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ABSTRACT. We prove short time existence for the Ricci flow on open mani-
folds of nonnegative complex sectional curvature. We do not require upper
curvature bounds. By considering the doubling of convex sets contained in
a Cheeger-Gromoll convex exhaustion and solving the singular initial value
problem for the Ricci flow on these closed manifolds, we obtain a sequence of
closed solutions of the Ricci flow with nonnegative complex sectional curvature
which subconverge to a solution of the Ricci flow on the open manifold. Fur-
thermore, we find an optimal volume growth condition which guarantees long
time existence, and we give an analysis of the long time behaviour of the Ricci
flow. Finally, we construct an explicit example of an immortal nonnegatively
curved solution of the Ricci flow with unbounded curvature for all time.

1. INTRODUCTION AND MAIN RESULTS

The Ricci flow was introduced by R. Hamilton in [24] as a method to deform
or evolve a Riemannian metric g given on a fixed n-dimensional manifold M
according to the following partial differential equation:

59(t) = —2Ric(g(t)) (1.1)

over a time interval I C R, with the initial condition ¢g(0) = g. The first basic
question, without which a theory about the Ricci flow does not even make sense,
is to ensure that equation (1.1) admits a solution at least for a short time. This
was already completely settled for closed manifolds (i.e. compact and without
boundary) by Hamilton in [24]. In dimension 2, short time existence for a non-
compact surface (which may be incomplete and with curvature unbounded above
and below) was established by Giesen and Topping in [18] using ideas from [45].

The non-compact case for n > 3, even asking the manifold to be complete,
is much harder and in full generality appears to be hopeless: for instance, it is
difficult to imagine how to construct a solution to (1.1) starting at a manifold
built by attaching in a smooth way spherical cylinders with radius becoming
smaller and smaller (say of radius 1/k with k£ € N). Hence to achieve short time
existence one needs to prevent similar situations by adding extra conditions on
the curvature. In this spirit, W. X. Shi proved in [41] that the Ricci flow starting
on an open (i.e. complete and non-compact) manifold with bounded curvature
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(i.e. with supy; |Ry| < ko < 00) admits a solution for a time interval [0,7'(n, ko)]
also with bounded curvature.

Later on M. Simon (cf. [43]), assuming further that the manifold has nonnega-
tive curvature operator (R, > 0) and is non-collapsing (infs vol, (Bgy(-,1)) >
vo > 0), was able to extend Shi’s solution for a time interval [0,7'(n,vo)], with
curvature bounded above by M for positive times. Although T'(n,vy) does
not depend on an upper curvature bound, such a bound is still an assumption

needed to guarantee short time existence.

The present paper manages to remove any restriction on upper curvature
bounds for open manifolds with nonnegative complex sectional curvature (see
Definition 3.1) which, by Cheeger, Gromoll and Meyer [10, 21], admit an exhaus-
tion by convex sets Cy. We are able to construct a Ricci flow with nonnegative
complex sectional curvature on the closed manifold obtained by gluing two copies
of Cy along the common boundary, and whose ‘initial metric’ is the natural sin-
gular metric on the double. By passing to a limit we obtain

Theorem 1. Let (M", g) be an open manifold with nonnegative (and possibly un-
bounded) complex sectional curvature (K;C > 0). Then there exists a constant T
depending on n and g such that (1.1) has a smooth solution on the interval [0, T,
with g(0) = g and with g(t) having nonnegative complex sectional curvature.

Using that by Brendle [4] the trace Harnack inequality in [26] holds for compact
manifolds with K€ > 0, it follows that the above solution on the open manifold
satisfies the trace Harnack estimate as well. This solves an open question posed
by Chow, Lu and Ni [14, Problem 10.45].

The proof of Theorem 1 is easier if K ;C > 0 since then by Gromoll and Meyer
[21] M is diffeomorphic to R™. In the general case, we need additional tools; for
instance, we prove the following result, which extends a theorem by Noronha [34]
for manifolds with R4 > 0.

Theorem 2. Let (M",g) be an open, simply connected Riemannian manifold
with nonnegative complex sectional curvature. Then M splits isometrically as
¥ x F, where ¥ is the k-dimensional soul of M and F is diffeomorphic to R"*.

In the nonsimply connected case M is diffeomorphic to a flat Euclidean vector
bundle over the soul. Thus combining with the classification in [6] of compact
manifolds with K€ > 0, we deduce that any open manifold of K€ > 0 admits a
complete nonnegatively curved locally symmetric metric g, i.e. K3 >0, VR; = 0.

It is not hard to see that, given any open manifold (M, g) with bounded cur-
vature and K;F > 0, for any closed discrete countable subset S C M one can
find a deformation g of g in an arbitrary small neighborhood U of S such that g
and g are C''-close, (M, g) has unbounded curvature and K <§C > 0. The following
result, which is very much in spirit of Simon [43], shows that this sort of local
deformations will be smoothed out instantaneously by our Ricci flow.
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Corollary 3. Let (M"™,g) be an open manifold with K;C >0. If
inf{voly(By(p,1)) :p € M} = vy >0, (1.2)
then the curvature of (M, g(t)) is bounded above by M fort € (0,7 (n,vp)].

In the case of a nonnegatively curved surface, this volume condition is always
satisfied (see [15]), so any such surface can be deformed by (1.1) to one with
bounded curvature. For n > 3 the lower volume bound in Corollary 3 is essential:

Theorem 4. a) There is an immortal 3-dimensional nonnegatively curved com-
plete Ricci flow (M, g(t))ic[o,00) with unbounded curvature for each t.

b) There is an immortal 4-dimensional complete Ricci flow (M, g(t))icio,00)
with positive curvature operator such that the curvature of (M, g(t)) is bounded
if and only if t € [0,1).

Higher dimensional examples can be obtained by crossing with a Euclidean factor.
Part b) shows that even if the initial metric has bounded curvature one can run
into metrics with unbounded curvature. The following result gives a precise lower
bound on the existence time for (1.1) in terms of supremum of the volume of balls,
instead of infimum as in Corollary 3 and [43]. We emphasize that this is new even
in the case of initial metrics of bounded curvature.

Corollary 5. In each dimension there is a universal constant £(n) > 0 such that
for each complete manifold (M™, g) with K;C > 0 the following holds: If we put

T :=e(n) 'sup{iv‘)lggfi(f’r)) ‘ p€ M,r > O} € (0, 0],

then any complete mazximal solution of Ricci flow (M, g(t))ico,r) with K;]C(t) >0
and g(0) = g satisfies T < T.

If M has a volume growth larger than "2, then Corollary 5 ensures the existence
of an immortal solution. Previously (cf. [40]) long time existence was only known
in the case of Euclidean volume growth under the stronger assumptions Ry > 0
and bounded curvature. We highlight that our volume growth condition cannot
be further improved: indeed, as the Ricci flow on the metric product S? x R"~2
exists only for a finite time, the power n — 2 is optimal. For n = 3 we can even
determine exactly the extinction time depending on the structure of the manifold:

Corollary 6. Let (M3, g) be an open manifold with K, > 0 and soul X. If
(M, g(t))iejo,r) is a mazimal complete solution of (1.1) with g(0) = g and Kg:(t) >
0, then

el if  dim¥ =2
T=¢ o if  dimX =1
Siﬂ. lim; o0 volg(Brg(p,r)) if X ={po}

In the case X = {po}, if T < oo, then (M,qg) is asymptotically cylindrical and
(M,qg(t)) has bounded curvature for t > 0.
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By Corollary 5 a finite time singularity 7" on open manifolds with K€ > 0 can
only occur if the manifold collapses uniformly as t — T'. For immortal solutions
we will also give an analysis of the long time behaviour of the flow: In the case
of an initial metric with Euclidean volume growth we remark that a result of
Simon and Schulze [40] can be adjusted to see that a suitable rescaled Ricci flow
subconverges to an expanding soliton, see Remark 7.3. If the initial manifold does
not have Euclidean volume growth, then by Theorem 7.5 any immortal solution
can be rescaled suitably so that it subconverges to a steady soliton (different from
the Euclidean space).

2. STRUCTURE OF THE PAPER AND STRATECGY OF PROOF

Section 3 contains the background material that we use repeatedly throughout
the paper. The definition of nonnegative complex sectional curvature, which
implies nonnegative sectional curvature and has the advantage to be invariant
under the Ricci flow, can be found in subsection 3.1. Subsection 3.2 is about the
basics of open nonnegatively curved manifolds.

Section 4 carries out the proof of Theorem 1 for the particular case of a manifold
(M, g) with K;c > 0, which is an easier scenario since there is a smooth strictly
convex proper function § : M — [0,00[. The idea (developed within the proof
of Proposition 4.1) is to show that the doubling D(C;) of the compact sublevel
C; = f71([0,4]) admits a metric with K€ > 0. We actually prove that after
replacing C; by the graph of a convex function defined on C; (a reparametrization
of B) the doubling is a smooth closed manifold (M, g;) with K;Ci > 0. The
sequence (M;, g;) converges to (M, g). The key is now to establish two important
properties for the Ricci flows of (M;, g;): (1) there is a lower bound (independent
of 7) for the maximal times of existence T; (Proposition 4.3), and (2) we can find
arbitrarily large balls around the soul point py where the curvature has an upper
bound of the form C'/t (here C depends on the distance to py, see Proposition 4.6).
The crucial tool for (1) is a result by Petrunin (Theorem 4.2) which also allows to
conclude that the evolved unit balls around the soul are uniformly non-collapsed
(Corollary 4.4). For the proof of (2) we use a fruitful point-picking technique by
Perelman [35], and we also need to obtain an improved version of 11.4 in [35]
(Lemma 4.5). All these results ensure that we can perform suitable compactness
arguments to prove Theorem 1 for the positively curved case (Theorem 4.7).

Several additional difficulties arise when we just assume K <gc > 0. For instance,
the soul is not necessarily a point. A harder issue is that the sublevels of a
Busemann function Cy = b~!((—00, £]) have non-smooth boundary. Thus there
is no obvious smoothing of the doubling D(Cy) with K© > 0. Section 5 gathers
the technical results we will need to apply in Section 6 to overcome the extra
complications of the general case of Theorem 1: we prove Theorem 2, which
essentially reduces the problem to the situation where the soul is a point; we
establish two estimates for abstract solutions of a Riccati equation which are
used later to give a quantitative estimate of the convexity of the sublevels Cy in
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terms of the curvature (Lemmas 5.2 and 5.3); in Proposition 5.5 we get curvature
estimates in terms of volume and lower sectional curvature; finally, we include a
technical result (Lemma 5.6) about how to perform a smoothing process for C'1
hypersurfaces with bounds on the principal curvatures in the support sense by
C*° hypersurfaces where the bounds change with an arbitrarily small error.

All the auxiliary results from Section 5 are employed in Section 6 to give a
complete proof of Theorem 1. First, we prove upper and lower estimates for
the Hessian of d?(-,Cy) (see Proposition 6.1 and Corollary 6.2), and then we
reparametrize such a distance function to give a sequence of functions whose
graphs Dy, after a smoothing process, give C* closed manifolds converging
to the double D(Cy). The sets Dyj, are not anymore convex, but we have a
precise control on the complex sectional curvatures of the induced metrics gy
(see Proposition 6.3). In Proposition 6.6 we prove that such curvature control
survives for some time for the Ricci flows starting on (D, g k). As a consequence
we get, for all large ¢, a solution of the Ricci flow on D(Cy) with K€ > 0, and
whose ‘initial metric’ is the natural singular metric on the double. The rest of
the proof is then essentially analogous to Section 4.

Corollary 3, 5 and 6 are proved in Section 7 and Theorem 4 is proved in
Section 8

We end with three appendices containing additional background about open
nonnegatively curved manifolds (Appendix A), results for convex sets in Rie-
mannian manifolds (Appendix B) and results about smooth convergence and
curvature estimates for the Ricci flow (Appendix C).

3. BASIC BACKGROUND MATERIAL

3.1. About the relevant curvature condition. We first need to introduce

Definition 3.1. Let (M",g) be a Riemannian manifold, and consider its com-
plexified tangent bundle T¢M := TM ® C. We extend the curvature tensor R
and the metric g at p to C-multilinear maps R: (TyM)* — C, g: (Ty M)? — C.
The complex sectional curvature of a 2-dimensional complex subspace o of T;,CM
is defined by

K%)= R(u,v,7,a) = g(R(u Av),u Av),

where u and v form any unitary basis for o, i.e. g(u,a) = g(v,0) = 1 and
g(u,7) = 0. We say M has nonnegative complex sectional curvature if K€ > 0.

The manifold has nonnegative isotropic curvature if K C(a) > 0 for any isotropic
plane o C TZ(,CM, ie. g(v,v) =0 for all v € 0.

Remark 3.2. Here we collect some relevant features known about the above cur-
vature condition (see [5] and [33] for the proofs).

(a) If g has strictly (pointwise) 1/4-pinched sectional curvature, then K > 0.
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(b) Nonnegative curvature operator (R, > 0) implies K;F > 0, which in turn
gives nonnegative sectional curvature (K, > 0). For n < 3 the converse
holds.

(c) KECM,Q)

(d) The positivity and nonnegativity of KC is preserved under the Ricci flow.

(e) Let (M, g) be closed with K ;C > (0. Then g is deformed by the normalized
Ricci flow to a metric of positive constant sectional curvature, as time
goes to infinity.

> 0 if and only if (M, g) x R? has nonnegative isotropic curvature.

Proposition 3.3. Let (M",g) be closed with K;c > 0. If M is homeomorphic
to a sphere, then the Ricci flow g(t) with g(0) = g has K;C(t) >0 for any t > 0.

Proof. Clearly g cannot be Ricci flat as this would give a flat metric on a sphere.
Moreover, since M is a sphere the metric is irreducible and neither Kéhler nor
Quaternion-Kéhler. If (M, g) is a locally symmetric space we could use a result of
[3] to see that (M, g) is round. Combining all this with the holonomy classification
of Berger [1] we deduce that g as well as g(t) has SO(n) holonomy. Now the
statement follows from the proof of [6, Proposition 10]. O

3.2. Cheeger-Gromoll convex exhaustion. Let (M,g) be a nonnegatively
curved open manifold. A ray is a unit speed geodesic 7: [0,00) — M such that
Y[0,s] is @ minimal geodesic for all s > 0. Fix o € M, and consider the set of rays

R ={y:[0,00) = M : v is a ray with 7(0) = o}.
Recall that
b = sup { lim (s — dg(v(s), ))}

'YER 5§—00

is called the Busemann function of M. By the work of Cheeger, Gromoll and
Meyer [21, 10] b is a convex function, that is, for any geodesic ¢(s) € M the
function s+ boc(s) is convex. Equivalently one can say that b satisfies V2b > 0
in the support sense (cf. Definition B.4).

The following properties of the sublevels Cy := b~!((—o0,/]) will be used
throughout the paper:

(1) Each Cy is a totally convex compact set,

(2) dimCy =n for all £ > 0, Up~oCy = M,

(3) s < ¢ implies Cs C Cp and Cs = {z € Cy : dg(x,0C;) > { — s},

(4) each Cy, £ > 0, has the structure of an embedded submanifold of M with
smooth totally geodesic interior and (possibly non-smooth) boundary.

The family Cy is part of the Cheeger-Gromoll convex exhaustion used for the soul
construction (see some more details in Appendix A). For us only the structure
of Cyp for ¢ — oo is of importance. If (M, g) has positive rather than nonnega-
tive sectional curvature, then V2e® > 0 holds in the support sense. By a local
smoothing procedure one can then show
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Theorem 3.4 (Greene-Wu, [20]). If (M™,g) is an open manifold with K, > 0,
then there exists a smooth proper strictly convex function 3: M — [0, 00l

The main reason why the proof of Theorem 1 is quite a bit easier in the positively
curved case is this theorem. In the nonnegatively curved case we will have to work
with the sublevels of the Busemann function instead.

4. MANIFOLDS WITH POSITIVE COMPLEX SECTIONAL CURVATURE

4.1. Approximating sequence for the initial condition. Let (M",g) be an
open manifold with K ;C > 0. On M we can consider a function 8 as described
in Theorem 3.4. Since 3 is proper, the global minimum is attained and we may
assume that its value is 0. Since f is strictly convex, 571(0) consists of a single
point pg, and clearly pg is the only critical point of 3. Hence the sublevel set

Ci={xeM: pBx)<i} (4.1)

is a convex set with a smooth boundary for all ¢ > 0. Recall that 5 is obtained
essentially from a smoothing of a Busemann function b. Thus we may assume that
for each i there is some /; so that C; has Hausdorff distance < 1 to b= ((—o0, £;]).

The goal is to construct a pointed sequence of closed manifolds converging to
(M, g,p0). The first attempt would be to consider the double D(C;) of C; (which
is obtained by gluing together two copies of C; along the identity map of the
boundary). However, D(C;) is usually not a smooth Riemannian manifold. To
overcome this, we adapt to our setting ideas from [30, 22] which roughly consist
in modifying the metric in a small inner neighborhood of the boundary 9C; to
form a cylindrical end so that the gluing is well defined.

Proposition 4.1. Let (M",g) be an open manifold with K;c > 0 and soul point
po- Then there exists a collection {(M;, gi, po) ti>1 of smooth closed n-dimensional
pointed manifolds with K, (gci > 0 satisfying

(M;, gi,po) — (M, g,p0) as 1 — 00
in the sense of the smooth Cheeger-Gromov convergence (cf. Definition C.1).

Proof. For each fixed i, consider C; as in (4.1). The goal is to modify the metric
glc; within C; \ C;_c. For that aim, let us choose any real function ¢; such that

) i is smooth on (—o0,4) and continuous at 1,
wi =0on (—o0,i —¢] and @;(i) = 1.

the derivative ¢/ (s) tends to oo for s — i. Now take u; := ¢; o § and put
Gi = {(z,ui(x)) : z € C}
Gi = {(x,2—ui(x)) : z€C}
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Note that the submanifolds G; and G; are isometric and (d) ensures that they
paste smoothly together to a C* closed hypersurface D(C;) = G; UG, of M x R.

Clearly the induced metric of GG; can be regarded as a deformation of the metric
on (. Given the properties of ¢; and f, it is straightforward to check that wu; is
a convex function. Using this and that M x R has nonnegative complex sectional
curvature, we deduce that (M;, g;) := D(G;) has nonnegative complex sectional
curvature as well.

Notice that C;_. can be seen as a subset of M; for all ¢ > 0, which immediately
implies that (M;, g;, po) converges to (M, g, pg) in the Cheeger-Gromov sense. We
now use the short time existence of the Ricci flow on M; (cf. [24]), and choose
t; > 0 so small that (M;, g;(t;),po) still converges to (M, g,po).

Since M; is a topological sphere, we can employ Proposition 3.3 to conclude
that K;S_ (t) > 0. Thus g;new = ¢i(t;) is a solution of our problem. O

4.2. Ricciflowing the approximating sequence. Consider {(M;, g;,po)} the
sequence of closed, positively curved manifolds obtained above. For each fixed
i we can construct a Ricci flow (M;,¢;(t)) defined on a maximal time interval
[0,T;), with T; < oo, and such that g;(0) = g;.

4.2.1. A uniform lower bound for the lifespans. The first difficulty to address is
that the curvature of g; will tend to infinity as i — oo, so it may happen that
the maximal time of existence of the flow T; goes to zero as i tends to infinity.
Then our next concern is to prove that the times 7; admit a uniform lower bound
T; > T > 0 for all i. The key to achieve such a goal is to estimate the volume
growth of unit balls around pg. For such an estimate, we make a strong use of

Theorem 4.2 (Petrunin, cf. [37]). Let (M", g) be a complete manifold with Kg >
—1. Then for any p in M

/ scaly dpg < Cy,
Bg(p,l)

for some constant C,, depending only on the dimension.

Proposition 4.3. Let (M,g) and (M;, gi,po) be as in Proposition 4.1. Then
there exists a constant T > 0, depending on n, and Vy := voly (Bg(po,1)) (but
independent of i), such that the Ricci flows (M;, g;(t)) with g;(0) = g; are defined
on [0,T], and satisfy K(gci(t) >0 for allt €[0,T].

Proof. For each i, (M;, g;) is a closed n-manifold; so the classical short time exis-
tence theorem in [24] ensures that there exists some 7; > 0 and a unique maximal
Ricci flow (M;, g;(t)) defined on [0, T;) with ¢;(0) = g;. Moreover, K;S(t) > 0, since
this is true for t = 0 by Proposition 4.1, and positive complex sectional curvature
is preserved under the Ricci flow (cf. Remark 3.2 (d)).
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Observe that Ricg, ) > 0 implies By, g)(po, 1) C By, (o, 1). Using the evolu-
tion equation of the Riemannian volume element dp,, ;) under the Ricci flow and

applying Theorem 4.2, we get

9
51 "loi) (Byio) (P, 1)) = = / scalg, i) dHgip) 2 —Cn- (42)
ot By, (0)(po,1)
Hence
voly, 1) (By,(0) (Po 1)) = voly,(o) (By,(0) (po, 1)) = =Cit. (4.3)

On the other hand, as K;ci > 0, we know (cf. Remark 3.2 (e)) that the volume
of (M;, gi(t)) vanishes completely at the maximal time 7; so that

S VOlgi(O) (Bgi(o) (po, 1)) 22)0 volg (Bg(pOa 1))
L= Ch Cn

=:27.
O

As a consequence, we obtain a uniform (independent of ¢ and i) lower bound
for the volume of unit balls centered at the soul point:

Corollary 4.4. For the sequence of pointed Ricci flows (M, gi(t), po)scjo, 7] from
Proposition 4.3, we can find a constant vg = vo(n, Vy) satisfying

volg, 1y (Bt (Po, 1)) > vo > 0 for any t€]0,T].

Proof. Using again (4.2) and t < T := V/(2C,,), we obtain

VOlgz‘(t) (Bgi(t) (po, 1)) 2 VOlgi(t) (Bgi(o) (po, 1)) 2 VOlgi(O) (Bgi(o) (po, 1)) — Cnt
3 Vo
> — —_ = — = .
> 4V0 C)T 1 vo > 0

O

4.2.2. Interior curvature estimates around the soul point. The first step in order
to get a limiting Ricci flow starting on (M, g) from the sequence (M;, g;(t)) is to
obtain uniform (independent of 7, but maybe depending on time and distance to
po) curvature estimates. We first need an improved version of [35, 11.4]:

Lemma 4.5. Let (M",g(t)), t € (—00,0] be an open, non-flat ancient solution
of the Ricci flow. Assume further that g(t) has bounded curvature operator, and

that ng(t) > 0. Then lgn w vanishes for all t.
T o

Proof. The k-noncollapsed assumption from 11.4 in [35] was already removed in
[32]. So it only remains to ensure that we can relax Ry > 0 to Kg:(t) > 0. One
can go through the original proof and check that the only instances in which one
needs the full Ry > 0 (instead of just K, > 0) is when one applies Hamilton’s
trace Harnack inequality (cf. [26]) or Hamilton’s strong maximum principle in
[25]. But under our weaker assumption we can replace them by Brendle’s trace
Harnack in [4] and the strong maximum principle of Brendle and Schoen 6,
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Proposition 9] (see also the Appendix of [47]). The rest of the proof proceeds
verbatim as the original one. O

Proposition 4.6. Consider the Ricci flows (M;, gi(t)), with t € [0,T], coming
from Proposition 4.3. For any D > 0 there exists a constant Cp > 0 such that

scalg,(y)(z) < % forall i>1, x€ By(po,D) and te(0,T]

Proof. Assume, on the contrary, that we can find a constant Dy > 0 so that there
exist indices i > 1 (for brevity, let us denote as (Mg, gi(t)) the corresponding
subsequence (M;, , gi, (t))), and sequences of times ¢, € (0,7) and points py €
By(po, Do) (hereafter By, = By, (4,), scaly = scalg, ) and di, = dg, (,)) satisfying

scaly(pr) > 4% /t;.. (4.4)
Claim 1. We can find a sequence of points {py }r>x, which satisfy (4.4) and
B.(s
pe k(pk7 scalk(;ﬁk))’

scaly, (1) (p) < 8 scaly(p) for all .
te [tk " scal (pr)’ tk]

with dk(ﬁk,po) < Dy +1.
Notice that it is enough to prove
scaly(p) < 4 scaly(pr) for all  p € By(pr, \/ﬁ), (4.5)
with di(pg, po) < Do + 1. In fact, as K;ck(t) > 0, we can apply the trace Harnack
inequality in [4] (which, in particular, gives %(t scaly(y)) > 0). This yields for any

te [ty — m,tk}

t t
scalg, () < i scaly, < k

9k (t) = t Tty — k/ scalk(ﬁk)

where we have used that (4.4) implies

scalp < 2scalg,
k ko_t

scalg (Pr) <tk n < Zk

So our goal is to find pj, satisfying (4.4) and (4.5). If (4.5) does not hold for

Pr = pi, it means that there exists a point 1 € By (pk, %) such that
scaly (pr)

scaly(x1) > 4scalg(pr). Next, check if (4.5) holds for py = 1, namely, if
k
scalg(p) < 4 scalg(z1) for all  p e By(1, \/m)

In case this is not satisfied, we iterate the process and, accordingly, we construct
a sequence of points {z;};>2 such that

xj € By, <:Ej_1, and  scaly(x;) > 4 scaly(zj—1).

Vo)
scaly(zj_1)

Thus (x;);en is a Cauchy sequence and a straightforward computation shows
that it stays in the relatively compact ball By(pg, Do + 1). Because of

lim scaly(x;) = oo
j—o0



HOW TO PRODUCE A RICCI FLOW VIA CHEEGER-GROMOLL EXHAUSTION 11

this gives a contradiction. In conclusion, there exists £ € N such that pg can be
taken to be xy.

Now from Claim 1 it follows that By(po,r) C Bk(pg,r + Do + 1). Then for

r € [Do + 3/2, Do + 2], using Corollary 4.4 with volj, = voly, (4, ), we get
;. (Br(p 1. (B —Dy—1 — Dy —1\"
voly, ( kn(Pkﬂ”)) 5 Yo k ( k(po,:; 0o—1) > voly (Bi(po, 1)) (7“ 0 >
r r r
?)0/2” -
> ——— =:79 > 0.
= Do+2r "

Next, Bishop-Gromov’s comparison theorem ensures that the above conclusion is
true even for smaller radius:

voly, (B (P, 1))
,r.n

>0p >0 for 0<r<Dy+2. (4.6)

After a parabolic rescaling of the metric
ar(s) = Qrg( -, tx + slel) for Q. = scaly,(pr) > 4% /T,
using Kj, () > 0, Claim 1 says that for k > ko
’R’gk(s) <scalg, () <8  on By, )(pk, k)  forall se€ [—E,0]. (4.7)

In addition, as the volume ratio in (4.6) is scale-invariant, we have
volg, (o) (Bg, (0) Pk 7))
;,'»’I’L

Combining this and (4.7) with Theorem C.3 gives

>09>0 for 0<r<(Dy+2)v/Qk. (4.8)

inj;, ) (k) = c(n, To).

Joining the above estimate to (4.7), we are in a position to apply Hamilton’s
compactness (cf. Theorem C.2) to the pointed sequence

(My, g(s),pr), s €[k, 0]

to obtain a subsequence converging, in the smooth Cheeger-Gromov sense to a
smooth limit solution of the Ricci flow

(Mooagoo(t)vpoo) te (_0070]
which is complete, non compact (since the diameter with respect to gi(s) tends
to infinity with & because Qx — oc), non-flat (as scaly__(g)(pso) = 1), of bounded
curvature (more precisely, [R|,_ ) <8 on My x (—00,0]), and with K;Coo(t) > 0.
Moreover, from (4.8) and volume comparison, we have
- volg(0) (Byoe(0) (Poc: 7))

U9 < < wp for all » > 0.
T’I’L

Therefore, the limit of the volume ratio as » — oo also lies between two positive
constants, which contradicts Lemma 4.5. O
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4.3. Proof of short time existence for the positively curved case.

Theorem 4.7. Let (M",g) be an open manifold with K;C > 0 (and possibly
unbounded curvature). Then there exists T > 0 and a sequence of closed Ricci
flows (Mj;, gi(t), po)iejo, 7] with K;S_(t) > 0 which converge in the smooth Cheeger-
Gromov sense to a complete limit solution of the Ricci flow

(M, gos(t),p0) ~ for t€0,T],
with goo(0) = g.

Proof. Consider the sequence (M;, g;(t)), with ¢ € [0, 7], coming from Proposition
4.3. Take some convex compact set Cj11 = B71((—00,j + 1]) € M from the
convex exhaustion endowed with the Riemannian metric g. By the construction
in Proposition 4.1, we can view Cj41 also as a subset of M; for i > j+2. Moreover,
the metric g;(0) on C41 converges to g in the C* topology. By Proposition 4.6
there is some constant L; with

Ry, 0] < % on By, )(Cjy1,1) forallt e (0,7] and i>j+2. (4.9)

Since the metric g;(0) converges on C; in the C* topology to g we can choose
p > 0 so small that

Ry, 0)] < p72 on  Cjyq for i>j+2. (4.10)

After possibly decreasing p we may assume that the p-neighborhood of Cj is
contained in Cj;1 with respect to the metric g;(0) for ¢ > j + 2. Combining the
inequalities (4.9) and (4.10) we are now in a position to apply Theorem C.5 in
order to deduce that for some constant ﬁj > 0 we have

Ry, 1] < L on C; forall te[0,7] and i>j+2. (4.11)

Combining this with an extension of Shi’s estimate as stated in Theorem C.4,
we reach furthermore

IV*Ry,p| < Ljx on C; forall te[0,7] and i>j+2.

From here, by standard arguments as in [28] (see Lemma 2.4 and remarks
after it), we have that the metrics g;(t) on C; have all space and time derivatives
uniformly bounded. Hence one can apply the Arzela-Ascoli-Theorem to deduce
that after passing to a subsequence g;(t) converges to goo(t) in the C* topology
on C; x [0,7] C M xR.

Doing this for all j € N and applying the usual diagonal sequence argument we
can, after passing to subsequence, assume that g;(¢) converges in the C* topology
to a limit metric goo(t) on C; x [0, 7] for all j. By construction g (t) is a solution
of the Ricci flow on M with initial metric goo(0) = g. The completeness of g (t)
is a consequence of the following Lemma. O

Lemma 4.8. There exists L > 0 such that By__ ) (po,) C By (0)(Po, 2r+L(t+1))
for all positive r and t € [0,T].
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Proof. This will follow by proving a uniform estimate for (M;,g;,po). Since
(M;, g;) is the double of a convex set, it has a natural Zs-symmetry which comes
from switching the two copies of the double. As the Ricci flow on closed mani-
folds is unique, this symmetry is preserved by the Ricci flow. Thus the middle
of (M;, gi(t)), being the fixed point set of an isometry, remains a totally geodesic
hypersurface N;. It is now fairly easy to estimate how the distance of py to N;
changes in time: Let L; be a bound on the eigenvalues of the Ricci curvature on
By,t)(po, 1) for all i and all ¢ € [0, T].

If ¢(s) is a minimal geodesic in (M;, g;(t)) from py to N; then it follows for the
left derivative of r;(t) = dg, ) (po, IV;) that

Ti(t) Ti(t)
—/ Ricg, 4 (¢(s), ¢(s)) ds > —Ly — / Ricg, 4 (¢(s), ¢(s)) ds
0 1

> —Li—(n—1)=—Ly,

v

Lri(t)

where we used the second variation formula in the last inequality.
If we put D; = d, ) (po, IN;) then we obtain dg, ;) (po, Ni) > D;— Lot. Recalling
that dg, o)(p, Ni) > dg,1)(p, Ni), for any r > 0 we can find 7 big enough so that
Bgi(t)(p(),r) C {p e C; N M; ‘ dgi(O)(p7 Nz) > D; — Lot — 7‘}.

Next recall that g is essentially a smoothing of a Busemann function and by
assumption the level set 37'(i) has Hausdorff distance at most 1 to b=1(¢;) for a
suitable ¢;. Combining this with the previous inclusion and that we modified the
metric in C; in a controlled way we deduce

By, (po,7) C {p € b1 ((—o0,4)) | dg,0)(P, b1 (0;)) > 4 — Lot — 7 — Lg}
= bt ((—o0, Ly + 1 + Lot])
where L = 3 + diam,(b~*((—o0,0])). Finally, applying Lemma A.3 gives
b~'((—o0, Ls + r + Lat]) C By(oy(po, 2r + L(1 + t))
for a suitable large L. O

For some of the applications we will need a version of Lemma 4.8 for abstract

solutions of the Ricci flow with K(gc(t) > 0.

Lemma 4.9. Let (M, g(t))eo,7) be a solution of the Ricci flow with K;C(t) > 0.
Suppose that (M, g(t)) is complete fort € [0,T). If po € M, then for some C > 0

Bg(t)(p(], R) C Bg(o)(p,R + C(l + t)) forall R>0,te€ [0,ﬂ
In particular, g(T) is complete as well.
Proof. There is nothing to prove in the compact case and thus we may as-

sume that (M, g(0)) is open. After rescaling we may assume that the closure
of By((po, 1) is compact and that Ky < 1 on By (po, 1).
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We define b;: M — R by by(q) := limsup,, . (dg (p,po) — dygry(p, q))- Notice
that similarly to the Busemann function in subsection 3.2 b; is convex, proper
and bounded below. In the sequel % refers to a right hand side Dini derivative.
Similar to the proof of the previous lemma, it suffices to show

Claim. $b:(q) > —4(n—1) for all g € M.

Choose g — oo with by(q) = limy 00 dgr) (qr> Po) —dg(r) (k> ¢)- We may assume
that the Busemann function b; is differentiable at gx. Let i (resp. ;) be a unit
speed geodesic from g to pg (resp. to g). We claim that the angle between ¢ (0)
and ~,(0) converges to 0.

Notice that b; > by, where by is the Busemann function of (M, g(t)) defined with
respect to all rays emanating from pg. Therefore we deduce from Lemma A.3 that
be(qr) > (1 — Ox)d(po, qr) for some sequence dp — 0. After possibly adjusting
we also may assume that by(qx) —b:(q) > (1—0x)d(q, qx). Since s — by(ci(s)) and
s — bi(x(s)) are convex 1-Lipschitz functions, we get that (Vb(qx),¢x(0)) <
—(1 =) and (Vbi(qr), ¥(0)) < —(1 — dg). Thus (¢x(0),4%(0)) — 1 as claimed.

By Toponogov triangle comparison theorem d(cg(1),vx(1)) — 0. If we put
Gr := c(1), then by(q) = limg o0 dg(s) (Grs P0) — dgr) (Gks 9)-

We can now use the second variation formula combined with the curvature
bounds on By (po, 1) to see that %dg(t)(cjk,po) > —4(n —1). Since dy()(Gr,q) is
decreasing in t, we deduce % limy, 00 dg(s) (Gk> Po) — dg(t) (G, @) = —4(n—1). This
in turn implies that the right derivative of b:(q) is bounded below by —4(n — 1)
as claimed. 0

5. MISCELLANEA OF AUXILIARY RESULTS FOR THE GENERAL CASE

5.1. A splitting theorem for open manifolds with K€ > 0.

Theorem 5.1. Let (M™,g) be an open, simply connected Riemannian manifold
with K;F > 0. Then M splits isometrically as X x F', where ¥ is the k-dimensional

soul of M and F is diffeomorphic to R**. In particular, F carries a complete
metric of nonnegative complex sectional curvature.

Proof. By Theorem A.2 due to M. Strake, it is enough to show that the nor-
mal holonomy group of the soul ¥ is trivial, which in turn is equivalent (by a
modification of [36, Section 8.4]) to prove

(R(e1,e2)v1,v2) =0 forall ej,ep €T3  andall  v,v2 € 2.

With such a goal, we look at the curvature tensor on the 4-dimensional space
N = span{eq, e2,v1,v2}, namely, we consider R = R|jz2p. It is well-known that
one has the orthogonal decomposition A’N = A%r @ A? into the eigenspaces of
the Hodge star operator * with eigenvalues +1. This gives a block decomposition

- (A B
= (5 ¢)
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with respect to the bases
{bit =e1 Ney v Avg, bg: =e1 ANvy F ez A\ v, bét 261/\?)2:&62/\?}1}
for AZ. By Cheeger and Gromoll [10, Theorem 3.1] the mixed curvatures vanish,
i.e. R(e; Avj,e; Avj) =0. Thus
ago + ass + cog + ¢33 = 0.
On the other hand, it is well known (cf. [29]) that nonnegative isotropic cur-
vature of R implies that the numbers ago + a33 and coo + ¢33 are nonnegative.

Consequently,
a9s + azz = 0 = coo + c33. (5.1)

Since R is a 4-dimensional curvature operator with nonnegative sectional cur-
vature, a result by Thorpe (see e.g. [38, Proposition 3.2]) ensures that we can
find a A € R such that

~ I 0 A+ B
P””(o —I>_< ‘B C—A[)
is a positive semidefinite matrix. Combining this with (5.1), we obtain A = 0, so

R itself is a nonnegative operator. Then v; A ej are in the kernel of R. Finally,
the first Bianchi identity yields

(R(e1 Aeg),v1 Avg) = — (R(v1 Aey),ea Avg) — (R(ea Avp),e1 Avg) = 0.
(]
5.2. Some preliminary estimates for Riccati operators. In the space of
self-adjoint endomorphisms S(R™), A < B if (Av,v) < (Bw,v) for every v € R™.
Lemma 5.2. Let A(s) € S(R™) be a nonnegative solution of the Riccati equation
Al'(s) + A%(s) + R(s) = 0, (5.2)

with R(s) > 0. Assume also that R and |R'| are bounded for s € [0, 1] by constants
Cr and Cr > 0, respectively. Then there exists Ay € S(R™) satisfying

A(0) = Ay, Ao < Cgr (5.3)
and we can find an g = €9(Cr,Cr) > 0 so that
(Agw, w) > o (R(0)w, w)? forall weR™ with |w|=1. (5.4)

Proof. From (5.2), we can write

A@—sz—AYM@+R@w%51[R@@.

As this is valid for any s, using A(s) > 0 and R(s) > 0, we conclude

00 1
mm;AR@%zAR@%:m.
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Clearly, Ag < Cr. Next, take w € R™ with |w| = 1, define C' := max{Cr,Cr'}
and compute

(R(s)w,w) = ((R(0) + sR'(§)) w,w) >7r(0) — C's,
where 7(0) = (R(0)w,w) and r(0)/C < Cg/C < 1. This allows to estimate

1 1
(Agw, w) = /O (R(E)w, w) de > /O max{0, ~(0) — C¢} de

r(0)/C 7,(0)2
2/0 (r(0) ~ Cs) ds = "0,

which gives the result taking ¢y = % O

Lemma 5.3. Let A(s) € S(R™) be a solution of (5.2). Suppose that |R(s)| < Cgr
and |R'(s)| < Cg for small s. If there exists g > 0 and Ay € S(R™) satisfying
(5.3) and (5.4), then we can find an so = so(Cr) > 0 such that

A(s) > —Cs*1d for all s € (0, so, (5.5)
for some C' = C(Cr,Cprr) > 0.
Proof. Using Riccati comparison (see e.g. [17]) we can assume without loss of

generality that A(0) = Ap. Next, we do a Taylor expansion for A and use (5.2)
at s = 0:

A(s) > A(0) 4+ sA'(0) — C's*1d > A(0) — s(A(0)*> + R(0)) — C s*1d
> (1 —sCRr)Ag — sR(0) — Cs*1d,
which comes from (5.3). Notice that C' depends on Cr and Cp. Choose now any

w € R™ with |w| = 1. Then, for s < ﬁ =: 50, our assumption (5.4) yields

(A(s)w,w) > % (Agw, w) — 5 (R(0)w,w) — Cs® > ~gor(0)? — sr(0) — C's>

1
2

_ < 5_207«(0) _ \/;?0>2 - <C+ %) s> —Cleo,C) s2.

O

5.3. Curvature estimates in terms of volume. It will be useful for technical
purposes to have in mind the following

Lemma 5.4. Let (M™,g) be a Riemannian manifold with K, > —A* > —1.
Then there is a constant C' depending on n such that

voly (By(p, R)) <R> " 2
— L ]| — 1+ C(AR

volg (By(p, 7)) r ( (AR)7)
forallpe M and all 0 <r < R < 2.
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Proof. Let us use the Taylor expansion for sinh p, with 0 < p < 2, to deduce

™ < (sinh p)™ = iﬂ " (14 Cp*)™ = mi ) (Cp?)
p" < (sinhp)™ = > o+ 1)] <p p)" =p >\ p
J= J=

< p™(1+Cp?).

Now Bishop-Gromov’s comparison theorem says that

f i n—1 R n—1 9
voly (By(p, R)) /O[S”lh“‘ﬂ)] dp /0<Ap> (1+C(Ap)?)dp

< <

volg (By(p,7)) — /T[Sinh(Ap)]”_l dp N /T(Ap)n—l dp
0 0
(AR)"/(An) + C(AR)""2/(A(n + 2)) n

<

o 2
Ay () < L+ C(AR)).

O

Proposition 5.5. For any € > 0 we can find positive constants 6, k,T" such that
if (M"™,g(t)) is a compact Ricci flow with

voly(0) By(o) (-, 7)

TTL

Ky >~k on [0,1] and > (1= 9)wn,
for some r € (0,1], then

Rlge) < on [0,8]N[0,72T(e)]. (5.6)

| ™

Proof. By rescaling it suffices to prove the statement for » = 1. Arguing by
contradiction, suppose that there is an ¢ > 0 and a sequence of Ricci flows
(M;, gi(t)) defined on [0, ;] satisfying

1 1
Kgi(t) 2 —m and VOlgi(O)Bgi(O) (p, 1) 2 <1 - ;) Wn, (57)

for all p € M; and all 7. But assume that we can also find a sequence of points
and times {(p;,t;)} such that

Qi = ’R’gz(tz)(pz) = [11161%2( ]R]gl(tl)(q) > E/ti with  ¢; — 0. (58)

Next, we aim to show that the volume estimate in (5.7) survives for some time.
From (5.7) and the evolution of d, ) under (1.1), we deduce that

By, (p, et/i) C By, (t41) (p, e(t+T)/i) forall 0<t<t+71<t,.
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Accordingly

_ Vel (Bou(o (p: )

= — scal, ) dp,.
) gz(t) Mgz(t)
/Bgi(t) (p7 et/l)

> 2t

8 7
—voly i) By, (p, €)=

ot or

which follows from Petrunin’s estimate (cf. Theorem 4.2). This leads to

voly, ) (Byy(o) (P %)) 2 volg,(0) (Byy0) (. 1)) = Coe ™21t 2 (1= 1) wy
for all ¢ € [0,t;] and with n; — 0. Next, we can apply Lemma 5.4 to conclude
volyy (B (pr1) 2 e ()" volay (B (')

> ﬁ (1 —mi)r"wy,
= (1= pi)r"wy (5.9)
for all 0 < r < e/*, t € [0,t;] with p; — 0.
Now consider the rescaled solution to the Ricci flow g;(t) = Qig(t; + t/Q;).
Doing a time-picking argument, we can assume without loss of generality that
Rlg,c) <4 on By )(pi,2) and te€ [~,Q;/2,0] D [~¢/2,0],

where the latter is true by (5.8). In addition,

IR|5,0) (i) = 1. (5.10)
A standard application of Shi’s derivative estimates gives on By, (o) (pi, 1)
C(n,?) . .
0 ) . l
VR, < Cte/2) in particular  |[V°R|[g, ) < C(n, £, ¢). (5.11)

After passing to a subsequence we may assume that Bgi(o) (pi, 1) converges to
a nonnegatively curved limit ball Bj_ (poo, 1) satisfying (5.10) and (5.11). In
particular volg_ (Bg. (Pso,1)) < wp. On the other hand, it is immediate from
(5.9) that volg_ (Bg.. (Poo, 1)) > wy — a contradiction. O

5.4. Smoothing C!'! hypersurfaces.

Lemma 5.6. Let M" be a smooth Riemannian manifold, H a CY' hypersurface,
and N a unit normal field. Suppose we have bounds Cy < Ay < Cs on the
principal curvatures of H in the support sense. Then we can find a sequence of
smooth hypersurfaces H; converging in the C'-topology to H such that Cy — % <
Af, < Cy + % If H is invariant under the isometric action of a compact Lie

group G on M, then one can assume in addition that H; is invariant under the
action as well.
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Proof. First, we give the proof in the case of a compact hypersurface.

We consider a small tubular neighborhood U = B,,(H) of H. By assumption
U \ H has two components U; and U_. We consider the function f: U — R
which is defined on Uy U H as the distance to H and on U_ as minus the distance
to H. Clearly f is a Cl!-function. Moreover, it is easy to deduce that for each
¢ we can find r such that

C1—e<V*f<Cy+e on B.(H)

holds in the support sense. Furthermore, we know of course |V f| = 1. Now it is
not hard to see that for each ¢ > 0 we can find a smooth function f. on B, 5(H)
satisfying

Ch — 2 < V2.
|fe = fI+IVf=Vf

It is now straightforward to check that for ¢; =

Cy+2¢ and

<
< min{e, r/10} on B, y(H).

1 -
T(CiHCa 1) Ve can put H; :=

Iz 1(0) and check the claimed bounds on the principal curvatures of H;.

If H is invariant under the isometric action of a compact Lie group G, then
f(gp) = f(p) for all p € H. By putting f.(p) := ﬁ(c) fG f<(gp) du(g) we obtain
a G-invariant function with the same bounds on the Hessian as f.. We can then
define H; as before.

If the hypersurface is not compact one uses a (G-invariant) compact exhaustion
and argues as before. O

6. THE GENERAL CASE

6.1. Estimates on the Hessian of the squared distance function.

Proposition 6.1. Let (M",g) be an open manifold with K, > 0, let Cy be a
sublevel set of the Busemann function (see subsection 3.2), and p € 0Cy. For
each unit normal vector v € N,Cy there is a smooth hypersurface S supporting
0Cy at p from the outside such that T,S is given by the orthogonal complement
of v, and the second fundamental form A of S satisfies

u > (Ayw,w) > cR(w,v,v,w)?  forall weT,S with |w=1, (6.1)
for some positive constants ¢ and u depending on Cp.
Proof. We fix » > 0 smaller than a quarter of the convexity radius of Cp,.

Proposition B.1 by Yim ensures that any element of N,C, can be obtained, up
to scaling, as (hereafter we use Einstein sum convention)

alu; with  |u;|=1, ap+...+ar=1 and «; >0,

where each u; € span(7,Cy) is such that v;(s) = exp,(su;) is the minimal geo-
desic from p to a point of dCy19,. As dim(Cy) = n, we can choose k < n by
Carathéodory’s Theorem (cf. [39]).
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Consider ¢; := 7;(r) € Cy4, and the hyperplane V; C Ty, M perpendicular to
Yi(r). Since vi(r) € Ny, Coy, it follows that H; := exp(B,(0) N'V;) is a smooth
hypersurface supporting Cy, from the outside.

Then ¢; := r+{—d(Hj;,-) is a lower support function of the Busemann function
b at p (which can be seen using e.g. Lemma A.4 by Wu). Note that V2cpi]%.(8) is

a positive semidefinite solution of a Riccati equation for s € [0,7]. So we clearly
have upper bounds (just depending on Cy) for V2¢;|,. Lemma 5.2 now yields

V2<pi|p(w,w) > eoR(w,ui,ui,w)2 (6.2)
for all unit vectors w € T, M.

As mentioned above there is some A > 0 such that \v = afu; with Yoo =1
Define ¢ = a'yp;, which is a function whose gradient is Av. Since it is a convex
combination of lower support functions for b at p, ¢ is also a lower support
function for b at p; therefore, b=1 ((—o0,f]) N B,(p) C ¢! ((—o0,€]) N B.(p).
Consequently, if we define S as the level set ¢~ (£)NB,(p), then TS is orthogonal
to v and S supports Cp at p from the outside. Moreover, the second fundamental
form of S at p is proportional to V2¢|,, and from (6.2) we have

V23|, (w, w) = &' V4|, (w, w) > g &' Ry (ug, u;)*. (6.3)
Next, using Ky(ou; — ajuj, w) > 0 we can estimate the curvature:
4 . 1 .
Ry (a'u;, ol uy) < 3 Z (aF Ry (us, ) + a?Rw(uj,uj)) < (n 4 1) () Ry (ui, u;).
2%

Now, combining a discrete version of Holder’s inequality applied to (6.3), that
a; < 1 and the above computation, we reach

V26| (w, w) > ni(—] 1 (ZZ: \/a—iRw(uiaui)>2 > ni(_] T <ZZ: af Rw(uiaui))z

€0

>7 2
~ (n+1)2

Rw(aiuiy ajuj)z = C(TL, 60)Raiui (wv ’LU) :

Finally, the statement follows since the second fundamental form of S satisfies
(Ayw, w) > c(n,e0) N3 Ry (w,w)?, and it is easy to see that A is bounded below by
a constant just depending on Cj. O

Corollary 6.2. Consider (M"™,g) and C = Cy as in Proposition 6.1. Then there
exists a neighborhood U of Cy such that f = d?(-,C) is a CY' function on U and
satisfies the following estimates

A <V2f<2  on U (6.4)

in the support sense, for some positive constant A = \(C).

Proof. By a result of Walter (see Theorem B.3) we can find a tubular neighbor-
hood U of C, such that f is CY! on U.
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Let ¢ € U and let p € OC denote a point with d(q,p) = d(q,C). Clearly d(-,p)?
is an upper support function of f at ¢ and thus V2 f lg < 2.

In order to get the lower bound, we consider a minimal unit speed geodesic
v(s) from p to q. The initial direction v = +/(0) is a normal vector, and by
Proposition 6.1 we can find a hypersurface S touching C from the outside at p
such that 7,5 is normal to v, and the second fundamental form of S is bounded
by u > (Ayw,w) > e¢R(v, w,w,v)? for any unit vector w.

Notice that a? := d(S,-)? is a lower support function of f at g. Since A(s) =
Vza\v(s) satisfies a Riccati equation with A(0) = A,, we can employ Lemma 5.3
(for which we can take Ay = A,, since the latter is bounded above) to conclude
A(s) > —Cs?%. Consequently, V2f|, > —2C a(q) d(p, q)* = —2C f3/2(q). O

6.2. A sequence of graphical sets with controlled curvatures. For any
r > 0 and any set S C M consider the tubular neighborhood B,.(S) = Upes B (p).

Proposition 6.3. Let C' C (M",g) be a sublevel set of the Busemann function
(see subsection 3.2). Then we can construct a sequence {Dy}2, of C* closed
hypersurfaces of B1(C) x [0,1] which converges in the Gromov-Hausdorff sense
to the double of C, and whose principal curvatures \; satisfy

b
—— <A <Bk (6.5)

for all 1 <17 < n and some positive constants b, B depending on C. Hence, if we
endow Dy, with the induced Riemannian metric gi., we get the curvature estimates

b -
—EgK;Ck and  |Rg| < BK*  on Dy (6.6)

Proof. In a first important step we will construct a closed C! hypersurface
Dy, so that (6.5) holds for its principal curvatures in the support sense. Define
¢ = + ¢(k*f), where as before f = d?(-,C) and ¢ : [0,1] — [0,1] is a smooth
function satisfying

(a) p=0o0n [0,1/4] and ¢(1) = 1;

(b) on (1/4,1): ¢,¢" are positive and ¢" < a(¢’)? for some finite a > 0;

(c) ¢! has all left derivatives vanishing at 1.

Notice that (c¢) implies that ¢’ and ¢” tend to infinity at 1. Hereafter, ¢, ¢’ and
#" will always be evaluated at k?f (without saying it explicitly).

Consider the tubular neighborhood U from Corollary 6.2, and take

Gr=A{(, or(p)) : p € By(C)NU}

which is a hypersurface of the cylinder B;(C') x [0,1/k]. Observe that by (a) Gy
can be written as the union of (B k) (C) N U) x {0} (which is totally geodesic
in the cylinder) and the graphical annulus

Ay ={(p,or(p)) : p€U and 5 <d(p,C) < 1} (6.7)

=
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whose second fundamental form h is given by

b V2o, here Vor =k¢'Vf=2k¢dVd
VI+ Vo> V3¢, = B¢V f @V f+k¢V2f

We need to estimate the principal curvatures of Ay to prove (6.5). With such

a goal, take e; = % and complete to form a basis {e;} orthonormal
) k

with respect to the metric induced on the graph g = g + V¢ ® Vg, and which
diagonalizes h. Notice that

B (Vfe)® K¢ (VLY K ¢ 1 _a
VI+QEFd)?Z T 2d ¢ 14 (Vd, V) ~ 2d(¢)3 k2~ 2d

k¢/'V2f (e, e 1
= $V f(e ¢ ) < —V2f(€i,€i) <
V1+@2k¢' d)? ~ 2d
which comes from (6.4). Therefore, from (6.7) we obtain \; < ak + 2k =: Bk.
On the other hand, using ¢” > 0, (6.4) and (6.7), we have
)\d2 - A

1
Av=hlene) 2 A2 —AfTo = —od 2 —op

and

I

ISR

All the previous computations are true at almost every point of Ay, since
Corollary 6.2 ensures that f is Cb! on U and thus twice differentiable almost
everywhere. At the remaining points all the above estimates are still valid in the
support sense (just redo the proof substituting f by its support functions).

Clearly the hypersurfaces D = D(G}) converge in the Gromov-Hausdorff
sense to the double D(C) of the convex set C. Employing Lemma 5.6, after
increasing b and B slightly, we can find a smooth hypersurface Dy, which is C*
close to Dy, such that the estimate (6.5) remains valid. Clearly we can assume
that Dy, still converges to D(C). Finally, rename Dy = D, and notice that (6.6)
now follows from (6.5) and the Gaufl equations. O

Observe that each (Dyg,gx) constructed above is not anymore nonnegatively
curved, but we have a precise control of its curvature given by (6.6). Using the
short time existence theory from [24], we have the following immediate

Corollary 6.4. There exists T, > 0 such that (Dg,gr(t)) is a sequence of so-
lutions to the Ricci flow for t € [0,Ty) starting at the smooth closed manifolds
(D, gr) from Proposition 6.5.

6.3. Curvature estimates for the Ricci flow of our initial sequence of
smoothings. We consider a fixed convex exhaustion C; = b~!((—o0,/]) as in
subsection 3.2. For each Cy we apply Proposition 6.3 with C' = Cy, let (Dy i, go x(t))
denote the Ricci flow from Corollary 6.4 and put g¢x = g¢x(0). Moreover, when
a constant B depends on Cy we will write B, to denote B(Cy).
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Our next concern is to extend the curvature estimates in (6.6) at least for a
short interval of time, where the important point is that the length of such an
interval is independent of k. It is somewhat surprising that we can only prove
this if ¢ is large enough. Ultimately this in turn is due to the following

Lemma 6.5. Let (Dy, go i) be the closed smooth manifolds constructed in Propo-
sition 6.3, and take p € Dyy. Then we can find v = r(¢) € (0,1] (possibly
converging to 0 with £ — o) and 1y — 0 independent of k such that

VOlgz,k (Bgz,k (p, T))
/rn

>(1—=n)w,  forallk. (6.8)

Proof. As the manifolds (Dy, ger) converge to the double D(Cy) of Cy in the
Gromov-Hausdorff sense, the continuity of volumes (see e.g. [9, Theorem 5.9]
by Cheeger and Colding) gives limy_,o volg, , (By, , (pk,7)) = H%(Ce)(B(poo,r)).
Thus it suffices to prove that small balls in D(Cy) have nearly Euclidean volume
provided that ¢ is large.

This essentially follows from Lemma B.2 by Guijarro and Kapovitch which
ensures that, for p € 9C, with large ¢, T,,Cy is close to a half-space, and so
vol{v € T,Cy : |v] < r} = L(w, — &)r" with e, — 0 as £ — co. As Cy is a convex
set in a Riemannian manifold, we can find for each p € D(C/) a number r(p) small

n

enough so that the volume of a geodesic ball B(p, r) in D(Cy) is > (wy, —2g)7(p)".

To remove the dependence on p, we choose a finite subcover Ule B(pi,er;) of
Upen(c,) B(p, & r(p)), where r; = r(p;) and we take ro = min; ;. Then any ¢ €
D(Cy) is contained in B(p;, g r;) for some i. Notice that B(p;,r;) C B(q, (1+&)r;)
and thus vol (B(q, (1 +&)ri)) > (w, — 2¢)r}". Finally, apply volume comparison

vol(B(g,m0)) wn—2g
o 2 (Tra) =

to get

Proposition 6.6. There exists some £y > 0 and for each ¢ > fy exists a time
Ty > 0 (independent of k) such that for the Ricci flow (Dyy,ger(t)) constructed
i Corollary 6.4 we have

1
C
Kowty 2= ond Rlg, (1) <

for all t € (0,Ty] and all sufficiently large k.

~ | =

(6.9)

Proof. Unless otherwise stated, all the curvature quantities hereafter correspond
to ger(t). We consider a maximal solution (D, grx(t)) of the Ricci flow with
t €0,y ). By (6.6) there is some constant By such that

K€0) > -2, and IR(0)| < By k2. (6.10)
Henceforth we will restrict our attention to k& > 433.
We define ¢/, as the minimal time for which we can find some complex plane

o in TCDM with Kc(tg,k)(a) = —ﬁ. If such a time does not exist, we put
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ter, = Ty . In particular, we have for the usual sectional curvature

K(t) > —ﬁ for all t € [0,t0x)- (6.11)

We put
u(t) == 4n(JR(t)| + 1).
Using the initial estimate (6.10) it is not hard to obtain a doubling estimate for
u(t). In fact, the application of [14, Lemma 6.1] gives
u(t) < Ly k? for all te |0, Lleg] (6.12)

for some positive constant L.

By Lemma 6.5, for any > 0 we can find an ¢y such that for each ¢ > £y there
is r = r(£) with voly)(Bg)(p,7)) = (1 — 6)r"w,. Combining this with (6.11)
and Proposition 5.5 we deduce that, for £ > £y, there is some t; and ko = k()
such that

1 _
u(t) < 1ot forall te€0,tpx] N[0,/ andall k> k. (6.13)

Thus the inequalities (6.9) hold for ¢ € [0,t,,] N[0, ;] and it suffices to check that
ter, is bounded away from 0 for & — oo. In particular, it is enough to consider
hereafter k > ko with tp; < min{7Ty,t,}.

In order to get a lower bound on ¢, we have to estimate KC(¢) from below.

Consider the algebraic curvature operator R:=R+ A(t)1, where Ijji = 0105 —
;101 represents the curvature operator of the standard unit sphere, and A(t) > 0.

Under the Ricci flow, R evolves according to

<% - A) R = N(t)I +2(R? + R).
Next, recall the formula (cf. [2, Lemma 2.1])
R+ A2 + (R+ A)F =R? + R 4+ 2)\Ric Aid + A (n — 1) I.
It is easy to see that
2Ric Aid + A(n — 1)1 < “8 7
holds provided that A < 1. We reach

<% - A> R > 2(R2 + R + [N(6) — A®u(t] L.

As the ODE R’ = R2 +R# preserves K€ > 0, we can use the maximum principle
to ensure that: If we define A(¢) as the solution of the initial value problem

N(t) = A(t)u(t)
A0) = ¢ (from (6.10))
it follows that ﬁ(t) has nonnegative complex sectional curvature for t € [0,y ).

Hence .
KC(t) > —%efo umd for all t € [0, to).
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Combining this with (6.12) and (6.13) we deduce
KCt) > —e % for ¢ € [0, k%{] N[0,tr k), and

KS(t) > —eB (L) for t € [, toul.

Using that by construction the minimum of K (C(tg’k) is given by —%, we obtain
the desired uniform lower bound on ;.

O

6.4. Reduction to the positively curved case. We have the following im-
provement of Proposition 4.1.

Proposition 6.7. Let (M",g) be an open manifold with K;c > 0 whose soul is
a point pg. Then there is a sequence of closed manifolds (M;, g;, po) with K;S_ >0
converging in the Cheeger-Gromov sense to (M, g,po).

Proof. Consider the sets Cy = {b < ¢} from subsection 3.2. Summing up, from
Proposition 6.3 and Corollary 6.4 we have a sequence (Dy, g¢,1(t)) of Ricci flows
satisfying (6.9) on (0,7} for all ¢ > ¢y. Using Petrunin’s result (Theorem 4.2)
similar to the proof of Proposition 5.5, we see that the volume estimate (6.8)
remains valid for (Dy g, g¢ 1 (t)) provided we double the constant 7, and we assume
t € [0,t7]. This, combined with (6.9), allows to apply Theorem C.3 by Cheeger,
Gromov and Taylor to reach a uniform lower bound for the injectivity radius
injg, @ = c(,t), for any ¢ € (0,2,].

Then, we can apply Hamilton’s compactness (Theorem C.2) to get a compact
limiting Ricci flow (Dy o0, gr.00(t)) on (0,7;] with K;]Cloo(t) > 0. Arguing e.g. as
in [43, Theorem 9.2], we deduce that (Dyoo,dg, (1)) converges (in the Gromov-
Hausdorff sense as t — 0) to (D(Cy),dg,); in particular, Dy o, is homeomorphic
to the sphere D(Cy). By Proposition 3.3 Kgm(t) > 0 for all ¢ € (0,Ty].

On the other hand, for any € > 0 we can view C,_. as a subset of Dy for all
k € NU oo. Combining Theorem C.5 and a generalization of Shi’s estimate (see
Theorem C.4) with (6.9) we see that on Cy_. the metric gy (t) converges for
t — 0 in the C* topology to g. We choose t; so close to zero that (Cy_c, gr,00(tr))
converges in the C* topology to (M, g,pp) as £ — co. O

If the soul of the manifold of Theorem 1 is a point, one can now deduce the con-
clusion of Theorem 1 completely analogously to Section 4 using Proposition 6.7
in place of Proposition 4.1.

Proof of Theorem 1. If M is not simply connected, we consider its universal
cover M. The goal is to construct a Ricci flow (M, g(t)) on M for which each

g(t) is invariant under ISO(M ,9(0)). By Theorem 2, M splits isometrically as
YF x F, where ¥ is closed and F is diffeomorphic to R with K;FF > 0. By
[10, Corollary 6.2] of Cheeger and Gromoll F' splits isometrically as F' = R x F’
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where R? is flat and F”’ has a compact isometry group. Clearly there is a Ricci
flow (R? x 3, g(t)) which is invariant under Iso(R? x ) and thus it suffices to find
a Ricci flow (F’,g(t)) which is invariant under Iso(F’). Using [10, Corollary 6.3]
by Cheeger and Gromoll, we can find o € F’ which is a fixed point of Iso(F”). We
now define the Busemann function on F’ with respect to this base point. Then
all sublevel sets Cy, the doubles D(Cy) and the smoothings of the double Dy
come with a natural isometric action of Iso(F”).

Since the Ricci flow on compact Riemannian manifolds is unique, the Ricci
flow (D¢, gex(t)) is invariant under Iso(F”); hence the same holds for the limit
(D¢, 92,00(t)), and finally for the limiting Ricci flow on F”.

In summary, there is a Ricci flow (M,g(t)) with Kf(t
under ISO(]\7 ,9(0)) and so descends to a solution on M. g

) > 0 which is invariant

7. APPLICATIONS

7.1. Proof of Corollary 3. Arguing as before, it is enough to consider the case
where the soul is a point. Redoing the arguments from the proof of Proposition
4.3 and using (1.2), we deduce that our Ricci flow exists until time 7 = 5&-.
Plugging this and (1.2) into a reasoning like in Corollary 4.4, we reach

voly(e) By (P:7)) _ wo

r 25>0 forre€ (0,1, peM, tel[0,7]. (7.1)

Now assume that the claim about bounded curvature does not hold, i.e., there
exists a sequence of Ricci flows (M;, gi(t)) constructed as in Theorem 1 (in par-
ticular, K;ci ) > 0 and (M;, g;(t)) satisfies a trace Harnack inequality) and points
(pi-ti) € M;x (0,T) with scaly,,y > 4°/t;. By means of a point picking argument
as in the proof of Proposition 4.6 on the relatively compact set Bgi(ti)(pi, 1), we
get a sequence of points {p; }i>, such that, after parabolic rescaling of the metric
with factor Q; = scaly,(;,)(Pi), we get for the rescaled metric g;(s)

IRlg,s) <8 on  Bg,)(pi,i) for s € [—i,0].
By the scaling invariance of (7.1), the corresponding estimate holds with

By, 0)(pi,7) for any 0 < r < 4/Q;. The rest of the proof goes exactly as the
remaining steps in the proof of Proposition 4.6.

7.2. Estimates for the extinction time. We first need a scale invariant version
of Petrunin’s estimate (Theorem 4.2).

Lemma 7.1. Let (M™, g) be an open manifold with Ky > 0. Then for any p € M
and r > 0, there exists a constant C,, > 0 such that

/ scaly dpg < Gy, P2,
Bg(p,r)
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Proof. For any r > 0, consider the rescaled metric § = ;lgg. Since K = ;ngg >0,
we are in position to apply Theorem 4.2 to (M, g) which gives

C, > / scaly dpg = / r2n scalg dyg,
By (p.1) By(p.r)

where for the last equality we have used the identities dug = r=" dpug, scal; =
r?scal, and B(p,1) = By(p,r). ad

Lemma 7.2. Suppose (M",g(t))ico,) is a mazimal solution of the Ricci flow

with ng(t) >0. If T < o0, then

. 1 B
hmsjl}p SUP{W |pe M,r> 0} =0.
t—

Proof. We assume on the contrary that we can find vg > 0, x; € M, t; = T

and r; > 0 satisfying voly ) (By,)(%j,75)) = vor?_z. We fix some (7,t,7) =

(jo» tjos Tjo) With (T'— ) < 5%, where C), is the constant in Lemma 7.1.
Now we can use Petrunin’s result as in Lemma 7.1 in order to estimate

volyy(Bywy (D, 7)) = volyu)(By (D, 7))
> (o — Cult — D)2 > 02 for t € [, 7).

This in turn allows us to prove, similarly to Proposition 4.6, that for each D
there is a C'p with

Rgn| < Cp on By (p, D), tel[t,T).

As in the proof of Theorem 4.7 we get also bounds on the derivatives of Rg;. This
in turn shows that g(¢) converges smoothly to a smooth limit metric g(7). By
Lemma 4.9 g(7) is complete and thus we can extend the Ricci flow by applying
Theorem 1 to (M, g(7T)) — a contradiction. ad

Proof of Corollary 5. Consider a maximal Ricci flow (M, g(t))e[o,7) With K€ >
0 and suppose on the contrary that

1 B
T < C%Lsup{—vo 50 (Bo() 1)) |pe M,r > 0},

P
where C),, is the constant from Lemma 7.1.
By assumption we can choose r > 0 and p € M with
volgy (o) (Bg(o) (p,7)) > C,Tr" 2.
Using Petrunin’s estimate (as restated in Lemma 7.1) we deduce
voly(e) (By(o) (P 7)) = volg(r) (By(o)(p,7)) > C(T = £) 7" 72,

Combining with Lemma 7.2 this gives a contradiction.
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Proof of Corollary 6. Any open nonnegatively curved manifold with a two di-

mensional soul ¥ is locally isometric to X x R and the Ricci flow exists exactly
area(X)
4mx(2)
Corollary 5 ensures the existence of an immortal solution. So it only remains to

consider the case that the soul is a point.

until € (0,00]. If dim(X) = 1, then the universal cover splits off a line and

If T' < 0o, using Corollary 5 we know that

limsupw =L < .
r—r00
By Lemma A.3 there is a sequence 7; \, 1 such that for a base point 0 € M the
following holds

By(o,1) C C; C By(o,1in;) forall >1,

where C; is the sublevel set b~!((—00,4]) of the Busemann function at o (see

volgy (C;) .

subsection 3.2). In particular, Voly (By(00))

Clearly vol(C;) = vol(Cy) + [ area(dC;) dt. Moreover, by work of Sharafutdi-
nov (see e.g. [49, Theorem 2.3]) there is an 1-Lipschitz map 0C, — 0C, for a < b.
Accordingly, the area of dC; is monotonously increasing and thus

0 < lim area(0C,) = lim M = L.
r—00 r—r00

This yields that D := lim,_,~ diam(9C,) < oo. In fact, suppose for a moment
D = co. Choose a > 0 so large that area(9C,) > 3L. Since diam(9C;) tends
to infinity while the area converges to L, we can find for each € > 0 an r and a
circle of length < ¢ in 9C, which subdivides 0C) into two regions of equal area.
If we consider the image of this circle under the 1-Lipschitz map 9C, — 9C, (for
r > a), we get a closed curve of length < ¢ which subdivides 9C, in two regions
such that each of them has area at least L/4. Since ¢ was arbitrary this gives a
contradiction.

As it is the boundary of a totally convex set, dC, is a nonnegatively curved
Alexandrov space (cf. Buyalo [7]). Combining compactness and Sharafutdinov
retraction, 9C, converges for r — oo to a nonnegatively curved Alexandrov
space S. Moreover, for any sequence p; € M converging to infinity we have
ImgH,iseo(M,g,pi) = S x R. Thus M is asymptotically cylindrical.

In particular, M is volume non-collapsed, and from Corollary 3 we deduce
that (M, g(t)) has bounded curvature < % for positive times. It is now easy to
extract from the sequence (M, g(t),p;) a subsequence converging to (N, goo(t)).
Topologically the nonnegatively curved manifold N is homeomorphic to S x R —
a manifold with two ends. Thus (N, goo(t)) splits isometrically as (S?,g(t)) x R.

From Lemma 7.2 one can deduce that lim; 7 voly (S?) = 0. By Gauf Bonnet
limy_ vol(y) (S?) = 87T = L.

O
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Remark 7.3. Let (M, g) be an open manifold with K;F > 0 and Euclidean volume
growth. By Corollary 3 the curvature of our Ricci flow g(t) starting on (M, g)
is bounded for positive times. Following the work of Schulze and Simon [40],
with Hamilton’s Harnack inequality replaced by [4], one can show that there is a
sequence of positive numbers ¢; — 0 such that lim;_, (M, ¢;g(t/ci)) = (M, goo(t))
is a Ricci flow (¢t € (0,00)) whose ‘initial metric’ (Gromov Hausdorff limit of
(M,dg. 1)) for t — 0) is the cone at infinity of (M, g). Moreover, (M, goo(t)) is

an expanding gradient Ricci soliton.

7.3. Long time behaviour of the Ricci flow. We will only consider solutions
which satisfy the trace Harnack inequality. Notice that this is automatic if we
consider a solution coming out of the proof of Theorem 1.

Lemma 7.4. Let (M™,g(t)) be a non flat immortal solution of the Ricci flow
with K€ > 0 satisfying the trace Harnack inequality. If (M, g(0)) does not have
Euclidean volume growth, then for pg € M

voly(e) By (r) (Po, V1))
mn

Vi = 0.

lim sup
t—00

Proof. Suppose on the contrary that we can find t, — oo and € > 0 with
volg() (By(t,) (Po, VEK)) > e/t Analogous to Proposition 4.6 one can show
that there is some universal 7 > 0 such that for the rescaled flow gi(t) =
ig(tk—i_t'tk)te[—l,oo) we have that scalg, () < € on By, t)(po, 1) for t € (0, 7] where
C is independent of k. Using this for ¢ = 7 and combining with the Harnack
inequality, we find a universal constant Cy with scal, ) < Co on By, (o) (po, 1).

Thus we obtain that scaly(, ) < ?—5 on By(,)(po, v/tx). Combining with the Har-

nack inequality and using By ) C By(,) we deduce that scalyy) < % on M. By
Hamilton [27, Editor’s note 24] this implies that By (po, V) C Byo) (o, C3V't)
for a constant C3 = C3(Co,n). Hence

eVt < voly,) (Bg(O) (o, Cs@)) < voly(o) (Bg(()) (o, Csﬁ));
which means that ¢(0) has Euclidean volume growth — a contradiction. O

Theorem 7.5. Let (M",g(t)) be a non flat immortal Ricci flow with K€ > 0
satisfying the trace Harnack inequality. If (M, g(0)) does not have Euclidean
volume growth, then for pg € M there is a sequence of times t, — oo and a
rescaling sequence Q. such that for gi(t) = Qrg(ti+ &) the following holds. The
rescaled flow (M, gk(t),po) converges in the Cheeger-Gromov sense to a steady
soliton (Muo, Goo(t)) which is not isometric to R™.

Proof. For t € [0,00) we define Q(t) > 0 as the minimal number for which

VOlg(t) (Bg(t) (p(]a ﬁ)) = %wnW
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We can choose ¢, — 0 and t;, — oo with %lt:tk scaly( (Po) < e scalg(tk)(p0)2.

In fact otherwise it would be easy to deduce that a finite time singularity occurs.

By Lemma 7.4 the rescaled Ricci flow g (t) = Q g(tr+ &) with Qr = Q(tx) is

defined on an interval [T}, co0) with T}, — oo. Moreover, volg, ) (Bj,(0)(Po,1)) =

% and %\t:o scalg, (1) (po) < e scaly, o) (po)?-

Arguing as in the proof of Lemma 7.4 one can show that there is some 7 >
0 such that for each r there is a constant C for which scalg 7y < C) on
B, (1) (po, 7). Using the Harnack inequality after possibly increasing C. we may
assume that scalg, ;) < C, on By, (7(po,7) for all t € [T}, /2, T]. Shi’s estimate
also give bounds on the derivative of the curvature tensor on By, (1)(po,7) X
[T /4,T/2].

After passing to a subsequence we may assume (M, g, (T /2),pg) converges in
the Cheeger-Gromov sense to (Mo, §oo(7/2),Po0). By the Arcela-Ascoli theo-
rem we also may assume that under the same set of local diffeomorphisms the
pull backs of g (t) converge to goo(t), t € (—00, T /2]. Clearly goo(t) is a solution
of the Ricci flow with K;poo(t) > 0. The completeness of goo(t) follows from the

completeness of §oo (7 /2), for t < T /2. Moreover, we have that ascadggiw = 0.
If §oo(0) is not flat, we can pass to the universal cover of M., and after spitting
off an Euclidean factor we may assume that the Ricci curvature is positive. Re-
call that for ancient solutions with K(gcoo ) > 0 and positive Ricci curvature the
Harnack inequality implies that

0< % —1 Ricg_;(t)(v scaly_(y), Vscaly_ 1)),

where Ric;;(t) is the (positive definite) symmetric (2,0)-tensor defined by the
equation Ric;i> ® (v, Ricde ® W) = Joo(t)(v, w). Since equality holds for one point
in space-time one can deduce from a strong maximum principle, that g (t) is a
steady Ricci soliton. In fact, this only requires minor modification in the proof
of a result by Brendle [4, Proposition 14]. We leave the details to the reader.
Finally vol; () (B (0)(po, 1)) = swyn and thus the limit is not the Euclideaél
space.

7.4. Further Consequences.

Corollary 7.6. Let (M,g) be an open manifold with K;c >0 and M = R"™, then
there is a sequence g' of complete metrics on M with K;]Ci > 0 converging to g in
the C*° topology.

Proof. Consider the de Rham decomposition M = R* x (M, g1) x ... x (M, g;)
of M. Let g;(t) be a Ricci flow from Theorem 1 on M; with ¢;(0) = g;, and let
g(t) be the corresponding product metric on M. We know that K;]Cj 0 = 0 and
clearly (Mj,g;(t)) is irreducible for small ¢ > 0. Since M; is diffeomorphic to a
Euclidean space, (M, g;(t)) cannot be Einstein and we can deduce from Berger’s
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holonomy classification theorem [1] that the holonomy group is either SO(n;) or
U(n;/2), where n; = dimM;.

The strong maximum principle implies that either K;Cj @ > 0or (M;,g;(t))
is Kéhler. Even in the Kéhler case it follows that the (real) sectional curvature
is positive, Ky ;) > 0: If there were a real plane with K (o) = 0, then by
the strong maximum principle we could deduce that either ng(t) (v,Jv) =0
for all v € TM or K, )(v,w) = 0 for all v,w € T,M with spang{v, Jvu} L
spang{w, Jw}. But both conditions imply in K > 0 that the manifold is flat.

Since Ky ;) > 0, Theorem 3.4 of Greene and Wu gives a strictly convex smooth
proper nonnegative function b;(t) on (Mj, g;(t)). Clearly we can also find such a
function on R*. By just adding these functions we deduce that there is a proper
function b(t): M — [0,00) which is strictly convex with respect to the product
metric g(t). We now choose a sequence t; — 0 and &; — 0 and define g’ as the
metric on M which is obtained by pulling back the metric on the graph of £;b(¢;)
viewed as hypersurface in (M, g(t;)) x R. Clearly K;ci > 0 and if ¢; tends to zero

sufficiently fast, then ¢* converges to ¢ in the C* topology. O

Remark 7.7. Although a priori we could prove this only for large ¢, it is true that
for each convex set Cy = b~!((—00,/]) one can find a Ricci flow on a compact
manifold with K€ > 0 such that (M, g(t)) converges to the double D(Cy) of C; for
t — 0. In fact, by using Corollary 7.6 one can find a sequence of strictly convex
sets (¢ in manifolds with K € > 0 which converge in the Gromov-Hausdorff
topology to Cy. For strictly convex sets it is not hard to see that one can smooth
the double D(Cy ) without losing K€ > 0 and thus the result follows.

8. AN IMMORTAL NONNEGATIVELY CURVED SOLUTION OF THE RICCI FLOW
WITH UNBOUNDED CURVATURE

8.1. Double cigars. Recall that Hamilton’s cigar is the complete Riemann-

ian surface (C,go) := (]R2, f_ﬁiﬁiﬁ), which is rotationally symmetric, positively
curved and asymptotic at infinity to a cylinder of radius 1. The Ricci flow starting

at (C, go) is a gradient steady Ricci soliton (i.e. an eternal self-similar solution).

Definition 8.1. Let (M, g) and (N, g) be two complete n-dimensional Riemann-
ian manifolds, p € M and ¢ € N. We say (M, g,p) is e-close to (N, g,q) if

o there is a subset U C N with Bi1__(¢) CU C Bi__(q) and

o adiffeomorphism f: Bi(p) — U such that ||g—f*g||cr < eforallk < 1/e.

We denote zg € C' the tip of Hamilton’s cigar, i.e. the unique fixed point of
the isometry group Iso(C'), where the maximal curvature of C is attained. We
will also consider the rescaled manifolds (C, A2gq).

Definition 8.2. A nonnegatively curved metric g on S? is called an (e, \)-double
cigar if the following holds
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o ¢ is invariant under O(2) x Zs C O(3), and
o if p is one of the two fixed points of the identity component of O(2) x Zs,
then (S?, g, p) is e-close to (C, A\2gq, x0).

An important feature of the definition is that except for nonnegative curvature,
we do not make any assumptions on the middle region of the double cigar. In
the applications we will have diam(S?, g) > %

We have two easy consequences of compactness results.

Lemma 8.3. For any A and € > 0 there exists some 6 > 0 such that: If (S?, g) is
any (8, \)-double cigar and (S?, g(t)) is a Ricci flow with g(0) = g, then (S%,g(t))
is an (e, X)-double cigar for allt € [0,1/¢].

Lemma 8.4. Let § be a nonnegatively curved metric on S?, (S%,g(t))sepo,r) the
Ricci flow with g(0) = g, and p € S®. For a given € > 0 there exists a positive
integer § = 0(g,g) such that the following holds.

Let (M3, g) be any open nonnegatively curved 3-manifold and p € M so that
(M, g,p) is 6-close to ((S*,5) x R, (p,0)). If (M,g(t)) is an immortal nonnega-
tiwely curved Ricci flow with g(0) = g, then (M, g(t),p) is e-close to ((82,§(t)) X
R, (p,0)) for allt € [0,1/e] N [0,T/2].

Proof of Lemma 8.3. Suppose on the contrary that for some positive € and A
we can find a sequence of (1, \)-double cigars (S?,g;) and times ¢; € [0, 1] such
that (S%, gi(t;)) is not an (e, A)-double cigar. Here (S?, gi(t));c0,1;) is the maximal
solution of the Ricci flow with ¢;(0) = g; . Let p denote a fixed point of the identity
component of the O(2) x Zg-action. By assumption we know that (S?, g;(;), D)

is not e-close to (C, A2gg, z0).

It is easy to see that the volume of any unit ball in (S?,¢;) is bounded be-
low by a universal constant independent of 7. Thus we have universal curvature
and injectivity radius bounds for all positive times. Moreover, by Gaufl Bon-
net T; — oo. Using furthermore that we have control of the curvature and its
derivatives on larger and larger balls around p, one can deduce that the Ricci
flow subconverges to a (rotationally symmetric) limit immortal solution on the
cigar (C, goo(t), 29) with bounded curvature and whose initial metric is A2gg. Be-
cause of the uniqueness of the Ricci flow (see [13]) it follows that (C, geo(t), zo)
is isometric to (C,A\2gg,xg) for all . On the other hand, if to, € [0,1/¢] is a
limit of a convergent subsequence of t;, then (C, goo(tso), o) is not £/2-close to
(C, Mgo, z0) — a contradiction. O

Proof of Lemma 8.4. Suppose on the contrary that we can find a sequence (M;, g;)
of open 3-manifolds with K, > 0 and p; € M; such that (M;,g;,p;) is %—close
to ((SZ,g) x R, (ﬁ,O)) and a complete immortal Ricci flow g¢;(t) with g;(0) = g;
and Ky, > 0, such that (M;, gi(t;),p;) is not e-close to ((S% g(t)) x R, (p,0))
for some t; € [0,7/2].
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Arguing similar to the proof of the previous lemma, we can use Hamilton’s
compactness theorem to deduce that (M;, g;(t),p;) converges to a limit nonnega-
tively curved solution on the manifold S? x R. Clearly the solution is just given
by the product solution on S? x R and because of uniqueness of the Ricci flow on
S? we deduce that it is exactly given by ((S?,g(t)) x R, (p,0)) — again this yields
a contradiction. O

8.2. Convex hulls of convex sets. Let Cy and Ci be two closed convex sets
of R™. Then

Cx={1-Nz+ Xy |z e CoyeCi}
is convex as well. If 0Cy and 0C; are smooth compact hypersurfaces of positive
sectional curvature, then 0C) is smooth as well: In fact, let Ny and N; denote
the unit outer normal fields of Cy and C. By assumption N;: 0C; — S* ! is a
diffeomorphism, i = 0,1. For z = (1 — A\)x + Ay € C) and A € (0, 1) the tangent
cone T,C) contains T,,Cy as well as T,,C. This in turn implies

Cy = {(1 — Nz + ANy '(No(2)) | = € 9Co }

and thus 0C) is smooth. Furthermore, it is easy to see that 0C) is positively
curved as well.

Consider now the convex sets Cy x {hg} and C; x {h;} in R"*!. The convex
hull C' of these two sets is given by

C={(y,(1 = Nho + Ah1) |y € C\, A € [0,1]}.
In particular, we see that the boundary 0CN(R™ x (hg, h1)) is a smooth manifold.

8.3. Proof of Theorem 4 a). By Lemma 8.3 we can find a sequence &; — 0
such that any (g, %)—double cigar (S?,g) satisfies the following: The solution of
the Ricci flow g(t) with g(0) = g exists on [0,] and (S% g(¢)) is a (277, 1)-double
cigar for all ¢ € [0,4]. The sequence ¢; is hereafter fixed.

We now define inductively a sequence of (g;, %)-double cigars S; so that

(1) S; has positive curvature and embeds as a convex hypersurface S; C R? in
such a way that it is invariant under the linear action of Zy x O(2) C O(3).

(2) The convex domain bounded by S;_; is contained in the interior of the
convex domain bounded by S;.

It is fairly obvious that one can find (g;, +)-double cigars satisfying (1). In
order to accomplish also (2), we choose rg such that S;_1 C B,,(0). We can find
an (g, %)—double cigar (S?%,g) and a fixed point p € S? of the identity component
of Zy x O(2) such that

o By, (p) is isometric to By, (z0) C (C, £g0),
o for some R > 5—11 the set Br(p)\ By, (p) is isometric to a subset of a cone
o and Bygr(p)\ Bagr(p) is isometric to S x [0,2R) for a circle of length 47r(.



34 ESTHER CABEZAS-RIVAS AND BURKHARD WILKING

We can now construct an embedding of this cigar into R? such that the surface
S; bounds a convex domain which contains Bs,,(0). By slightly changing the
embedding one can ensure that S; has positive sectional curvature. The sequence
S; of embedded double cigars is now fixed.

We put Sy = {0}. We now define inductively a sequence of positive numbers
r; — oo, and heights h; := 23:0 rj. Denote C; C R* the convex hull of Sj_1 %
{hj—1} C R* and S; x {h;} C R, By choosing r; large enough we can arrange
for the following;:

o The union C;_1UC}; is convex as well. In fact, C; converges to the cylinder
bounded by S;_1 X [h;—1,00) for r; — oo. Hence for all large r; and all
p € Si—1 x {hj—1} the union of the tangent cones 7,C;_; and T,C; is
properly contained in a half space.

o The hypersurface H; := (R3 X [hi =1 — /T, hi — 1]) N 9C; is arbitrarily
close to a product S; x [h; — 1 — /75, h; — 1] in the C'*° topology.

o For any open 3-manifold (M3, §) with K 5 > 0 containing an open subset
U isometric to H;, for big r; Lemma 8.4 ensures that, if (M, g(¢)) is an
immortal Ricci flow with §(0) = g and K > 0, then for some p € U we
have that (M, g(t),p) is m-close to ((S%,g(t)) xR, (p,0)), where

(S2,9(1)) is a (27%, 1)-double cigar for all ¢ € [0, 1].

By construction, C' = |J,~, C; is a convex set whose boundary JC' is not smooth
but the singularities only occur for points in R? x {h;} N AC, see subsection 8.2.
We can now smooth C' as follows: Notice that 0C C R* can be defined as the
graph of a convex function f on R3. By construction T,0C is not a half space
for all p € S; x {h;} and thus the gradient of f jumps at the level set S;.

We choose a smooth convex function g: [0,00) — [0,00) with g = 0 on [1, c0)
and ¢” > 0 on [0,1). We also define ¢: [0,00) — R by ¢(t) =t + - g(|t — hyi])
for some 6 > 0 which is to be determined next. Notice that ¢ is is C*° on [0, hl]
and on [h;,00). Moreover ¢(t) =t for |t — h;| > 1. On the intervals [h; — 1, h;]
and [h;, h; + 1] the function ¢ is convex. However, at h; left and right derlvatlve
of ¢ differ by 26¢'(0). Similarly there is small neighborhood U of S; such that f
is C* on U\ S;. Along the level set S; there is an outer and an inner gradient of
f and the norm of the outer gradient is strictly larger than the norm of the inner
gradient. Thus we can choose d so small that ¢ o f is still a convex function. In
addition, we know that the Hessian of ¢ o f is bounded below by a small positive
constant in a neighborhood of 5;. Thus we can mollify ¢ o f in a neighborhood
of S; and patch things together using a cut off function.

By doing this procedure iteratively for all ¢ we obtain a smooth convex hyper-
surface H. By construction the volume growth of H is larger than linear and by
Corollary 5 we have an immortal solution g(¢) of the Ricci flow on H starting
with the initial metric.
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By construction for any ¢ we can find a point p € H such that (H,g(t),p) is
L close to ((S%g(t)) x R, (p,0)) where (S%,g(t)) is a (2%, )-double cigar for all
t € [0,1]. In particular, we know that

sup{ Ky)(0) |c CTH} = oo and
inf {voly) (Byy(p,1)) [ p€ H} = 0  forall t.

Remark 8.5. (a) A volume collapsed nonnegatively curved 3-manifold was con-
structed by Croke and Karcher [15]. Although the details are somewhat different,
their example is realized as a convex hypersurface of R* as well.

(b) At an informal discussion at UCSD the second named author was asked
by Richard Hamilton, whether a nonnegatively curved three dimensional ancient
solution with unbounded curvature could exist. During this discussion Hamilton
described possible features of a counterexample. The construction in this section
is in part inspired by what Hamilton had in mind. Since the construction only
gives an immortal solution, Hamilton’s question remains open nevertheless.

(c) As said in the introduction, a nonnegatively curved surface evolves imme-
diately to bounded curvature under the Ricci flow. Giesen and Topping [19] gave
immortal 2-dimensional Ricci flows with unbounded curvature throughout time.

8.4. Proof of Theorem 4 b).

Lemma 8.6. Let (M, g) be an open manifold with K€ > 0 and bounded curvature.
Then there is an € > 0 and C such that, for any complete Ricci flow g(t) with
g(0) =g and K;]C(t) > 0, we have scalyy) < C on the interval [0, €].

Proof. Recall that the injectivity radius of an open nonnegatively curved manifold
with bounded curvature is positive. By Corollary 3 for any solution g(t) we know
scaly(p) < €1 on some interval (0,¢]. We can now use Theorem C.5 to see that

7
scalg) < C for all t € [0, ] with some universal C' = C((M, g)). O

Lemma 8.7. There is an open 4-manifold (M,g) with nonnegative curvature
operator and a constant vy > 0 such that the following holds

o vol(By(p,1)) > vg for all p € M.

o There is a sequence of points pr € M such that (M, g,pr) converges in
the Cheeger-Gromouv sense to the Riemannian product S* x R? (where S?
has constant curvature 1 and R? is flat).

o There is a sequence of points qr € M such that (M,g,qr) converges in
the Cheeger-Gromov sense to R* endowed with the flat metric.

Proof. The construction of (M?,g) is very similar to the one in subsection 8.3.
There is a sequence of embedded (%, 1)-double cigars S; C R3 so that

o S; is invariant under an Zs x O(2) C O(3)-action fixing the origin.
o The interior of the convex domain bounded by .5; contains S;_1.
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o S; contains a subset which is isometric to S' x [~R;_1, R;_1] where S is
a circle of radius 2R;_1 = 2diam(S;_1) — o0.

Analogous to subsection 8.3 one can then construct a smooth convex hyper-
surface (M3, g) C R* with O(2) x Zo symmetry satisfying: There is p; € M such
that (M3,p;) is e fi-close to S; x R. Moreover, it is clear from the construc-
tion that (M3, g) is uniformly volume non collapsed. We now define M* as the
unique convex hypersurface in R® whose intersection with R* is given by (M3, g)
and which has a O(3) x Zy symmetry. It is straightforward to check that M*
with the induced metric has the claimed properties. O

Proof of Theorem 4 b). Let (M*, g) be as in Lemma 8.7. We consider a solution
g(t) of the Ricci flow coming out of the proof of Theorem 1. Using (M*,g,q;)
converges to R* in the Cheeger-Gromov sense, it follows that the Ricci flow on the
compact approximations (M;, g;(t)) converging to (M, g(t)) exists until T; — oo.
By the proof of Theorem 1 we can assume that g¢(¢) is immortal. Moreover,
it is clear from the proof that g;(t) and hence g(t) have nonnegative curvature
operator. In particular we have an immortal complete solution g(¢) with g(0) = ¢
and g(t) satisfies the trace Harnack inequality.

By Corollary 3 it follows that scalyy) < % for t € (0,e]. We claim that g(1)
has unbounded curvature. Suppose on the contrary that scal,;y < C. The trace

Harnack inequality implies that scaly) < % for t € (0,1].

We now consider the sequence (M, g,p;) converging to (S? x R? py) in the
Cheeger-Gromov sense. Applying Theorem C.5 it is easy that there is a uni-
versal constant Cy such that for any r we can find i such that scaly; < Oy
on Byo)(pi,r) for all ¢ € [0,1] and i > 49. By Hamilton’s compactness theorem
(M, g(t), p;) subconverges to a solution g (t) of the Ricci flow on (S? x R2,py)
with bounded curvature such that g, (0) is given by the product metric (S? with
constant curvature 1), ¢t € [0,1]. On the other hand, for the the unique solution
(with bounded curvature) the curvature blows up at time 1/2 — a contradiction.

In summary, we can say scaly(;) is bounded for ¢ € (0,e] and that scaly(1) 1s
unbounded. By Lemma 8.6 there must be a minimal time ¢y € (¢, 1] such that
g(to) has unbounded curvature. From the trace Harnack inequality it follows that
¢(t) has unbounded curvature for all ¢ > .

Thus M* endowed with the rescaled Ricci flow §(t) := mg(sﬂ +t(to—e/2))
satisfies the conclusion of Theorem 4 b). O

APPENDIX A. OPEN MANIFOLDS OF NONNEGATIVE CURVATURE
Recall that a set C' is called totally convex if for every geodesic segment I" join-

ing two points in C', we have I' C (', and that the normal bundle of a submanifold
ScMisv(S)=U,{veT,M][vLT,S} We start with the Soul Theorem.
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Theorem A.1 (Cheeger-Gromoll-Meyer, cf. [10, 21]). Let (M™,g) be an open
manifold with K4 > 0. Then there is a closed, totally geodesic submanifold > C M
which is totally convex and with 0 < dimX» < n. X is called a soul of M, and M
is diffeomorphic to v(X). If K4 > 0, then a soul of M is a point, and so M is
diffeomorphic to R™.

Here is a further property about the soul.

Theorem A.2 (Strake, cf. [44]). Let (M",g) be an open manifold with K4, > 0
and XF be the soul of M. If the holonomy group of v(X) is trivial then M is
isometric to ¥ x R"™* where R"* carries a complete metric of K > 0.

Fix p € ¥ and let d, = dy(-,p), where dg4 is the Riemannian distance. It is

known (see e.g. [16]) that b (see subsection 3.2) and d, are asymptotically equal:

Lemma A.3. There exists a function 0(s) with lims_,o 0(s) = 0 such that
(1—0ody)d, <b<d,

and for all x,y € M it holds |b(x) — b(y)| < dg(z,y).

It is useful to recall that b is indeed the distance from an appropriate set:

Lemma A.4 (Wu, cf. [48]). Let a € R and let Cy = {x € M : b(xz) < a}. Then
blint(c,) = a — d(+,0C,).

APPENDIX B. CONVEX SETS IN RIEMANNIAN MANIFOLDS

Let C be a compact totally convex set (TCS) in a manifold M. We define the
tangent cone at p € 9C' as

T,C = Clos{v € T,M : exp,(tv/|v|) € C for some t > 0}.
By convexity of C, this is a convex cone in 7),M. The normal space is defined as

N,C = {v € span(T,C) : (v,w) <0 for all w e T,,C \ {0}}.

Here is a useful characterization of the normal space.

Proposition B.1 (Yim, cf. [49]). Let {C.} be a family of TCS. Consider a > b
with a — b < 9, where § > 0 is chosen so that the projection Cy, — Cl is well-
defined (i.e. for all ¢ € C, there is a unique ¢* € Cy, with d(q,q*) = d(q,C})).
For each p € 0Cy, N,Cy is the convex hull of the set of vectors v € span(1,C)
such that the geodesic y(s) = exp,(sv/|v|) is the shortest path from p to some
point in 0C,.

Further details about the structure of the sublevel sets of the Busemann func-
tion b are given by
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Lemma B.2 (Guijarro-Kapovitch, cf.[23]). Consider Cy = b! ((—00,f]) C M
and p € 9Cy. Take v any minimal geodesic from p = ~(0) to any point of the
soul. Then there exists e(£), with ({) — 0 as £ — oo such that if v € T,M is a
unit vector with Z(v,¥(0)) < § —e({), then v € T,Cy.

The following theorem gives the existence of a tubular neighborhood U:

Theorem B.3 (Walter, cf. [46]). For each closed locally convex set A C (M, g),
there is an open set U C A such that

1) For each q € U, there is a unique ¢* € A with d(q,q*) = d(q,A), and a
unique minimal geodesic from q to q* which lies entirely in U.

2) da is C' in U\ A and twice differentiable almost everywhere in U\ A.

Let us recall the Hessian bounds in the support sense:

Definition B.4 (Calabi, cf. [8]). Let f : (M, g) — R be continuous. We say that
V2f|, > h(p) in the support sense, for some function h : M — R, if for every
€ > 0 there exists a smooth function ¢, defined on a neighborhood of p such that

1) ¢-(p) = f(p) and ¢ < f in some neighborhood of p.
2) vzﬁpa’p > (h—€)gp.

Such functions . are called lower support functions of f at p. One can analo-
gously define V2f < h at p in the support sense.

APPENDIX C. MISCELLANEA OF RICCI FLOW RESULTS

C.1. Smooth convergence of manifolds and flows.

Definition C.1 (Cheeger-Gromov convergence). (a) Consider a sequence of com-
plete manifolds (M, g;) and choose p; € M;. We say that (M;, g;,p;) converges
to the pointed Riemannian n-manifold (M, goo, Poo) if there exists

(1) a collection {U;};>1 of compact sets with U; C Ujt1, Uj>1U; = M and
Poo € int(U;) for all i, and
(2) ¢; : Uy — M; diffeomorphisms onto their image, with ¢;(psc) = pi

such that ¢fg; = goo smoothly on compact subsets of M, meaning that
IV™(¢79i — goo)| — 0 as i—o0o0 on K forall m>0

for every compact set K C M. Here |-| and V are computed with respect to any
fixed background metric.

(b) A sequence of complete evolving manifolds (M;, g;(t), p;)ter converges to
a pointed evolving manifold (Mo, goo(t), Poo)ter if we have (1) and (2) as before
such that ¢7g;(t) — goo(t) smoothly on compact subsets of My, x I.

Theorem C.2 (Hamilton, cf. [27]). Let (My, gr(t), Tk )tc(ap) be complete n-dimen-
sional Ricci flows, and fix ty € (a,b]. Assume the following two conditions:
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(1) For each compact interval I C (a,b], there is a constant C = C(I) < oo
so that for allt € I

Rlg, 1) <C on By, o) (x,m)  for all k> ko(r).
(2) There exists 0 > 0 such that injg, ;) (xr) > 6.

Then, after passing to a subsequence, the solutions converge smoothly to a com-
plete Ricci flow solution (Meo, goo (1), Too) of the same dimension, defined on (a, b].

Some authors quote stronger versions of this theorem, where the curvature
bound C' is allowed to increase arbitrarily with r. However, in the proof one
then runs into trouble if one wants to verify completeness of the limit metrics for
different times. Lemma 4.9 can be regarded as a way to circumvent this problem.

Under bounded curvature, condition (2) above can be guaranteed by ensuring
a lower bound on the volume (see [11, Theorem 4.3]):

Theorem C.3 (Cheeger-Gromov-Taylor). Let By(p,r) be a metric ball in a com-
plete Riemannian manifold (M", g) with X < Kg|p,(p») < A for some constants

M\, A. Then, for any constant ro such that 4ry < min{r/v/A,r} if A > 0, we have

VIH(2r) -t
))>

inj,(p) > 70 < + volg (By(p, 7o

where V' (p) denotes the volume of the ball of radius p in the n-dimensional space
with constant sectional curvature \.

C.2. Curvature estimates. Shi’s local derivative estimates ensure that if the
curvature is bounded on By)(p,7) x [0,T], then we also have bounds on all
covariant derivatives of the curvature on the smaller set By (p,7/2) x (0,77,
where such bounds blow up to infinity as ¢ — 0. Such a degeneracy can be
avoided by making the stronger assumption of having bounded derivatives of the
curvature in the initial metric.

Theorem C.4 (Lu-Tian, [31]). For any positive numbers o, K, Ky, m,n > 2,m €
N, let M™ be a manifold with p € M, and g(t), t € [0,7] where T € (0,a/K), be
a Ricci flow on an open neighborhood U of p containing EQ(O) (p,7) as a compact
subset. If

Ry |(z) < K for all x € Byy(p,r) and t€[0,7]
\VZRg(O)](x) < K(¢) for all v € By)(p,r) and all £>0,
then there exists C = C(a, K, K(£),r,m,n) such that
IV"Ryp| < C on EQ(O) (p,7/2) x [0, 7].

Next we state a result of Simon [42, Theorem 1.3]. We actually use a simplified
and coordinate free version, see also Chen [12, Corollary 3.2]:
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Theorem C.5 (M. Simon, B. L. Chen). Let (M",g(t)), with t € [0,T], be a
complete Ricci flow. Assume we have the curvature bounds

Rlgo) <p % on By (p,p) (C.1)
and
Rlg) () < K/t for x € By(p,p) and te(0,T] (C.2)
Then there exists a constant C depending only on n such that

IR| gy () < 4e“Fp2 forall € Byp)(p,p/2), t€][0,T].
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