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Introduction

While set theory started with Cantor’s question, whose positive assertion is called CH
nowadays, whether every subset of the reals can be mapped bijectively either to the
real line or to the natural numbers, it is Godel who started modern set theory with two
results. First the incompleteness theorems in 1931, which made logicians and mathemati-
cians realize, that every mathematical statement wasn’t decidable. Suddenly questions
didn’t necessarily ask whether something was true, but if it was consistent relative to
another statement.

Definition. Let ¢ and 1 be statements in the language of set theory and T a theory
in the language of set theory. We say that T+ ¢ has at least consistency strength of ¢
if one can construct a model of T'+ ¢ from any model of T"+ .

We say that T+ is equiconsistent to T + p if T'+ ¢ has at least consistency strength
of ¥ and vice-versa.

We will often stop referring to the theory 7" in case T = ZFC.

The real kick-off though was his second breaking result in 1938, the relative consistency
proof that CH, Cantor’s old question, holds true in L. His proof introduced one of the
two main strategies of modern set theory when it comes to relative consistency: building
so called core models. That is, starting with a model V' of ZF, Godel constructed a
second model L € V, called the class of all constructible sets. He showed that in L
the generalized continuum hypothesis, GCH, holds as well as the axiom of choice. Thus
those two statement are consistent relative to ZF.

The second method was established in 1963 by Cohen for his proof of the independency
of CH: forcing. While the inner model methods constructed “thinner” models which are
contained in the previous one, the forcing method adds a new set, a so called generic
set, (G, such that the initial model is contained in the constructed model. With this
method, he added ws many reals to a model of CH without changing any cardinalities,
thus constructing a model in which CH was false. While it was already known that
there were some statements that weren’t decidable in ZFC, this put an end to the hope
that every “interesting” statement was in fact decidable in ZFC. But that way opened
up many interesting possibilities. The question of the relative consistency of various
statements not decidable in ZFC became one of the central objects of set theory.

Going back to Cantor’s question, Easton later proved that the generalized continuum
hypothesis was vastly independent of anything else. But Cantor’s initial approach,
proving that sets of increasing complexity were either countable or of the cardinality of
the continuum, proved interesting on its own. The first interesting theorem in this line
of research is due to Cantor and Bendixson:
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Theorem (Cantor-Bendixson, 1883). Let C be a closed set, then C has the perfect
set property (i.e. is either countable, or contains a subset with no isolated points).

This was then strengthened in 1916 by Hausdorff and Aleksandrov to Borel sets and
finally by Suslin to analytical sets. This was the end of the hope of an internal proof of
CH as the first twist appeared at the coanalytical level:

Theorem (Luzin and Sierpinski, 1923). Every coanalytical set is the union of w;
many Borel sets.

This result was sharp in the sense of:

Theorem (Kondé, 1939). If V = L then there exists an uncountable 11}~ (i.e. a
coanalytical-)set without a perfect subset.

As the representation of sets of reals as the union of a perfect set and a “small” set
seemed to break down at this stage, by an “inner model argument” by the way, hence
one went to some smaller class of subset of R: X! prewellorders, which seemed to bear
more structure.

Theorem (Martin, 1969/70). Every X1 well-founded relation has length less than wy.

Setting 9} as the sup of the lengths of those ¥} well-founded relations one can restate
the theorem simply as J2 < ws. The question about the possible values of ¢} haunted set
theory since then. Notice that ) is absolute between ZF-models having the same reals,
hence one could study it in L(RR) as well. Under the axiom of determinacy, the length
of 8 was computed, and it turned out that Ji = wy. Obviously 3 < wy under CH, and
the question whether the equality was possible was first answered in 1982:

Theorem (Steel-Van Wesep, 1982). Suppose ZF+AD+ACg. There is a forcing such
that, the forcing extension is a model of ZFC+ ) = wy + “ the non-stationary ideal on w;
18 wo-saturated”.

Obtaining J} = w, is since then considered by most set theorists as a “natural negation”
of the continuum hypothesis, as it implies that a much more palpable set of reals is of
large cardinality. After Steel and Van Wesep’s result, Woodin showed that the equality
was implied by NS, is we-saturated and P(w;)# exists. With Foreman, Magidor and
Shelah’s result that MM implies that NS,, is we-saturated and every X has a sharp,
we have that MM implies 3 = wy. Woodin then reduced the hypothesis to BMM and a
measurable cardinal. It is in this light that we give our modest contribution to this vast
research effort of understanding the structure of the real line:

Theorem (Corollary 2.19). Suppose BMM and “there exist a precipitous ideal on wy”
then §3 = wy.

In the last few theorems, we have seen a new type of axiom emerging, so called forcing
axioms. Basically forcing axioms are the assertion that, for some types of forcing and
for a given collection of dense sets of such a given forcing, there is a set that behaves
like a generic object for that collection.

i
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Definition. Let I' be a class of partial orders. The Forcing Axiom for I"; FA(T"), is the
following principle: let P € I' and let (D;; i € wi) denote a collection of sets dense in P.
Then there is a filter F' € P meeting every D;,i < w;.

In this case, BMM is the a bounded version, that is, we limit ourselves to dense sets
of cardinality at most w; of the boolean algebra of regular open sets of P, where P is a
forcing in I'. BMM can be formulated as BFA(T"), the bounded forcing axiom for the class
' of all stationary set preserving forcings. The other forcing axiom we want to study is
BPFA = BFA(A), where A is the class of proper forcings. One particular thing that has
stroke our interest is that, while BPFA alone has relatively low consistency strength!,
and a precipitous ideal is equiconsistent to a measurable cardinal, the conjunction of
both explodes in strength:

Theorem (Theorem 3.1). Suppose BPFA holds and that there is a precipitous ideal
on wi. Then there is an inner model with a Woodin cardinal.

Somehow this and the next result of that section, concerning a similar axiom, BPFA"P,
indicates that forcing absoluteness on H,, together with the existence of generic embed-
dings with critical point w; could lead to interesting results. This made us wonder if
one could define generic embeddings with stronger properties, while still staying below
wo-saturation, which would directly lead to some inner model with a Woodin cardinal.
If one took the analogy of measurable cardinal and precipitous ideals seriously, the next
natural step would be to find embeddings who mimic strong cardinals. This is what
we did in the last chapter of this thesis. We have two suggestion for the definition of
such embeddings, one taking the combinatorial approach, ideally strong cardinals and
mimicking the behavior of extenders, the other approach going directly for the generic
embeddings, generically strong cardinals. Our first concern was to prove, much in the
spirit of relative consistency highlighted at the beginning of this introduction, that these
two definition are indeed in the realm of strong cardinals. In Theorem 4.10 and The-
orem 4.22 we constructed forcing extensions containing ideally strong cardinals and
generically strong cardinals respectively, starting with the same amount of strong car-
dinals. In Lemma 4.13 we show the other direction of equiconsistency, that is, starting
with a model of generically strong cardinal, we show that these are strong in a core
model.

Overview

In Chapter One we introduce the concepts of precipitous ideals, extender, generic em-
beddings and forcing axiom and review some main results about them. After that we
give a quick overview of the inner model theory we will be working with. There are
three situation we will be working in, one below a strong cardinal, where we will use
the theory as outlined in Jensen’s manuscripts [Jenc| or Zeman'’s book [Zem02]. The
second context we will be working in is below one Woodin cardinal. We define premice

it is consistent with V = L

11
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in that context and give a thorough definition of iteration tree and iteration strategies.
The exposition mainly follows [MS94] and [Ste96]. Our analysis of BPFA and of ideal
extender will be in that situation. Then we will develop what happens if one allows mice
to bear finitely many Woodin cardinals. We will use the notes of [Ste] and the recent
book [SS]. In this context we will have to work with mice relativized to a set. After
giving some specific results to that type of mice, we will explain how iteration strategies
can behave in that context, and give some results about mouse operators. As in the
previous subsection, we will close with the exposition of basic properties of K.

Chapter two deals with one particular forcing IP(7,0), where I is a precipitous ideal
on wy. The forcing is a variant of Jensens L-forcing which was developed in [Jena] and
[Jend]. The forcing adds a generic iteration of length w; such that the last model is
(HJ ,€,I). In the first section, we will define the forcing and show why it is stationary
set preserving in case I = NS,,. In the next section, we will show why a slight variant
of it increases J1. We will use that fact to prove that BMM and precipitousness of NS,
implies that 3 = wy. We will then state some other implications easily gained from that
fact.

Chapter three is solely devoted to the analysis of the consistency strength of BPFA +“
there is a precipitous ideal on w;”. After reviewing some facts about the O, sequence in
the first section, we show in section two that BPFA implies that the cardinal successor
in K of wy is computed badly. That is

Wik < wy,

We first prove that statement under the hypothesis that there are “no inner models with
a strong cardinal”. This “warm-up” shows the main ideas of the proof. We then show
that if one looks carefully at the complexity of the statement “M is iterable”, the same
result holds true if we assume that there are no inner models with a Woodin cardinal.
In the next section, we will show that the existence of a precipitous ideal implies the
contradictory inner model theoretic situation, namely:

wik = wy
This will be done under the hypothesis that there is “no inner model with a strong
cardinal”. Finally in the last section, we will show that if one assumes BPFA"® instead
of BPFA, we can show the closure of the universe under the M#—operator for all n.
Specifically this implies that all projective sets of reals are determined.

Chapter four introduces a new concept: ideal extenders. These are a generalization
of precipitous ideals to extenders. In the first section we review some forcing techniques
in the cases of measurable cardinals and precipitous ideals. The second section defines
ideal extender and constructs some assuming the existence of a strong cardinal. Then
we show that if we assume that for every set A, there is an ideal extenders on x that
conserves A in the ultrapower, x must be a strong cardinal in the core model. In the
next section, we construct two ideally strong cardinals, from an A-strong cardinal and a
strong above it. We will then we show that if we don’t require generic embeddings to be
given by an ideal extender, we can construct almost arbitrarily many generically strong

v
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cardinals. In turn, we show that generically strong cardinals must be strong in the core
model. We apply the techniques we developed so far to supercompact cardinals in the
next section, where we show that from w supercompact cardinals, we can build a model
where every R,, is generically strong.
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1 Definitions

We will now introduce some of the main concept we will work with in this thesis.

1.1 Ideals and filters
Definition 1.1. Let X be a set, we call I € P(X) an ideal on X if
i. gel,
ii. I is closed downward under inclusion, i.e. x CyAryel =>x el
iii. [ is closed under finite union, i.e. x,ye [ = xuye l.
We say that F'c P(X) is a filter on X if
i. XekF,
ii. F'is closed upward under inclusion, i.e. zCSyAxe F=yeF,
iii. F'is closed under finite intersection, i.e. x,ye F=xznye F.

In the following we will further assume that if I (respectively F') is an ideal (respectively
a filter) on X, they are not equal to P(X).

The concept of filter has been first used in measure theory, which explains the second
definition:

Definition 1.2. Let [ be an ideal on X. x ¢ X is an I-measure one set if there is a
y € I such that x = X \y. We denote the set of all /-measure one sets by I¢.

x € X is an I-positive set if for all y € I we have that x n (X \y) # @. We denote the
set of all I-positive sets by I*.

In the same spirit, for a filter /' on X, the set of the F' positive set is

Fr={zxcX;Vye Fxny+g}.
The set of the F'-nullset is denoted by
F ={xcX;qyeF xny=0},

if x € I~ we say that x has F'-measure zero.
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Remark 1.3. Let I and F be as in the definition. I¢ is a filter, the so called dual filter
to I and I* = P(X) ~ 1. Dually F~ is an ideal, called the dual ideal to F. Further
F+=P(X)\ F~, in words: the F-positive sets are the non-zero sets.

Definition 1.4. We call a filter F' on X an ultrafilter if for all x ¢ X, either x € U or
X~Nzel.

Remark that if F'is an ultrafilter, F'* = F.

Definition 1.5. Let s be a regular cardinal. A filter U is < k-complete if for all A < k
and for all sequence (z;;7 < \) of subsets of X, N,y x; € U.

An ultrafilter U is called non-trivial if it is not generated by a point, that is for all
aeX {rcX;aex}+U.

Remark that, by the axiom of choice, there are non-trivial ultrafilters. We generally
will not mention that an ultrafilter is non-trivial, but we will assume it throughout this
thesis.

By NS, we shall denote the nonstationary ideal on wy, that is the ideal generated by
all non-stationary subsets of w;

1.2 Large cardinals

Let us introduce three large cardinals that will give the consistency strength frame of
this work: measurable cardinals, strong cardinals and Woodin cardinals.

Definition 1.6. We call a cardinal x a measurable cardinal if there is a fully elementary
embedding 7:V - M ¢V, where M is transitive and j has critical point k.

One core observation about measurable cardinals is that there is a combinatorial
property that describes measurability:

Lemma 1.7. V £ “U s a < k-complete non-trivial ultrafilter” <= there is a non-
trivial embedding m:V — M €V, where M 1s transitive and j has critical point k.

By strengthening the requirements on the embedding, one gets stronger large cardinal
properties.

Definition 1.8. A cardinal p is A-strong if there is an fully elementary embedding
j:V - M cV, where M is transitive and j has critical point x such that Hy ¢ M. A
cardinal p is strong if it is strong for all .

Definition 1.9. Let ¢(u) be a first order statement in the language of set theory in
one free variable u. Let A be the class of all = such that ¢(z). We say that an ordinal
is @-strong or A-strong, if and only if for all o thereisa j:V - M 2 V,, where M is
transitive such that j(A)nV,=AnV,.

Definition 1.10. A cardinal § is a Woodin cardinal if for all A ¢ Vs there are arbitrarily
large k < 0 such that for all A < 0 there exists an elementary embedding j : V - M

, where M is transitive and j has critical point k, such that j(k) > A\, V), € M and
J(A) N Vy=AnV,.



1.3 Extenders

1.3 Extenders

Definition 1.11. Let M be a model of some large enough fragment of ZFC. Let k be
a cardinal and let A > k be an ordinal.

i.

ii.

1ii.

1v.

vi.

A (K, \)-system of filters over M is a set
Fc{{a,z); zeP("s)n M rae[A]*],

such that for all a € [A\]<, F, = {z;(a,z) € F'} is a filter and there is an z ¢
P(ek) n M with z ¢ F,. We set supp(F) = {a € [\]“;F, #+ @}. Notice that F' is
not necessarily in M, we will drop M in the rest of the definition, as everything is
to be read as relativized to it.

We say that F'is a (k, A)-system of ultrafilters if it is a (k, A)-system of filter such
that each F, is an ultrafilter for a € supp(F).

let F' be a (k, A)-system of filters. Let a,b € supp(F'), such that a €b. Let sop:a — b
be the identity. For a set x € P(?k), let

Tap = {u €%k; uo s,y € x} ,
and for a function f:%k — M, we let f,,:°k — M be such that

fa,b(u) = f(u ° Sa,b)'

A (k, A)-system of filters F is called compatible if for all a € b e supp(F)

xeFaexaﬁer.

. A (K, \)-system of filters F' is called normal if for every a € X and for every function

f % — M such that there is a b € a with
{ues: f(u)eu(b)}eF,
then there is a ¢ € b with a u {¢} € supp(F’) such that

{ue ™I fouuia(w) =u(c)} € Fuue-

We call an (k, A\)-system of ultrafilters F' a (k, \)-extender if it is compatible and
normal and if supp(F') = [A]<~.

Definition 1.12. Let E be a (k, \)-extender. Let a,be X and f:%k - M, g:%« - M.
We define the equivalence relation ~g for f and g by:

aub

freg <= {ue™k; foun(w) = goaun(t)} € B
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Similarly define €g by:

fepg = {ue™; foun(w) € goaun(u)} € B

For a € [A]* and f:%k — M, let @ be minimal such that there is an h € (V)M with
h ~g f and let us fix

[f]EZ{% QE(Va)M/\g“Ef}

If ({[fle; ae[A\]|“Af:9% > M}; eg)t is well-founded, we write Ult(M, E) for the
transitive collaps:

U(M,E) =2 {({[f]le; ac [N Af:% > M}; €g).

We will encounter another type of extender in the last chapter of this thesis. It is
possible to take the whole V) instead of just A as the underlying index set. One then has
to consider functions with domain V, instead of just k. The fundamental gain is that,
if V) is closed under sequence of length k, and F is a (k, V) )-extender, then is Ult(V, E)
is closed under k-sequences. For more on that type of extender see [MS89].

1.4 Generic embeddings

We shall write X <; Y if and only if X \Y € I. Forcing with (/*,<;) adds a V-measure
G and thereby a generic embedding 7:V — Ult(V;G). The ideal I is precipitous if
and only if Ult(V;G) is well-founded for any generic G. (Cf. [Jec03].) For optimality
reasons, we will work in some fragment of ZFC™, called ZFC*, that is strong enough to
take generic ultrapower. For more on ZFC* and the exact definition, see [Wo0099).

Definition 1.13. Let M be a transitive model of ZFC* + “w; exists” and let I € P(w)
be such that (M;e, I) £ “I is a uniform and normal ideal on w}.” Let v < w;. Then

(M, 75,1, ki1 < <), (Giyi <))

is called a putative generic iteration of (M;€, I) (of lengthy+1) if and only if the following
hold true.

1. M():Malldl():].

ii. For all i <j<~, m (M€ 1;) — (M€, I;) is elementary,

iii. I; = mo,(1), and k; = mo(wWM) = w{wi.

iv. For all i <, M; is transitive and G; is (I;, <;,)-generic over M;.
v. For all i +1 <+, M,y = Ult(M;; G;) and ;41 is the associated ultrapower map.

vi. mjom,=m for i <j<k.

we used scott’s trick in order to make each [f]., a set.



1.4 Generic embeddings
vii. If A < is a limit ordinal, then (M, m; x,¢ < A) is the direct limit of (M;, 7, ;,i <
J<A).

We call
(M, 5,1, ki1 < J <), (Gii <))

a generic iteration of (M;e, I) (of length v+ 1) if and only if it is a putative generic
iteration of (M;e, ) and M, is transitive. (M;e,I) is generically v + 1 iterable iff every
putative generic iteration of (M;e, I) of length  + 1 is an iteration.

Notice that we want (putative) iterations of a given model (M€, I') to exist in V', which
amounts to requiring that the relevant generics G; may be found in V. The following
lemma is therefore only interesting in situations in which M (or a large enough initial
segment thereof) is countable so that we may actually find generics in V.

Lemma 1.14 (Woodin). Let M be a transitive model of ZFC, and let I ¢ P(wM)
be such that (M;e, I) = “I is a uniform and normal precipitous ideal on w}.” Then
(M;e, I) is generically v + 1 iterable whenever v < min(M nOR,w +1).

PROOF. The proof is taken from [Wo0099, Lemma 3.10, Remark 3.11]. By absoluteness,
if (M€, I) is not generically v+ 1 iterable, then (M;e, I') is not generically v+ 1 iterable
inside M€« for some d. Let (kg,70,7) be the least triple in the lexicographical order
such that:

i. ko >wM is regular in M,
il. Mo < kg, and
iii. for some §, inside MColw:9) there is a putative iteration
(M, 75 5, Iiy ki3 i < § <%0), (G 1 <0))

of (HM; e, I) such that mg (1) is ill-founded.

Ko ? b

As [ is precipitous in M, vy and 7y are limit ordinals. Choose some i* < vy and
n* < mo,i+(Mo) such that m; 5, (n*) is ill-founded. We may construe

((Mi, i 4, Ly ki3 i <0 < J <), (Giyi™ < <))
as a putative generic iteration of Hﬁfl (x0)" By elementarity, the triple
(7o, (Ko), 0.+ (M0), To,i+ (70) )
is the least triple (x,7,~) such that
i k> w{w is regular in M;-,

ii. n<k, and
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.. Col(w,d . . .
iii. for some 4, inside M.” w ), there is a putative iteration

(M, 7} 5, I}, ki3 i <5 <), (Gis 1 <))

i Mgt e

of (HM* .e I,+) such that g, (1) is ill-founded.

mo,i* (k)
However, by the existence of
((M;, 75, Ii, ki3 <0< J <o), (Gis1° <0 <))

and by absoluteness, the triple (mg«(x0),n*, v —i*) contradicts the alleged characteri-
zation of the triple (mg;«(ko), To.i+(10), To.i+ (Y0)) inside M;s. ~

Lemma 1.15. Let j : V — M be an elementary embedding between two ZFC models.
Let G be P-generic over V' and G" be j(IP)-generic over M such that j"G € G'. Then j
can be lifted to j c j: V[G] -~ M[G'].

The proof is part of the folklore and not too difficult to prove.

Remark 1.16. We can weaken the hypothesis on the models of the previous lemma
to some fraction of ZFC as long as the fragment is strong enough to fulfill the forcing
theorem.

1.5 Forcing axioms

As we have said in the introduction, forcing axioms have a general definition:

Definition 1.17. Let I" be a class of partial orders. The forcing aziom for T', FA(T'), is
the following principle:

let P eI and let (D;; i € wy) denote a collection of sets dense in P. Then
there is a filter F' ¢ P meeting every D;,i < wy.

The bounded forcing aziom for I', BFA(T") is the following principle:

P eT and Q = ro(P), the boolean algebra of regular open sets of P. let
(D;; i €wq) denote a collection of sets dense of cardinality at most w; in Q.
Then there is a filter F' € Q meeting every D;,1 < wy.

Definition 1.18. Let I', be the collection of all proper forcing notions, I'y, the collection
of all semi-proper forcing notions and I'y the collection of all stationary set preserving
forcing notions. Then:

i. PFA = FA(T',) and BPFA = BFA(T,),
ii. SPFA = FA(T',,) and BSPFA = BFA(T',,),
iii. MM = FA(T,) and BMM = BFA(T,),
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Notice that, as SPFA implies that I'y, = I's, we have that SPFA <= MM. It turn
out that these characterizations are often not as useful as an equivalent one who state
the axioms in terms of forcing absoluteness. This characterization is due to Bagaria and
is found in [Bag00].

Lemma 1.19. The axiom Bounded Martin’s Maximum, which we denote by BMM, is
equivalent to:

For any stationary set preserving partial order P, (H,,,€)V <z, (H.,,, eyvr.

Lemma 1.20. The Bounded Proper Forcing Axiom, which we denote by BPFA, is
equivalent to:

For any proper partial order P, (H,,,€)V <sg, (H.,,, ey

It is in this new sense that we want to introduce the last forcing axiom we will consider
in this thesis.

Definition 1.21. A set A ¢ R universally Baire set if and only if for every notion of
forcing P there exist trees 7' and U on w x \, where \ = 2¢ard(P) such that

A=p[T],R~ A=p[U]
and for every generic filter G on P,
V[G] e p[T]up[S] =R and p[T]np[S] =2.
we say that T and U are the trees representing the universally Baireness of A for P.

Definition 1.22. The Bounded Proper Forcing Axiom for universally Baire sets, which
we denote by BPFA"B| is the following statement:

For any proper partial order P and for any universally Baire set Ac R, if T
and U are trees representing the universally Baireness of A for IP,

(szﬁ E,p[T])V <3 (sza eap[TDV]P-

1.6 Inner model theory

We will use three types of inner model theory, depending on the anti large cardinal
context we will work in.



1 Definitions

1.6.1 Below one strong cardinal

We expose the framework we will work in parts of section 3.2 and throughout section
3.3. This is the context in which we will be in most of section 4.2 as well. Below a
strong cardinals iteration are still linear, which simplify the theory by a great deal. One
of the main consequences for us is that every embedding from K into some model M is
already an iteration map. This won’t stay true when larger cardinals are present. We
will use the theory as developed in [Jenc|, for an introduction on the theory of mice and
many basic concept we will refer to [Zem02]. Let us give a quick overview of some of
the main definitions and theorems.

While [Jenc] use the fine structure developed in [Jenb], we will use the notation in-
troduced in [SZ], the two being equivalent. The central definitions which we will state
again here for completeness are those of iteration and mouse.

Definition 1.23. We call a structure N = (JE E,,) a premouse if and only if the
following holds:

i. (JE E,q,) is an acceptable J-structure (cf. [SZ, definition 1.20 p. 16]).
ii. Fc(wa+1)xN2such that E; = @ if £ is not a limit, where

Ee ={{a, X); (§,a,X) € E}.

iii. For v <« set )
Nlv=(J7, Eun).
Either E,, = @ or N|v is an acceptable J-structure such that
a) E,, is a (k,wv)-extender on JE for some ,
b) E., is weakly amenable on JE (ie. if (X¢; € < k) € N, then, for a € [wa]<,
{& XeeEuval €N).
iv. if v <, then NAHV exists and is sound (cf. [Jenc, Appendix to §1 p. 2]).
v. Letv<aandn:JE »p Q= (JE?Q,EEQB) E,., where E,,, + @ is a (k,wv)-extender.
a) JE = JEY (ie. N|v is coherent),
b) wr e wicore(Q),
c) ES =0

vi. Let E,, be an extender on x. Let x*N1¥ < 7 < v such that (JE, E,, n JE) satisfies
the previous condition i to v. Then E_; = @.

Fact 1.24. There is a Q-formula ¢ such that

Jf o < (JE @) is a premouse.
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Definition 1.25. A putative iteration T with indices ({(v;, «;); i+ 1<0) of a premouse
M is a sequence (M7 ; i< 0) of premice with iteration maps (m; ;; i < j < 0) such that

i MJ =M,
ii. the m;; commute,
iil. wy; <a; <ORNMT,

-
iv. if By =@, then MT | = M| and 701 =1id } M7 |y,

1+1

o M MT . . T
v. if B, # &, then E.,! is an extender in M/ |o; and

7

. T
Tii+1 ~M¢ HOéz‘ _)*MT M1,
3

vi. {i; wa; € M;} is finite,
vil. if A is a limit ordinal, then M7 is the direct limit of the system (M], m; ;; i < j <),
T
viii. if 0 = p+ 1, E:)\,/,(If is an extender in M7 |, and the ultrapower is eventually

ill-founded.

We call a putative iteration 7 an iteration if all models M] are well-founded. M7 is
called the i-th iterate and 6 is called the length of T.

Definition 1.26. We call a (putative) iteration 7 standard if
T
i wa; = ORNMT if Bt =@,

.
ii. a; is the largest & < ORNM such that EL is a total extender on M| if
MT

Eol #2.
We call a (putative) iteration T
i. simple if a; = ORNM for all 4,
ii. beyond A, if X\ is an ordinal such that v; > A for all ¢ and

iii. normal if the (v;; i <1h(T)) are a strictly increasing sequence.

Definition 1.27. A premouse M is called iterable if and only if every putative iteration
is an iteration. An iterable premouse is also called a mouse.

Similarly we call a premouse M iterable beyond X\, X € OR, if every putative iteration
beyond A\ is an iteration.

As we will only deal with standard iterations, we will not mention that an iteration is
standard anymore. Jensen showed (cf. [Jenc, Lemma 3 §2.2 p. 4]) that in this context
the Dodd-Jensen lemma holds:
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Lemma 1.28 (Dodd-Jensen Lemma). Let M be an iterate of a mouse N with iter-
ation map . Let o : N'—»s« M. Then the iteration is simple and 7(§) < 6(§) for all

EelN.

Hence iteration maps are unique and if M is an iterate of N' we will denote the unique
iteration map by ma -

One of the main class of iteration we will be studying are the iterations arising from
the comparison between two mice.

Definition 1.29. Let M and N be two premice. We call a the tuple (T, Q) the coiter-
ation of M and N if

i. T is an iteration of M and Q an iteration of N,

.. . . .. . MT ME
ii. for all 7, v; is the minimal index such that F, & # F, ",

iii. if # + 1 is the length of 7T it is also the length of Q and # is minimal such that
either MQT < MGQ or MGQ < MGT.

If M] < M(,Q, we say that N wins the coiteration between M and N .

Remark that, by definition, every coiteration is a normal iteration.
One very important result is that all mice are coiterable:

Lemma 1.30 (Jensen). Let M and N be two mice of cardinality at most 6. Then
(T, Q) the coiteration of M and N exists and is of length less than 6*. Moreover at
most one side is non simple and if the M side is non-simple, then Mﬁ(g) d ME(T).

Let us now define p-mouse, a generalization of the mouse definition. We will need it
in order to define 0. The exact formulation of “below a strong cardinal” is actually
that such mice don’t exist.

Definition 1.31. We call a model N = (JE, E,.) a p-premouse if and only if the fol-
lowing holds:

i. (JE @) is a premouse,
ii. N satisfies all condition of a premouse in Definition 1.23 but v.c) and vi.,
iii. JE has a largest cardinal 7,
iv. E,, is a (T,wa)-extender,
v. JE £ “o(k) = o for some Kk < T.

There is a straight forward generalization of iterations of premice to iteration of p-
premice. We call a p-premouse M iterable or a p-mouse if every putative iteration of M
is an iteration. Most of the results on iterability cary over, especially the Dodd-Jensen
lemma.

10
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Definition 1.32. We call the least w-sound p-mouse 01, if it exists.

Definition 1.33. JE is strong if and only if (JE. @) is a premouse and whenever M is
a premouse such that JE* = JE and M is iterable beyond wa, then M is a mouse and

JEM = JEM where M = €(M) (cf. [Jenc, §2.3 p.4]).
Now let us define the core model K as:

Definition 1.34. Let (K,,v < OR) be the sequence such that K, = (JZ, E,,), where
E,,, is either

i. The unique extender F', such that (Jf7 , F') is a strong mouse, if it exists or
ii. @, if (JE, @) is a strong mouse and there are no F such that (JZ, F) is strong.

if K, exists for v € OR, we set K = JE =, Jf. K is then called the core model.

Assuming 0% does not exists, one can show the existence of K as well as many of its
properties:

Theorem 1.35 (Jensen). Suppose 0 does not exist. Then the following holds:
1. K exists and s iterable.
1. K is rigid, i.e. there are no non-trivial embedding j : K - K.

ii. Weak covering holds for K, i.e. if 3> w) is a cardinal in K, then
cf(B) » card ().

. If G is generic over V then K = KVIG],
v. Every universal weasel W is a simple iterate of K.

vi. Suppose j: K - W is a Xq-elementary embedding, then W is a simple iterate of
K and j=mgw.

1.6.2 Below one Woodin cardinal

We will mainly use this theory in the later stages of Chapter 3, especially in Lemma 3.13
as well as in section 4.3. The theory we expose below is mostly taken from [MS94] and
[Ste96]. While the results all suppose that there is no inner model with a Woodin
cardinal, the definition cary over to a setting where many Woodin cardinals are allowed.
One key feature is that this is the last moment where we have a fully iterable core model
K that is rigid, forcing absolute and who satisfy weak covering. Let us restate the central
definitions and theorems as well as some tools we will need later. We will omit all proofs
as we give references on where to find them.

11
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Definition 1.36. A sequence E = (Eg; BeS)is fine at «v if Jf is strongly acceptable
and if a € S it satisfies the following clauses:

i. E,is a (k, \)-extender for some & such that J&'* £ “x* exists”,

ii. (bounded generators) E, is the trivial completion of E,, | v, where v is the natural
length of E,, and E, is not of type Z.

iii. (coherence) Let i : JEte Ult(Jojjj '* E,) be the canonical embedding,

i(E k) la=E ta

and i(E | k), =@, and

iv. (closure under initial segment) let v be the natural length of E,. If n is an ordinal

such that (/{f)thj <n <v and 7 is the natural length of £, ' n and E, | 7 is not
of type Z , then one of the two condition below holds:

a) there is a v such that E, is the trivial completion of E, | n or

b) nes, leti: :7,? N Ult(JT;E " E,) be the ultrapower map, there is a v <
such that 7(E I n7), is the trivial completion of E, | n.

Definition 1.37. We call a structure (JE, E,) a potential premouse if E is fine at all
v < a. We call a potential premouse N a premouse if N is a potential premouse of which
all proper initial segments are sound.

Definition 1.38. A premouse M is (n + 1)-small if for every (k,v)-extender on the
M-sequence, M|k = “there are strictly less than n + 1 Woodin cardinals”.

Definition 1.39. Let M be a potential premouse. We call § € ORnM a cutpoint of M
if for every v > 40, EM + @ implies that cp(EM) > 4.
We write N <* M if N'< M and N nOR is a cutpoint of M.

The result we will sate in this section restrict themselves to 1-small mice, but the
concepts can be used later on, that is why we prefer to state them in full generality.

One important feature of normal iteration and their related maps is that, whenever v
is the length of the i-th extender, then for every ¢ < a < 3 we have that the iteration map
Tap Testricted to v is the identity. This was possible below a strong cardinal?, because,
if & < 8 both indexed extender, we had that j(cp(Eg)) > a, where j is the canonical
ultrapower map by E,. This no longer holds true in the presence of strong cardinals.
In order to maintain this property, we will look at iteration trees, where we apply an
extender to the largest model such that the previous consideration still holds true.

2we use that rather sloppy expression in the sense of the non-existence of 01

12
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Definition 1.40. let M = (JE,¢ E I a, E,) be a premouse. T is an iteration tree on
M of length 0 if
T =(T,deg, D,(Ey, M},1; a+1<0)),

where 7' is a tree order, which satisfies the condition below. We write p, for the natural
length of E,. We will also define potential premice M, and embeddings i, 3: M, - Mg
for ordinals o and 3 less than 6 such that o753 and Dn]a, B]r #+ @.

i. My=M, and each M,, is a potential premouse.

ii. E, is the extender coded by FN | for some active potential premouse N which is
an initial segment of M, where F' is the predicate for the top extender in the
language of mice.

iii. @ <f = Ih(E,)<Ih(B).

iv. If 3 is the T-predecessor of o, then xk = cp(E,) < pg, and M7, is an initial segment
of J2*% of My such that P(r) n J3"? = P(rk) n N. Moreover

at+leD «<— Jéwﬁ is a proper initial segment of Mg.

*

1) and we set

If we take n = deg(a + 1), then n is maximal such that x < p, (M
M = Ultn( o+l Ea)

and if a+1¢ D, then
ig.a+1 = canonical embedding of My into Ult, (Mg, E,),

and 4y q41 = i8,a+1 © iy, for all yT'3 such that ]y, Blrn D = @.

v. If A< @ is a limit, then D N[0, A[7 is finite, and letting v be the largest element of
Dn [0, )\[T,

M, is the direct limit of M, a € [y, A[r, under the i, g’s
i;,» = canonical embedding of M, into M, for n e [, A[r.

vi. M?¥,, is deg(a + 1)-sound.
vii. If y+1Ta+1 and Dn]y+1,a+ 1]y = @, then deg(y +1) > deg(a + 1).
viii. For A > 6 a limit, deg(\) = deg(a + 1), for all sufficiently large o + 1T'\.

For technical reason we want to introduce padded iterations, who are like iteration, but
we allow successor steps to be trivial, that is, no extender were picked and we set

Ma+1 = Ma = M;H_l

13
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The importance of padded iterations will become clear when we start talking about
the comparison process. All further definition carry on the very same way with padded
iteration, therefore we won’t mention them specifically.

Definition 1.41. let M be a premouse and 7T an iteration tree on M of limit length.
We write

§(T) =sup {lh(ET); a<1h(T)}

and M(T), the common part model of T, the unique passive P such that ORNP = §(T)
and Yo < §(T) MZ|IL(ET) <« P.

Definition 1.42. let M be a premouse, 7 an iteration tree on M of limit length and
b a cofinal branch through the tree. Let v be the least ordinal, if there is one, such that
either

: M7 : :
. wy<ORAM] and J;° E “6(T) is not Woodin”,
ii. wy=0RAM] and p,(M]) <d(T).

We set
b, T) = Ty (M]),

if such a ~ exists. If Q(b,T) exists and is iterable above §(7), we call it the Q-structure
of b.

There are two very different steps in the process of building an iteration tree. At
the successor step, we choose an extender on the branch of the last model and at limit
steps, one chooses a cofinal branch in the tree and build the direct limit. Everything
else is already given by these two choices. Similarly to the linear case, we want to be
able to consider taking every extender at the successor steps. As for the limit step, we
are mostly interested in an easily definable branch, as unique as possible. We will see
that in our context, one branch will be singularized as being the “right” one. In order to
modelize this dichotomy in levels of freedom, we will use the game concept and consider
the construction of an iteration tree to be a play in %.(M,9).

Definition 1.43. Let M be a premouse and 6 an ordinal. The iteration game 4, (M,0)
is a two player game of length 6 played as follow:
Suppose we are at stage a < #: we have an iteration tree

To = (Towdegou Dcw (EyaM;.l; v+1< Oé))

of length «. Player I chooses an extender F,,; and take an ultrapower with the appro-
priate model Mg such that

7;+1 = <Ta+17dega+1aDa+17 (EmM;H; v+l<a+ 1))

is an iteration, where T}, is a tree such that:

14
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L Thn ta=1T,,
i, ATha+1,
iii. deg,,;(a+1) <k if it exists.

Suppose we are at stage A, where \ is a limit ordinal, then player II chooses an e-cofinal
branch b through U,<y T, such that the direct limit of the models

M3 =1lim {MZ; a € b}
is well-founded. And we set the iteration
T = (Ix,degy, Dy, (Ey, M3 v+1<A))

such that aT)\A for all @ € b and for all a < A T\ | a = T,. Player II looses if one
ultrapower or a limit model is ill-founded. If IT wins the game if it does not loose for 6
many steps.

As for every a < 3, Tg | a =T, we will drop the indices and only speak of the game
T, where T the union of all 7.

Definition 1.44. Let M be a premouse. We call ¥ an iteration strategy for II in
4.(M,0) if 3 maps partial plays T of 4,(M, ) of limit length to some e-cofinal branch
b through 7'

We call an iteration game T played according to 3 if for every limit stage A, the branch
player II chose was Z(T I A).

We call ¥ a winning strategy if 11 never looses a game played according to .

Definition 1.45. Let 6 be an ordinal and k <w. We call a premouse M (0, k)-iterable
if it has a winning strategy for %,(M,6).

One of the main tools, when working in inner model theory is the comparison process:

Definition 1.46. Let M and N be two premice of cardinality at most 6, ¥M a winning
strategy for 4,(M,0*) and ¥V a winning strategy for ¢, (N,0*) . We call a pair of
padded iterations (7,U) a comparison if the following conditions are met:

i. T is a play in ¢,(M,6*) played according to XM and U is a play in 4,(N,60%)
played according to 2V,

ii. 7 and U have the same length say .

iii. at successor stage a < A, let v be the minimal ordinal such that
T U
BN 2 B

then ET = EM* and EY = B

15
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Notice that E2 & or Elj,\[g might very well be empty, that is why we produce padded
iterations. We call A the length of (T,U).

Notice that once is given two iteration strategies, a comparison is uniquely determined.

Definition 1.47. Let M and N be two premice. We call M and N coiterable if there
is a comparison (7,U) such that if A is the length of the comparison:

MT g« MY or MY 9 MT

Definition 1.48. We call two extender E and F compatible if for some 7, E is the
trivial completion of F' | n or F is the trivial completion of £ | 7.

Lemma 1.49. Let M and N be two coiterable premouse and (T,U) their coiteration.
If E is an extender used in T and F an extender used in U, then E and F are not
compatible.

PROOF. Suppose E = E7 and F = Eg’, A is such that F is the trivial completion of
F 1 A\. Let further v be the 7 predecessor of a+ 1 and n be the U predecessor of ( + 1.
Since 1h(E) <1h(F'), we have that a < 3. a # (3, else In(F) = Ih(F) and thus F = F and
we would not use this extender in the coiteration. Hence o <  and 1h(FE) is a cardinal in
MZHJ On the other hand the initial condition implies that F is on the extender sequence
of MY, but E collapses Ih(£) to the natural length of £, a contradiction! ~

Let us now briefly state the most important results below one Woodin cardinal from
[MS94, 6.1 p. 58]:

Theorem 1.50 (Uniqueness Theorem). Let T be an iteration tree of limit length 0,
and b and ¢ be distinct cofinal well-founded branches of T. Let o= ORNM] n M7, so
that o > 6(T), and suppose that o> 6(T). Then

Tou(M(T)) E “6(T) is Woodin”.

Hence if we suppose that there are no iterable mice who are not 1-small, for every
iteration 7 of limit length there is at most one cofinal branch b such that

M] & “5(T) is not Woodin”.

Thus choosing exactly that branch gives an iteration strategy. We call a mice iterable
just in case the strategy we just defined is a winning strategy. Notice that if there is an
iteration strategy, it must be that one. Next we want to show that we can compare two
iterable mice, the result can be found in [MS94, 7.1 p. 69]:

Theorem 1.51 (The comparison lemma). Let M and N be n-sound, 1-small, n-
iterable premice, where n <w. Then there is a comparison (T, U) of M and N such that
either

16
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i. {T,U) has successor length 0 + 1 and either

a) M] is a initial segment of N} and DT n[0,0]7 = @ and deg(a+ 1) =n for
all «+1€[0,0]7, or

b) N} is a initial segment of M] and DY n[0,0]y = @ and deg(a+ 1) =n for
all a+1€[0,0]y,

or,

. (T,U) has limit length, one of the two is not simple, and in some VUwr) there
are well-founded branches b of T and ¢ of U such that either

a) M] is an initial segment of N¥, DT nb =@ and deg(a+1) =n for all a+1 € b,
or

b) NU is an initial segment of MT, DYnc =@ and deg(a+1) =n for all a+1 € c.

When building the core model around one or more Woodin cardinals, it becomes very
convenient to assume that there is a measurable 2 and to work in V. Again following
Steel in [Ste96] one can define K¢ and ultimately K:

Definition 1.52. Suppose €2 is S-thick in W. Then we put
z € Def(W,S) <= VI (F is S-thick in W == z ¢ HullW(F))

Remark 1.53. Let €2 be S-thick in W, and let i : W — @) be the iteration map coming
from an iteration tree on W; then i Def(W, S) = Def(Q, S).

For the proof see [Ste96, Lemma 5.6].

Definition 1.54. Suppose K¢ E“There are no Woodin cardinals”. We set K as the
common transitive collaps of Def(W,S) for all 2 + 1-iterable weasel such that €2 is Ag-
thick in W. We call K the Mitchell-Steel core model.

Notice that by results of Steel, if K¢ has no Woodin cardinals, it is a 2 + 1-iterable
universal weasel such that €2 is Ag-thick in K¢.
We get that K has the usual properties:

Theorem 1.55 (Steel). Suppose K¢ = “There are no Woodin cardinals”. Then the
following holds:

i. K exists and is Q + 1-iterable.
1. K is rigid, i.e. there are no non-trivial embedding j : K - K.
iwi. Weak covering holds for K, i.e. if > w) is a cardinal in K, then
cf (B » card ().
. If G is generic over V then K = KVIG],

v. K is the unique universal weasel which elementarily embeds into all universal
weasels.

17
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1.6.3 Below PD

We can think of this theory as being a continuation of the work drafted above. We will
use the theory as presented in [Ste] and more recently in [SS]. The main use of this
subsection is to outline the theory we will use for the proof of the core model induction.

We shall consider mice relativized to some transitive set x, we will assume that those
sets are coded as subsets of the ordinals. We will restrict ourself to the study of self-
wellordered sets, short swo’s, that is to sets that code a wellorder of themselves. Recall
that the Jensen hierarchy relativized to a swo x starts with

Jo(z) = TC(x).
Definition 1.56. A potential X -premice M is a structure of the form:
M=(JE(X),e&, X,E ta,E,),

where F is a fine extender sequence relativized to X. We call M an r-premouse in case
M is an X-premouse for some swo X.

Iteration are defined just as in the previous section, as are the concept of strategy,
iterable mice and so on.

Definition 1.57. Let M be a r-premouse. We say that z is small generic over M if x
is generic over JM.

Definition 1.58. We say that a r-premouse M has the strong condensation property if
every countable substructure of M is an initial segment of M.

Definition 1.59. A mouse operator on Z is a function N assigning to each swo x €
Z a countably iterable xz-premouse N (z) such that A(x) is pointwise definable from
members of x U {x}. We say that N is first order just in case there is a theory 7" in the
language of r-premice (so having a symbol x for x) such that for all x € Z, N(x) is the
least countably iterable z-premouse satisfying 7.

Lemma 1.60. Let N be a first order mouse operator on Z, and suppose 7w: P — N (x)
is fully elementary in the language of relativised mice; then P =N (771 (x)).

Hence if V is a first order mouse operator on Y and x € Y is countable, NV'(z) has the
strong condensation property. Actually every countable substructure is already equal to

Let us define two important classes of mouse operators we will discuss in the future.
We actually already met different instances of these in the previous subsection.

Definition 1.61. Let M be an r-premouse. A Q-structure for M is an r-premouse Q
such that

i M<* 09,

18
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ii. either p,(Q) < o(M) or there is some X< definable counterexample to the wood-
iness of o(M),

iii. @ is countably iterable above o(M).

There is at most one @-structure for any given r-premouse M, hence this defines a
first-order mouse operator on its domain. We are most interested on the existence of
Q(T) =Q(M(T)), for T an iteration tree, in this case this definition and the definition
in the previous subsection agree. Using this operator and Q(b,T") for a cofinal branch b
of T, we can define an iteration strategy:

Definition 1.62. X! is the following iteration strategy:
Y*(T) = the unique branch b such that Q(7T) = Q(b,T).

We write ¥, for the strategy restricted to iteration trees on M. Let us give the main
result that connects Q-structures, Woodin cardinals and iteration strategies, taken from
[Ste, Theorem 6.10]:

Theorem 1.63 (Branch Uniqueness Theorem). Let T be an iteration tree such that
there are two distinct cofinal branches b and c¢. Let 6 = 6(T), and suppose that A C ¢ is
such that A € wip(M]) nwip(MT); then

M] & 3k < 6(k is A-reflecting in &)
and with its corollary:

Corollary 1.64. Let T be a k-maximal iteration tree; then there is at most one cofinal,
wellfounded branch b of T such that

i. Q(b,T) exists,
ii. 0(T) is a cutpoint of Q(b,T), and
iii. Q(b,T) is 6(T) + 1-iterable.

This makes sure the iteration strategy defined above is indeed well defined.
Let us state a few properties of this iteration strategy as found in [SS, p.5]:

Lemma 1.65. Let M be a tame r-premouse,

i. If T is an iteration tree on M, then there is at most one cofinal b such that Q(T)
and Q(b,T) are defined, and Q(T) = Q(b,T), moreover

i1. if in addition M &= “There are no Woodin cardinals”, or even just M projects below

its bottom Woodin (above the set over which it is built, in each case), then for any
cofinal b of T, Q(b,T) exists, so that

iti. if in addition, M is wy + 1-iterable, then X! is its unique wy + 1-iteration strategy.
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The second class of mouse operator we already met are minimal mice that witness the
existence of some large cardinal:

Definition 1.66. Let ¢ = (1, 14) be a ¥j-formula in the language of boldface premice,
and let z € R. Let X be a set of ordinals which codes z. An X-premouse M is called
(o, z)-small if and only if

ME -p(z,X).

The mouse operator given by ¢, z is the unique partial map X - M(X) = M, .(X)
which assigns to any set X of ordinals the unique X-mouse M(X) such that M(X) is
sound above X, M(X) is not ¢, z-small, but every proper initial segment of M(X) is
v, z-small, if it exists.

Definition 1.67. Let X be a swo, n € w and let F' be the predicate for the top extender
in the language of r-premice.

i. let o= “F'# @”, then we write J,(X) = X# and call it the sharp of X.
ii. Let ¢ = “F # @ and there is a cardinal that is strong up to cp(F)”, then J, (@) = 01.
iii. Let ¢ = “F # @ and there are n Woodin cardinals below cp(F)”, then we write

ME(X) = J,(X).

Remark 1.68. Let € H,,, then for every n <w, M (z) has the strong condensation
property, if it exists.

Definition 1.69. Let N be a mouse operator, and let M be a tame premouse. We say
that X, is N-guided on Y just in case whenever 7 €Y is a tree of limit length played
by ¥, then 3 (T) is defined, and letting b = XY, ,, we have Q(b,T) < N (M(T)).

It will be critical in order to show that complexity of iterability is “low”, to show that
the iterations of n + 1-small mice are actually M -guided. Hence the importance of the
existence of M¥ (X). Let us fix as convenient notation:

A,, =“for every set X, M¥(X)” exists and is iterable.

When A,, holds, we say that V' is closed under the M —operator. Similarly the clo-
sure of many subsets of the universe under the M -operator can have important conse-
quences. The most famous one being, when the reals are closed under M

Theorem 1.70 (Harrington, Martin, Steel, Woodin, Neeman). For n < w the
following are equivalent:

. 1 .
i. 11, -determinacy,

ii. for every x € R, M¥(z) ewists,

iii. for every x € R, M (z) exists and is unique.
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1.6 Inner model theory

as an immediate corollary, we get that

Corollary 1.71. Suppose the reals are closed under the /\/l#—opemtor for all n, then
projective determinacy holds.

Let us state a few result one gets when assuming the closure of the universe under the
M -operator.

Lemma 1.72. Suppose A,,. Let P be a forcing and G be P-generic over V. The follow-
ing holds:

i. Let X COR, and V = P = M (X). Then also V[G] e P = M#(X).
i. For all sets of ordinals X € V[G], V[G] £ M¥(X) exists.

1i. Let V E “H is countable and elementarily embeddable into Vo7, where ) is a large
limit ordinal. Let further Q be a forcing in H and h € V' Q-generic over H. Then
H[h] is closed under M (X).

For the proof see [BS09, Lemma 3.7

Lemma 1.73. Suppose A, holds. Let x € R and suppose that Mﬁrl(x) does not exist.

Let M be a (n+ 1)-small x-premouse with no definably Woodin cardinal. M is iterable
if and only if for every countable substructure P < M, P is wy-iterable.

The proof for the case below one Woodin is [Ste96, lemma 2.4].
The central theorem we will use in the proof of Theorem 3.17 is the so called K-
existence dichotomy, taken from [SS, Theorem 1.4.3]:

Theorem 1.74 (K-existence Dichotomy). Let Q be measurable. Suppose that for
all & € Vo, M () exists and is (w,Q + 1)-iterable. Then exactly one of the following
holds:

i. for all € Vo, M¥ | (x) exists and is (w,Q + 1)-iterable,

ii. for some x € Vi, K¢(x) is (n+1)-small, has no Woodin cardinals, and is (w,Q+1)-
iterable. (Hence K(x) ezists, is (n+ 1)-small, and has no Woodin cardinals.)
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2 Increasing uo

This chapter has orginaly been published together with Ralf Schindler in the Journal
of Symbolic Logic as [CS09]. In this chapter we modify Jensen’s L-forcing (cf. [Jena]
and [Jend]) and apply this to the theory of precipitous ideals and the question about
the size of us. Forcings which increase the size of uy were already presented in the
past. After Steel and van Wesep had shown that us = wy is consistent in the presence of
large cardinal hypotheses (cf. [SVW82]), Woodin proved that if the nonstationary ideal
on w is wp-saturated and P(w;)# exists, then uy = wy (cf. [W0099, Theorem 3.17]; in
particular, us = ws follows from Martin’s Maximum by work of Foreman, Magidor and
Shelah, cf. [FMS88].) More recently, Ketchersid, Larson, and Zapletal also constructed
forcings which increase uy (cf. [KLZO0T]).

Recall that ¢} is the supremum of the lengths of all Al well-orderings of the reals, and
that if the reals are closed under sharps, then wusy, the second uniform indiscernible, is
defined to be the least ordinal above w; which is an x-indiscernible for every x € R. By the
Kunen-Martin Theorem (cf. [Mos09, Theorem 2G.2]), if < is a Al(z) prewellordering of
R, then the length of < is less than wIL[‘T]. Moreover, if z# exists, then there is a Al(z#)-
prewellordering of R of length w; L] which implies wy Lle] 8. Also, wi™ " < uz | the

(%]
least z-indiscernible above w;. Therefore, if the reals are closed under sharps, then
Ug = SUP {wIL[I]; T € IR} =45

In this chapter we’ll consider generic iterations of structures of the form (M;e, ),
where M is a transitive model of ZFC* + “w; exists” and inside M, I is a uniform and
normal ideal on w}?. Here, ZFC* is a reasonable weak fragment of ZFC such that ZFC~
+ “w; exists” is suitable for taking generic ultrapowers by ideals on wy (cf. [Wo0099]).

2.1 The forcing

We may now state and prove our main result.

Theorem 2.1. Let I be a precipitous ideal on wy, and let 0 > wy be a reqular cardinal.
There is a poset P(I,0), preserving the stationarity of all sets in I*, such that if G is
P(1,0)-generic over V, then in V[G] there is a generic iteration

(M, 75,1, ki < j Swi), (Gisi <wr))

such that if i < wy, then M; is countable and M,,, = (Hyg;€,I). If I =NS,,,, then P(NS,,, )
15 stationary set preserving.
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2 Increasing us

It is easy to see that every set in I+ has to be stationary in V. The most difficult
part of the construction is to arrange that every set in I+ will remain stationary in the
forcing extension.

2.1.1 The definition of P(/,0)

The proof of Theorem 2.1 stretches over several lemmas and builds upon Jensen’s [Jenal
and [Jend]. Fixing I and 6, let us pick a regular cardinal p such that 22 < p. Therefore,
Hy € H,, and in fact every subset of P(Hy) is in H, as well. In particular, the forcing
P(1,0) we are about to define will be an element of H,. It is easy to verify that if a
forcing Q € V is w;-distributive, then I is still precipitous in V®Q. We may and shall
therefore assume that 2<¢ = § and 2< = p, i.e., that card(Hy) = 6 and card(H,) = p,
because if this were not true in V, then we may first force with @ = col(p, p) x col(0, )
and work with V@ rather than V' as our ground model in what follows.

Our starting point is thus that in V', [ is a precipitous ideal on w; and 6 and p are
regular cardinals such that wy < 0 =29 <29 < p =2<. Let us fix a well-order, denoted
by <, of H, of order type p such that <} Hy is an initial segment of < of order type 6.
(In what follows, we shall also write < for <} Hy.) We shall write

H:( p;€7H9717<)7
and we shall also write
M = (Hyg;e, I,<).

In what follows, models will always be models of the language of set theory. We shall
tacitly assume that if 2 is a model, then the well-founded part wfp(2() of 2 is transitive.
Let us now define our forcing P(7,4).

Definition 2.2. Conditions p in P(7,0) are triples

p=((k];i e dom(p)), (n};i € dom(p)),(7/’; i € dom_(p)))
such that the following hold true.

i. Both dom(p) and dom_(p) are finite, and dom_(p) € dom(p) € w;.

p
%

ii. (k;iedom(p)) is a sequence of countable ordinals.

iii. (7754 e dom(p)) is a sequence of finite partial maps from w; to 6.

iv. (77;i € dom_(p)) is a sequence of complete H-types over Hy, i.e., for each i €
dom_(p) there is some x € H, such that, having ¢ range over H-formulae with free
variables u, U,

7 ={("p",Z); Ze HynH E o[z, Z]}.

e

v. If i, j e dom_(p), where i < j, then there is some n <w and some 4 € ran(7?) such
that
P2 ((m2) (nimeE) ),
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2.1 The forcing

vi. In Veollw2”) there is a model which certifies p with respect to M, by which we mean
a model 2 such that 0 + 1 c wip(2), in fact Hyp- € A, A = ZFC™ (= ZFC \ Power
Set), for all S e I*, A= “S is stationary,” and inside 2, there is a generic iteration

(M2 T R0 < G <w), (G <wr))

PEREAE N BRI A

such that
a) if 7 <wy, then M is countable,

b) if i <w; and if £ <6 is definable over M from parameters in ran(7?, ), then

£ eran(m}, ),

C) Mgll = <H9;€7[>7
p

d) if i e dom(p), then s =k and 7¥ € 7

[
= 7T7,,w1’

A

e) if i e dom_(p), then for all n <w and for all Z € ran(77,, ),

Jy € Hy (n,y°2) e/ = Jy eran(my,)) (n,y°z) e’

If p, ¢ € P, then we write p < ¢ iff dom(g) € dom(p), dom_(q) € dom_(p), for all

i edom(q), k¥ = k! and 7] ¢ 77, and for all i e dom_(q), 7 = 77.

Conditions p should be seen as finite attempts to describe the iteration leading to
(Hg; €, I), the first component being finitely many critical points ! of the iteration, and
the second component being finite attempts 7} to describe the iteration maps restricted
to the ordinals. The presence of < will guarantee that knowing the action of these
maps on the ordinals means knowing the maps themselves. The third components 77
will guarantee that the iteration maps extend to elementary maps into H with some
x € H, of interest in their range (cf. Lemma 2.14 below), which will be relevant in the
verification that P(7,0) preserves the stationarity of all sets in 1.

It should be stressed that wy € I*, so that if 2 certifies any condition p with respect
to M, then w} = w". It is also clear that

A = card(Hy) = Ry.

2.1.2 Some basic considerations

Let us start the discussion of P(7,6). Let us write P = P(7,6) from now on.

Lemma 2.3. P # 2.

PROOF. We need to verify that in Veol@:2) there is a model which certifies the trivial
condition ((), (), ()) with respect to M.

Let g be col(w,< p)-generic over V. Notice that inside V[g], (V;€, I) is generically
p + 1 iterable by Lemma 1.14. Let us work inside V[g] until further notice.
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Let us choose a bijection ¢ : [p]<* — p, and let (S,;v < p) be a partition of p into
pairwise disjoint stationary subsets of p. Define f:p — [p]< by

(i) =s <= 1ieS,s).

In other words, f”S,) = {s} for every s e [p]<*
Let us recursively construct a generic iteration

((M;, 75,1, ki1 < J < p), (Gisi < p))

of My = (Hp;€,I). Suppose ((My, 7k, Ix, ki k < j < 1),(Gr;k < i) has already been
constructed, where i < p. If there is a (unique) j <i such that f(i) € I}, i.e., m;;(f(i)) €
IF, then let us choose G; such that 7;;(f(¢)) € G;. If there is no such j <, then we
choose G; arbitrarily. This defines the generic iteration.

Now let S e I}. Let j < p and s € M; be such that 7;,(s) = S. Whenever j <i < p and
f(i) = s, then m;,;(s) € G, ie., K € T 1(7;i(s)) = mjie1(s) € 7 p(s) = S. This shows
that

SeyNjc{i<p; kieS}

so that S is in fact stationary.

The map m ,: Hy - M, admits a canonical extension m:V — N, where N is transitive
and w(Hy) = M,. Let us now leave V[g] and pick some h which is col(w, 7(2?))-generic
over V[g]. Of course, h is also col(w,w(2?))-generic over N. Let x € Rn N[h] code
7((Hg+)V) in a natural way. The existence of a model which certifies ((),(),()) with
respect to w(M) is then easily seen to be a X1(x) statement which holds true in V[g, h],
as being witnessed by V[g]. By absoluteness, this statement is then also true in N[A].
That is, inside Neol@.m(2) there is a model which certifies ({),(),()) with respect to
7(M). By elementarity, in V<ol(:2") there is therefore a model which certifies ((), (), ())
with respect to M. ~

We will now prove some lemmata which will make sure that the generic filter indeed
produces a generic iteration leading to (Hp;€, I). If p € P, then from now on we shall
often just say that 2 certifies p to express that 2 is a model which certifies p with respect
to M.

Lemma 2.4. Let p e P, let u be finite such that dom(p) € u S wy. There is p’ < p such
that u < dom(p’).

PROOF. Let 2 € V/col(w,2%) certify p. We may define p such that dom(p’) = u, dom_(p’) =
dom_(p), k! = kX for i e u, 7 =¥ for i e dom(p), ¥’ =@ for i € dom(p’) \ dom(p), and
p/

T

P =717 for i e dom_(p’). Then 2 also certifies p/, and of course p’ < p. —

Lemma 2.5. Let pe P, i € dom(p) and £ < 6. There is a p' < p and an « € dom(ﬂf,)
such that & < Wf/(a).

26



2.1 The forcing

PROOF. Let 2 € Veol@:2”) certify p. Let o be such that w2, (a) > & (Such an « exists,

as the iteration map 77, is cofinal.) We may define p’ such that dom(p’) = dom(p),

dom_(p’) = dom_(p), % = &} for j € dom(p), 77 = 7} for j € dom(p) \ {i}, 7] =
2

'y {(a, ﬂiywl(a))}, and TJPI =77 for j e dom_(p’). Then 2 also certifies p’, and of course

p'<p. 4
Lemma 2.6. Let pe P, i e dom(p), £ < ¢ and ¢ e dom(n?). There is a p’ < p such that
£e dom(wf/).

PROOF. Let 2 € Veol@?2”) certify p. We may define p’ such that dom(p’) = dom(p),
dom_(p’) = dom_(p), K% = k4 for j € dom(p), 77 = 7} for j € dom(p) \ {i}, 7} =
™ u {{ ,W?,lwl(f))}, and 77 =77 for j e dom_(p’). Then 2 also certifies p’, and of course

p'<p. 4

Lemma 2.7. Let pe P and £ € Hy. There is a p' < p such that £ € ran(ﬂf’) for some
i € dom(p').

PROOF. Let QA € Veol@2’) certify p. Let i <wy, i ¢ dom(p), and € be such that T, (€) =
¢. We may define p’ such that dom(p’) = dom(p) u {i}, dom_(p’) = dom_(p), H?l = /i?l

for j € dom(p’), /{f/ = KX ﬂfl = 7 for j e dom(p) \ {i}, wf/ = {(£,¢)}, and Tf’ =77 for
jedom_(p'). Then 2 also certifies p’, and of course p’ < p. -

Lemma 2.8. Let p € P, i e dom(p), j € dom(p), i < j, £ e ran(w?). There is a p' <p
such that & € ran(ﬂf’).

PROOF. Let 2 € Veolw2”) certify p. Let € be such that 7, (€) = & We may define p’

such that dom(p’) = dom(p), dom_(p’) = dom_(p), HZ, =k} for k € dom(p), 7T£, =y, for
ke dom(p) ~ {j}, 7T§, =m U {{€,€)}, and T,f/ =77 for k e dom_(p’). Then 2 also certifies
p’, and of course p’ < p. -

Lemma 2.9. Let pe P, i,i+1 e dom(p). Let € e ran(nt,,). There is some p’' < p such
that € is definable over M from parameters in ran(ﬂf,) u{k?}.

PROOF. Let 2 € Veollw2) certify p. Since M2, = Ult(M2, G¥) there is an f: " = wiw"m -
M2, f € M2 such that (w£,)1(6) = 72, (D), ie € = 72, (F)(s2). Due to the

presence of < in M, the function Wf‘wl (f) is definable over M in some ordinal parameter

A< 6. Let X be such that A = 72 (\). We may define p’ such that dom(p’) = dom(p),

1,w1
dom_(p") = dom_(p), Ii?l = 2 for j e dom(p’), 7r§.’/ =} for j e dom(p) ~ {i},
=7 u{(\ )],

()

and 77 = 77 for i e dom_(p’). Then A also certifies p/, and of course p’ < p. ~
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Lemma 2.10. Let p € P, and let X\ € dom(p) be a limit ordinal. If & € ran(w}), then
there is some p' <p and some i < A with i € dom(p’) such that & € ran(ﬁf/).

PROOF. Let 2 € Veol@2”) certify p. Because ran(7y,, ) = Ui ran(m}, ), there is some
i < A such that § e ran(77, ). Let us without loss of generality assume that i € dom(p).
Let & be such that W%‘wl(f) = ¢. We may then define p’ such that dom(p’) = dom(p),
dom_(p’z = dom_(p),’ ki = K} for j € dom(p), 7§ = 7 for j € dom(p) \ {i}, 7] =
™ u{{(£,€)}, and 77 = 77 for i € dom_(p'). Then 2 also certifies p/, and of course
p' <. —

Lemma 2.11. Let pe P, i e dom(p) and let & be definable over M from parameters in
ran(n?). There is a p’ <p such that { € ran(n} ).

PROOF. Let 2 € Veol@:2) certify p. We must have that ¢ € ran(77, ), as 2 certifies p
(cf. condition (b)). Let %, (£) = &. We may define p’ such that dom(p’) = dom(p),

dom_(p') = dom_(p), /i?l = k7 for j € dom(p), 71';?, = mj for j € dom(p) ~ {i}, Wf, =
U {(Z,f )}, and 77 = 77 for j € dom_(p’). Then 2 also certifies p’, and of course
P <p. 4

Lemma 2.12. Let p € P, let i € dom(p), and suppose that D € Hy is definable over M
from parameters in ran(n?). Suppose also that

ME “D is dense in the partial order (I*,<7).”

Then there is some p' < p and some X € D which is definable over M from parameters
in ran(7} ) such that k7 € X.

PROOF. Let 2 € Veol2) certify p. Let D € M2 be such that 7%, (D) = D. As
G is ((I)*,<p2)-generic over M2, DG} # @. There is thus some X € D such
that xf = k2 € 7%, (X) c 72, (X). Let X = 72 (X). Then X € D and ! € X.
Due to the presence of < in M, there is some A < # such that X is definable over
M from the parameter A\. Let A be such that A = 7% (\). We may define p’ such

1w
that dom(p’) = dom(p), dom_(p') = dom_(p), H?l = w3 for j € dom(p’), 7'(';7, = 77 for
j € dom(p) ~ {i},
=P u (AN

and 77 = 7 for i e dom_(p’). Then 2 also certifies p’, and of course p’ < p. ~
Now let G be PP-generic over V. Set

k; = K¢ for some (all) p € G with i € dom(p),

7 = J{7?;pe Gnriedom(p)}, and
G; = dom(m;).
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2.1 The forcing

By Lemmas 2.4, 2.5, and 2.6, m;: 3; — 0 is a well-defined cofinal order preserving map,
and by Lemma 2.7, 6 = U{ran(m;);i < w;}. For i < wy, let X; be the smallest X < M
such that ran(m;) € X. By Lemma 2.11, ran(m;) = X; n 6. Let 7;: M; 2 X; < M be the
uncollapsing map, so that 7; > m;. For ¢ < j < wy, let 75 = 7?;1 o 7;. We then have
that 7; ;: M; - M; is then well-defined by Lemma 2.8. For i < wy, let I; = 771(1) and
ki = 7; H(wy), and for i <wy, let

Gi={X eP(ri)nM; ; k; €7;;11(X)}.
Using Lemmas 2.9, 2.10, and 2.12, we then have the following.

Lemma 2.13. ((M;, 7, Li,k; 5 i <j<w) ), (G5 i <wy)) is a generic iteration of My
such that if i <wy, then M; is countable, and M, = (Hg;€,I).

Let us now discuss the third component of a condition p € P.

Lemma 2.14. Suppose that A is a model. Let p e P and i e dom(p). Let v € H, be such
that 7} is the complete H-type of x over Hy, i.e., having ¢ range over H-formulae with

free variables u, v,
={("p"2); Ze HynH = o[x,Z]}.

Then the following are equivalent.

i. A certifies p with respect to M.
ii. 0+ 1 cwip(A), Hp» € A, A = ZFC™, for all S € I*, A “S is stationary,” and

inside A, there is a generic iteration

(M, 7y, I k7 < < wn) (G i <w)

i Migodi Ry

such that if 1< wy, th,en M2 is countable, M2 = (Hg;€,I), if i € dom(p), then
k= kX and 7t c 7 and if 1 € dom_(p), then one of the following equivalent
condmons holds

@)

i,w1’

Hull* (ran (72 ") U{z}) nHp=ran(r},).

b) The map w7, : M; -~ M

extends to some elementary map 7: H — H with 7(M;) = (Hp;€,I), 7 | M; =
72 and x € ran(7).

t,w1 7

c) ran(w?fwl <(Hp;e,1,<,77).

PROOF. i. = ii.(a): Let y € HullH(ran(w Ju{z})n Hy. Then y is definable over H
from parameters Z, x in ran(m ) Uiz} For some n < w, we then have that y is unique
with (n,y"Z) e 7. As 2 certifies p (cf. condition vi.(e) in Definition 2.2), we then get

that in fact y € ran(ﬂz ot
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ii.(a) = ii.(b): Let m:H = HullH(ran(wi‘wl) u{z}) < H, where H is transitive. It is
obvious that this map works.
ii.(b) = ii.(a): As z eran(7) and 7> 72, | ran(7}, ) c Hull"(ran(7?, ) u{z}) n Hy c

2w

Hull®(ran(#)) n Hy = ran(7) n Hy = ran(7

1,w1
ii.(a) = ii.(c): We need to show that if Z € ran(7}, ) and ¢ is a formula (of the
language associated with (Hy;€, I,<,7")) such that

) ’ e

(Hp; e, I,<, 1) = Jup(v, 2), (2.1)

7 ) "

then there is some u € ran(w?lm) with

(Ho;e, 1,<,77) E ¢(u, 2).

There is some recursive "¢ — "1)*" (assigning to each formula of the language associated
with (Hg;e, I,<,7) a formula of the language associated with (H,;e, Hy, I,<,z)) such

) ’ e

that for all w e Hy,
<H9;€7]a<77—@'p> F w(ﬁ})
iff
(Hp;E7H97[7<7:E> ':2/}*(@)

Hence if (2.1) holds, then there is some u € Hy such that

(H,;e,Hy, I,<,x) E©*(u, 2).

P>

There is then also some such u € Hy which is in HullH(ran(ﬂgwl) u{z}), so that u €
ran(m;,, )® by ii.(a). But then

<H9;6717<7Tz'p) F QO(U/, 2)7

where u € ran(7?2, ).
ii.(c) = i.: Let n <w and Z e ran(n}, ). Suppose there to be some y € Hy such that
(n,y~Z) e1}. Then
(Ho;e,I,<,77)E Jy(n,y°2) e 77,
so that there is some y € ran(7?, ) with

(Hoe, 1,<,70) & (n,y°2) e 77,

as needed for condition vi.(e) in Definition 2.2. —|

It is easy to see that if X € I and X eran(7;,, ), where i <wy, then {k;;i < j<wi}c
wi N X. This means that no set in I will be stationary in V.
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2.1 The forcing

2.1.3 IP(/,0) is stationary set preserving
Lemma 2.15. If S € I*, then S is stationary in VF.

PROOF. Let S e I*, and let p € P and C be such that p I C is club in ;. We need to
see that there is some p’ < p and some « < w; such that p' FaeCnS.
Let
R={(r,0);reP,d <wy, and rIFp d € C'}.

Notice that p, R,<pe H,. Let 7 the the complete H-type of (p, R,<p) over Hy. Let
A € Veolw2) certify p with respect to M. Recall that Hy € 2 and w? = w). We have

that (ran(7?, );7 < wi) is a continuous tower of countable substructures of Hy with

U{ran(7?, );i <wi} = Hy. Since S is stationary in 2, Hy+ € A and thus 7 € 2, we may
therefore pick an « < wy such that

i. k% =qa and dom(p) € «,
ii. ran(72,,) < (Hp;€,1,<,7), and
iii. aeS.
We may define p’ such that dom(p’) = dom(p)u{a}, dom_(p') = dom(p)_u{a}, mf/ = kY

for all i € dom(p), K = a, 7sz/ = ! for all i € dom(p), =g, Tipl =717 for all i e dom_(p),

and 77 = 7. Using Lemma 2.14, we see that 2 still certifies p’ by the above choice of

a. Also, notice that if i € dom_(p), then 77 is (trivially) definable over H from the

parameter p, so that because 7 is the complete H-type of (p, R,<p) over Hy, we get that
there is an n < w such that

7 ={(m,2); (n,m 2) et}

We thus have p’ € P, and of course p’ <p. _
We claim that p’ I+ & € C'nS. Suppose not. Then p’ does not force C'n & to be
unbounded in &. Pick ¢ < p" and £ < a such that

qiFsup(Cna)=¢. (2.2)
Let the model B certify ¢ with respect to M. By Lemma 2.14,
Hull(ran(72,,, ) U {(p, R, <p)}) n Hy = ran(m2,,)). (2.3)
Let us now set

¢ = ((kl;iedom(q) 1 ), (7f;iedom(q) | a),(r];iedom_(q) | a)).

Of course, g < ¢’ <p. If i e dom_(¢’') = dom_(q) | «, then there is some n < w and some
t € ran(7d) such that
h={(m,2); (n,u"m 2) el =T}
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By the choice of 7, we must then have that

77 ¢ HullH(ran(ﬂfwl) u{(p,R,<p)})

(2

for every i € dom_(q'), because if
T={("¢",2);Z e HoAH F o[(p, R, <p), 2]},

then

!

i =18 ={(m,2);Ze HyAH E o[(p,R,<p), 0" m" 2]} .

7 K3

This implies that in fact
¢ e Hull*(ran(72 ) u {(p, R, <p)}). (2.4)

Because ¢’ I-p “C'is club in w;,” there is some v > & and some ¢” <p ¢’ such that
q"IFp 7€ C e, (¢",7) € R, and therefore by (2.4)

Hull™(ran(72, ) u {(p, R, <p)}) E Iy > € 3¢" <p ¢ (¢",7) € R,

which means that there is some ¢” < ¢’ with
q" e Hull™ (ran(r2,,, ) u {(p, R,<p)}) (2.5)

such that ‘ ]
q¢" Fp sup(Cna) > &.

In particular, dom(g”) € . We must now have that

¢" and ¢ are incompatible.

We derive a contradiction by constructing some ¢* < ¢”,q.
Let
7 H = Hull" (ran(7 3, ) u {(p. R, <p)}) < H,
where H is transitive. By (2.3), MP = 77'({(Hg;€,I)) € H and 7 } MP = 72, . In
Veol(@.2”) there is a model € which certifies ¢”. In H«:2") | there is hence some generic
iteration
(M, 75 5, Liy k30 < § Swi), (G <wi))
such that M,, = (Hy;€,I) and for all i € dom(q"), /i?” = k; and W?" C Tiw - By the
elementarity of 7, there is hence in Heolw:m(2") ¢ Veol,2”) gome generic iteration

(M, mi 5, Ii, ki < j < ), (G < )

such that M, = 7= '((Hyp; €, I)) = M2 and for all i € dom(q"), /-@ff" = k; and 7?*1(7er) C Ta,
le., m! CTom, = Mo, 0M, Because M2 is countable in 9B, 6 + 1 c wip(B), and

a,w

B e Veol2”) there is therefore by absoluteness some generic iteration

(M, 75, Ly ki < j < a), (Gisi < o)) €B
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such that M, = M2 and for all i € dom(q"), /i;.]” = k; and 77 C T, © Tia. Let

(M7, 75, 17 ki < Swi) (Gl <wi)) € B (2.6)

be defined as follows. If i < j < o, then we set M} = M;, mo= g, 1P = Ly Ky = K,

and if ¢ < a, then we set Gf = G;. If @ <4 < j < wi, then we set M} = M (there is

. < % _ EB % _ . .
no conflict for i = o, as M2 = M,), mi = w1 =17, K = Ky, and if @ <4 <wi, then

we set G = GP. Finally, if i < a < j, then we set = ij oT; .. The existence of the
generic iteration (2.6) inside B clearly shows that B in fact certifies ¢”. However, as
dom(q") 2 dom(q) I «, the very same generic iteration (2.6) shows that B certifies g.
Let us now define ¢* € P as follows. Let dom(g¢*) = dom(g)udom(q”) and dom_(g*) =
dom(q)- udom_(g"). (Neither dom(q) and dom(g”) nor dom(q)- and dom_(g") need
to be dlSJOlnt but dom(g) na € dom(q”) and dom(q)-na ¢ dom_(q"). ) For i € dom(q*)
set k] =k}. For @ € dom (¢") set 71 =71 and for ¢ e dom_(g), set 77 =77. Also, for
i€ dom(q”) set ¢ = 7Ti . Finally, for i € dom(q) \ a, we need some adjustment in order

to actually get a condition. By (2.5), there is some finite % € ran(72, ) such that

¢" e Hull" ({3, (p, R, <p)})-

We then also have some n < w such that for every ¢ € dom_(g"),

I
7

)

= Tl-q* ={(m,2) ; (n,u"m"Z2) € Tg* = 7—5' =7}

We may assume without loss of generality that 7}, " dom(ﬂg*) c u for ¢ e dom(q”) € av.
For j e dom(q*), j > o, we then set

7 =i 1 ((750,) 7 (@) U dom(nd ).

It is now straightforward to see that ¢* € P. Notice that if i € dom_(¢*) na = dom_(q")
and j € dom_(¢*) \ @ =dom_(g) \ «, and if

78 =1 = {(m2); (k,om2) e 7l =71,
where ¥ € ran(ﬂ?*) =ran(7}), then
q* q//

T =T,

i i = {(m7 2), (n,ﬂ“m“é € Tg*} = {(m’z)’ (k’,l_}AnAfLAmAZ c 7_]{1*}

and v, 1 C ran(qu ). Of course, ¢* < ¢q,q". We have reached a contradiction. ~

This finishes the proof of Theorem 2.1.

2.2 Consequences

A straightforward adaptation yields the following result.
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Theorem 2.16. Let I be a precipitous ideal on wy, and let 0 > wy be a reqular cardinal.
Suppose that Hg‘7£ exists. There is a poset P, preserving the stationarity of all sets in I,
such that if G is P-generic over V', then in V[G] there is a generic iteration

((M;,m; 5, 1;, kizi < Swi), (Gisi <wr))

such that if © < wy, then M; is countable and M,, = (Hf;e,]). In particular, My is
generically wy + 1 iterable. If I =NS,,, then P is stationary set preserving.

PROOF. Let p>22° and let P = (col(p, p) x col(6*,6+)) » P(I,6*), where P(I,0%) is as
in Theorem 2.1. Let

((M;,m; 5, 1;, ki3 < Swi), (Gisi <wr))

be a generic iteration which is added by forcing with P. Setting N; = 7L (Hyp), we will

1,w1
have that ;) (H}') = N*. The iterability of M, follows from Lemma 1.14. Notice that

i,w1

(Ng#; €, Iy) is generically wy + 1 iterable iff (L[Ny]; €, Ip) is generically w; + 1 iterable. -

Lemma 2.17 (Woodin). Let M be a countable transitive model of ZFC* + “w; exists,”
and let I ¢ P(w) be such that (M;e, I) = “I is a uniform and normal ideal on wM.”
Let o < wy, and suppose (M€, I) to be generically o+ 1 iterable. Let zy be a real which
codes (M;€,1), let z, be a real which codes o, and let z = 2z ® z,. Let

be a generic iteration of (M;e, I) of length a+ 1. Then M, n OR < wlL[Z].

PROOF. The proof is taken from [Wo099, p. 56f.]. Let A c R be defined by z € A iff
x codes a countable ordinal ¢ (which we write as £ = ||z||) such that for some generic
iteration

<<Mi,7 7Tz{,j7 Ii7 K;;i < ] < a), (val < CE))
of (M;e, I) of length a+ 1, £ € M/. The set A is X1(2), so that by the Boundedness
Lemma (cf. [Jec03, Corollary 25.14]),

sup{¢; 3z € A¢ = ||z} < wit.

]

In particular, M, n OR < wlL[Z : ~

Lemma 2.18. Suppose I to be a precipitous ideal on w,. Let 0 > ws be regular, and
suppose that H;éE exists. Let P =P'(1,0) be as in Theorem 2.16, and let G be P-generic
over V. In V[G], let

((M;,m; 5,1, k531 < J Swr), (Gisi <wq)) € VIG]

be a generic iteration such that if i <wq, then M; is countable and M, = (Hf; €, I). Let
ze RnV[G] code (my, (Hp); €, Io). Then 6 < wIL['Z]. In particular, V[G] =0 < J}.

34



2.2 Consequences

PROOF. For a canonical choice of z, z# exists in V[G] and z# codes (Mo;¢€,Ip). It
therefore suffices to prove 6 < wIL[Z]. Suppose that wIL[Z] < 6. Let us work in V[G] to
derive a contradiction. Let X < Hq be countable (where (2 is regular and large enough)
such that z# and

(M, 75,1, ki < j Swi), (Gisi <wy))

are both elements of X, and let o: N = X < Hg, where N is tranitive. Let v = Xnwy = wi.
Since z# € X, we have that

P(a)nL[z]<P(a)n N,
so that a‘l(wlL[z]) = otz Also,
0_1(<(Mi’ T35 Ii’ /{i;i Sj < w1>, (Gzal < Wl))) =

(M, i, Ly kisi < <o), (Gii < a)),

so that 071(0) = M, nOR. Let g € V[G] be col(w, a)-generic over N. Then M, nOR >

a+Pl=] = %9 This contradicts Lemma 2.17. ~

Recall that Bounded Martin’s Maximum, BMM, may be formulated as follows. If
Q €V is a stationary set preserving forcing, then

\% Ve
ng <3 ng .

It was shown in [Sch04] that BMM implies that V' is closed under sharps. Of course,
having a precipitous ideal on w; also yields that the reals are closed under sharps.

Corollary 2.19. Suppose that BMM holds and NS, is precipitous. Then ug = ws.

PROOF. Let a<wy. Let p=3zeR(a< wIL[z]). The statement ¢ is ¥; over H,, in the
parameters wq, a, and ¢ holds in V¥ where P = P’(NS,,,,wz). Therefore, ¢ must hold
in V. As a was arbitrary, we have shown that u) = w,. =

Recall that the Bounded Semiproper Forcing Axiom, BSPFA, may be formulated as
follows. If Q € V' is a semiproper forcing, then

HL/Q <21 HLQ
For a formulation of the Reflection Principle RP cf. [Jec03, p.688].

Corollary 2.20. Suppose BSPFA and RP both hold. Then us = ws.

PrROOF. The Reflection Principle RP implies that all stationary set preserving forcings
are semiproper, and it implies that NS, is precipitous (cf. [Jec03, p.688]). The rest of
the proof is the same as that of the previous corollary. ~
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3 The strength of BPFA and a
precipitous ideal on wq

The main goal of this chapter is to analyse how consistency strength arise from the
interplay between the existence of one precipitous ideal on w; and some forcing axioms,
namely BPFA and BPFA"E. In the last chapter we have seen that BMM together with
the precipitousness of NS, implies to us = wy. Schindler in [Sch04] showed that BMM
implied that the universe is closed under the sharp operator, more recently he showed
in [Sch] that the existence of a precipitous ideal and §3 = wy implies the existence of an
inner model with a Woodin cardinal. Hence with the result of last section, BMM and
NS, is precipitous implies the existence of an inner model with a Woodin cardinal. We
present similar inner model techniques and apply them to BPFA + there is a precipitous
ideal on wy.
The first goal of this chapter is to prove the following theorem:

Theorem 3.1. Suppose BPFA holds and that there is a precipitous ideal on wy. Then
there 1s an inner model with a Woodin cardinal.

We will first prove the following theorem as an intermediary result.
Theorem 3.2. BPFA +“3 a precipitous ideal on wi” implies 01.

The two proofs are by contradiction, we will show that BPFA implies that the cardinal
successor of wy in K is strictly less then ws on one side and that the existence of a
precipitous ideals on w; on the other side implies that the cardinal successor of wy is
computed correctly in K on the other side. We will expose the analysis of BPFA in
section 3.2 and give the full result here. In section 3.3 we will turn to the the precipitous
ideal on w; below 0Y. Recent result by Schindler in [Sch], will show that those result
hold true assuming that there is no inner model with a Woodin cardinal.

We will finish this chapter by looking at a strengthening of BPFA allowing predi-
cates to be universally Baires sets and showing that this axiom leads to even stronger
consistency strength:

Theorem 3.3. Suppose BPFA"P holds and there is a precipitous ideal on wy. Then
Projective Determinacy holds.

Throughout this chapter, we assume that we work in some ZFC model V' and unless
the contrary is explicitly noted, we will drop the index V' and write w; for w} and wy

for wy'.
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The main forcing tool we will be using in the next section is to “seal” the height of
certain premice. This will be done by making sure one can not extend a certain fine
structural component of these mice, namely their square sequence. The square sequence
was invented by Jensen in [Jen72|, where he showed that L has a square sequence for
all k. It has been a constant in inner model theory so far that every inner model has
a square sequence. Work on square sequences in recent fine structural extender models
have been mostly due to Schimmerling and Zeman (see [SZ01] and [SZ04]).

3.1 Definitions

Definition 3.4. We call a sequence (C,,« € S) a C-sequence in S if S is unbounded in
some regular cardinal k and each C,, is club in . We say that (C,,a € S) is a C'-sequence
if it is a C-sequence in S and S is some stationary subset of the limit ordinals of k.

A coherent sequence (C,,« € S) is a C-sequence with the property that if « is a limit
point of C3 then a € .S and C, = Cgna.

Definition 3.5. Let s be a cardinal. O, is the combinatorial principle stating:

“There is a coherent sequence (Cy;a < k*, « limit ordinal) such that for all
a, otp(Cy) < K.V

Such a sequence (Cy;a < k*, « limit ordinal) is called a square sequence or in symbols
a O,-sequence.

Definition 3.6. Let (C,,« € .S) be a coherent sequence in some regular k. We say that
C ¢k is a thread if C is a club in x such that for all limit points « of C, C, =Cna. If
such C' exists, we say that the square sequence is threadable

Remark 3.7. If (C,,a € S) is a square sequence, then it is not threadable.

PROOF. Let C be a thread, C' is a club in some x* = sup(S), hence there is a x + wth
limit point of C, say 3. Since C' is a thread we have on one hand that Cs = C'n 3, thus
otp(Cs) > k. On the other hand, as (C,,a € S) is a square sequence, otp(Cjy) < K, a
contradiction! —

Let (Cy,a € S) be a O.-sequence. Let us now define T the canonical tree derived from
the square sequence. The domain of T" are the limits ordinal between x and x* and the
order is:

a<r 3 <= aeLim(Cj)

Remark that T is a k + 1 tree and that all the maximal branches are of the form
b={d}u{a<d;aeLim(Cs)} for some § < k* with cf(d) = k. Obviously these branches
can not be extended anymore.

As announced, the main result we will be using is the following, taken from [SZ01,
Theorem 2]

Theorem 3.8 (Schimmerling and Zeman). If K is a Mitchell-Steel core model, then
K satisfy O, for all k.

Throughout the rest of this chapter we write w; for w} .
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3.2 Using BPFA

Lemma 3.9. Suppose that there is no inner model with a Woodin cardinal. BPFA
implies that wi < wy.

Let us first prove a “warm up” case, where the inner model theory is slightly easier,
and then go on to the full result.

Lemma 3.10. Suppose -01. Let w; € M € H,,, be a premouse. There is a tree T of
height w uniformly definable from M such that M is iterable if and only if there is no
branch through T'. Moreover T is in every model H of ZFC™ containing M and w; and
H e “M is iterable <= [T]=@".

PRrROOF. The tree T' will be the so-called tree searching for a countable model witnessing
the non-iterability of M, as we will be using many searching trees in the following, we
will define it in great detail here and refer to that construction later.

Let L be a language with three predicates €, E and E and infinitely many constants
(cn;n < w). Let further (1,;n < w) be an enumeration of all Ly-formulae without free
variables such that if ¢; occurs in 1, then ¢ < n. Let (pL;n < w) be an enumeration
of all ZFC™ formulae and L be a language with one predicate € and with constants
N, T, N, {an;n <w),{cy;n <w) and let (p2;n <w) be an enumeration of all L formulae
without free variables such that

i. @2 =“N is a premouse and Z is a putative iteration of N with a last ill-founded
model N,,”,

ii. if a; or ¢; occurs in 2 then i < n.

The idea is to search for a countable model M of ZFC™, an elementary map o : N' - M

and an e-preserving map 7 : M NOR — w; such that M = {a;;i < n}, moreover in M there

is a countable submodel of M, N = {¢,;n <w} and an iteration of N that is ill-founded.
Nodes in our tree will be of the form

p={(o?,0MP BMP QP BP 7P} e (M x2xwx2xwxw)

with n = dom(p). Let us give a short explanation of all components: o? will be a
finite approximation to the fully elementary map o : N' - M, ©MP will be a finite
approximation to the truth function of N, WP will be a function mapping existential
sentences Jzrp(z) to some witness in N, ©F will be a finite approximation to the truth
function of M, hP will be mapping existential sentences true in M as seen by ©P to their
witness in M and finally 7P will be an e-preserving map mapping every ordinal of M to
some ordinal less than w;.

We say that p is correct if for all i < dom(p), letting 14, denote the formula 1), where all
c; have been replaced by o?(¢;), we have that if ©M2(i) = 0, M & ¢, and if OM2(4) = 1,
M E —1),. Moreover if v, is an existential formulae, that is there is a 7 such that
Yy = J2¢(x), then j = hWMP(k) < k and letting 6, be the formula where we replaced
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every ¢; by 0?(¢;) in ¢, we have that M & 6;,(6?(cpma(ry))- Else BM2(k) = 0. Similarly
if ¢? = Jx@?, we require that hP(k) < k. let T, be the set containing all the following
sentences:

i {“NEY”; i<nAOMPr(i) =0}
ii. {“N & i<nA@Me(i) =1}
iii. {@!; i<n}
iv. {2 i<nA©P(i) =0}
v. {~¢% i<nAOP(i) =1}
vi. {“NE Qi) i <na©MP(i) =0 At = Jaei(z)}

Vit {@i(chrqiy); i <nAOP =0 P = ugi(x))

We call p certified if for all 4, j € dom(p) with T}, £ “c;, ¢; are ordinals”, we have that
if T, & “c; € ¢;” then 7P(i) € wP(j). This will make sure that the ordinals of M are well-
founded. We further require ©7(0) = 0, that is the model we produce thinks that A is not
iterable and that whenever ¢? = “ay e N7, ©P(k) = 0 if and only if there is a [ € dom(p)
such that TP E “a; = ¢;”. This last condition will make sure that N = {¢;; i <w}.

Finally let T" be the tree of all conditions p that are correct and certified such that 7},
is consistent and ©P(0) = 0. The ordering is inclusion.

Since we are below 0%, by Definition 1.27, non-iterability means have a putative itera-
tion whose last model is ill-founded. If M is not iterable then there is such an iteration
7 and taking a countable submodel M = X < H,,, with M,Z € X, M describes a branch
through 7. On the other hand, if M is iterable, suppose there was a branch b through
T, Let M be the model in that branch. Since M is transitive, as witnessed by Upe, 77,
the putative iteration Z of N with an ill-founded last model as witnessed by b is also
one in V. This is a contradiction to M being a mouse! —

Lemma 3.11. Suppose =01 Let M € H,,, be a premouse. The following are equivalent
1. M is a mouse,

ii. there is an M € H,, with wy U{M} ¢ M and M & ZFC™ such that M ‘M is a

mouse”,

iti. for all M € H,, with wy U{M} € M and M = ZFC" we have that M &= “M is a
mouse”.

PROOF. It is clear that if M is a mouse, the two other condition holds as well. Or put
in the other way, every ill-founded iteration of M in such a model M is an ill-founded
iteration in V. Hence we have that i. — iii. — ii.

Let us now prove “ii. == 1i.”. Suppose we have a M € H,, with M = ZFC™ and
w U{M}c M, ME“M is a mouse” but M is actually not iterable in V. Since we are
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below 01 this means that there is a putative iteration Z on M such that the last model
is ill-founded model. Let X < H,, be countable with Z, M € X and let 0 : N - X be
the uncollapsing map. Therefore there is a countable M = 071(M), a fully elementary
map o | M: M - M and a countable putative iteration Z = 07}(Z) on M such that
the last model is ill-founded. (N,o } M,o | OR,N,Z) describe a branch through our
tree T'. Hence T is ill-founded in V.

Now look at the tree T' defined in the previous lemma. Since T is in every model of
ZFC™ that contains w; and M, by absoluteness of foundedness, if it has a branch in V/,
it is ill-founded in every model containing w; and M.

Hence T is ill-founded in M, taking a branch through the tree in M, we have a
countable submodel of M with an ill-founded iteration, a contradiction to the iterability
of M in M! ~

This shows that for a premouse M € H,, being iterable is a A{Iw? (M, wq) property
below 09. With that key observation, we are ready to prove the “warm up” case:

Lemma 3.12. Suppose -01. BPFA implies that wi < ws,.

Proor. We work towards a contradiction. As we assumed -0, the Jensen core model
K as described in Definition 1.34 exist. So let us suppose that wi = wy. Notice that by
the results of Schimmerling and Zeman, K has a square sequence at every k.

: . . . R , VG
CrLAM 1. There is a proper forcing P* such that, if G is P*-generic over V', in HwQ[ ]

there is a mouse M such that M > K|w}, M has the strong condensation property,
cf (wiM) = w; and there is a function f:wi™M — w specializing the tree arising from the

restriction of the O} -sequence to some club in the height of M.

PROOF. The forcing is constructed in two steps. The model M will be K|lw,, we first
force in order to get make the model M of size wy, then specialize the tree arising from
its square sequence. Let the first forcing Q be the w-closed forcing that adds a club
of order type w; in wy. Set M = K|w), we will show that M is the model with the
desired properties. Notice that after forcing with Q, we already have that cf(wiM) =
cf(wy) =wy. Let T be the tree arising from the O,,-sequence of M, that is T is the tree
on Jwy,w;M[NLim with order a <7 <= « € Lim(Cj), where (Cy; o €]wy, wiM[N Lim)
is the O/!-sequence. Let us prove that in V9, there is no w; branch in 7" | G, where G
is the canonical name for the Q-generic filter.

Suppose that p - “7 is a cofinal branch through 7' | G” and let (p,p) € G x H be
Q x Q-generic over V. We first show that b = 7¢ is unique in V[G]. Suppose not, and
let ' be a second branch through 7' G. Remark that since Ub and UV are both
club in supG = ws, they are of ordertype w;. Hence Ubn UV is a club in wy and by
coherency b = b'. Go back to V[G x H], we claim that 7¢ = 7H. (J7¢ and U7 are
both clubs in ws and again by coherency of the O, -sequence, they must be equal. Thus
b=7¢=7H e V[G]nV[H] =V. But Ub is a club of ordertype w; and cofinal in ws, a
contradiction!

Let P be the forcing in V€ with conditions of the form p: wi™ » w such that p is a
partial function, dom(p) € T' 1} G is finite and for all £, &’ < wiM if ¢ is a limit point of
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Ce, then p(&) # p(¢’). The conditions are ordered by inclusion. As the forcing has no w;
branch, by [Sch95, page 198 ff], it is a c.c.c. forcing. Hence

VT e Cof(wiM) = cf (w)) = W)

Thus setting P* = Q = P, P* produces a model M with the desired properties. As it is
the *-product of an w-closed forcing with a c.c.c. forcing, it is proper. =

Now look at the following formulae:

i. wo(M, f,C,wy) = f specialize the tree derived from the restriction of the ol!-
sequence to C, where C' is a club in M n OR of order type wy. g is a Xg-formula
over H,, with the parameters M, f, C' and w;.

. pi(M, K|wy,w1) = M > Klwy. ¢ is a Yg-formula over H,, with parameters M,
K|w; and wy.

iii. po(M) = MEZFC. ¢y is a Aj-formula over H,,, with parameter M.

iv. p3(M,w;) = “M is an iterable premouse”. 3 is a A; statement over H,, with
parameters M and w; as shown in Lemma 3.11

V. 4 = M E “w is the largest cardinal”. ¢, is a A;-formula over H,, with parameters
M and w;.

vi. p5(M) = “ for every a < wy if « is the critical point of the uncollapsing map

N = Hull(au {p(M)}), N <M
We thus have that the formula:

U =3IM3IfIC 1M, K |wi,wi) A pa(M) A pz(M) Apa(M,w1) Apo(M, f,C wi)

is clearly ¥, over H,,.
Since BPFA holds in V', we have that HY, <5, H VP holds in HU‘JQP , hence there is

w2
a Mp> K|w; and a f such that g to ¢5 hold in V.

We have seen that U (K |wy,w) is a Xj-formula over H,,,, moreover W (K |wy,w;) holds
in Hw;/, as witnessed by K |ws, C' and f, where C' is the club added by the first forcing
and f is the function added by the second forcing. By BPFA we have that there is some
M, C, f € V witnessing the truth of ¥(K|w;,w;).

We claim that M and K |w;y are lined up. Suppose not and let X be a countable
submodel of H,, with M € X, let 0 : M - X be the transitive collapse. KV is a
countable submodel of K as witnessed by o | K hence K¥ <« K. Let a = X n OR we
have that ¢ 1 N : N - Hull™(a u {p(M)}) is an elementary embedding with critical
point «, hence by 5, N'< M but N is countable and K |w; < M hence N’ < K. This
shows that N and K are lined up, a contradiction since M £ “N and K are not lined
up 7!

Now this implies again that M < K |ws, but then the O, -sequence of K extends the
O, -sequence of M, a contradiction since it was specialized! —
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If one looks closely at the previous proof everything but one argument would hold
as well if we assumed that there are no inner model with a Woodin cardinal. The
missing argument being the complexity of iterability . The next lemma will take care of
iterability, we will then show how to fix the argument.

Lemma 3.13. Suppose there is no inner model with a Woodin cardinal. Let M € H,,
be a premouse such that M & “there are no definably Woodin cardinals”. The following
are equivalent

i. M is a mouse,

i. there is an M € H,, with wy U{M} ¢ M and M & ZFC™ such that M ‘M is a

mouse”,

iii. for all M € H,, with w; U {M} ¢ M and M = ZFC™ we have that M ‘M is a
mouse”.

PrOOF. We look at the very same tree T" as in Lemma 3.10. The only difference is that
non-iterability doesn’t necessarily mean that the last model is ill-founded. Let ¢ be the
formula

“N is a premouse and Z is a putative iteration of AN/ with a last ill-founded
model N,

and ¢’ the formula
“N is a premouse, and either

i. Z is a putative iteration of A with a last ill-founded model N, or

ii. Z is an iteration of N with no cofinal branch b such that No <« M7,
where N, is the Q-structure of Z, N, E ‘6(Z) is not definably Woodin’
and N = Jo(M(T))”.

We modify the tree by switching the formula ¢ with the formula ¢’ in the enumeration.
Cram 1. Suppose M is a model of ZFC™ and wy u{M} € M, then
M E “M is iterable if and only if T is well-founded.”

PROOF. “<" by contraposition. Suppose M is not iterable and let Z be a putative
iteration tree witnessing it. Take a countable substructure X with M,Z € X. Let
o : N — X be the uncollapsing map. We can construct a branch through 7" by searching
for (N,o 1 OR,0 t o7} (M),071(M),071(T)).

“—" Now suppose M is iterable and 7 has a branch bp. Let M be the countable
ZFC™ model described by by and A € M be the elementary substructure of M with a
bad iteration Z. If Z has a last ill-founded model, we already have argued in the proof of
Lemma 3.11 that this would give a contradiction. So suppose that the second possibility
occurs, that is M £“T is an iteration of N” with no cofinal branch b such that there is
a Q A ME with Q £ “6(Z) is not Woodin” and @ = J,(M(Z))”. By the absoluteness
of the strategy ¥ according to which we play the iteration game, Z is an iteration tree
played according to ¥ in M as well. For any reals, z and y, let ¢(x,y) be the statement:
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3 The strength of BPFA and a precipitous ideal on wq

if z is a code for a cofinal branch through Z and y is a code for J,(M(Z)) then
y E“9(Z) is Woodin”.

The statement 323y o(z,y) is 3{(Z,«) and hence is absolute between ZFC -models
containing Z and «. Thus Z has no branch in M as well. This shows that A is not
iterable in M. But M is iterable in M and there is an elementary embedding o : N' > M,
a contradiction! =

T is a countable tree with finites nodes and is definable from M and w;. Hence T is
in every ZFC™ model M containing M and w;. By absoluteness of well-foundedness for
finite trees, T is ill-founded in V if and only if it is in M. Hence by the previous claim,
M is iterable in V if and only if it is in M. ~

This lemma shows that iterability is Ay over H,,.

Lemma 3.14. Suppose there is no inner model with a Woodin cardinal. BPFA implies
that wi < wy.

Proor. We can go through the proof of Lemma 3.12. Let us make a few minor modi-
fication. Let K be the Mitchell-Steel core model below one Woodin cardinal. Let P be
the forcing first shooting an w; club into wy and the specializing the square sequence of
K |wsq restricted to points in the club we just added. Now look at W, the conjunction of
the formulae:

i. @o(M, f,C,wy) = f specialize the restriction of the tree derived from the o
sequence restricted to C', where C' is a club in M n OR of order type wy. ¢ is a
Y;-formula over H,, with the parameters M, f, C' and wy.

. 1M, K|wy,w1) = M > K|w;. ¢ is a Ygp-formula over H,, with parameters M,
K|w; and w;.

iii. (M) = M EZFC . ¢y is a Aj-formula over H,,, with parameter M.

iv. p3(M,w;) = “M is an iterable premouse”’. 3 is a A; statement over H,, with
parameters M and w; as shown in Lemma 3.11

V. 4 = M E “w; is the largest cardinal”. ¢, is a Aj-formula over H,, with parameters

M and w;.

vi. p5(M) = “ for every o < wy if « is the critical point of the uncollapsing map

N = Hull(au {p(M)}), N <M

We have seen that 3fICIMY(M, f,C, K |wy,w) is a Xy-formula over H,,,. Moreover
U(K|ws, f,C, K[w,wr) holds in H,y, where C' is the club in w, added by the first part
of the forcing and f is the function added by the second part of the forcing. By BPFA we
have that there is some M € V' witnessing the truth of 3f3CIMI(M, f,C, K |wy,w:).

As in the =0% case, M and K |w, are lined up. As M is only of cardinality wq, this
implies again that M < K ||ws, but then the O,,-sequence of K extends the O, -sequence
of M, a contradiction since it was specialized! -
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3.3 Consequences from precipitousness

Lemma 3.15. Suppose -01. The existence of a precipitous ideal on wi implies that

+K _ .,V
Wit =Wy

PrROOF. We go for a contradiction, as GCH holds in K it implies that P(w;) n K has
size wy in V. Let f:w; > Upew P([w1]™) n K be a bijection. Let I be precipitous on w;
and let G be a P(wy) \ I-generic over V. Let j: V — M = Ult(V,G) be the associated
ultrapower map.

Since 01 does not exist, the restriction of the embedding

jIK: K-> KM

is a normal iteration by Theorem 1.35, T say. Let E = EJ be the first extender used
in the iteration and k its critical point. Since the iteration is normal, and cp(j) = wy,
k =w;. Let us first show by the ancient Kunen argument that E is in M. We have that
j(f) € M, therefore

;- {<a,j(f><a> AU (@) hace wl} e

n<w

Now we can define E by:

(a,x) e E <= I <wy acj(f)(§) and x = f(§).

E can not be on the K™ sequence, since it has been used in the first step of an iteration
to KM. If we show that Ult(KM, E) is iterable, we will be finished, since E would have
appeared on the KM sequence during its construction. Let pg : K — Ult(K, E) be the
ultrapower map and U = po(7). We copy the iteration T via py. Hence we get the
following diagram:

K MT
T \
Po p1 Ult(MT, E)
Ult(K, E) = MlT vy Mz{{
2

Let us explain how p; and hy are defined:

priMI — MY
ig7 (f)(a) — igu(po(f))(po(a))
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3 The strength of BPFA and a precipitous ideal on wq

Let us show that this map is an embedding. Let ¢ be a formula.

M Epligr(f)(a) <= {w K Fo(f(u))} e (E] )
= {w UL(K, E) F (po(f) (1))} € po(E] )o@y = (B )poca)
= M= o(igy (po(f))(po(a)))

We claim that F is the (k,lh(FE))-extender derived from p;. Let & € pi(X) with
¢ <1h(F) and X ccp(FE). If we prove that:

§epi(X) = epy(X),

we are finished. For X ¢ OR, let us call fx the function that maps a v < k to X n~.
Since P(k) nM] =P(k)nK and X = igg (fx) (k).

p1(X) = p1(igr (fx)(K)) = tgee (foo(x)) (po(%))
= fiEOuopo(X)(Po(’f))

igy © po(X) N po(K)

po(X) N po(k)

The last equality holds, since po(k) = cp(#%). Now since & < 1h(E) < po(k) we have
that, for £ <1h(E):

epi(X) <= Eepo(X)npo(k) <= §epo(X)

As FE is the extender derived from pi, there is a unique map h; such that the diagram
commutes.
Inductively we can extend the diagram to:

K : MT MT
ZEg’ \ \
po p1 Ult(MT7,E) poo Ult(MZL, E)
VA A
Ult(K, ) —— MY MY
E

0

E is the extender derived from each p,. But M7 = KM hence we can embed
Ult(KM E) into MY . As MY is an iterate of K, it is iterable, and thus Ult(KM™, E) is
iterable itself. -

A strengthening of this result has been found by Ralf Schindler in [Sch, Theorem 5.2]:

Theorem 3.16. Suppose that there is no inner model with a Woodin cardinal, and let
K denote the Stell-Mitchell core model. Assume k to be such that there is a precipitous
ideal on k. Then k*K = k*V.
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3.4 Core model induction

In this section we want to show that, assuming a stronger hypothesis BPFA"2, we can
do a core model induction and prove the closure of the universe under the M operator
for every n.

Theorem 3.17. Suppose BPFA"P holds and that there there is a precipitous ideal on
wy. Then Projective determinacy holds.

The proof will go through the next subsections. We first prove the closure under the
sharp operator.

3.4.1 Below a Woodin

Lemma 3.18. Suppose there is a precipitous ideal on wy. Then R is closed under #s.

PROOF. Let I be a precipitous ideal on w; and let G be a P(wq) \ I-generic over V. Let
j:V > Ult(V, @) be the associated ultrapower map. For any z € R the restriction of j
to L{z] gives an elementary embedding from L[z] into itself. Hence x# exists in V[G].
But sharps can’t be added by forcing, hence z# € V. —

Lemma 3.19. Suppose there is a precipitous ideal on wy. Then H,, is closed under

#s.

PROOF. Let I be a precipitous ideal on w; and let G be a P(w1) \ I-generic over V. Let
j:V > Ult(V,G) = M be the associated ultrapower map. Let A € w;. By elementarity
R is closed under sharps in M, on the other side A = j(A) nw} € RM. Hence A# exists
in V[G] and again in V since forcing can’t add sharps. ~

Lemma 3.20. Suppose BPFA holds and that there is a precipitous ideal on wy, then V
18 closed under #s.

ProoF. This follows from Lemma 3.19 and [Sch, Theorem 0.1]. —|

3.4.2 Some toolboxes

In order for the proof to go smoothly in the higher case, let us make some observation
on the absoluteness of iterability and some mouse operators between class sized models.
Especially between M and V[G] where G is P(w;)\ I-generic over V and M = Ult(V,G),
where [ is a precipitous ideal on wy.

Let us fix the following statements:

i. A, = “V is closed under M
ii. (i), = “R is closed under M¥”

iii. (i), = “H,, is closed under M}
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3 The strength of BPFA and a precipitous ideal on wq

The good thing about w;-iterability is that it is absolute in a strong sense:

Lemma 3.21. Suppose A, holds. Let x € R and suppose that Mﬁrl(:v) does not eist.
Let P be a (n+1)-small countable x-premouse with no definably Woodin cardinal. P is

wy-iterable if and only if one of the following condition holds:
i. n is even and M (P) & “P is wy-iterable”,

ii. n is odd and M (P)[G] E “P is w;-iterable”, where G is col(w, & )-generic over
M (P), & being the smallest Woodin cardinal of M (P).

If one of the two above condition holds, we say that M (z) witness the iterability of x
let us give a sketch of the proof:

PRrooOF. We consider first the case n is even.
Suppose A, and that M¥_ (x) does not exist. By [Ste95, Corollary 4.9] and [KMS83]:

M# <Z;31+2 V

Moreover as M¥ | (P) does not exist, “P is not wi-iterable” is a X! , statement by
[Ste95, Lemma 1.5]. Hence we have the equivalence we wanted to show.

Now let us look at the odd case. Assume A,,,1, where n is even. Suppose V E “P is not
wi-iterable”. We have already discussed that “P is not wy-iterable” is a X!, statement,
say 3zp(z). Let y be a real such that V &= ¢(y). By Woodin’s genericity iteration (cf.
[Ste, Theorem 7.14]), y is col(w, dp)-generic over /\/lf;l(P), where dy is the last Woodin
of M¥,,(P). But we can rewrite M7, (P)[y] as some M} (X) which, by hypothesis, is
!, absolute, hence M¥  (P)[y] £ ¢(y). In turn, this implies that M¥ (P)[y] & “P
is not wy-iterable”.

Now suppose that V E “P is wy-iterable”. For every iteration 7 of limit length, doing
a L[E, M(T)] construction inside M7 (P) give rise to a Q-structure for 7 of P inside

M (P). But if the Q-structure exists, we already have argued that the existence of
a branch is only a Yl-fact, hence it is also true in M¥ (P). This shows that P is

wi-iterable in M* | (P) as well. ~

Lemma 3.22. Suppose A, holds and that I is a precipitous ideal on wi. Let G be
P(w1) N I-generic over V. and M = Ult(V,G) the generic ultrapower. Let X € w; and
MEP=Mj(X), then V[G] = P = M (X) and P is iterable in V[G].

ProoF. We proceed by induction. Let ®, be the statement:
“There is tree T'e€ M such that
VIG] e p[T]={(z,y); y is a code for M#(z)}”
and let W¥,, be the statement:

“for X Cwy, if M P = M¥(X) then V[G] £ P = MZ(X) and P is iterable
in V[G].
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3.4 Core model induction

We will show that:
A, +V, =&, and A,;1+ P, = V,.1.

Uy is trivial, let us prove ®,. Assume that the universe is closed under sharps. Let
Ty be the tree searching for

i. a fully elementary map 7: H - j((H))#)
ii. some x, small generic over H and
iii. some y € R that codes an x-sound z-premouse derivable from H.

Suppose V[G] E “y codes z#”. Let 7 be a name for x and 6 large enough such that
P(wi) NI e HY. Notice that by W,

J((H)*) = 5(Hy)*.

Since z is countable in V[G], we can find a countable substructure X of j(H, )#[G]
with 2, G,P(w;) N\ I € X. Notice that z is small generic over j(H) )# by construction.
Let N be the transitive collaps of X and 7 the uncollapsing map. N is of the form H[g],
where g = 71(G). As x is countable, 7-1(x) = z and we have x € H[g]. By elementarity,
x is small generic over H. On the other side, since 7 | H : H - j(H} )# is an elementary
embedding, we can embed H into a sharp. Hence H is a sharp. But then we can derive
y from H and thus (z,y) € p[Ty].

Now let (z,y) € p[Tp], since H is embeddable in j((H))#) via 7, it is truly a sharp,
and thus V[G] E “y is a code for x#”.

Let us prove “A,.1 + ®, = V¥, 1" now. Suppose T}, is the tree given by ®,. Let
M= M = M¥ (X), for some X ¢ OR. We already know that M is X-sound and
projects to X. Moreover, every initial segment of M is (n + 1)-small, hence if we can
prove that M is iterable in V[G], we will automatically get that V[G] = P = M¥_ (X).
Let us define the tree U, searching for a countable submodel of M witnessing its non-
iterability. For the rest of the argument we will drop the index M, that is U, ,; = U/L\fl.

U,.1 is the tree searching for:
i. a countable model M of ZFC™
ii. a countable mouse P € M,
iii. an elementary map o:P — M,

iv. an iteration tree 7 € M on P played according to the iteration strategy ¥, such
that either:

a) the last model is ill-founded,
b) in M there is no cofinal branch b such that Q(b, T) exists and

Q(b, T) <« M#*(M(T)).
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3 The strength of BPFA and a precipitous ideal on wq

Remark first that by absoluteness of the strategy >! and by the uniqueness of the
branches, if 7 is an iteration tree played according to X! in some M as above, it is an
iteration tree played according to Xf in V. Hence by II1 absoluteness, the existence
of a branch for 7 in M is equivalent to the existence of a branch in V, as long as
the Q-structure for the tree exists in M (and in V). As the Q-structure is given by an
initial segment of M (M(T)), searching for M} (M (T)) will solve that matter. Notice
that M(T) does not depend on b, hence we can simultaneously search for M(7) and
some y such that if (M(T),y) € T,, that is every part of the finite attempt to describe
(M(T),y) is a point in T,, extending the previous one in 7T,,. The rest of the construction
of U,,1 is just as usual.

Let us now prove that U,,; gives the desired result. Suppose X ¢ OR and that
M e P =M (X). If Pis not iterable in V[G], let T be a tree on P such that
either, its last model is ill-founded, or there are no branch b through the tree with
Q(b,T) <« M¥(M(T)). Let 0 be large enough such that 7 e Hy and let Y < Hy be a
submodel with P, T € Y. In the transitive collapse of Y there is a countable substructure
P <P and a tree T such that, either the last model of T is ill-founded or 7 is of limit
length and has no cofinal branch b with a @-structure that is iterable above §(7) .
Suppose the later holds, we claim that having a Q-structure is equivalent to condition
iv. b). If Q(b,T) <« M#(M(T)) then Q(b,T) is iterable above 6(7") and hence a Q-
structure. Suppose Q(b,7) is a @Q-structure, hence it is iterable and 0(7 )-sound. We
can compare Q(b,T) and M#(M(T)). As 6(T) is a cut point for both models and
they agree below 6(7), the coiteration is above (7)) and thus they are lined up. Since
P is a substructure of M7 | every initial segment of an iterate of P is (n + 1)-small,
hence Q(b,T) is (n + 1)-small and Q(b,T) <« Mj (M(T)). This shows that the tree
Ups1 is ill-founded in V[G] and thus ill-founded in M as well. Let P be the countable
substructure of M described by a branch of U,,; in M. On one hand P should be
iterable, on the other U,,; describes an iteration tree 7 witnessing the non-iterability
of P a contradiction!

Now we can prove that “A, + ¥, = ®,”: Let U, be the tree constructed above
witnessing the iterability of some mouse M. We construct 7;, as the tree searching for:

i. a fully elementary map 7 : H — j(M} (HY))
ii. some z, small generic over H and
iii. some y € R that codes an x-sound x-premouse derivable from H[x].

T, is clearly in M as well as in V[G]. Suppose that (z,y) € [T,,]. Then by construction y
is a z-sound z-premouse, moreover every initial segment of y is n-small. j(M¥ (H ) is
iterable in M, by ¥, it is iterable in V[G] as well. Since H is an elementary substructure
of M#(HX), there is a H such that H = M#(H) As y is derived from ./\/l#(ﬁ), it is
iterable in V[G]. This shows that y is indeed M ().

Now suppose that = € P(w;)nV[G] and y codes M (z). We have to show that (z,y) €
p[T,]. xis generic over some HM, let 6 be large enough such that z is generic over j(Hy")

as well and P(w;) I € HY. Let X be a countable substructure of j(Mj (H)))[G] such
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that ,G,P(w;) N I € X. Let N be the transitive collapse of X and 7 the uncollapsing
map. By construction, there is some g such that N = H[g], moreover z is small generic
over H. We have that H < j(Mi(HY)), H € V[G]. But then there is again a H such
that MZ (H) = H. As x is small generic over M7 (H) and as y codes M (z), y codes
an z-sound z-premouse derivable from M (H)[z]. Hence 7 | H,z,y give a branch of
T and (z,y) € p[T,]. -

The previous lemma actually showed that:

Lemma 3.23. Suppose A, holds and that I is a precipitous ideal on w,. Let G be
P(w1) \ I-generic over V and M = Ult(V,G) the generic ultrapower. Let X € wy and
M an X-premouse such that either M is (n+ 1)-small and M & “M is iterable” or
ME“M=M¥*_(X)”. Then V[G]E “M is iterable”.

If we look carefully at the ®,, = W¥,,,; argument in the proof of Lemma 3.22, we didn’t
need A, for the construction of the tree. Hence in case P = /\/lflé 1 (X) it is sufficient
to have A,. Hence if M is (n +1)-small or equal to M7, | we can go through the rest of
the proof with the weakened hypothesis.

The proof of Lemma 3.22 also shows that:

Lemma 3.24. Suppose A, holds. The set U, = {(2,y); y is a code for M#(:c)} c R?
15 a universally Baire set.

3.4.3 The induction

We prove the main theorem by induction. The proof of our main theorem will follow
the following “strategy”: Assuming BPFA"® and the existence of a precipitous ideal, we
will show that:

A= Ap+ ()np1 = An + (1)1 = Anna

Lemma 3.25. Suppose BPFA"? and A, holds and that there is a precipitous ideal on
w1, then (1)ny1-

Proor. Will will prove the lemma by contradiction, let us suppose that there is an x € R
such that K (z) exist, is (n+1)-small and has no Woodin cardinals. We first want to use
[Sch, Theorem 5.2], saying that if we have a precipitous ideal on r, then x*K@) = gV,
There is one key fact we have to check, in order for that proof to go through in our case:
the iterability of KM (x). If it wasn’t, there would be an initial segment, say KM (x)6
that is not iterable. This would be a contradiction to Lemma 3.23. Hence we can follow
the same argument as in [Sch, Theorem 5.2] and we can suppose that:

+K(z) _ 4V
wy =wi’.

Now we follow the same proof as in Lemma 3.12. By the previous argument, we know
that wIK(m) =wy. Let M = K(x)|ws, let P be the forcing adding a club C' of order-type

wy and let @ be the forcing in V* specializing the tree arising from the square-sequence
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3 The strength of BPFA and a precipitous ideal on wq

of M restricted to ordinals in C'. P % Q) is a proper forcing. Let G be P % QQ-generic over
V. In V[G] there is a mouse M with a height of cofinality w;, which is an end extension
of K(x)|w; such that the restriction of the square-sequence of M to some club C' is
specialized. Let us take a closer look at the complexity of this statement.

Let ¥ be the following formula:

there is a M a club C € M nOR and a f : w; - w with the following
properties:

i. M is a (n+1)-small premouse,

i K(z)|w aM,

iii. M has a largest cardinal wy,

iv. the height of M has cofinality wy,

—e

v. f specialize the square-sequence of M restrcted to C,
vi. M has the strong condensation property,

vii. for every y < M countable, M7 (y) witness the wi-iterability of y.

We claim that ¥ is a ¥; formula over H(KZ[G] with the parameter U,. Obviously we
have to check item vi and vii. Let (\;,7 < w;) be a sequence of ordinals cofinal in MNOR
such that each M; = M| \; projects to w;. Every countable submodel of M; has to be the
transitive collaps of Hull™ (awu {p(M,)}), for some a. This shows that all the collapses
of countable substructures of M are initial segments of some Hull™(a u {p(M;)}), for
some «,1 < w;. We can rewrite item vi. and vii. by the formula W’:

there is a sequence (\;; i < wy) such that
i. (\;; i <wq) is cofinal in M nOR,
ii. each M|\; projects to wy,

iii. for every a < wy if AV is the transitive collapse of Hull®™ (au{p(M|;)})
then N' < M,

iv. for every a < wy if 2 € R is a code for A/, where A is the transitive
collapse of Hull™™ (a.u {p(M||\;)}) then for all y such that (z,y) € U,,
y witness the w;-iterability of z.

U’ is a E{{” formula with parameters M, w;, K|w; and U,. Let us prove that ¥’
equivalent to item vi. and vii. provided the other item of ¥ holds true.

It is clear that item vi. and vii. implies W’. Let us now suppose that W’ holds. Let
P be a countable premice and o : P - M be an embedding. Since the cofinality of M
is uncountable, Setting A = supo”P nOR, o : P - M|\ is also an embedding. Remark
that since z € R, P is an z-mouse. Let \; > A and let a = w] be the critical point of o.
We have that P <« N, where N = HullM (o U {p(M| \;)}). By ¥/ N is wy-iterable, as
witnessed by M (V) thus P is wy-iterable as well, hence it is also witnessed by M (P).
By ¥’ we also have that N'< M hence, P < M.
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This shows that ¥ is a »; formula in parameters wy, U, in H,,. ¥ is true in V[G]
as witnessed by K(x)|ws, C and f, where C' is the club added by P and f the function
added by Q. As P« Q is proper, by BPFA"®, ¥ holds in V as well. Let M and f be
such that (M, f) holds in V.

We claim that M and K(z) are lined up. Suppose not and let M be a countable
substructure of H,, containing M and K (x)|w,. Let M, K € M be such that

U(Hvﬁ) = (M7 KHW2)>

where o : M — M is the uncollapsing map. By ¥, M is an initial segment of M but
since M is countable and K ()|w; < M, we have that M < K (), on the other side by
condensation K < K. Hence M and K are lined up, but M believes that there are not,
a contradiction.

Since M has cardinality w;, we must have that M < K (z)|ws. This implies that the
O.,-sequence of K (z)|ws is extending the O,,-sequence of M, a contradiction as the
O.,-sequence of M has a specializing function. Hence K (x) does not exist and thus by
K-existence dichotomy M¥ | () exists. -

Lemma 3.26. Suppose BPFA"Z A, and (i),.1 holds and that there is a precipitous
ideal on wy. Then (i1),.+1 hold.

PROOF. Let X € H,,, be the set such that K (X) exists, is n-small and has no Woodin
cardinals. Let I be a precipitous ideal on w; and G P(w;) \ I-generic over V. Let
j:V = Ult(V, @) be the associated ultrapower map. By elementarity (),,1 holds in M.
As X is areal in M, M¥ (X)) exists in M and is iterable in M. As A, holds we have by
Lemma 3.23 that M¥_(X) is iterable in V[G]. Since KV(X) = KVII(X) by generic
absoluteness, it is also iterable in V[G]. Let (T,U) be the coiteration of M7, (X) with

n+1

K(X). As K(X) is universal, the M (X) side of the coiteration has no drop. Since

n+1

K(X) is (n+1)-small, at least the critical point % of the top extender of M#  (X) has

n+1
to be iterated out of the universe, a contradiction to the universality of K (X). —

Lemma 3.27. Suppose BPFA"Z, A, and (ii)n.1 hold and that there is a precipitous
ideal on wy. Then A, .1 hold.

PROOF. Let X ¢ OR be such that M¥_(X) does not exist. Without loss of generality
we suppose that x = sup(X) is a cardinal. Let P* be the w;-closed forcing adding a
surjection ¢ : wy — k. Let us first work in V[g]. Remark that g is generic over each
X-mouse M, hence we can work with M[g] which we can reorganize as an X’-mouse,
where X’ € ws. Since we can also form K (X)[g], we have that K(X’) exist and thus, by
K-existence dichotomy, M7, (X") does not exist. Let S(X’) be the stack of all X’-mice
which are wy-sound and projects to or below wsy (for more on stacks see [JSSS09]). That
is P < S(X') if there is a Q > P such that Q@ is an X’-mouse which is sound above ws
and projects to wy. S(X') is an X'-mouse, S(X') £ ZFC™ and its largest cardinal is ws.
Fix A = ORnS(X").

Cram 1. cf(A) > wo
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3 The strength of BPFA and a precipitous ideal on wq

PROOF. Suppose not and let Y be a substructure of S(X’) of size w; such that the
height of Y is cofinal in . Let 7 : N' - Y be the uncollapsing map. Then N is some
X-mouse where X = 71(X’). X can be coded as a subset of w;, since the forcing
was wi-closed X € V and thus by (ii)n., M¥(X) exists in V. But we have already
seen that M¥_ (X) is absolute between forcmg extensions, hence M¥ (X) is iterable
in V[g] as well. This implies that N < M¥ [ (X) as N is (n +1)- small Let Q be the
minimal X-mouse such that N < Q « Mn+1(X) Q is X-sound and projects to X. Let
n < w be such that pg(n +1) <sup(X) < po(n). Let E be the extender derived by 7.
By [MS95], if we let
Q*=Ult,(Q,F)

be the ultrapower by the long extender F, Q* is an X’-mouse and is iterable. Since we
chose Y such that sup(YNnOR) = A, we have that ran(7)nOR is cofinal in A = S(X’)nOR.
This implies that Q* > S(X’). But @* is an X’-sound X’-mouse that projects to X', a
contradiction to the definition of the stack S(X). —|

Again we can look at the forcing P adding a club of order-type w; in A and Q the
forcing specializing the tree arising from the square-sequence of S(X’) restricted to
elements in the club added by P. Let G be P * Q-generic over V[g].

Let ¥ be the formula:

there is a X cwy, a M, a club C'in M nOR and a f such that X ¢ w;, M
is an iterable X-premouse, cf(ORNM) = wy, f specializes the restriction of
the tree arising from the square-sequence of M to C.

The core of our argument will be to show that this sentence can be formulated in a >
way with parameters from H,,, and one universally Baire set.

CLAIM 2. There is a ¥q-formula with parameters in H,, and two free variables @, such
that:

Vig,G] e “S(X") is iterable” if and only if V[g,G] E ®(S(X"),U,)

PROOF. Let A < A be such that S(X')|\ projects to w;. Let o : P - S(X')|\ be an
elementary embedding where P is countable. Let a be the critical point of 0. P is a
X' na-mouse. Since S(X') is (n+ 1)-small and iterable, we have that P is (n+ 1)-small
and wy-iterable, witnessed by M (P). Since S(X')|X projects to X', we have that P

projects to X’ na. Since both mouse are sound, this implies that P = HullS(X/)Hj‘(oz u

{p(S(X)|N}).
Let ®(S,U,) be the following formula:

For all A < A, where A = ORNS such that p,(S|A) = wy, for all & < wy
such that o = wy n Hull®* (o U {p(SHX)}) and for all transitive A/ such that

N = Hull® (a U {p(SIN)}), N is wi-iterable as witnessed by y, where y is
such that (NV,y) € U,.

® is the formula we were looking for, as proved by the previous argumentation. -
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3.4 Core model induction

Hence rephrase ¥ by:

There is a Y € wy, a Y-premouse M, a club C'in MnOR and a f:w; - w
with the following properties:

i. Mis a (n+1)-small Y-premouse,
ii. the largest cardinal of M is wy,
iii. the height of M has cofinality wy,
iv. f specialize the square-sequence of M restricted to C,

v. cofinally many initial segments of M projects to Y,

vi. ®(M,U,).

Since P* * P is w-closed and Q is c.c.c. the *-product is proper. Thus by BPFA"™®, ¥
holds in V.
Let Y, M and f be witnesses of ¥ in V. Since (i), holds, M¥ (Y exists. There

n+1
are cofinally many initial segment of M that are sound and which projects to Y. Let

N 9 M be such an initial segment, M (V) wins the coiteration with A, hence N is

n+1
not moved in the coiteration. Moreover since there are both sound and projects to Y,

there are actually lined up. This implies that M <« M (Y"). Hence there is a thread

n+1

to the square-sequence of M in M¥_(Y), as given by the square-sequence of M*, (V).
But there is a specializing function for the square-sequence of M, a contradiction!  +
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4 ldeal Extenders

This chapter is devoted to the analysis of the consistency strength of various generic
embeddings and their construction. In the first section, we recapitulate some analysis
of the relationship between precipitous ideals and < k-complete ultrafilters and present
a forcing construction that allows to change the power-set of a measurable cardinal
without killing the measurability. In the second section, we will define ideal extender,
which we think, are the natural counterpart to precipitous ideals in the strong context.
That is, ideal extenders are to strong cardinals, what precipitous ideals are to measurable
cardinals. That the techniques to produce such ideal extenders, by a levy-collapse, are
just the same as in the measurable case strengthen that hypothesis. We will finish that
section by showing that the existence of these ideal extender have at least the consistency
strength of a strong cardinal. In the third section, we will discuss how to produce finitely
many of such ideals. Sadly it seems that it becomes more difficult, consistency wise, to
get a combinatorial witness to the “generical strongness” of a cardinal. By switching to
a more general concept of generically strong, we show that they are equiconsistent to the
“same amount” of strong cardinals. Finally in the last section, we use the techniques
developed in the previous sections to show that given w supercompact, we can construct
a model in which every R, is generically strong.

4.1 In the case of a measurable

Let k be a cardinal. The levy collapse of k to wq, col(w,< k), is the set of all finite
function p such that dom(p) € k x w and for all (a,n) € dom(p) p({ca,n)) < a. We say
that p is stronger than q, p <col(w,<x) ¢, if ¢ E p.

Fact 4.1. If G is col(w, < k)-generic over V, V]G] E k = w;.
Let P = col(w, < k) and for v < k, we set
PY ={peP;V¥{(a,n) edom(p) a>v},

similarly
P, = col(w,<v) ={peP;V(a,n) e dom(p) a <v}.

It is easy to see that P is isomorphic to the product P, x PV, for all v.
Let k be a measurable cardinal and U a normal < xk-complete ultrafilter on . Let

7V > M =Ul(V,U)
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4 Ideal Extenders

be the ultrapower generated by U. We can split 7(IP) in P and 7(P)*. Let G be PP-
generic over V and H be 7(IP)~-generic over V[G]. Every condition in g € m(IP)* can be
represented by a family (g.; « < k) , that is [{(¢ga; @ < k)]u = ¢, where all the g, are in P.
Moreover for U-almost all « g, € P%, since [¢] € 7(P)* <= {a;q, € P2} € U.

In V[G x H] we can define a new V[G]-ultrafilter W by:

¢ eW — ke(m(r)) .
Let W be the canonical name for . For every pe P and ¢ € 7(P)*~,
(p,q) IF X e W < for U-measure one many a,pU qq I- &€ X.

We will use this last remark to show that W is generic over V[G] for the following
forcing: Q = {X e V[G];VY €U Y n X # &}, where X <q Y if and only if X ¢ Y. We
already know that W is a V[G] ultrafilter, so we only have to prove that it is generic.
Suppose X = {X;;i <6} is a maximal antichain in V[G] and for all i < 6, X; ¢ W. Let
X, X; be names for X and X;. Let pe G and g € H be such that:

(p,q) IF Vi< X, ¢ W

By the last remark ¢ = [{¢a; @ < k)] and for each i there is a set A; € U such that for
all v € A; pUqa IF ¢ X; . Now let T = {a, go € G}. We first prove that 7'n X; ¢ Q. For
each i < 0, if a € T'n A; we have that g, € G and « ¢ X;. Therefore T n X; n A; = @ but
A; €U hence TnX; ¢ Q. Thus T is incompatible with all X;. If we can prove that T € Q
we would have that {X;;7 <0} wasn’t a maximal antichain, a contradiction. Let Z € U,
we have to prove that T'n Z # @. We want to show that ¢, € G for some a € Z. Let

E={reP;r<q, for some a e Z}

Let us show that £ is dense. Take some p € P and let 3 be the minimal such that p € Pg.
Now since Z is unbounded in x there is a a € Z ~ . But then, p and ¢, have disjoint
domains in a way that pugq, € P and thus r = pu ¢, is the strengthening of p that we
were looking for. Thus EnG+@ and T'nZ + @.

What we basically did is, starting with some embedding;:

7V > M=Ul(V,G)

to lift up 7 to some
#:V[G] > MG, H],

moreover if W is the ultrafilter derived from 7, W is generic over V[G] for the forcing
Q. This case was easy, because the forcing adding G was basically below k, the critical
point of 7. But there are ways to lift up embeddings even when forcing above of a large
cardinal. Let us first show a way to deal with it in the case of a measurable.

Lemma 4.2. Assume GCH. Let k be measurable, X,, the set of all cardinals less or equal
to k and P the easton support iteration of col(&, &), the forcing adding a cohen subset of
&, forall £ € X,.. Let G be P-generic over V', then in V[G], k is still measurable.
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4.2 One ideally strong cardinal

PRrROOF. Let U be an normal ultrafilter witnessing the measurability of x. Let
j:V—>M=Ult(V,U)

be the associated ultrapower map. j(IP) is the easton support iteration of col(&, &)
for all £ € j(X,) = Xj), let j(IP)~ for the part of the forcing starting after , that is
j(P) =Px*P=. Let G be P-generic over V', since (H,,)V = (H,)M and P(k)nV = P(k)nM
we have that G is P-generic over M. If we can show that there is an G' € V[G] such that
G+ G is j(P)-generic over M and j”G = Gnran(j), we will be able to lift the embedding
j to an embedding
j:VIG] ~» M[G xG]

By the Factor Lemma [Jec03, Lemma 21.8 pp. 396] it suffices to define G such that it
is j(IP)~x-generic over M[G].

By [Kan03, Proposition 5.7 (b)], 2% < (2¢)M™ < j(k). Notice that for the same reasons,
we also have j(k*) < (2%)* = k**. Hence

card” ({D € M, D is dense in j(P)*}) = x* = 2%

Every dense set of j(IP)® in M[G] is of the form j(f)(k)“, where f is a function
from x to VF. Let (f;;i < k*) be an enumeration in V' of functions representing all open
dense sets of j(P)* in M[G]. There is an enumeration with size x* since in V[G] there
are at most x* many such dense sets and P has the x*-c.c. Since M is k-closed each
initial segment (j(f;)(k)%;i < ) is in M, for a < k*. But j(P)* is also k-closed, hence
Ni<a 7 (fi)(K)E is a dense set of j(IP)* in M. Now one can construct in V[G] a sequence
(Pa; @ < K*) with the following properties:

i. po=UJ"(Gncol(k,k))
ii. po <psfor a<f
il pa € Nica d (fi)(K)C

Each element of the sequence is in M, and the sequence itself is in V[G]. Moreover
J7G < G *G. Now we can lift 7 by using the classical definition:

j(TG) :j(T)G*G -

for 7 a P-name in V.

4.2 One ideally strong cardinal

4.2.1 The definition of ideal extenders

Definition 4.3. Let x be a cardinal, A > k an ordinal and let X be a set. For every
finite subset a of X let us fix one bijection between a and its cardinality. We identify
finite sets of ordinals with their increasing enumeration, finite subsets of X with their
previously fixed bijection.
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4 Ideal Extenders

i. A (k, X)-system of filters is a set

F e {{a.2) € [X]% x P((s]*): < 5]},

such that for all a € [X]«, F, = {x; (a x) € F'} is a non trivial filter that is F, #
P([k]7). We set supp(F) = {a €[ X]w F,+#{X}}.

ii. Let F be a (k, X)-system of filters. Let a,b € supp(F), such that a ¢ b. Let s:a ~b
be such that a(n) =b(s(n)). For a set x € P([k]?), we define

Sl

Tap = {(UM <Z:)) e [s]";

(us(jy;J < a) € x}

Sy

For a function f:[k]% — V, we define f,;: [x]° =V by

Fan((uisi <)) = F({ay: 5 < @))-

iii. A (k, X)-system of filters F is called compatible if for all a € b € supp(F’)

rel, < x,,¢€F,.

iv. Let a € [X]* and = € [x]?, we say that F’ = span{F,{a,X)} is the span of F
and {a,x) if it is the smallest compatible system of filters such that F' ¢ F’ and
(a,z) e F".

v. Let F' be a (k,\)-system of filters. The associated forcing Pr consists of all
conditions p = FP, where F? is a compatible (k, \)-system of filters, supp(p) =
supp(F?) ¢ supp(F) is finite and FP is generated by one point x € (F,)* for
some a € supp(p), i.e. FP is the span of F and (a,x). p <p ¢ if and only if
supp(q) € supp(p) and for all a € supp(q), Fi € FY, that is if F9 ¢ FP,

Let F' be a compatible (x,A)-systems of filters and G be Pp-generic over V. Set
= UG, where G is the canonical name for the generic filter. Clearly Eg is a system
of filters again. For any a € [A]<” and X € F} we have that

A= {span {F, (0, X)} span { F. (a. [s]" » X)}}

is an antichain in IPp. This shows that each Ega = (U G)a is an ultrafilter. Moreover

Er has the compatibility property. Let us now look how we can translate the normal
and w-closed concept to this situation.

Definition 4.4. Let x, A be as in the previous definition.
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i. We call a (k, \)-system of filters potentially normal if for every p € Pp, for every
a € supp(p) and for every f:[k]? - V if there is a j <@ such that

{u7f(u)€uj}EF57

it follows that there is a dense set D below p such that for every p’ € D there is a
¢ e supp(p’) with
{Ua fa,au{f}(v) = vi} € Ffu{g}a

where i is such that s(i) =&, s being the enumeration of a U {¢}.

ii. We call a (k,\)-system of filter precipitous if for all p € Pr and for all systems
<(ps>Xsaas>; S € <w9> such that:

a) pg =D,
b

) as € ag; for all i <0,
¢) psi contains the span of py and (as;, Xs~;) for all 4,
)

d) {psi;i <0} is a maximal antichain below ps,

there is an x € “f and a 7 : Uy, as — k such that 77a, € X, for all s ¢ x.

Definition 4.5. Let k < A be ordinals. F'is a (k, A)-ideal extender if it is a compatible
and potentially normal (k, A)-system of filters such that for each a € supp(F), F, is
< Kk-closed.

Let F' be a compatible (r,\)-systems of filters and GG be Pp-generic over V. By
compatibility and potential normality, we can see that E% is a (k, A\)-extender over V.
Hence we can construct the formal ultrapower, regardless of it being well-founded or
not.

Lemma 4.6. Let F' be a (k,\)-ideal extender and G be P g-generic over V. Let o(u)
be a formula in the language of set theory in one free variable u. Lo$’s theorem holds
for generic ultrapowers, that is Ult(V, ES) & o([a, f]) if and only if

{aels]V e o(f(@)} e BE,.

Proor. We proceed by induction on the rank of the formula. For atomic formulae
this holds by definition. We only prove the lemma for the negation and the existencial
quantifier as the other cases are easy.

Let ¢ = =1). It follows from the fact that each Eg is a system of ultrafilters, that is if
(a,z) ¢ ES then (a,[r]7\ z) e BS.

Let ¢([c,g]) = Fv(v,[c, g]). We first show that:

UV, B§) = o(le.g)) — {ae[k]5V Flg(@)} € B,
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Let [b, f] be such that ¢ ([b, f], [¢, g]) holds. By induction hypothesis, there is a (buc, z) €
G witnessing that ¥([b, f],[c, g]) is true, that is

2= {& € (I & Vi@, e @) € B
Since Egbue is a filter, by a compatibility argument we can show that:

e {Be [k V E (e, g(B))} € EE..
Let us now prove the other direction, that is:

{ae[s]5V e p(g(a)} e B, = UV, EE) = (e, g]).

Let . _ . .
y={3e sV = 3v(z,9(3)) } € B,

and f the function that assigns to some 3 some set z such that

V E(z,9(8)),

if one exists and the empty set else. f gives a witness for the fact that Jvy (v, g(3)) on
a B¢ measure one set. Thus by induction hypothesis

ULt(V, E¥) = ¢([e, f1, [e, 9]). .

Lemma 4.7. A (k,\)-ideal extender is precipitous if and only if the generic ultrapower
given by any generic over the associated forcing is well-founded.

PROOF. Suppose first that I is precipitous and that there is a condition p € P such
that p IF“ the ultrapower by Ep is ill-founded”. That is there is a system ([a”, /], n < w)
such that

pik[a", fr]> [a, .
Without loss of generality we can fix a system ((ps, X5, as), s € <) with pg = p such that
{ps-i;i < 0} is a maximal antichain below py and

ps - dom(fy) = Xy € Ea, A fr = fo Al = an.

By precipitousness we then have a z € “6 and a 7 : U, as = k such that 77a, € X, for
all s € x. Since all conditions are below p,

Do tnst IF na[an’ fn] S [an+1’ ]En+1]77.

Moreover

Pz tn+1 - dom(fn) = Xz tn € E(z A dz tn = an”

x In
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and
« Y ; - . »
Pz tn+1 I+ dom(fn+1) = X:E tn+1 € Edz b+l ANCQgintl = Apt1 -

Thus 7”7 ag 1 € dom(fy1n) and fo1n (77 1n) > fotne1 (77 Gz st ), but this is a descending
sequence of ordinals in V', contradiction!

Suppose now that for every generic, the ultrapower is well-founded. Consider the
system T = ((ps, X, as); s € <“0) such that:

L. po =D,

ii. as € ag; for all 7 <6,
iii. ps~; contains the span of p, and (as;, Xs;) for all i,
iv. {ps;1 <0} is a maximal antichain below p;.

Let us show that x, 7 exists such that 7"a, € X, for s € x. Let G be a generic filter such
that py € G. Since for all n < w the set {p,,1h(s) =n} is a maximal antichain below pg;,
there is one s such that p, € G, let & be the union of all such s, notice that x € “6 is well
defined. Let 7 :V — Ult(V,G) be the ultrapower map. We write ag(ﬂ for the second

components of the condition at the s-node of 7(7), similarly for X and p™ 7). Let

T: SCUIW(CLS) - (k)

be defined as follows:

if § € Usep m(as) then there is a s such that § € w(ay), since as is finite there
is a £ € a, such that £ =7w(§), let 7(§) =¢&.

Hence we have that:

Ult(V,G) & “7: Um(as) > (k)"

and
777 (as) € m(Xy) for all s ¢ x.

By elementarity 7(as) = a:g) and m(X;) = X;rg)~

Let us argue why = and 7 exists in Ult(V, G): let T be the tree of height w, with finite
conditions searching! for a 2’ and a 7/ such that

7!t Uscar a7 S 7(k) and 77" ™7 e X for all s c 2.

This tree is in V[G] as well as in Ult(V,G), setting 2’ = 7”72 we can see that it is ill-
founded in V[G], hence it is ill-founded in Ult(V,G). A branch through the tree gives
some z and 7 with the above properties, hence

Ult(V,G) £ “Jz37 such that 7 : Usc, a7 7(k) and 7a™ M ¢ xTT) for
all sca”.

By elementarity

V' E “Jdx3Tt such that 7: Uy, as = k and 77a, € X, for all s € 2”. ~

lwe already constructed such a type of tree in 3.10
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4.2.2 Forcing ideal extenders and ideally strong cardinals

Lemma 4.8. Let k be a-strong in V, p < £ some cardinal and let E be the (K, \)-
extender derived by the ultrapower map witnessing the a-strongness. Let W = V[G]
where G is col(u, < k)-generic over V. Set

F = {(a,x);x c [k]® and 3y such that {a,y) € E y c x}
then F' is precipitous.

PROOF. Let us first start with a simple general consideration that is useful in many
cases when considering ultrapowers and the Levy collapse:

CrAM 1. Suppose V E “E is a (k,\)-extender”. Let m:V - M = Ult(V,E) be the
associated ultrapower map. Then for each G col(u,< k)-generic over V and each con-
dition q € col(p,< w(k))M such that q |} px k € G, there is a M-generic G* such that
{q} UG < G*, moreover there is a canonical map 7:V[G] - M[G*] such that 7 C 7.

PROOF. Since (H,+)V = (H.+)M, G is also generic over M. In M[G] we can look for
a col(u, |k, m(k)[)-generic filter G such that ¢ | ux]r,7(k)[e G. Let G* be the filter
generated by G UG, now we can define an embedding 7 : V[G] — M[G*] as follow: for
every name 7 € Vl<r) et 7(7¢) = (m(7))¢". Tt is easy to check that 7 is well defined
and an embedding. ~

Let us now turn to F', we first want to prove that for each col(u, < 7(k))-generic over
M filter G*, we can construct an extender E¢" that extends F' such that the following
diagram commutes:

=1

VIG] M[G"]

Ult(V[G], ES")

where j is the associated ultrapower map and k still needs to be defined and G =

G* ncol(, < k). We define EG" by:
(a,2) € BS" <= aeq(z),
for a € [A\]* and 2 ¢ P([x]?) and k by:
k(Lf,a]) = 7(f)(a),

where a is as before and f : 5@ - V[G]. Tt is easy to check that k is well defined. Hence
Ult(V, EC") is transitive.

Let us do a few remark similar to the case of a measurable before turning to the
genericity of F¢". Each condition in col(u,< 7(x)) can be split in p € col(u,< k) and a
q € col(p, [k, m(k)[), moreover ¢ can be represented in the ultrapower by a, € [A]*” and
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a function f9: k% — col(y,< k). Let s be an enumeration of a, u {x} and 4 such that
s(1) = k, we have:

(€52 i ©) e col(p, [ kD) } € By

Let E be the canonical name for EG*, a € [k]<* and X € Veol(n<r) gome set such that
there are (p,q) € P » j(IP)* with

pugi-® (4, X) e F.
By definition of © we then have:
puqiF® gen(X)2.
Setting id® : []? — [«]?, this leeds to:
{&pU f2 a0a, () KT idS 100, () € X} € By,

Let Gp = {p ePp; FPc EG*}. We want to prove that G is Pg-generic over V[G]. Let
peG and g e G* | col(pu[r,m(K)[) such that

piF“A= {F’,z < «9} € P is an antichain”

moreover for each i < 6, puq IF “Fi ¢ EG"”. Let each ' be generated by (a;, X;), we
have

puUq I+ “Xi ¢ Eai”.
By the previous observation, we have sets A; € E,,uq, such that for all 5 € Ay
p U fgq,aiuaq (5) I idgz,aiuaq (g) ¢ X'l
Let T = {f, fa(€) e G} and let I’ be the span of F' and (a,,T). We first show that
F" is a condition: for a Z € E,_, we have to show that ZnT # @. Let
D= {r; T Lcol(u,<r) U¢ for some 56 Z} .

D is dense, since each condition has size less then u, Z is unbounded and p is regular,
therefore we can choose some g¢ such that

sup(dom(r)) < min(dom(g;)).

Let r € Dn @, there is a 5 € Z such that 7 <coi(u,<x) Qg thus ge T, and we have T'nZ + @.
Let us now show that T'n X; ¢ F'*, it suffices to prove that there is a set X € E,,,, such
that

Tagaivag N Xia;ai0ay N X = 3.

Let ée Ai. IE € €T, a,0a,5 e € G. Since

py fgqvaiuaq (g) I- idgz,aanq (g) ¢ Xz

We have that € ¢ Xi,, 4,04, hence the A; where the set we sought, and (X;;i <) isn’t a
maximal antichain, a contradiction!

q7ai

notice that m(X) is a col(u, 7(x)) name
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CrAM 2. Let G be col(u, < k)-generic over V. For each condition p € Pg, there is a G*
col(u, < w(k))-generic that extends G, such that FP ¢ EG".

PROOF. Let p € V be a name for a condition in Pr . Fix 7 € V and ¢ € col(u,< k)
such that ¢ I~ “FP is the span of F' and (a,7)", for some finite set of ordinals a € [A]<.
Without loss of generality we can assume that 7 = {(p, aypl- e T}. We want to show
that we can find a ¢’ < ¢ € col(u, < w(k)) such that a € 7(7), for every col(u,< 7(k))-
generic G* with ¢’ € G*. Let

y={a;Ir<q(r,a)er}.
Clearly, (a,y) has to be in E, else 7 would be a null set in V[G]. Hence
aen(y)=n({a;3Ir <q(r,a)er})={a;Ir(r,a)en(r)}.

This shows that there is a ¢’ € col(u,< 7(k)), ¢’ < g such that (¢’,a) € 7(7). Let G* be
col(u, < m(k))-generic with ¢’ € G*, G* has the desired properties. -

Let us prove now that F'is potentially normal and precipitous. Suppose first that F
is not precipitous, then there is a generic over IPr such that the associated ultrapower
is ill-founded. This is then forced by a condition p € Pr. By the previous result we
can find G* col(u, < m(k))-generic such that FP ¢ EG". Thus Ult(V[G], ES") should be
ill-founded, a contradiction since you can embed it in M[G*]. Similarly suppose that F'
is not potentially normal. Let p € P such that there is f : [s]® - V with

{u, f(u) € uj} € K7
for some a € supp(p), such that for no ¢ <p, p there is a £ with a u {{} € supp(¢) and
{U, fa,aU{E}(U) = Uz‘} € Fgu{f}‘

Let G* be col(u, < m(x))-generic such that FP ¢ ES". E" is a normal extender, since it
is an extender derived from an embedding. Hence there is a & such that

VGl A= {v, faautey(v) = vi} € Efu*{g}'
Let FP be generated by (b, z), and define
Y = Tbpuaule} N Aaufe} buanie) -
Let ¢ € Pr be such that F9 is the filter generated by (buau{¢},y). Then ¢ <p, p and
{0, faauiey(v) = v} € Fju{&}’

a contradiction! 4

Definition 4.9. Let x be a regular cardinal. We call a regular cardinal « ideally strong
if and only if for all A € OR, A € V, there is some (k,v)-ideal extender E such that,
whenever G is E-generic over V', A € Ult(V, G)
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Theorem 4.10. Let k be a strong cardinal in V' and X be a cardinal. Let G be col(\, <
k)-generic over V. In V[G], k is ideally strong.

PROOF. Let A € V[G]. There is a name 7€V for A. Let E be the extender witnessing
the strongness of  with respect to 7. That is 7: V — Ult(V, E) is such that 7 € Ult(V, E).

Now let E be the ideal extender derived by E in V[G], as we have seen previously if
H is E-generic over V and j: V[G] — Ult(V[G], H) is the associated ultrapower, then
J 1V =7. Moreover G € Ult(V[G], H) thus we have that A = 7¢ € Ult(V[G], H), which
finishes the proof.

4.2.3 lteration of ideal extenders
Let us now discuss the iteration of generic ultrapower by ideal extender.
Definition 4.11. A sequence:
((M;, By ;1< <0),(Gizi < 0))
is a putative generic iteration of M (of length 6 + 1) if and only if the following holds:
i. My=M,
ii. for all © <@ M; £ “E; is an ideal extender”,
iii. for all 7 < 0 G is E;-generic over M;,
iv. for all i +1 <6 M;,, = Ult(M;,G;) and 7, ;.4 is the associated generic ultrapower,
v. forall i<j<k<Omjpom;=my,

vi. if A < 6 is a limit ordinal, then (My,m; ;¢ < A) is the direct limit of the system
(Mi,wi,j;i S] < )\)

We call
((M;, B, m; 551 < 7 <0),(Gi;i<0))

a generic iteration of M (of length 6 + 1) if My is well-founded. We call
(M;, By, mi i< < 0),(Gisi < 6))
a putative generic iteration of (M, E) if the following additional clause holds true:
vil. for all i+1<6 Eiq =m0 (E;).
Let E be an ideal extender. We say that GG is E-generic if G is a Pg-generic filter.

Lemma 4.12. Let M be a countable transitive ZFC model and F be a precipitous (K, \)-
ideal extender over M. Let 0 < sup{M nOR,w} }. Then M is < O-iterable by F. That
is every putative iteration of (M, F) of length less or equal to 0 is an iteration.
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Proor. This proof is an adaptation of Woodin’s proof to the current context. By
absoluteness if (M, E) is not generically 6 + 1 iterable, it is not generically 6 + 1 iterable
in Mel«<9) for some §. Let (ko,n0,7) be the least tripe in the lexicographical order
such that:

i. k<wM is regular in M,
il. Mg < Ko
iii. there is a ¢ and a putative iteration
((M;, i, 75,51 < § <0), (Gisi < 70))

of (HM; ¢, ) inside M%) such that g, (1) is ill-founded.

Ko )

Since [ is precipitous, 7o has to be a limit ordinal, 7y has to be a limit ordinal in any
case. Let ¢* <y and n* < ;s ,(10) be such that m; ., (n*) is ill-founded. Since kg is
regular we can consider

(M, B, mi 55107 <0< <), (G ™ <1 <))

as a putative iteration of Hfr\;[l (x0)

By elementarity, (mo.;+(k0), mo.:+(10), M0+ (70)) is the least triple (r,7,7) such that
condition i. to iii. holds with respect to M;-.

However as showed before the triple (mo.;+ (k0),n*, 70 —¢*) also fullfils i. to iii. and is

lexicographically smaller than (mg.;« (K0), 70+ (10), m0.i+(70)), & contradiction! ~

4.2.4 The consistency strength of one ideally strong cardinal

Lemma 4.13. Suppose -=(0Y). Let k be ideally strong in V', then k is strong in the core
model.

PROOF. Let K = KV be the core model below (01) as in [Jenc]. Let A € OR. We have
to show that there is an embedding j : K — M such that K|\ e M.

Let A € OR, by the ideal strongness of k, there is an ideal extender E such that if G
is F-generic over V:

KX e Ult(V,G) = M.

Cramv 1. In V[G], K iterates to KVV:6) = KM = [*,

j exists in V[G] and K = KVIG] hence by [Jenc, §5.3 Lemma 5 p. 7] K* is an iterate of
K and j | K is the iteration map.

Cramm 2. KX = K*|A.
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By the previous claim, we already know that K|v = K*|v, where v is the length of the
first extender, F', of the iteration j. Since F' was used in the iteration, F' ¢ K*. Suppose
K|\ # K*|\, then Ih(F') < A. Since Ih(F') < A\, F € K|\ ¢ M. By [Jenc, §5.2 Lemma 2
p. 3] we have that (K|lh(F'), F') is a generalized beaver for K* and hence Ult(K*, F) is
well-founded. Let us coiterate K* and Ult(K*, F'):

K**;UI‘D(K*,F)

T

w

_—

K)&
Since F' € M, we can apply [Jenc, §5.3 Lemma 5 p. 7] to koir in M. We get that koip =i
and thus k =id, ¢ = ip. This shows that F' is on the K*-sequence, a contradiction!
Thus we can assume that 1h(F') > A and so we have:

KN« K*.
Hence j | K: K - K* and K|\ € K*, which finishes the proof. -

Corollary 4.14. The existence of an ideally strong cardinal is equiconsistent to the
existence of a strong cardinal.

4.3 More ideally strong cardinals

As we have seen in the last section, lifting existing embeddings after forcing has been a
very fruitful method to construct ideally strong cardinals. In this section, the lifting of
various embeddings will be our main concern, especially when forcing “above” a large
cardinal. In the last part we prove that such generic embeddings implies the existence
of strong cardinals in the core model, giving a lower bound to our construction. Let us
first put some light on the problems that arise, when constructing more than one ideally
strong cardinal. The key problem is that, while forcing with so called “small forcings”
preserves large cardinal properties, forcing above a strong cardinal s will, in general,
destroy its strongness, even if we don’t add a new subset of k.

Remark 4.15. Let x be a strong cardinals and 8 > 22", then in Vl(#:8") g is not
necessarily G*+V-strong anymore.

PRrROOF. Let K =V be the minimal core model for one strong cardinal. Let x be strong
in V and 8 as in the remark. Let E be an extender witnessing the §+*V-strongness of
k, and G a col(3, 3*)-generic filter. Since G does not add any w-sequence, £ is still
an w-closed extender in the forcing extension. Let M be the ultrapower of V[G] by E
and j the ultrapower map. Suppose F is witnessing 3++V-strongness in V[G]. Then G
would be in H %w and thus M believes that there is a col(~y,y+%)-generic filter over K
for some cardinal v < j(k), hence K believes that there is a col(~y,vy*%)-generic filter
over K for some cardinal v < k, a contradiction! -
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4.3.1 Lifting of generic embeddings

With some more detailed analysis of the ultrapower by an extender we may lift the
original issue.

Lemma 4.16. Suppose GCH. Let k be a strong cardinal and \ > Kk a reqular cardinal
such that 2<* = \. Let j : V — M be an ultrapower by a (k,Vy)-extender witnessing the
A-strongness of k. Then for every M-sequence of ordinals A < p; < v; < pi1 < j(k) for
i < j(Kr) such that M & “u;,v; are reqular cardinals”, there is a G € V' that is P-generic
over M, where P is the easton iteration of all col(u;, < v;)M.

PROOF. Remark that since each col(pu;, < 14;)M is A-closed in M, so is P. Since j is an
ultrapower by a (k, V) )-extender3, we have that:

i. M is closed under sequence of length x: *M nV c M,
ii. Hyc M,
. A <j(k) <AV,

Hence every dense set of P in M is of the form j(f)(a), for an f:[V,]@ - V, and some
ae[VYV]®c M. By GCH we can count in V' all such f in a sequence of order type x*.
Let

(fe: &< k™)
be such a sequence. Moreover V)V has cardinality A in M as well as in V. Using the fact
that for any given &, j(fe) € M, in M we can look at the set
Xe={j(fe)(a); aeVynj(fe)(a)is a dense set in P}.

Since M believes that the forcing iteration is an iteration of levy collapses of strong
cardinals above A, P is A-closed in M. Now define the sequence p, for £ < x* as follows

i. pp be the empty condition,
ii. pes1 is a condition below pe and below each element of X,
ili. if v < k* is a limit ordinal, let p, be some condition below each p, for £ <wv.

The successor steps works in M because X¢ and pe are both in M and P is A-closed.
For the limit steps: we can define the sequence (pg; £ <v) in V. Since v < k* and M is
k-closed, the sequence is in M as well. Hence by the A-closedness of P in M, there is a
Py less than all the pe in M.

Now the sequence (pg;€ < k%) € M is definable in V, let G € V' be the filter generated
by all this points. G is P-generic over M. —

3that is F ¢ {(a,x);a e [Va]* and x ¢ P([n]g)} for more on this type of extender see [MS89, p. 83
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Lemma 4.17. Let E be a (k,V))-extender, where X\ is such that *V\ € V) and P a
k-distributive forcing. Let
j:V > M=UL(V,E)

be the ultrapower map. Let G be P-generic over V', then j can be lifted to an embedding
7:VIG] = M[G'],
where G' is the completion of j"G in j(IP).

PROOF. Let E be as in the theorem and j : V - M = Ult(V, E). We have that M is
closed under k-sequences, that is *M NV € M. Let P be a s-distributive forcing and G
be P-generic over V. Let

G'={qej(P); IpeG j(p)<q}.

We claim that G’ is already generic over M! Let D = j(f)(a) be some dense open set
in M. This implies

{u € [VK]E; f(u) is a dense open set of IP} e,
but then the set
A= {f(u), u € [VH]E/\ f(u) is a dense open set of ]P}

has only size k. By k-distributivity of P, M A is still dense. Let p e An G, we have that
j(p)e DnG". =

Notice that this lemma alone does not give the the desired result since G itself might
not be in M[G’]. We want to combine this and the techniques developed in the mea-
surable case to get the desired result. Sadly for the forcing we have in mind, using
only strongness will not suffice. We will use the concept of A-strongness to bypass this
problem.

4.3.2 Forcing two ideally strong cardinals

Lemma 4.18. Let A be the class of all strong cardinal. Suppose V = “GCH, k is an
A-strong cardinal, 0 > K is the only strong cardinal above k”. Let n: OR — OR such that
n(v) =" and let vy, denote the smallest strong cardinal above p. For v strong, let P., be
col(n(v), < i), the levy collaps of p, to n(y) and let P be the easton support iteration
of all P., for ~ strong such that p., exists. Let G be P-generic over V. In V[G], k is
strong.

Proor. We first follow the same strategy as in the measurable case. For some set of
ordinals 7, let IP | I be the easton forcing iteration of IP,, for all v € I. Let G be P-generic
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over V', let A > ¢ be a large enough regular cardinal with #V) ¢ V), we have to show that
there is an embedding )
VG- M

with the property that H}\/[G] c M. Let E be an (k,V))-extender witnessing that x is
A-A-strong in V. We want to lift up the embedding j: V — M associated to E.
Let us recall the cardinal arithmetic setting. We have that

A < card” (j(k)) < card” (j(6)) < card” ((27@NHM) < \*V

Moreover since we use V) to index the extender, the ultrapower is closed under k-
sequences. Notice that since F is a witness that s is A-A-strong, we have that P ¢ j(P).
Since G is P-generic over V and (H))Y = (H))M, we thus have that G is PM | k = IP-
generic over M.

If we can show that there is an G' € V[G] such that G * G is j(IP)-generic over M and
J7G=Gn ran(j), we will be able to lift the embedding j to an embedding

j:V[G]eM[Gxé]

Let op+ be an MP-name for j(P) | [6,j(x)[ and P* = o§.. Let further op« be a
M™*P*name for Pj).

We want to find G*, a P*-generic filter over M[G] and G**, a P;,-generic filter over
M[G x G*]. That way using the factor lemma [Jec03, Lemma 21.8 pp. 396], we will
have that G x G* x G** is a j(IP)-generic filter over M. In order to produce a P*-generic
filter, we’d like to use Lemma 4.16, sadly we need a filter generic over M[G] rather than
just M. Let us argue why the proof still holds true.

CrAam 1. There is a filter G* € V[G] that is P*-generic over M[G].

PrROOF. We want to run the very same argument as in Lemma 4.16. Let us first show
that M[G] is still closed under k-sequences. Let 7 be the name for a k-sequence in
V[G]. Without loss of generality, we can assume that 7 is a nice name, that is, it is of
the form

T={{(n&)qh n<rngeATnqI-T(n) =EF

where A" is a maximal antichain. Since A" € V), each A" is in M. Since M is closed
under k-sequences. the sequence of all A" is in M as well and thus 7 is in M. Therefore
M[G] is closed under k-sequences from V[G]. Every dense set of P* in M is of the
form j(f)(a)?, for an f:[V,]® > VP and some a € VY = V)M as j is the ultrapowermap
generated by E. By GCH we can count in V' all such f in a sequence of order type k™,
(fe; € < k7). Also remark that V) has cardinality A in M[G] as well as in V[G]. Using
the fact that for any given &, j(fe) € M, in M[G] we can look at the set

Xe ={j(fe)(@)% aeVinj(fe)(a) is a P-name for a dense set in P*}.

Since M[G] believes that the forcing iteration P* is an iteration of levy collapses of
strong cardinals above \, P* is A-closed in M. Now define the sequence p, for £ < k* as
follows
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i. po be the empty condition,
ii. pes1 is a condition below pe and below each element of X¢,
iii. if ¥ < k* is a limit ordinal, let p, be some condition below each p¢ for £ <v.

The successor steps works in M[G] because X¢ and pe are both in M[G] and P is
A-closed, the limit steps works because they are definable sequences in V[G] of length
at most , hence by the r-closedness of M[G] the sequences are also in M[G], hence by
the A-closedness of P in M[G], p, is definable in M[G].

Now the sequence (pg;& < k*) € M is definable in V[G], let G* € V[G] be the filter
generated by all this points. G* is P*-generic over M[G]. ~

Let P** = 0§x¢". Setting G’ and G" sucht that G’ = Gn H, and G’ x G” = G, we can
see that we are already able to lift j to some j; : V[G'] > M[G'*G*]. Asin the last step,
we won’t be able to directly use the appropriate lemma, in this case Lemma 4.17. But
with some small modification, the main idea of the lemma carries on in our situation.

Notice that P is an iteration of successor length. Let 7 € M be a name for an open

dense set of P**. Hence there is a a € [V)]<“ and a f: [V,]* - V such that 7 = j(f)(a)
and

X = {u e [V.]% f(u)is a P | k-name for an open dense set in IP,.;} €E,
We have that {(f(u))¢"; uwe X} is of cardinality x hence the intersection of all such sets
DY = M{(f(u); ue X}
is still a dense set in V[G'], where D is a name such that there is a g € G’ with
qi-“D=M{(f(u)); ue X} and D is a dense set”.
Let & € DG nG" and let pe G', p< q, with pI- “c e D”.
We have that p = j(p) I+ “j(0) € 77. Since p € G’ € G * G* it follows that j(o)¢*C" €

7G*G" - As the iteration has an easton support, it is is bounded below x at stage larger
or equal to x. This shows that:

j(O,)G*G* Zj”UG Gj”G”.
Thus G**, the closure of j”G" in M[G * G*], is a P**-generic filter over M[G * G*]. By

the factor lemma G * G* * G** is j(IP)-generic over M. Setting G = G* * G**, we get the
desired result by lifting 7 using the classical definition:

J(r€) = j(r) e

for 7 a P-name in V. -
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Corollary 4.19. Let A be the class of all strong cardinal. Suppose V E “GCH, k is an
A-strong cardinal, 6 > k 1is the only strong cardinal above k7. Then for every successor
cardinal p below the least strong cardinal, there is a forcing Q such that, whenever G is
Q-generic over V, k and § are ideally strong in V[G], u*VI = k and n(x)*VIE] = ).

PRrooF. First apply P I k, where P is the forcing defined in the previous lemma. From
the point of view of A this is a small forcing, hence if G’ is P | k-generic over V A is
strong in V[G']. Now we can just do the levy collaps col(n(k), ). By results of the last
section, A is ideally strong in V[G',G"], where G” is col(n(k), A)-generic over V[G'].
By the factor lemma, this is the same as forcing in one time with P as defined in the
last lemma. Let Gy = G’ x G"”. In V[G], & is still strong, hence we can force with
col(u, < k) for some regular cardinal u. Let Gy be col(u, < k)-generic over V[G1] and
set G =Gy xGq. In V[G] k is ideally strong. Let us show that A remains ideally strong
in V[G].

Remark that col(u,< k) nV[G1] and col(i, < k) NV are forcing equivalent. Hence we
can first force with col(p, < k) NV and then force with P. In the first extension V[Gs],
A remains strong hence by the previous theorem \ is ideally strong in V[Gs, G1]. —

4.3.3 Forcing many generically strong cardinals

Definition 4.20. We say that a cardinal k € V is generically strong if for all A e V
there is a forcing P such that, if G is P-generic over V, in V[G] there is a definable
embedding j: V — M ¢ V[G] with critical point x and A € M.

Obviously if k is ideally strong it is generically strong.

Lemma 4.21. Let k, A be two strong cardinals and p,v two successor cardinals such
that p <k <v <X . Let P =col(u,< k) x col(v,< \) and let G be P-generic over V. In
V[G] Kk and X are generically strong.

PROOF. Let p,v,k,A and G be as in the theorem. After forcing with col(u,< k), A
remains strong, hence by Theorem 4.10, A is an ideally strong cardinal in V[G]. Let
X € V[G] be some set. We only have to show that there is a forcing P, such that if H
is P-generic over V[G], there is a definable embedding in V[G, H],

j:V[G] > M
such that G, X € M and cp(j) = k. Split G into G,, col(u, < k)-generic over V and G¥,
col(v, < X\) n V-generic over V[G,].
Let 7 be a P-name for X and let 6 be a large enough regular cardinal such that
{T}u(2")* € Hy and *Vj € Vj. Since & is strong in V there is a (k, Vp)-extender, say FE,
such that Hy < Ult(V, E'). Let

j:V > M=Ult(V,E)
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be the associated ultrapowermap. We have that 6 < j(x) < 6*V. By Lemma 4.17, we
know that we can lift j to 7 : V[GY] - M[GY], where

G4 = {gecol(j(v).j(N) n M; 3pe G q<i(p)}

is col(j(v), j(N))-generic over M.
Let G+ be col(u, < 6*)-generic over V, such that:

i. GeV[Gg ncol(p,< AV)],
ii. Gy = Ge+ ncol(p, < k).

We can construct such an Gy+, because by [Fuc08, lemma 2.2] col(u, < A) x col(p, A) is
forcing equivalent to col(u, {\}). Let Gos1 = Go+ ncol(p, < 6+1). We first want to create
a col(p, 10, 7(k)[)MCenl-generic filter over M, G;.

CLAIM 1. There is a Gj(.y € V[Ggi1] such that:
i. Gy is col(u,j(r)) generic over M,
1. Gy N (col(p, < 0))V = Goin(col(p, < 8))Y,
1. we can lift j to some:
J€7:VIG] = M[Gjw)].
PROOF. Remark that since H; = H)}', we have that

col(p, <@ +1)n M =col(u,<0+1)nV

As M ¢V, we have that Gy,1 is col(u,< 6 + 1)-generic over M as well. Now look at
col(p, 10, j(k)[)nM in V; As M is k-closed it is a < p-closed forcing in V. col(u, 16, 7(k)[)n
M adds a surjective function from p to 6. By [Fuc08, lemma 2.2] it is forcing equivalent
to col(u,{6}), hence we can define a col(p, 16,7(x)[) N M-generic filter Gy over V from
G+ ncol(u, {0 +1}). But since M ¢V, being a dense set is upward absolute between
the two models, hence (G is also generic over M. Set

Gj(n) = Gy x G

By the product lemma, Gy is col(u, < j(x)) n M-generic over M. Remark that, as
J"Gr € Gj(xy, we can lift j to an embedding

VE V[Gn] - M[G](H)] —

Remark that since col(j(v),5(A)) is < j(v) closed, G}y is col(y, < j(x)nM-generic over
V[G3] as well. Hence by the product forcing theorem G,y x G5 is col(u,< j(x)) n M x
col(j(v),< j(A)) n M-generic over M.

Let j: V[G] - M[Gj(,) x G4] be such that

J(r) = j ()G,

where 7 is a VFP-name.
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4 Ideal Extenders

CLAIM 2. 7 is a fully elementary embedding that lifts j.

PROOF. Let ¢ be some formula such that V[G] & ¢(7¢) for some P-name 7. There is
a p € G such that

pi-e(T)
Hence by the elementarity of j:
J(@) 1k (7))

But by construction j(p) € Gy, x G} and j(T)GM)XGi = 7(7%), hence

MGy x G E 0 (J(79)).
Let x € V then z = £ and thus j(z) = j(:E)GJ(n)XGJX = j(x), as j(&) = j(x). Hence j € j.H
Hence we can lift j to ‘
J:VIG] = M[Gjey x G3]

on the other hand 7,G € M[G,) x Gf\] As j is definable from j, G and G, x Gi, it
is definable in V[Gy+]. Hence k is generically strong in V[G]. —|

Notice that the proof actually showed:

Theorem 4.22. Let k be strong in 'V and p < k some cardinal. Let G be col(u,< K)-
generic over V. and P some < k*-closed forcing in V. Let H be P -generic over V[G].
Then k is generically strong in V|G, H].

Proor. Let P, G and H be as in the lemma. Let 6 be some large cardinal, such that
P € Hy and *Vj € Vj. It suffices to prove that there is some embedding

m:V[G,H] - M,

such that H) ¢ M. Let E be a (k, Vp)-extender and j the associated ultrapower. By
Lemma 4.17, we can lift j to some

J:V[H] > M[H],

where H7 is the M-closure of j”H in M. The last proof showed that we can then lift j
to some

J:VIG H] = V[Gjw, H],
where G, is some col(y, j(k))-generic filter over M such that G = G,y ncol(y, k) and
He M[Gj(,i)]. —

It is not hard to see that applying this theorem to the easton support forcing product
of the levy collapse of strong cardinals, we get the following corollary:

Corollary 4.23. A is a set of strong cardinals such that otp(A) < min(A), and let
f:+A—= OR a function such that for all pe A, f(p) is a successor cardinal and for all
pu<veAp< f(v). Then there is a forcing P such that if G is P-generic over V:
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4.3 More ideally strong cardinals

i. every f(u) is a successor cardinal, moreover f(u)*VIGl =y
ii. every u in A is generically strong in V[G].

ProOOF. Let A, f be as in the theorem and P the easton support forcing product of
all Q, for k € A, where Q, = col(f(k),< k). That is p € P if p € I1,4Q, and for all
limit point A of A, the set of i < A such that (p); # 1g, is bounded in A. For every
k € A we can split the forcing P in three pieces P, the easton support product of all Q;
for i € Ank, Q. and P* the easton support product of all Q; such that i € ANk + 1.
Notice that P* is k-closed. For every filter GG, P-generic over V', let G, = G n P, and
Gr=Gn(Q, xPr). P, is a small forcing, hence & is strong in V[G], by Theorem 4.22
Kk is generically strong in V[G,, G*] = V[G]. —|

Giving one concrete example of such a function f:

Corollary 4.24. Suppose ZFC+ “there are w strong cardinals” is consistent, then so is
ZFC+ “every Ro,,1 is generically strong for n e w”

4.3.4 The consistency strength of many generically strong cardinals

We have seen how to get many generically strong cardinals, starting with the same
amount of strong cardinals. Let us now answer the reverse question, whether one gets
the strong cardinals “back”. Let {2 be some large measurable cardinal and py a < -
complete ultrafilter on 2. From now on we will work in V.

Theorem 4.25. Suppose there is no inner model with a Woodin cardinal. Let k be
generically strong in V', then k is strong in the core model.

PrOOF. Let K = KV be the core model as defined in [Ste96]. We work towards contra-
diction.

CLAIM 1. Suppose k s not strong in K, there is a 6 such that for every v > 0 either
cp(EE) >0 or cp(EX) < k.

PROOF. Let 6 be smallest cardinal strictly larger than the Mitchell order of k. We claim
that 0 has already the desired properties. Suppose not and let F' be an extender on the
K-sequence with critical point A < 6 and index v > . Let M = Ult(K|v, F') and j be
the associated ultrapower map. We know that K|v £ “k is A-strong”, hence M E “k is
j(A)-strong”. Let E be some extender of the M sequence with critical point £ and index
larger than #. Since 6 is a cardinal, there must be cofinally many F-generators below
6. Let pu be such a generator. Then E | u+ 1 has natural length p + 1, hence by the
initial segment condition either the completion of E is on the M sequence or it is one
ultrapower away. Since p+ 1 is a successor ordinal, the second case can not occur.Thus,
we have that there is some p+ 1 < v < v such that Eg"‘ is the trivial completion of
E } p+1. Since 7 < v we have that £ = EX by coherency. Hence for every v < 6
we can find a v > v such that E, has critical point x and is on the K sequence, a
contradiction to the definition of ! —
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4 Ideal Extenders

Let 6 be as in the claim. Since k is generically strong, there is a forcing P such that for
every P-generic G over V| there is an embedding in V[G]

]V—>M

with H). € M. Let KM be the core model as computed in M. Notice that KV = KVI¢],
we will drop the superscript and call it K in what follows.

CLAaM 2. KM s a universal weasel in V[G].

PROOF. The same proof as Lemma 3.22 shows that KM is iterable in V[G]. The set
of fixed point of j is a club set in {«; cf(a) # x}, but since P has the (2¢d(P))+V_c c.
for stationary many successor of some fixed point o of j, we have that a*V = o*K <
G(a)EY < atM < otVIG] For all o larger than (20ard(®))+V oV = o+VICG] Hence weak
covering is true for some thick class in K™, hence it is a universal weasel in V[G]. 4

We would like to coiterate K with KM, but then the following diagram might not be
commutative.

K
X
j Q
™
K M

By slightly modifying the iterations, we can get a common iterate in a way that makes
the triangle commutative. We will use a variation of the technique from the proof of
Lemma 7.13 of [Ste96]. By [Ste96, Lemma 8.3] there is a universal weasel W such that
K]0 « W (in fact W witness that K| is Ag-sound), W has the hull property at all «
and the definability property at all « <. By [Ste96, Lemma 8.2], W is a simple iterate
of K, actually the iteration 7y from K to W is linear and only uses measures, that is
extenders with only one generator. Finally if ﬂ(;rf’oo is the iteration map, by applying j
we get an iteration tree j(7) on K™ such that the whole commutes as in the following
diagram:
K—W

TI'TO
0,00
BRI
KM —— (W)
7-O

70,00

We have that
Def(W) = nf%,"K

and the iteration is above §. We can lift that iteration via j to get an linear iteration of
KM Since the class of fixed points of j is thick in W, Q is thick in j(W') and

Def(j(W)) = j” Def(W).
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Let us coiterate W and j(WW) in V[G] and let 73 and U be the respective trees of the
coiteration. Since both W and j(W) are universal weasel in V[G] there is no drop on
both side of the iteration. The coiteration might not commute on the whole range, but
it does commute on ran(w@m) = Def (W) since all the elements of Def (V') are definable
with skolem terms and parameters in a thick class of fix points, see Remark 1.53. Hence

if we set T =Ty~ 71 and Q = j(To)"U

7TT
K %%
T
j j Q
=
KM T](W)

This shows that K and K iterate via (T,U) to a common model @ such that the
iterations commute with j. Let 7] : K — @Q be the iteration map on the K side and
ﬂ% : KM — () the iteration map on the K™ side, where A is the length of the iteration.

CramM 3. There is no < Kk such that the coiteration uses extenders with critical point
i on both side of the coiteration.

PROOF. Suppose not an let E be the first extender with critical point p < k used on the
W side and F' the first extender with critical point g used on the j(W) side. Notice that
w has the same subsets in every model. Let T' be a thick class of fixed points of 7] and
720 j. Suppose Ih(E) < h(F), and let X € F,. Since W has the hull and definability
property at all « < 6, there are 7j € I and a skolem term 7 such that X = 7" (5j). Hence

X =7 M () n KO
Notice that we need to cut with x just for the case = . As 7] (X) =79(7j) and
X)) =79(7H) N7 o j(K).

Since c¢p(F) < k and a € [Ih(F)], a € [70j(k)]<. Thus we have the following
equivalence:
XeE, — aen](X)
> ae79)
= aet?({)nag o j (k%)
= aemd(X)
— XeF,

Hence E and F' are compatible, a contradiction to Lemma 1.49! If Ih(E) > Ih(F), we
can argue the very same way. -
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4 Ideal Extenders

CraM 4. cp(7]) = k and cp(n?) > k.

PROOF. By construction the iteration 7, is above k, we claim that 7; does not have
critical points less than x on the main branch. Suppose not, and let p be the smallest
ordinal such that there is an extender with critical point p used in the coiteration. By
commutativity, p is the smallest on the j(W) side as well. Hence both side would have
use an extender with identical critical point less than x a contradiction to the previous
claim! Thus the critical point of 7] is at least x. Since the diagram commutes and j
has critical point , 7] must have critical point x as well. By the previous claim, this
implies that cp(7%) > k. ~

The last claim shows that P(k)n K = P(x) n KM, hence kK = kK" Since K| € M,
we can coiterate K|0 with KM in M. The coiteration coincide with the coiteration of
K and K™ in V. Let A be the length of the coiteration of K6 with K.

CLAIM 5.
7ToT,A TKHQZWOT,A PK|0,

that is the main branch of the coiteration of K |0 with KM is an initial segment of the
main branch of the coiteration of K with KM.

PROOF. Suppose not, then there is an extender E used on the main branch of the K side
of the coiteration with index higher than 6 such that ¢cp(E) < . But by the properties
of 0, this implies that cp(E) < x. As E is on the main branch, we would have cp(7]) < &
a contradiction to the previous claim! —

This shows that 7] | K|0 € M. Hence the last model of the iteration Q|r2(j(6)) is
in M as well and we can coiterate Q|7 2(j(#)) with KM in M. Since Q|7 (j(0)) is an
iterate of KM it does not move in the coiteration and the K™ side is simply the normal
iteration to Q|r2(j(0)). Hence we have that j | (KM[j(6)) € M. Since the diagram
commute, we can deduce j | P(k)n K by

j@) =y = (7] P K|o)(x) = (73 1 KM|5(0))(y)-

Let a < @ and F be the extender of length « derived from j | P(k)n K. F coheres with
KM, We want to study the iterability of the phalanx (KM Ult(KM F),1h(F)).

CLAM 6. The phalanz (KM Ult(KM™, F),1h(F)) is iterable.

PROOF. The aim of the proof is to show that there is an embedding from Ult(KM, F) to
some @Q*, where QQ* is an iterate of K™ beyond j(Ih(F)). Let us first construct Q* and
then show that we can embed Ult(K™, F') in it. Let 77 be the iteration on K™ copied
from T via j. We claim that at each step we can factorize by taking an ultrapower with
F:
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ng 7TTA
K ’ PP _
K ¢ i@
F F
j U(KM, F) i Ul(Q,F)
ko ka
g T
KM i SR 4";@*

Figure 1: Copying T

The je - /\/lg— - Mz—j’s are the usual copy maps, hence we have that whenever n < ¢ <
Ih(T),
je Mh(ET) =4, Mh(ET).

By the previous claim we know that 7 is above k. Moreover there are no truncations in
T and thus in 77. Hence for every X € P(k) n K,

ngg(X)ﬁK,:X.

Since j(k) 2 Ih(F'), the iteration 77 is above lh(F"), hence if a € [Ih(F')] Wg;(a) =a.
Using the commutativity of the diagram:

-
K ——M;

71'07&
lj ljg
KM ——s MT
T 5

™o,¢

we have that: A
Je(mg (X)) = g ¢ (5(X)).
Thus for a € [Ih(F)] and X e P([x]?) n K

aeje(X) <= acje(n] (X)) < mli(a) emge(j(X)) <= aej(X)

Hence the (k,lh(F"))-extender derived by je is nothing else than F' and thus we can
T

3

factorize je by 7 ° with some map k¢ such that the diagram below commutes:

T

@3

o

T
ME
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4 Ideal Extenders

Let i?M : KM - Ult(KM, F) and zg :Q - Ult(Q, F) be the ultrapower maps. Then
defining & : Ut(KM, F) - Ult(Q, F') such that
i (@) = R (F) Tr)(a),
where a € [Ih(F)]* and f : k% - KM, f e KM Let us show that this map is an
embedding. Let ¢ be a formula.
UI(Q. F) = o(k(if ()(a))) == UI(Q. F) = o(i(x(f) 1 #)(a))
—> {u;Q E @(ﬂ%(f)(u))} Nnkel,
= me({u; KM e p(f(u)})nreF,)
— {u;KM E cp(f(u))} eF,
— UIL(KM,F) = o(if" (£)(a))
The first equivalence holds by definition of k, the third because cp(ﬂf) > K, the

second and fourth is Los theorem for ultrapower. Putting everything together we get
the following diagram:

KM
.. v
F 'F
ko e Ty
KM~ Ult(K, F) Ult(KM, F)
T’
Q i
JA J{ZQ
F

Q S~ UI(Q.F)
Figure 2: The complete diagram

Hence we can embed Ult(KM F') into Q* by ky o k. Since ky o k has critical point
strictly larger than lh(F"), the map

(id, kp o k) « (KM Ult(KM, F),Ih(F)) - (KM, Q*,1h(F)),

is an embedding as well. Moreover since T was above k, we have that 77 the iteration
from KM to Q~ is above j(x) > Ih(F'). Thus we can embed (KM Q*,1h(F'))the following
way: ,

(77,id) : (KM, Q*,1h(F)) — (Q",Q", Ih(F)).
(Q*,Q*,1h(F)) is clearly iterable since * is an iterate of an universal weasel. This
finishes the proof of the claim. -

By [Ste96, Lemma 8.6 p. 77] this is, in fact equivalent to F' being on the K™ sequence.
Hence every initial segment of j | P(x)n K is on the KM sequence. But this implies
that x is Shelah in K™ a contradiction! .

82



4.4 Supercompactness

Using Theorem 4.25 this gives us an immediate consistency strength result:
Theorem 4.26. For i <w the following two theories are equiconsistent:

1. ZFC+ “there are o generically strong cardinals, where « is less than the least gener-
wcally strong cardinal”

it. ZFC+ “there are o strong cardinals, where « is less than the least strong cardinal”

4.4 Supercompactness

In this section we want to show that we can apply some of the forcing techniques devel-
oped to force generically strong cardinals from strong cardinals to supercompact cardi-
nals.

Definition 4.27. Let s be a cardinal and v some ordinal. « is called ~y-supercompact
if and only if there is an embedding j : V' — M such that "M nV ¢ M. &k is called
supercompact if it is y-supercompact for all .

Remark 4.28. Let sk be y-supercompact and j:V — M an embedding witnessing the
~v-supercompactness. For any cardinal v <y, j"v e M.

Theorem 4.29. Suppose ZFC+ “there exist w many supercompact cardinals” is consis-
tent, then so is ZFC+ “each R,.1 is generically strong”.

PROOF. Let kg =w and (k,,1; 1 € w) be a monotone enumeration of all supercompact
cardinals. Let IP be the easton support forcing iteration of col(ky, < kn41) for n e w. We
want to show that if G is P-generic over V then in V[G] every R,,,; is generically strong.
Let k = Kpy1 be supercompact in V' and A € V[G] be some subset of the ordinals. Let
0 regular be bigger than sup(A)F and 2¢, where p = (25up{sis i<w})* Let j:V — M be
the embedding witnessing the f-supercompactness of . Let G? be col(w, < #**)-generic
over V such that G € V[G?].

It suffices to construct a G with the properties that: j”G ¢ G and G is j (IP)-generic
over M. We split the forcing j(IP) in three parts:*

]Pn = HCOI("@" < ’ii+1)7 Q% = COI(’{n7< j(l{n+1))a
and finally
P = H col(j (i), < j(Kis1))-

n<i<w
We will choose generics over V' for Py and col(k,,< i), this is equivalent to choosing
generics over M since H) ¢ M. We will construct the generic for P7" defining some
master condition. Similarly we can split IP in three forcings P = P,, * Q,, » P™:

P, = H col(Ki, < Kir1), Qn = col(Kp, < K)

<n

4in a slight abuse of notation, we use the symbol [] to denote the easton support product
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and
P"= ] col(ks, < Kit1)-

Set G, = GnP,. Looking at Q* = col(ky,,sup{k,; n<w}), by [Fuc08, lemma 2.2]
we have that (Q, * P") x Q* and Q* are forcing equivalent, hence there is a filter G*,
Q*-generic over M, such that G € M[G, x G*]. Notice that G* is Q*-generic over V
as well. Using the general theory about Levy collapse, as found in [Kan03, p.127 ff],
there is a col(k,,< p)-generic filter over M, say Gy, that is also generic over V' with
G* e M[G,, x G1].

Hence there is a filter G,, x G1, P, * col(k,,< p)-generic over V and M, such that
G e M[G,,G:]. Let H* be col(kn, [p,j(k)[) n M[G,]-generic over M[G,,,G1] and set
H, = Gy x H*, by the product lemma H,, is col(k,,j(k)) n M[G,]-generic over M[G,].
Notice that we can choose H" € V[GY], as all forcings we saw so far are in Hy+ and hence
are in a countable model in V[G?].

We now want to construct a generic filter G, P/"-generic over M[G,,, H, ], such that
J"(G I P*) ¢ G". Remember that

Pim =TT col(j(ki), < j(kisn)).
n<i<w
and Pim = j(Pn).

Let us now work in M[G,, H,]. Since j was witnessing the 6 compactness of k
we have that j”k; € M for all i, moreover G is in M[G,, H,]. Hence can compute
qi = 7"(G 1 col(ky, kir1)) in M[G,, H,]. As g; has size k; in M[G,,, H,], it is a condition
of col(j(k;),< j(kis1)) for i >n. Hence ¢ = (G;;i < w) is a condition of the forcing P77,
Let G™ be Pin-generic over M[G,,, H,] with ¢ € G5. As we have seen, we can lift j to
J:VI[G] - M[G,, H,,G"].

A was in V[G] hence, by choice of 6, there is a nice name 7 with 7 € Hy, thus 7€ M
and A € M[G,, H,,G"]. Remark again that P(PP?")nM|[G,, H,] is countable in V[G?]
hence we can choose G" € V[G?], thus we can define the embedding j inside V[G?] and
k is generically strong. -
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