CW-complexes, then (1FX,¢;A) is a pair of G;-CW-complexes.
Hence the collection of maps {t& (X, A) | n € Z} is a transformation of G-homology
theories of pairs of G-C'W-complexes which satisfy the disjoint union axiom. Hence
in order to show that t& (X, A) is bijective for all n € Z and all pairs of G-CW-
complexes (X, A), it suffices by Lemmal[Z2 to prove this in the special case (X, A) =
(G/H, D).

For i € I let k;: Gi/v; *(H) — 1 (G/H) be the Gy-map sending g, ' (H) to
Vi(g;)H. Consider a directed system of A-modules {HS:(G;/v; ' (H)) | i € I}
whose structure maps for i,j € I,i < j are given by the composite

Gy -1 indg; ; -1 Ho (fi3) G, -1
Hy (Gi/v; (H)) —= N7 (G g, Gif; (H)) ———= M7 (G;/¢; (H))
for the Gj-map f; ;: Gj X4, Gi/wi_l(H) — Gj/@[}j_l(H) sending (gj,giwi_l(H) to
(90,5 (gi)wj_l(H ). Then the following diagram commutes

colim;er md 1

colimye; HY+ ) (fo })—()>C01lmzeIH WG/ (H)

\colimieI 'Hfi (ks)

1 ({o}) | = colim;e; HS* (v; (G/H))
\tfi (G/H)
ind€
HH ({o}) - HS(G/H)

where the horizontal maps are the isomorphism given by induction. For the directed
system {y; '(H) | i € I} with structure maps Dijly-10m v (H) — wj_l(H),
the group homomorphism colim;e s ;| W) colim;ey 1/);1( H) — H is an isomor-
phism. This follows by inspecting the standard model for the colimit over a directed

system of groups. Hence the left vertical arrow is bijective since H? is strongly con-
tinuous by assumption. Therefore it remains to show that the map

(2.5)  colime; HS (k) colime; HS*(Gy/v; ' (H)) — colimie; HS* (v G/H)
is surjective.
Notice that the map given by the direct sum of the structure maps
@'H Y;G/H) — colimjer HS (¢} G/H)
i€l

is surjective. Hence it remains to show for a fixed ¢ € I that the image of the
structure map

HS (Y; G/H) — colime; HE (G /H)
is contained in the image of the map [Z3).
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We have the decomposition of the G;-set ¥ G/H into its G;-orbits

I1 Gi/v; Y(gHg™) = viG/H, gy '(gHg™") v i(gi)gH.
Gi(gH)eG:\(¢;G/H)
It induces an identification of A-modules
b HG (Gi/v; HgHg ™) = MG (4 G/H).
Gi(gH)eG:\(v}G/H)

Hence it remains to show for fixed elements i € I and G,;(gH) € G;\(v;G/H) that
the obvious composition

H (Gif i (gHg ™) € H (i G/ H) — colimier Hy (7 G/ H)
is contained in the image of the map Z3).
Choose an index j with j > i and g € im(¢);). Then the structure map for ¢ < j is
a map HS (VG /H) — HS (¢jG/H) which sends the summand corresponding to
Gi(gH) € Gi\(¥;G/H) to the summand corresponding to G;(1H) € G;\(¢;G/H)
which is by definition the image of

M (ky): My (G /o5 (H)) — M (4; G/ H).
Obviously the image of composite of the last map with the structure map
HG (G /H) — colimje; HS (47 G/H)

is contained in the image of the map ). Hence the map (1) is surjective. This
finishes the proof of Lemma 241 O

3. IsoMORPHISM CONJECTURES AND COLIMITS

A family F of subgroups of G is a collection of subgroups of G which is closed
under conjugation and taking subgroups. Let Ex(G) be the classifying space asso-
ciated to F. It is uniquely characterized up to G-homotopy by the properties that
it is a G-CW-complex and that Ex(G) is contractible if H € F and is empty if
H ¢ F. For more information about these spaces Ex(G) we refer for instance to
the survey article [29]. Given a group homomorphism ¢: K — G and a family F
of subgroups of G, define the family ¢*F of subgroups of K by

(3.1) o'F = {HCK|¢(H)eF}
If ¢ is an inclusion of subgroups, we also write F|x instead of ¢*F.

Definition 3.2 (Isomorphism Conjecture for 7). Fix a group I and an equivariant
homology theory H’ with values in A-modules over I'.

A group (G, €) over T' together with a family of subgroups F of G satisfies the
Isomorphism Congjecture (for H) if the projection pr: Ex(G) — {e} to the one-
point-space {e} induces an isomorphism

H (pr): M (Er(G)) = M ({o))
for all n € Z.
From now on fix a group I' and an equivariant homology theory H’ over I'.

Theorem 3.3 (Transitivity Principle). Let (G,&) be a group over I'. Let F C G
be families of subgroups of G. Assume that for every element H € G the group
(H,&|m) over T satisfies the Isomorphism Conjecture for F|g.

Then the up to G-homotopy unique map Ex(G) — FEg(G) induces an isomor-
phism HS(Ex(G)) — HE(Eg(Q)) for all n € Z. In particular, (G,€) satisfies
the Isomorphism Conjecture for G if and only if (G,§) satisfies the Isomorphism
Conjecture for F.
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Proof. The proof is completely analogous to the one in [, Theorem 2.4, Lemma 2.2],
where only the case I' = {1} is treated. O

Theorem 3.4. Let (G,€) be a group over I'. Let F be a family of subgroups of G.

(i) Let G be the directed union of subgroups {G; | i € I}. Suppose that H.
is continuous and for every i € I the Isomorphism Conjecture holds for
(Gl,g Gi) and ]:|G1

Then the Isomorphism Conjecture holds for (G,€) and F;

(it) Let {G; | i € I} be a directed system of groups with G = colim;e; G; and
structure maps ;: G; — G. Suppose that H’ is strongly continuous and
for every i € I the Isomorphism Conjecture holds for (G;,§o;) and ¥fF.

Then the Isomorphism Conjecture holds for (G,€) and F.

Proof. The proof is analogous to the one in [4, Proposition 3.4].
This follows from the following commutative square whose horizontal arrows
are bijective because of Lemma 24 and the identification o] Ex(G) = Ey: 7(G)

S(Er(G
colimyer HG (By: #(G1)) =D, 346, ()

| e

colim;e; HG ({0}) ——=———— HE ({o})

3Q

1R

O

Fix a class of groups C closed under isomorphisms, taking subgroups and taking
quotients, e.g., the class of finite groups or the class of virtually cyclic groups. For
a group G let C(G) be the family of subgroups of G which belong to C.

Theorem 3.5. Let (G,§) be a group over I.

(i) Let G be the directed union G =J,c; Gi of subgroups G; Suppose that H
is continuous and that the Isomorphism Conjecture is true for (G, €|a,)
and C(G;) for all i € I.

Then the Isomorphism Conjecture is true for (G,§) and C(G);

(it) Let {G; | i € I} be a directed system of groups with G = colim;e; G; and
structure maps ;: G; — G. Suppose that H’ is strongly continuous and
that the Isomorphism Conjecture is true for (H,C(H)) for everyi € I and
every subgroup H C G;.

Then for every subgroup K C G the Isomorphism Conjecture is true for

(K,¢|k) and C(K).

Proof. ()] This follows from Theorem BAI[1)] since C(G;) = C(G)|g, holds for i € 1.

[(E)]If G is the colimit of the directed system {G; | i € I}, then the subgroup K C G
is the colimit of the directed system {4, *(K) | i € I'}. Hence we can assume G = K
without loss of generality.

Since C is closed under quotients by assumption, we have C(G;) C ¥;C(G) for
every ¢ € I. Hence we can consider for any ¢ € I the composition

H (Eca,)(Gi)) = Hy (Eyre)(Gi) — Hy'({o}).

Because of Theorem BE it suffices to show that the second map is bijective. By
assumption the composition of the two maps is bijective. Hence it remains to show
that the first map is bijective. By Theorem this follows from the assumption
that the Isomorphism Conjecture holds for every subgroup H C G; and in particular
for any H € ¢ C(G) for C(G;)|ug = C(H). O
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4. FIBERED ISOMORPHISM CONJECTURES AND COLIMITS

In this section we also deal with the Fibered version of the Isomorphism Con-
jectures. (This is not directly needed for the purpose of this paper and the reader
may skip this section.) This is a stronger version of the Farrell-Jones Conjecture.
The Fibered Farrell-Jones Conjecture does imply the Farrell-Jones Conjecture and
has better inheritance properties than the Farrell-Jones Conjecture.

We generalize (and shorten the proof of) the result of Farrell-Linnell [I6, Theo-
rem 7.1] to a more general setting about equivariant homology theories as developed
in Bartels-Liick [3].

Definition 4.1 (Fibered Isomorphism Conjecture for 7*). Fix a group I' and an
equivariant homology theory M’ with values in A-modules over I'. A group (G, )
over I together with a family of subgroups F of G satisfies the Fibered Isomorphism
Conjecture (for H ) if for each group homomorphism ¢: K — G the group (K, £0¢)
over I' satisfies the Isomorphism Conjecture with respect to the family ¢*F.

Theorem 4.2. Let (G,€) be a group over I'. Let F be a family of subgroups of G.
Let {G; | i € I} be a directed system of groups with G = colim;e; G; and structure
maps ;: G; — G. Suppose that H is strongly continuous and for every i € I the
Fibered Isomorphism Congecture holds for (G;,& o) and ¥ F.

Then the Fibered Isomorphism Conjecture holds for (G,£) and F.

Proof. Let p: K — G be a group homomorphism. Consider the pullback of groups

KiL)Gi

| w|

K —*

Explicitly K; = {(k,9:) € K x Gi | u(k) = ¢i(g:)}. Let ¢, ;: K; — K; be the
map induced by ¢; ;: G; — G, idg and idg and the pullback property. One easily
checks by inspecting the standard model for the colimit over a directed set that
we obtain a directed system Ei’j: K; — Kj of groups indexed by the directed set

I and the system of maps ¢,: K; — K yields an isomorphism colim;c; K = K.
The following diagram commutes

tr (W Ex(G))
[

~

colimye; HE (E*M*Ef(c)) B HE (1 Ex(Q))

l l

colimyer HE ({o}) LD (e

o~

—
-~

where the vertical arrows are induced by the obvious projections onto {e} and the
horizontal maps are the isomorphisms from LemmaZal Notice that E* wEr(Q) is

a model for By . 2(K;i) = Eyry: 7(K;). Hence each map HE (E*M*E}-(G)) —

HE:i({e}) is bijective since (G;, £ 01);) satisfies the Fibered Isomorphism Conjecture
for ¢} F and hence (K, o1; o pi;) satisfies the Isomorphism Conjecture for pf i F.
This implies that the left vertical arrow is bijective. Hence the right vertical arrow is
an isomorphism. Since p*Exr(G) is a model for E,« #(K), this means that (K, &opu)
satisfies the Isomorphism Conjecture for p*F. Since u: K — G is any group
homomorphism, (G, §) satisfies the Fibered Isomorphism Conjecture for F. O

The proof of the following results are analogous to the one in [3, Lemma 1.6]
and [ Lemma 1.2], where only the case I' = {1} is treated.
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Lemma 4.3. Let (G, &) be a group over I' and let F C G be families of subgroups of
G. Suppose that (G, €) satisfies the Fibered Isomorphism Conjecture for the family
].'

Then (G, €) satisfies the Fibered Isomorphism Conjecture for the family G.

Lemma 4.4. Let (G,&) be a group over I'. Let ¢: K — G be a group homo-
morphism and let F be a family of subgroups of G. If (G,§) satisfies the Fibered
Isomorphism Conjecture for the family F, then (K, & o ¢) satisfies the Fibered Iso-
morphism Conjecture for the family ¢*F.

For the remainder of this section fix a class of groups C closed under isomor-
phisms, taking subgroups and taking quotients, e.g., the families Fin or VCyc.

Lemma 4.5. Let (G,€) be a group over T'. Suppose that the Fibered Isomorphism
Congecture holds for (G,§) and C(G). Let H C G be a subgroup.
Then the Fibered Isomorphism Congecture holds for (H,&|m) and C(H).

Proof. This follows from Lemma ] applied to the inclusion H — G since C(H) =
C(G)|u. O

Theorem 4.6. Let (G,§) be a group over I
(i) Let G be the directed union G = |J;c; Gi of subgroups G; Suppose that
H’ is continuous and that the Fibered Isomorphism Conjecture is true for
(Gi,€la,) and C(G,)) for all i € I.
Then the Fibered Isomorphism Conjecture is true for (G,&) and C(G);
(it) Let {G; | i € I} be a directed system of groups with G = colim;e; G; and
structure maps ;: G; — G. Suppose that H’ is strongly continuous and
that the Fibered Isomorphism Conjecture is true for (G;, o) and C(G;))
foralliel.
Then the Fibered Isomorphism Conjecture is true for (G,&) and C(G).

Proof. The proof is analogous to the one in [, Proposition 3.4], where the case
I' = {1} is considered.

Because C is closed under taking quotients we conclude C(G;) C ¥C(G). Now

the claim follows from Theorem and Lemma O
Corollary 4.7. (i) Suppose that H’ is continuous. Then the (Fibered) Iso-

morphism Conjecture for (G, ) and C(Q)) is true for all groups (G, §) over
I if and only if it is true for all such groups where G is a finitely generated
group;

(ii) Suppose that H. is strongly continuous. Then the Fibered Isomorphism
Conjecture for (G,§) and C(G) is true for all groups (G,§) over I' if and
only if it is true for all such groups where G is finitely presented.

Proof. Let (G,£) be a group over I where G is finitely generated. Choose a finitely
generated free group F' together with an epimorphism ¥: FF — G. Let K be the
kernel of ¢. Consider the directed system of finitely generated subgroups {K; | i €
I} of K. Let K; be the smallest normal subgroup of K containing K;. Explicitly K;
is given by elements which can be written as finite products of elements of the shape
fkif~' for f € F and k € K;. We obtain a directed system of groups {F/K; |
i € I}, where for i < j the structure map ¢;;: F/K; — F/K; is the canonical
projection. If¢;: F//K; — F/K = G is the canonical projection, then the collection
of maps {¢; | i € I} induces an isomorphism colim;c; F/K; =Nye By construction
for each i € I the group F/K; is finitely presented and the Fibered Isomorphism
Conjecture holds for (F/K;,& o1;) and C(F/K;) by assumption. Theorem EG[(ii)]
implies that the Fibered Farrell-Jones Conjecture for (G,¢) and C(G) is true. O
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5. SOME EQUIVARIANT HOMOLOGY THEORIES

In this section we will describe the relevant homology theories over a group I'
and show that they are (strongly) continuous. (We have defined the notion of an
equivariant homology theory over a group in Definition [[3)

5.1. Desired equivariant homology theories. We will need the following

Theorem 5.1 (Construction of equivariant homology theories). Suppose that we
are given a group I' and a ring R (with involution) or a C*-algebra A respectively
on which ' acts by structure preserving automorphisms. Then:

(1)

()

(iii)

()

Associated to these data there are equivariant homology theories with values
in Z-modules over the group T’

H(—;Kg)
H!(—;KHg)
H(— L),
HZ(_§ Kf:}:l)l)?
H:(_a Kfﬁ’)a
H:(_a K.t:fr)n)a

where in the case HZ(—;K&;‘;) we will have to 1mpose the restriction to
the induction structure that a homomorphisms o: (H,§) — (G, u) over T’
induces a transformation ind, : HE (X, A) — HE (0. (X, A) only if the ker-
nel of the underlying group homomorphism «: H — G acts with amenable
isotropy on X — A;

If (G, ) is a group over I' and H C G is a subgroup, then there are for
every n € Z identifications

H'({e};Kgr) = HJ(G/H;Kp) = Ku(RxH);
HH({e};KHz) = HS(G/H;KHp) = KH,(Rx H);
HY({o};Ly ™) = HY(G/H;LL™) = Li(Rx H);
Hf({'};Kfﬁl) = HS(G/H'KZ)II)I) = Kn(A X1 H);
HE({e};K}P) = HY(G/H; K“’p) = Kn(Ax, H);
HE({o};K5? ) = HE(G/H;KYP) = K,(Ax, H).

Here H and G act on R and A respectively via the given I'-action, p: G —
I' and the inclusion H C G, K,(R x H) is the algebraic K-theory of
the twisted group ring R x H, KH,(R x H) is the homotopy K-theory

of the twisted group ring R x H, L< o) (R x H) is the algebraic L-theory
with decoration (—o0) of the twisted group ring with involution R x H,
K, (A xp H) is the topological K-theory of the crossed product Banach
algebra A xp H, K,(A %, H) is the topological K-theory of the reduced
crossed product C*-algebra A %, H, and K, (A X, H) is the topological
K -theory of the maximal crossed product C*-algebra A X, H;

Let (: Tg — Ty be a group homomorphism. Let R be a ring (with invo-
lution) and A be a C*-algebra on which I'1 acts by structure preserving
automorphisms. Let (G,u) be a group over I'y. Then in all cases the
evaluation at (G, 1) of the equivariant homology theory over I'y associated
to (*R or (*A respectively agrees with the evaluation at (G,{ o ) of the
equivariant homology theory over I'y associated to R or A respectively.
Suppose the group I' acts on the rings (with involution) R and S or on
the C*-algebras A and B respectively by structure preserving automor-
phisms. Let £: R — S or £: A — B be a I'-equivariant homomorphism of
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rings (with involution) or C*-algebras respectively. Then £ induces natural
transformations of homology theories over I’
&+ H(—Kg) -
¢ H(—KHg)
& bHI(—Ly ™)

.
.
& HI(=KYh) -
.

|
~
0

);

)

: R e
& Ho(—KQT)
¢ HI(=KRL) = HI(=Kg).
They are compatible with the identifications appearing in assertion '
(v) Let T act on the C*-algebra A by structure preserving automorphisms. We
can consider A also as a ring with structure preserving G-action. Then
there are natural transformations of equivariant homology theories with
values in Z-modules over T'

T T

2K 0 K 0K e KooK -

AAAAA
. . I. .
3
e
8
~—

H!(—Ka) = H (= KHa) — H (- Kh)
— H(—KyP ) — H(—KYP).

They are compatible with the identifications appearing in assertion .
5.2. (Strong) Continuity. Next we want to show

Lemma 5.2. Suppose that we are given a group I' and a ring R (with involution) or
a C*-algebra A respectively on which G acts by structure preserving automorphisms.
Then the homology theories with values in Z-modules over T’

H!(=Kg), H(= KHg), H (= LG ™)), H (= K35, and H (= K5",)
(see Theorem[Bl) are strongly continuous in the sense of Definition 23, whereas
HI(—KYP)

is only continuous.
Proof. We begin with H’(—;Kgr) and H'(—; KHpz). We have to show for every
directed systems of groups {G; | i € I'} with G = colim;c; G; together with a map
@: G — I that the canonical maps
colimie; Kp,(Rx G;) — Kp(RxG);
colimiej KHn(R X Gl) — KHn(R X G),
are bijective for all n € Z. Obviously R x G is the colimit of rings colim;c; R X G;.
Now the claim follows for K, (R x G) for n > 0 from [33, (12) on page 20].
Using the Bass-Heller-Swan decomposition one gets the results for K, (R x G)
for all n € Z and that the map
colim;e; NPK,(RxG;) — NPK,(RxQ)

is bijective for all m € Z and all p € Z,p > 1 for the Nil-groups NP K,,(RG) defined
by Bass [8] XII]). Now the claim for homotopy K-theory follows from the spectral
sequence due to Weibel [38, Theorem 1.3].

Next we treat H’ (—;Lg(’@). We have to show for every directed systems of
groups {G; | ¢ € I} with G = colim;c; G; together with a map p: G — T that the
canonical map

colimje; LS™N (R % G;) — LN (R x @)
is bijective for all n € Z. Recall from [34] Definition 17.1 and Definition 17.7] that
LN R X @) = colimy, oo L™ (R % G);

LE™(R % G) coker (Lf;:f“)(R 1 G) — LS (R % G[Z])) for m > 0.
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Since Li (R x G) is L(R x G), it suffices to show that
(5.3) wp: colimer LM(RxG;) — LMRx Q)

is bijective for all n € Z. We give the proof of surjectivity for n = 0 only, the proofs
of injectivity for n = 0 and of bijectivity for the other values of n are similar.

The ring R x G is the colimit of rings colim;c; R X G;. Let ¥;: RxG; — Rx G
and ¢;;: RxG; — Rx Gy for i,5 € I,i < j be the structure maps. One can
define R x G as the quotient of [[,.; R % G/ ~, wherex € RxG;and y € Rx Gj
satisfy  ~ y if and only if ¢; x(x) = ¢; 1 (y) holds for some k € I with i,j < k.
The addition and multiplication is given by adding and multiplying representatives
belonging to the same RxG;. Let M (m,n; RxG) be the set of (m, n)-matrices with
entries in R X G. Given A; € M(m,n; R x G;), define ¢; ;(A;) € M(m,n; R x Gj)
and ¢;(A;) € M(m,n; R x G) by applying ¢; ; and 1; to each entry of the matrix
A;. We need the following key properties which follow directly from inspecting the
model for the colimit above:

(i) Given A € M(m,n; R x G), there exists ¢ € I and A; € M(m,n; R x G;)
(ii) Given A; € M(m,n; R x G;) and A; € M(m,n; R x G;) with ¢;(4;) =
¢j(Aj)7 there exists k € I with 1,] < k and ¢1k(Az) = (bj,k(Aj)-

An element [A] in L} (R x G) is represented by a quadratic form on a finitely
generated free R x G-module, i.e., a matrix A € GL,(R x G) for which there exists
a matrix B € M(n,n; R X G) with A = B + B*, where B* is given by transposing
the matrix B and applying the involution of R elementwise. Fix such a choice of
a matrix B. Choose ¢ € I and B; € M(n,n; R x G;) with ¢;(B;) = B. Then
¥;(B; + Bf) = A is invertible. Hence we can find j € I with ¢ < j such that
Aj = ¢ij(B; + B}) is invertible. Put B; = ¢;;(B;). Then A; = B; + B} and
¥j(A;) = A. Hence A; defines an element [4;] € L"(R x G;) which is mapped to
[A] under the homomorphism L” (R x G;) — L,(R x G) induced by v;. Hence the
map wg of (B3 is surjective.

Next we deal with H(—; Kfﬁl)- We have to show for every directed systems of
groups {G,; | ¢ € I} with G = colim;c; G; together with a map p: G — T that the
canonical map

COliIIlie[ Kn(A A Gi) — Kn(A A G)

is bijective for all n € Z. Since topological K-theory is a continuous functor, it
suffices to show that the colimit (or sometimes also called inductive limit) of the
system of Banach algebras {Ax;1G; | i € I} in the category of Banach algebras with
norm decreasing homomorphisms is Ax;1 G. So we have to show that for any Banach
algebra B and any system of homomorphisms of Banach algebras a;: Ax;: G; — B
compatible with the structure maps A 31 ¢;j: A xp Gy — A xp G there exists
precisely one homomorphism of Banach algebras a: A x;1 G — B with the property
that its composition with the structure map A ;1 1;: Axp Gy — Axp G is «; for
1€ 1.

It is easy to see that in the category of C-algebras the colimit of the system
{AxG;|ieI}is AxG with structure maps A x1;: Ax G; — A x G. Hence the
restrictions of the homomorphisms «; to the subalgebras A x G; yields a homomor-
phism of central C-algebras o/: A x G — B uniquely determined by the property
that the composition of o with the structure map A x ¢;: A x G; — A x G is
ailaxg, for i € I. If « exists, its restriction to the dense subalgebra A x G has
to be o’. Hence « is unique if it exists. Of course we want to define « to be the
extension of o/ to the completion A x;1 G of A x G with respect to the I*-norm. So
it remains to show that o’: A x G — B is norm decreasing. Consider an element in
u € A x G which is given by a finite formal sum u = deF ag - g, where F' C G is
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some finite subset of G and a4 € A for g € F'. We can choose an index j € I and a
finite set F' C G; such that ¢;|p/ : F' — F' is one-to-one. For g € F'let ¢’ € F’ de-
note the inverse image of g under this map. Consider the element v =3_  p ag-g'
in A x G;. By construction we have A x 9;(v) = uw and ||v|| = |[u]| = Y i, [|ail|-
We conclude

o/ (u)|] = [la" o (A 3 4) ()] = [log (W)[] < |[vl] = [Jul.

The proof for H’(—; Kff‘;n) follows similarly, using the fact that by definition of
the norm on A x,, G every s-homomorphism of A x G into a C*-algebra B extends
uiniquely to A x,, G. The proof for the continuity of H_(—; Kfff;) follows from [I0,

Theorem 4.1]. O

Notice that we have proved all promised results of the introduction as soon as
we have completed the proof of Theorem Bl which we have used as a black box so
far.

6. FROM SPECTRA OVER GROUPOIDS TO EQUIVARIANT HOMOLOGY THEORIES

In this section we explain how one can construct equivariant homology theories
from spectra over groupoids.

A spectrum E = {(E(n),o(n)) | n € Z} is a sequence of pointed spaces {E(n) |
n € 7} together with pointed maps called structure maps o(n): E(n) A S* —
E(n+1). A (strong) map of spectra (sometimes also called function in the litera-
ture) f: E — E’ is a sequence of maps f(n): E(n) — E’(n) which are compatible
with the structure maps o(n), i.e., we have f(n+ 1) oo(n) = o’(n) o (f(n) Aidgr)
for all n € Z. This should not be confused with the notion of a map of spectra in
the stable category (see [, IT1.2.]). Recall that the homotopy groups of a spectrum
are defined by

i (E) := colimg_, o itk (E(k)),

where the system ;4 (F(k)) is given by the composition

Tk (B(E) 2 i (B A SY) 7% iy (B + 1))
of the suspension homomorphism and the homomorphism induced by the structure
map. We denote by Spectra the category of spectra.

A weak equivalence of spectra is a map f: E — F of spectra inducing an isomor-
phism on all homotopy groups.

Given a small groupoid G, denote by Groupoids | G the category of small
groupoids over G, i.e., an object is a functor Fy: Gy — G with a small groupoid as
source and a morphism from Fy: Gog — G to Fy: G — G is a functor F': Gy — Gy
satisfying Fy o F' = F. We will consider a group I' as a groupoid with one object
and I' as set of morphisms. An equivalence F: Gy — Gy of groupoids is a functor
of groupoids F for which there exists a functor of groupoids F': G; — Gy such
that F' o F and F o F' are naturally equivalent to the identity functor. A functor
F: Gy — G; of small groupoids is an equivalence of groupoids if and only if it
induces a bijection between the isomorphism classes of objects and for any object
x € Go the map autg, (r) — autg, (F'(r)) induced by F' is an isomorphism of groups.

Lemma 6.1. Let I' be a group. Consider a covariant functor
E: Groupoids | I' — Spectra

which sends equivalences of groupoids to weak equivalences of spectra.
Then we can associate to it an equivariant homology theory H-(,— E) (with
values in Z-modules) over I' such that for every group (G, u) over I' and subgroup
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H C G we have a natural identification
H ({o}; E) = HS(G/H,E) = m,(E(H)).

If T: E — F is a natural transformation of such functors Groupoids | I' —
Spectra, then it induces a transformation of equivariant homology theories over I’

Hi (= T): Hi(, = E) — Hi(,—E)
such that for every group (G, u) over T' and subgroup H C G the homomorphism
HI({o};T): HE({o}; E) — HI ({e}; F) agrees under the identification above with
Tu(T(H)): 70 (B(H)) — 70 (F(H)).

Proof. We begin with explaining how we can associate to a group (G, u) over ' a
G-homology theory HE(—;E) with the property that for every subgroup H C G
we have an identification

My (G/H,E) = m,(E(H)).

We just follow the construction in [I3, Section 4]. Let Or(G) be the orbit category
of G, i.e., objects are homogenous spaces G/H and morphisms are G-maps. Given a
G-set S, the associated transport groupoid t%(S) has S as set of objects and the set
of morphisms from sy € S to s; € S consists of the subset {g € G | gs1 = s2} of G.
Composition is given by the group multiplication. A G-map of sets induces a functor
between the associated transport groupoids in the obvious way. In particular the
projection G/H — G/G induces a functor of groupoids prg: t%(S) — t%(G/G) =
G. Thus t%(S) becomes an object in Groupoids | I' by the composite y o prg. We
obtain a covariant functor t: Or(G) — Groupoids | T'. Its composition with the
given functor E yields a covariant functor

E® := EotY: Or(G) — Spectra.

Now define
HE(X, A B) == HE(— E°),

where HE(—; E®) is the G-homology theory which is associated to E¢: Or(G) —
Spectra and defined in [I3, Section 4 and 7]. Namely, if X is a G-CW-complex, we
can assign to it a contravariant functor mapg(G/?, X): Or(G) — Spaces sending
G/H to mapg(G/H,X) = X and put HS (X; E®) := m,(mapg(G/?, X) 4 Nora)
E®) for the spectrum mapg(G/?, X))+ Aorg) EC (which is denoted in [I3] by
mapg (G/7, X)1 @ora) EY).

Next we have to explain the induction structure. Consider a group homomor-
phism «: (H,&) — (G, u) of groups over I and an H-CW-complex X. We have to
construct a homomorphism

HY(X;E) — HS (. X E).

This will be done by constructing a map of spectra
mapy (H/?, X)y Aoy B — mapg(G/?, 0. X) 1 Aore) EY.

We follow the constructions in [I3, Section 1]. The homomorphism « induces a
covariant functor Or(a): Or(H) — Or(G) by sending H/L to . (H/L) = G/a(L).
Given a contravariant functor Y': Or(H) — Spaces, we can assign to it its induction
with Or(a) which is a contravariant functor .Y : Or(G) — Spaces. Given a
contravariant functor Z: Or(G) — Spaces, we can assign to it its restriction which
is the contravariant functor a*Z := Z o Or(«): Or(G) — Spaces. Induction a.
and o* form an adjoint pair. Given an H-CW-complex X, there is a natural
identification a, (mapg(H/?,X)) = maps(G/?, a.X). Using [[3, Lemma 1.9] we
get for an H-CW-complex X a natural map of spectra

map (H/?, X) 4 Aor(m) ' BY — mapg(G/?, 0. X) 1 Nora) EC.
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Given an H-set S, we obtain a functor of groupoids t(S) — t%(a,S) sending
s € Sto(1,s) € G x4 S and a morphism in ¢ (S) given by a group element h to
the one in t%(,.S) given by a(h). This yields a natural transformation of covariant
functors Or(H) — Groupoids | T' from ¢t — t% o Or(a). Composing with the
functor E gives a natural transformation of covariant functors Or(H) — Spectra
from Ef to o*EC. Tt induces a map of spectra

mapy (H/?, X) 4 Aory B — mapy (H/?, X) 1 Aow) o EC.

Its composition with the maps of spectra constructed beforehand yields the desired
map of spectra mapy (H/?, X )4 ®orm) B — mapg(G/?, a.X) 4 ®orc) EC.
We omit the straightforward proof that the axioms of an induction structure are
satisfied. This finishes the proof of Theorem Bl
The statement about the natural transformation T: E — F is obvious. O

7. SOME K-THEORY SPECTRA ASSOCIATED TO GROUPOIDS

The last step in completing the proof of Theorem BTl is to prove the following
Theorem [Tl because then we can apply it in combination with Lemma Bl (Actu-
ally we only need the version of Theorem [l where G is given by a group I'.) Let
Groupoids™ ™" | G be the subcategory of Groupoids | ¢ which has the same
objects and for which a morphism from Fy: Ggy — G to Fy: G — G given by a
functor F': Gy — G; satisfying F} o F' = Fy has the property that for every object
x € Go the group homomorphism autg, (z) — autg, (F(x)) induced by F has a finite
kernel. Denote by Rings, #Rings, and C*-Algebras the categories of rings, rings
with involution and C*-algebras.

Theorem 7.1. Let G be a fixed groupoid. Let R: G — Rings, R: G — *Rings,
or A: G — C*-Algebras respectively be a covariant functor. Then there exists
covariant functors

Kgr: Groupoids | G —  Spectra;
KHpg: Groupoids | G —  Spectraq;
Lgoo) : Groupoids | G —  Spectra;
Kfffl’l : Groupoids | G —  Spectra;
Kfff;: Groupoids™™ €T | ¢ — Spectra;
Kfff;lz Groupoids | G —  Spectra,

together with natural transformations
I,: K — KH;

L:KH — Ky

. K top top .

Is: KAJ1 - Ky
. top top

LKy, — Ki,,

finker

of functors from Groupoids | G or Groupoids | G respectively to Spectra

such that the following holds:

(i) Let F;: G; — G be objects for i = 0,1 and F: Fy — Fy be a morphism
between them in Groupoids | G or Groupoids ™ " | G respectively such
that the underlying functor of groupoids F': Gy — G is an equivalence of
groupoids. Then the functors send F to a weak equivalences of spectra;

(i1) Let Fo: Go — G be an object in Groupoids | G or Groupoids ke |
G respectively such that the underlying groupoid Gy has only one object



22 ARTHUR BARTELS, SIEGFIED ECHTERHOFF, AND WOLFGANG LUCK

x. Let G = morg,(z,x) be ils automorphisms group. We obtain a ring
R(y), a ring R(y) with involution, or a C*-algebra B(y) with G-operation
by structure preserving maps from the evaluation of the functor R or A
respectively at y = F(x). Then:

T (Kr(F)) = K.(R(y) x G);
mn(KHR(F)) = KH,(R(y) x G);
m(LTF) = LEO(Ry) x G);
(K52 1 (F)) = Ku(Aly) xn G);
(K (F) = Ku(Ay) %, G);
m(Kr (F) = Knu(Ay) xm G),

where K, (R(y) x G) is the algebraic K-theory of the twisted group ring
R(y) x G, KH,(R(y) x Q) is the homotopy K -theory of the twisted group
ring R(y) x G, Lfl_oo>(R(y) x G) is the algebraic L-theory with decoration
(—o0) of the twisted group ring with involution R(y)x G, K, (A(y)x;n G) is
the topological K -theory of the crossed product Banach algebra A(y) xp G,
K, (A(y) X, G) is the topological K -theory of the reduced crossed product
C*-algebra A(y) %, G, and K, (A(y) xm G) is the topological K -theory of
the mazimal crossed product C*-algebra A(y) X, G.
The natural transformations I, I, I3 and Iy become under this identi-

fications the obvious change of rings and theory homomorphisms

(iii) These constructions are in the obvious sense natural in R and A respec-
tively and in G.

We defer the details of the proof of Theorem [[1lin [2]. Its proof requires some
work but there are many special case which have already been taken care of. If we
would not insist on groupoids but only on groups as input, these are the standard
algebraic K- and L-theory spectra or topological K-theory spectra associated to
group rings, group Banach algebras and group C*-algebras. The construction for
the algebraic K- and L-theory and the topological K-theory in the case, where G
acts trivially on a ring R or a C*-algebra are already carried out or can easily be
derived from M), [I3], and [24] except for the case of a Banach algebra. The case
of the K-theory spectrum associated to an additive category with G-action has
already been carried out in [7]. The main work which remains to do is to treat
thte Banach case and to construct the relevant natural transformation from KH to
K X}Zl
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