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1 Introduction

The study of the existence of geodesics, which are shortest paths between two points, is of fun-
damental importance in various areas of mathematics and applied sciences. Geodesics possess
intrinsic properties that make them optimal in terms of distance, energy, or other geometric mea-
sures. Moreover, they play a crucial role in path planning algorithms [28], computer animation
[10], and image segmentation [7].

In this thesis we focus on geodesics in the space of closed regular and parameterized Sobolev
immersions of order n, denoted by Imm”(S !, R?), as well as geodesics in the orbit space under
the action of the reparameterization group, denoted by Imm”"(S !, R¢)/Diff*(S ). The latter space
holds greater significance as it involves unparameterized curves which eliminate the dependence
on specific parameterizations, and facilitate meaningful comparisons and analyses based solely
on shape information [26]. To draw conclusions about the quotient space we first need to study
the space of immersions itself.

In order to measure the distance between two shapes we equip the above spaces with a Sobolev
metric G, of order two or higher. This kind of metric takes into account not only the first
derivative but also higher-order derivatives, resulting in a more comprehensive and informa-
tive measure of shape variability as shown in [21]. Thus, higher derivatives provide a powerful
framework for analyzing and quantifying shape variations in geometric objects like curves.

A horizontal geodesic is a geodesic, whose derivative lies in the horizontal space, a subspace of
the tangent space. Compared to geodesics in the full ambient space, horizontal geodesics are
easier to compute as they have reduced dimensionality. This simplification enables the use of
more efficient numerical methods and algorithms tailored to the specific plane, leading to faster
computations and enhanced numerical stability [13].

In order to prove horizontality of geodesics the shape space has to be a manifold. The manifold
structure implies the existence of a principal connenction with parallel transport, which enables
a horizontal lift from the quotient space to the original manifold. Unfortunately, the shape space
of unparameterized curves is not a manifold, as described in [22]. Hence, we restrict to the dense
open subset Imm ¢(S ', R¥) of curves upon which the group of diffeomorphisms acts freely and
we prove the manifold structure for this space instead.

The primary objectives of this thesis are to investigate the existence of geodesics in the shape
space of unparameterized Sobolev immersions of order n and to show that geodesics in
Imrn;'f(S I, RY)/Diff*(S!) are horizontal. By understanding the properties and existence of these
geodesics, we aim to deepen our comprehension of shape spaces and contribute to the fields of
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shape analysis and optimization.

This paper is organized as follows. After recalling the notions of metric space and some basic
concepts in differantial geometry, we introduce in Section 3 the concept of the winding number
and present the proof of the Whitney-Graustein Theorem which was originally done in [27]. The
theorem states that two curves in the plane are regularly homotopic if and only if they have the
same winding number. In the context of the existence of geodesics we obtain a positive result
for two curves in the same connected component. The theorem can then be used to characterize
the connected completeness of R?.

Afterwards, we prove metric completeness of the space (Imm’(S!,R%),dists) in Section 4.
To accomplish this, we use the fact that the space (H"(S LRI H7(dg)) 1S metrically com-
plete. While it is straightforward to demonstrate the equivalence between the H"(ds)-norm
and the distance function induced by a Sobolev metric, proving the equivalence of the H"(d6)-
and H"(ds)-norm presents a more intricate challenge, forming the primary focus of this sec-
tion. The metric completeness of the original space is required to show that the quotient space
(Imm"(S ', RY)/Diff*(s 1), dist;;p) is a complete metric space as well, which is a key step towards
establishing the existence of geodesics in the latter space.

In Section 5 we prove that any two curves in Imm”(S !, R?) lying in the same connected com-
ponent can be joined by a minimizing geodesic. The proof employs the direct method of the
Calculus of Variation to find a minimizer. Then, we transfer the existence result from the space
of parameterized curves to the space of geometric curves. Moreover, we show in the last subsec-
tion with a simple argument that the existence result also holds in the space of free (geometric)
curves.

Subsequently, in Section 6 we show that Imm (S ! R?)/Diff admits a manifold structure. By
studying the behavior of freely immersed curves and their local neighborhoods, we introduce
the notion of tubular neighborhoods. We show that the tubular neighborhood of an immersed
curve exclusively contains immersed curves. Similarly, within a tubular neighborhood of a freely
immersed curve, all curves also remain freely immersed. Furthermore, we discuss the equiva-
lence with the neighborhoods induced by the Banach topology.

In the final section we present the proof that geodesics in the space Imm ¢(S I RY)/Diff can be
lifted horizontally to the space Imm (S I R9). This proof relies on a crucial element, namely
the manifold structure of the space. We introduce the concept of fiber bundles and transfer
the manifold result into the framework of principal fiber bundles. Moreover, we present the
definition of horizontal and vertical subspaces of the tangent space and a principal connection.
The latter one is needed to define parallel transport, which is a mathematical concept that allows
for the transport of vectors or tensors along curves while preserving their properties.



2 Preliminaries

In this section we lay down the necessary preliminaries of differential geometry which are re-
quired to understand the content of this thesis. We introduce some basic definitions and concepts
from differential geometry, especially the theory of immersed curves and their properties. Un-
less otherwise indicated , the definitions are derived from [3, Sec. 2] and [19, Sec. 2]. We begin
with the notion of smooth parameterized curves and subsequently delve into the exploration of
geometric curves.

2.1 The Space of Curves and the Tangent Space
Definition 2.1 (Space of Curves). We call
Imm(S ', RY) := {c € C*(S',RY) : /(6) # 0}

the space of parameterized regular immersions. The space of Sobolev immersions of order n is
denoted by
Imm"(S',RY) := {c € H'(S',RY) : /(0) # O},

Since S! can be viewed as R/(27), we note that curves from S! — R? can be considered as
curves from R — R? which are 27-periodic. In the following we assume a curve c to be closed,
i.e. ¢(0) = ¢(2n) and ¢’(0) = ¢’(2x). To shorten notation, we write Imm for Imm(S !, R¢) and
Imm” for Imm”(S !, RY).

Definition 2.2 (Tangent Space). Let f be a function between two finite dimensional manifolds
M and N and let 7 : TN — N be the tangent bundle map. Then the tangent space T C(M, N)
contains every

f:M — TN,

such that £ is smooth and 7 o f = f.
For the above defined spaces the tangent spaces can simply be identified as follows
T JImm(S ', RY) = C*(S ', RY),
TJImm" (S, RY) = H'(S !, RY).
For a curve ¢ € Imm” we encounter two different kinds of derivatives. On the one hand, we

have dgc with 6 € S, which we will denote by ¢’. On the other hand, we have the derivative
with respect to arc length, which we will denote by Dsc = dgc/|c’|. We define integration with
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respect to arc length by ds = |c’|df. Moreover, we have the unit length vector V = ¢’/|c’| which
is well-defined since ¢ is a C!-immersion.

Definition 2.3 (Mean Curvature). If ¢ is C?-regular, we define the mean curvature H of c as

0 0 0

= ——0C = —

dsds  Os
Definition 2.4 (Normal Vector). For a planar curve ¢ we establish the normal vector N to the
curve ¢ by imposing the conditions that [N| = 1, N is orthogonal to V and N is rotated 2/x
degree counter clockwise with respectto V .

Definition 2.5 (Scalar Curvature). If c is planar and C2, then we define the signed scalar cur-
vature k = {(H, N), so that

0

—V =«xN =H,
ds 8

0

—N = —«V.
Os :

To compute the scalar curvature x we make use of the angle function ¢ : R — R (see Def. 3.1)
which is defined such that

V(s) = (cos(¢(s)), sin(¢(s))).
Since N L V, we conclude
N(s) = (= sin(¢(s)), cos(¢(s))).
Observe that ,
%V(S) = L<l>'(S)(— sin(¢(s)), cos(#(s))) = Ly

|c’] |c’]
As 8‘—95V = kN, we obtain

K_—_ﬁ(]ﬁ
B s

Definition 2.6. Consider the curve ¢ : S' — R? with scalar curvature x. We define the constants

. T
7 (3 maxk|)
1

e = (2 max|k|)’

Note that since we are considering closed curves, the scalar curvature is not zero.
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2.2 Length of Curves

Definition 2.7 (Length). Let cg, c; be two curves in Imm” and let ¢(#) be a path connecting ¢
and cy, i.e c(0) = cp and ¢(1) = ¢;. We define the length of a path by

1
leng(c) :=j(; |e(®)|endt.

Here ¢(7) denotes the derivative with respect to time and the induced norm is given by (%)l =
VG (¢(t), ¢(1)), where G denotes a Riemannian metric. Then, the induced geodesic distance is
defined as

distg(cop, c1) := inf{leng(c) : c(0) = cp, c(1) = ¢y, ¢ piecewise smooth},
and the open metric ball is given by
B(co,r) = {cy : distg(cg, c1) < r}.

Moreover, we define the path energy as

1
E(e) 1= fo G (E(0). D) .

We have L(c) < VE(c), since

1 1 1
L(c) = fo 15 G (et), é(0) dit < \/ fo 12 dt \/ fo G (&), ()2 dt = \JE(),

where the inequality comes from the Cauchy-Schwarz inequality. For the case that ¢ has constant
speed, the Cauchy-Schwarz inequality yields equality, leading to L(c) = VE(c). Thus, in order
to identify the minimizers of the path length, we can look for minimizers of the energy functional
and the minimizers will have constant speed. We call such local minimizers geodesics.

Note that we distinguish between the length of a curve and the length of a path that connects
two curves. When computing the length of a curve which is defined over the interval [0, 27], we
integrate from O to 27. However, when measuring the length of a path ¢ : [0, 1] — Imm", we
integrate from O to 1.

Lemma 2.8. (Constant Speed Reparameterization, taken from [24, Thm. 2.1]). For every curve
¢ € Imm" there exists a reparameterization ¢ = c o ¢ with ¢ € Diff(S ') such that & has constant
speed, i.e. |¢'| = [ with [ = len(c)/2n.

Proof: Consider the function s : [0, 27] — [0, 27] defined as

2 t
s(1) ::—"f \c'| o,
L Jo
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with L = len(c). Then we get
2
7 ’
s'(t) = —|c'|.
(0 7 |c’]
Since c is an immersion, we obtain

ds 2«
— =—|| > 0.
a1l

Hence the function s is strictly increasing with positive derivative. Then by the inverse function
Theorem there exists an inverse function #(s), so that

d 1 L1
ds

ds ~ 971
& 27 |c’|
Since s is a diffeomorphism, ¢(s) := c o #(s) is a reparameterization of c. It follows that

L 1 _L
27|’ (1(s))|  2n

d
()] = |c’<r<s>>d—;| = 1 (1(s)

We say that a curve c is parameterized by arc parameter, if |c’| = 1. Clearly, a curve can be
reparameterized to arc parameter if and only if len(c)= 2x. Note that any curve can be rescaled
in order to have a length of 2x.

Definition 2.9 (Length of Curve Arcs). Let ¢ € Imm" and 0,5 € S!. If o # &, then there are
two arcs in S ! connecting o and &. By

len Cl[o5]>

we will mean the minimum of the lengths of ¢ when restricted to one of the two arcs connecting
o and &

For the periodical extension ¢ : R — R? and o, & € R there exists an unique k € Z such that
o <0+ 2k <o +2n.

Now, the minimum length of ¢ restricted to one of the two arcs connecting o and & is given by
len Cllod] = min{ll, 12},

where

J+2rk
= f 1 0)/db,

o

o+21k
I, = f |’ (©)|d6.

+2rk

Note, that if ¢ is parameterized at constant speed, i.e. |¢'| = [ = le;# then we will assume that o
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and ¢ are chosen (up to adding a constant 27k) such that |o — &| = dg1(0, &) < m. Then we get
len Clloa] = l|0‘ - 5‘|.
Lemma 2.10. Consider a curve ¢ € Imm”. Let

M = max|c’|,

m = min|c’|.

Then
mdgi(0,0) <lenc|yp < Mdgi(0,6) Vo,0 € s,

where dg1(c, ) denotes the length of the shortest arc in S! connecting o and &

Proof: Let y and y be the two arcs in S that connect o and &. Then

o o o o
len | o5 = min{ f Ic'(0)| dt, f lc’(#)l dt} < M min{ f 1dt, f 1 dt}
g g

o (o

= M min{y,y} = M dq:i (o, &).

We have used the fact that for small distances and lengths the arc where len ¢|(4#] is computed, is
also the shortest arc connecting o and 6. The proof for the first inequality works analogously.O

2.3 Metric Contributions

Previously, we have determined the space of curves for which we are going to prove metric
completeness and the existence of geodesics. It remains to identify the metric which we equip
the space with and which we use when talking about the length of a curve.

Definition 2.11 (Sobolev Metric). Let hi,hy € T.JJmm" and a; > O for all j < n. A Sobolev
metric of order m is then given by

Gc(hl,hz) = fl ap < hi,hy > +a; < Ds/’ll,Ds/’lz >4+ t+a, < Drsnhl,D'thz > ds.
S

In order to establish metric completeness of the space (Imm"(S !, R), dists) we introduce the
following Sobolev norms on H*(S',R) for n < 2

Al ey = f ROF + |95hO) e,
N
By = [ WP + D3GR,

In Lemma 4.5 we will see that these two norms are equivalent on metric balls.

Lemma 2.12. (Taken from [4, Lemma 2.13]). Let ¢ € Imm*(S,RY) and h : S! - R9 be
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absolutely continuous and closed. Then

sup|h(t9) -

1
hds|<= | |Dhlds.
ses len(c) y 2 ) 1Pshlds

Proof: We have

27
h(0) — h(0) = %( f; W (o) do — fa W (o) do-),

where we used the fact that % is closed and hence 4(0) = h(27). Now, integration on both sides
by arc parameter and multiplying by 1/len (¢) yields

0 27
| 1@~ hoas = ( [ werdo- [ do-) ds
g1 2len(c) Js1\Jo 0

Since A(0) is a constant and fs , 1ds = len(c), we get for the left-hand side

len (c)

h(@) h(0)ds = —f hds — h(0).

lenc

By taking the absolute values on both sides and putting them into the integral on the right-hand

side we get
0 2
| f hds - h(O)‘ < f f W (o) do + f W (o) dor | ds
lenc ZIenc st\Jo )
1 2 , 1
< |h (o) do lds < = |Dghlds.
2lenc Jy sl 2 Jst

The proof for any arbitrary point & € S, instead of 0, can be done similarly, leading to the
same result. Thus, we can take the supremum over # € S !, which completes the proof of the
lemma. =

Lemma 2.13. (Poincare Inequalities, taken from [4, Lemma 2.14, 2.15]). Let ¢ € Imm”, h €
H" and k < n. Then the following estimates hold

D) IDshIRe < 5O D2p)2

L2(ds)
i) ID.AIR, < S D22
12ds) = L2(ds)
111) ”thllzz(ds) - ||h||L2(dS) + ”DnhHLZ(dS)

Proof: 1) Replacing & in Lemma 2.12 by D;h and noting that fS, Dshds = fsl W do = 0, we
obtain

sup|Dsh(0)] < = f \D*h|ds.
fes!

10
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Taking squares this equation and using the fact that

2 CS
( f D - 1ds) < | |DhPds- f 12 ds,
S S1 S

1 2 len(c)
1Dl < (5 f IDnlds)" < ID2AI?
N

we get

L2(ds)"

ii) The second statement can be easily shown by using the first one

)
len(c) = ID2h?,

IDhIZ, ) < IDSHIR - fs 1ds (s

iii) By Lemma 2.8 we can reparameterize ¢ such that |¢’| = len(c)/27. Then we have

pin=|L kakh— 2 kakh
STNet) T \len(e)) YT

In order to prove iii) we need to show

2 2k-1 o 2n—1
f (1 2 ) OO do < f len (c)|h( 2 + (i) @) de.
o \len(c) 0 len(c)

Note that we switched from ds to |¢’| dO and therefore we have | 7 once less. Let p(x) =
By a change of variables in the previous one we get

2
len(c) Ten@ ™

len(c) | len(c)
f (h o )P (x)Pdx < f I o (X + 1(h 0 )™ (x)* dx.
0 0

Define f:=hogp € L*([0,1en(c)],R) and fi(x) := len(c)~!/? exp(i 1;’17('2) x). Due to Fourier analy-
sis, we can conclude that the set of functions { f;(x)}ez is an orthonormal basis of L*([0, len(c)], R).
Hence we can write f as

f) =) fhfit).

keZ
Plugging this into the previous one and recalling that exp(i 27k) = 1, we get

Z(liré V1w < 2(1 ¥ (162:(’;)2") FoP.

keZ keZ

Observe that ¥ < 1 + 4" fora > 0 and k < n. Setting a = (ljrﬂ'z))z > 0, proves the above inequa-

lity. O

The following content will be important in Section 5 for the existence of geodesics. In partic-
ular, Proposition 2.16 plays a crucial role since it gives a criterion that provides the existence of
geodesics in a complete metric space.

11
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Lemma 2.14. (Taken from [6, Prop. 1.5.9]). Suppose X is a metric space and X’ a dense subset
of X. Let Y be a complete space and f : X’ — Y a Lipschitz map. Then there exists a unique
continuous map f : X — Y such that fly = f.

Proof: For every x € X we define f as follows: Since X’ is dense in X, we can always find
sequence {x,},en in X’ such that x, — x for n — oco. The Lipschitz continuity of f implies that

lf(xi) = f(xpl < Clxi — x5 fori, jeN.

Then {f(x,)}.en 1s a Cauchy sequence, since {x,},eny converges. As Y is a complete space,
{f(xn)}nen converges. Then, define f(x) = limy 00 f (Xp). |

Definition 2.15 (Intrinsic Metric). A metric is said to be intrinsic if it coincides with the induced
intrinsic metric which we denoted by the distance function in Definition 2.7. We call a metric
strictly intrinsic if for every two points X,y there exists an admissible path joining them, whose
length is equal to the distance function. So there exists a geodesic between any two points.

Proposition 2.16. (Taken from [6, Prop. 2.4.16]). Let (X, d) be a complete metric space. If for
every x,y € X there exists a midpoint, that is a point D such that

d(x,D) = d(D,y) = 3d(x,y),
then d is strictly intrinsic.

Proof: To construct a path y : [0, 1] — X that connects x,y, i.e. y(0) = x and y(1) = y with
len(y) = d(x,y), we assign values of y for all dyadic rationals (these are rational numbers of the
form k/2™ for k,m € N). Since by assumption midpoints exist between any elements in X we
can choose a midpoint of x and y and assign it to be the image of y(%). Then we assign y(%) to
be the midpoint of y(0) and y(%) and y(%) to be the midpoint between y(%) and y(1). Following
this procedure, we define y for all dyadic rationals between 0 and 1. We then have

3d(x,y) = d(y(0),7(3)) = d(y(0), ¥(3)) + d(¥():¥(3))-
Since d(¥(0),%(3)) = d(y(3), ¥(3)), we conclude
1d(x,y) = d(0),7(3)) = d(y(3),¥(3)).
In general, we have for every two dyadic rationals #;, ¢;
d(y(t), y(t)) = |t: — 1;] - d(x, y).

With this equality we see that the map 7 is Lipschitz on the set of dyadic rationals. Since this
set is dense in [0, 1] and X is complete by assumption, we can use Lemma 2.14 and extend
the map to the entire interval [0,1]. Now, vy satisfies all the assumptions which we stated in the
beginning. O

12
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2.4 Geometric Curves
Definition 2.17 (Diffeomorphism). The set of all diffeomorphisms of S' is given by
Diff(S") :={¢:S' 5 S : ¢, € C®(SH).
Similarly, the set of all diffeomorphisms of order n is given by
Diff'(S) :={p: 8! > S : ¢, 97 e CH(S ).
The group has two connected components
Diff(s ') = Diff* (S ') U Diff (S 1),

where Diff*(S') denotes the set of orientation-preserving diffeomorphisms which respect the
winding number of a curve and Diff (S!) is the set of orientation-reversing diffeomorphisms,
that map curves of winding number p to curves of winding number —p (see Def. 3.2 for the defi-
nition of the winding number). If ¢ € Diff*(S 1), then ¢’ > 0 and if ¢ € Diff (S!), then ¢’ < 0.
To shorten notation, we simply write Diff = Diff(S '), since we always consider diffeomorphisms
onS!.

So far we focused on parametric curves. These are maps ¢ : S| — R? such that we can identify
each point on the curve with a point on S . However, when discussing geometric curves, we are
not concerned with this one-to-one correspondence, but rather with the image of the map. Thus,
we consider two curves to be equal if they only differ in their parameterization. This leads to the
use of equivalence classes, where the quotient space is given by

Imm(S ', RY)/Diff(S ).

Reparameterization acts on the curves by composition from the right. In other words, two para-
metric curves ¢ and ¢, are the same geometric curve within Imm(S !, RY)/Diff(S ') if there exists
¢ € Diff(S ) such that ¢; = ¢» o ¢.

Unfortunately, this space is not a manifold, it is an orbifold and has singularities at any curve
that has a non trivial isotropy group (see [22, Sec. 2.5]). In order to obtain a manifold structure
on the quotient space, we take a look at the space of freely immersed curves.

2.5 Free Immersions

Definition 2.18 (Isotropy Group). Consider the action above of diffeomorphisms on S! acting
on Imm. The isotropy group G. of a curve ¢ € Imm is given by the subgroup that leaves ¢
invariant, i.e,

G = {(/’)eDiﬂ’(Sl) :co¢=cl.

Definition 2.19 (Free Immersions). An immersion c is called free, if its isotropy group only

13
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contains the identity. We denote the space of free immersions by
Imm(S',RY) = {c e Imm(S',RY) : ¢ = co¢p = ¢ = Ids, for ¢ € Diff(S")).
In Section 6 we will give a detailed proof that the quotient space
Imm (S ', RY)/Diff(S 1)
is indeed a manifold.

In order to get a better understanding of free immersions, we provide an example of a non-free
immersion:

Example 2.20 (The doubly traversed circle in R?). Since we can identify S' = R/(27), we can
define the doubly traversed circle as follows:

c(6) = (cos(26), sin(26)) for 6 € R/2nx.

Then, setting ¢(t) = t+m, we get co@(t) = (cos(2(¢ +)), sin(2(¢+m))) = (cos(2¢), sin(21)) = c(¥).
Hence c is not freely immersed.

14



3 The Whitney-Graustein Theorem

In this section we will prove the Whitney-Graustein Theorem which states that two curves in the
plane have the same winding number if and only if they are regularly homotopic. We will use
this theorem to characterize the connected components of R, in particular when discussing the
existence of geodesics in Section 5.

Definition und Lemma 3.1 (Angle Function, taken from [11]). Let ¢ € Imm"(S',R?). Set
V = ¢’/|c’|, which is a smooth parameterized curve in the plane with values in the unit circle.
We can write V as V() = (a(t), b(t)), where a(f) and b(¢) depend on c¢. Then there exists a
smooth function ¢ : [0,27) — R such that a() = cos ¢(r) and b(¢) = sin ¢(r). We call ¢(¢) the
angle function for the curve c. It is unique up to adding the constant 2rk.

Proof: Let ¢g € [0, 2r) be such that a(0) = cos ¢g = and b(0) = sin ¢g. Define ¢ : [0,271) —» R
as follows:

(1) = ¢o + f (ab’ - ba')dr.
0

Now, let F(7) = (a(f) — cos ¢(1))> + (b(t) — sin ¢(¢))>. Then one can show by differentiation that
F’(#) = 0. This implies that F(¢) is a constant function and since F(0) = 0 we have F(¢) = 0.
Hence we can write V(#) = (cos ¢(?), sin ¢(1)). |

Definition 3.2 (Winding Number, taken from [11]). The winding number of a closed parameter-
ized curve ¢ : [0,27] — S is defined as

1
y(c) = 2—(¢(27T) - ¢(0)),
n

where ¢ is the angle function from above. For an arbitrary curve c(¢) = (a(t), b(t)) which takes
values in R? \ {0}, we write c(f) = r(t)p(f) with r = Va2 + b? > 0 and ¢(¢) taking values in the
unit circle and then set y(c) = y(¢). Note that for closed curves the winding number is always

ONCR RO

Figure 3.1: Examples of different winding numbers.
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In general, the concept of winding numbers can be extended to higher dimensions, as explained
in [18]. However, for our specific purpose, it is sufficient to focus solely on the case d = 2, since
the Whitney-Graustein Theorem is only valid for curves in the plane.

Definition 3.3 (Regular Homotopy). Let X, Y be topological spaces and f, g : X — Y continuous
maps. A regular homotopy from f to g is a continuous function F : X X [0,1] — Y with
continuous derivative such that

1) F(x,0) = f(x) and F(x, 1) = g(x), for all x € X.
ii) If we set f,(x) = F(x,u), then f, is a regular immersion for each u € [0, 1].
If such a homotopy exists, we say that f is homotopic to g.

Theorem 3.4. (Whitney-Graustein Theorem, taken from [27, Thm. 1]). Two immersions in the
plane have the same winding number if and only if they are regularly homotopic.

Proof: First, let f, be a regular homotopy between ¢y, c; € Imm(S I R?). Then £ is continuous
in u. Since the winding number is an integer, the number of times f; wraps around S ! is constant
for all u. Hence y(cy) = y(c2).

Conversely, assume that ¢y and ¢ have the same winding number 9. By Lemma 2.8 we can
reparameterize ¢o and c; such that

len(¢p)

len(cy) .y
27 i

2

:lp and ’c'1|:

il =
Now, define the following homotopy

. - h . .

Z(t) = o(0) + (uE + (1 = w)(@(®) - 20(0)),

which connects ¢y(f) and ¢(¢) = ¢p(0) + %(Eo(t) — 20(0)). Set ¢y = ¢1. Now, we need to prove
that ¢y and ¢ are homotopic. The fact that they both have constant speed /; simplifies the proof.
Let K be the circle of radius /;. Define the vector function

V() := (I cos(t), [ sin(r)),

which gives an angular coordinate ¢ in K. Without loss of generality we may alter ¢y and ¢; such
that ¢((0) = ¢{(0) = V(0) = (I1,0). Since c(z) lies on K, we get by Lemma 3.1 the existence of
functions ¢; such that

i) = V(gi(0) = (I cos ¢i(0), 1 singi(1)) with ¢;(0) = 0 fori =0, 1.

By the definition of the winding number we can conclude that ¢;(27) = 27y for i = 0, 1. Now,
define

(1) == udr() + (1 —u)go(t) and  hy(1) := V(gu(0).

16
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Then £, is a homotopy connecting ¢, and ¢}, since h;(1) = V(¢i(1)) = c(¢) fori =0, 1.
Now, we alter each A, by translation to obtain the maps

1 2
%@:“@‘EI;%®“-

The average of these maps lies at zero, which can be seen as follows:

27 27 1 27 27 1 27
Wu(s)ds = f (hu(s) . f ha(s) ds)ds - f ha(s)ds — 27 - — f hy(s)ds = 0.
0 0 21 Jo 0 21 Jo

Define .
(0 5= (0 + u(e10) = eo0) + [ w5y,

then ¢, (¢) connects co(#) and c;(¢). It remains to show the second condition of Definition 3.3
which states that each ¢, has to be a regular (closed) immersion. Therefore, we need to check
the following property: c¢,(0) = ¢,(2nx) is trivial, since i, (¢) has zero average. Moreover, we
have to verify whether ¢, (27) = ¢/,(0) is true. Observe that ¢/, (¢) = y,(¢) and hence

27 27
c,(2n) = ¢,(0) = h,(2n) — i f h,(s)ds — h,(0) + i f h,(s)ds
2 0 2 0
= V(¢u(27)) = V(¢u(0)) = V(2x¥) — V(0) = (1,,0) — (1;,0) = 0,

where we have used that ¢,(0) = 0 for all u € [0, 1] since ¢;(0) = O for i = 0, 1 by definition.
Also we applied the fact that cos(2nry) = 1 and sin(27y) = 0. Hence we have ¢],(27) = ¢} (0).
Next, we prove that ¢ () # 0 for u € [0, 1]: By the Schwarz inequality we have

21 2 271
f hy(s)ds| < f |h,(s)?ds.
0 0

If ¥ # 0O, then h,(?) passes over all of K and thus A,(f) cannot be constant. If ¥ = 0, ¢,(¢) could
be constant just as well as h,(7). In order to avoid this case we alter ¢,(¢). Therefore, choose 7
such that ¢ (f9) # 0. Then deform ¢(?) to ¢1(¢) in a sufficiently small neighborhood of #y. Now,
define ¢,(¢) as above but with the deformed ¢o(¢). Then we get

du(to) = ud1(to) + (1 —u) do(to) = ¢1(to) # 0,
¢u(0) =0.

Thus, h,(t) is not constant for any u € [0, 1]. For this reason the above Schwarz inequality
becomes a strict inequality.
Furthermore, since

() = [V(gu(O)N* = (L1 cos ¢, (1), Ly sin ¢, (1))]* = 11,

17
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1 21
f h,(s)ds
0

21

Thus, we observe that the average of A,(¢) lies in the interior of K. Hence, there exists no ¢ such

that
1 27
h,(t) = —f hy(s)ds.
2w 0

By the definition of y,(¢), this implies c/,(f) = ¥,(t) # 0 V¢, which proves the last condition of
c,(t) being aregular curve for each u € [0, 1]. By the continuity of c,(¢) in u it follows that ¢, (¢) is
a valid deformation of ¢y into ¢y, which ends the proof. O

we get
2
< ll.
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4 Metric Completeness

In this section our objective is to establish metric completeness of the space (Imm”, dist), which
will subsequently allow us to deduce the metric completeness of (Imm”/Dift", dist;;p). The
metric completeness of the latter space is needed to apply Lemma 2.16 for proving the existence
of geodesics in the quotient space.

4.1 Metric Completeness of the Space (Imm"(S!,RY), distg)

To show metric completeness of (Imm”, dist;), we present some estimates relating to the in-
duced geodesic distance of Riemannian metrics. Specifically, we will show that the functions
VIen(c), Vlen(c)™', |¢’| and |¢’|! are bounded on metric balls. This helps us to prove our main
estimate for Sobolev metrics which states that the H"(d6)- and H"(ds)-norms are equivalent.
Moreover, we will show that the H"(d6)-norm and the distance function induced by a Sobolev
metric are equivalent. Then we make use of the fact that the space (H"(S LR, -] H(de)) 18
metrically complete to show that (Imm”, disti) is complete as well. Proposition 4.2, 4.3, 4.4 and
4.5 are oriented to [4, Sec. 4] and Proposition 4.6 and 4.7 are taken from [3, Sec. 4].

In the following we assume that G. is a Sobolev metric of order n > 2 with constant coef-
ficients a; and that the order of the regularity of the Sobolev curve c is n as well. Moreover,

we remark that the constants C may change during the computations, but we still denote all
constants by C, as their exact values are not a matter of interest in this context.

Lemma 4.1. There exists a constant C > 0 such that

C™ llenias) < VG, h) < Cllhllnas)

is satisfied for all ¢ € Imm and all » € H".

Proof: Let h € H". Then
2 as) = f | + |D"h?ds < f |h? + |Dsh)?* + ... + |D"h*ds < C Ge(h, h),
S sl

where the last inequality is trivial, if @; > 1 for all i < n. Otherwise, choose C = —
This proves the first inequality of the lemma. For the second one, consider

1 . 2.13 i) 1
2 E 2 2 § 2 2
Gc(h’ h) = aOHh“Lz(ds) + ai”D;hHLz(dS) S aO”h”LZ(dS) + ai(”hHLz(dS) + ”D?hHLZ(d‘))
i=1 i=1

< CllhlGgs)-
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with C = max(ao, ..., a,). O

Proposition 4.2. The function

Vien(c) : (Imm(S !, R, distg)) — Rso,
is Lipschitz continuous. Moreover, the function len(c) is bounded.

Proof: For proving Lipschitz continuity of +/len(c), we first have to show Lipschitz continuity
of +|c’|. For this let ¢, ¢y be two curves in Imm” and let ¢(¢, 6) be a smooth path connecting
them, i.e., ¢(0,8) = ¢1(0) and c(1, 6) = ¢2(0). Then we have

1
AOENAOE fo a(Vie'l)t.0)dt  pointwise V6 € .

For computing the derivative of v/|c’|, we apply two times the chainrule and use the fact that
Dgc; = 0’ /|c’|. This yields

1
at\/m=§

/

1 c 1 1
=0, ==V Dy, V|| = =(D YA
\/m " tC 3 sCt |c’] 2( s¢t V) AIc’]

|c’|

If we plug this into the previous equation, we get

- - 1 1 - 1 1
H‘/|C2'_ Jef =<3 fo |Dsc N, e < 5 fo [kDsci, vy

where we used Jensen’s inequality in the first estimate. Observe that

’

12(d) L2(ds)

4.1
H™(ds) < C Gc(cl‘, Ct)-

||<DSC” V>||L2(ds) < ||DSC[”L2(ds) < “Cf|

Moreover, we then have

|-

Now, take the infimum over all paths ¢ that connect c¢; and c;, then we obtain

|-

This proves Lipschitz continuity of +/|c’|. The Lipschitz continuity of vlen(c) follows immedi-

ately by using
len(c) = j;l lc’ ()| d6 = || ‘/H“iz(de)'

c (! C
< Ef VG(cr, ) dt < Elen(c).
0

L2(d6)

< —1nf len(c) = —dlStG (c1,¢2).
L2(d6)
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We obtain,

’\/len(a) - \/len(cz)i = m \/ICTI o H \/|07'2|

Proposition 4.3. Given ¢y € Imm and N > 0, there exists a constant C = C(cg, N) such that for
all ¢, ¢co € Imm with distg(cg, ¢;) < N we have

L2(d6)

<

C .
< —=distg (c1, ¢2). O
12(do) 2

[len(c1)™"/ = len(c2)™""2| < Cdistg (e, 2).

In particular, the function

1
N0 - (Imm(S ', R, distg)) — Rso,

is Lipschitz continuous and bounded on metric balls.

Proof: Fix ¢y € Imm and let ¢, ¢ € By(cp) and (¢, 8) be a path connecting c¢; and ¢ such that
distg(co, c(1)) < 2N. In order to calculate the derivative of len(c)~'/2, we first have to examine
the derivative of len(c):

'(1.6) - 0, (1,
d,Jen(c) = f B,\c (1.0)] d6 = f .6 0,c®.6) 4o _ f (Dye, VY- I¢'] db.
st 5! lc’ (2, 0)] sl

Using this for the derivative of len(c)~1/?

, we get
1
d(len(c)™'?) = —Elen(c)_3/2 f (Dsep, V) -1l db.
S

Now, by taking the absolute values and removing the minus by a plus, we get

1
len(e)™ )| < Stene) " f (Dscr, V) - 1’1 d6
Sl

cS. 1
< —len(c)3? \/ f lc’| do \/ f (Dgcy, V2| - |c’| d6.
2 S] S]

f |c’| dO = +/len(c),
Sl

and since V2 = 1 and ds = |c’| d6 implies

\/Ll KDsc, V>2| “|c’|do = ||DSCZ‘”L2(dS)’

Taking into account that
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we get

len(c)
2

_1(len(c) "l n 41 . n—2
len(c) (T) 1Dscill 25y < 27"len(c)" " C VGe(er, cr).

~ 1 ~ 2.13ii) | ~
6,1en(0)™)| < Slen(e) MIDscillay < Slen(o)! S =ID3elry

2136 2.13i) ]
< .. £ =
2

We have n > 2, so by the previous Lemma len(c)"2 is bounded on Ban(co). Then

1 1
[len(er)™"/2 — len(ca) ™2 < f Butten(e)™!/)|ar < f VG(cr, o).
0 0

Now, take the infimum over all paths ¢ that connect c¢; and c;, then we obtain
[len(c)™"/* — len(c2)™"/?| < C distg(cy, c2).
This proves Lipschitz continuity on metric balls. For the boundedness we have
len(c)™"? < len(co) ™% + [len(c)™"/? = len(co) "2 < len(co) + C distg(co, ¢) < C - 2N,
which shows that len(c)~!/? is bounded on metric balls and so is len(c)~". m]

The following proposition provides an upper and lower bound on |¢’|. The lower bound en-
sures that the geodesic ¢ stays in the space of immersions, since the derivative will not equal
Zero.

Proposition 4.4. Given ¢y € Imm and N > 0, there exists a constant C = C(cg, N) such that for
all ¢, ¢co € Imm with distg(cg, ¢;) < N we have

|[loglcs] - loglet |||« < dista(cr. c2).
In particular, the function
loglc’| : Imm(S !, RY, distg)) — L¥(S!,R)

is Lipschitz continuous on every metric ball. Moreover, there exists another constant C,, > 0
such that

Il < C  and -
|c’|

L

is satisfied for all ¢ € Imm with distg(co, c(¢)) < 2N.

Proof: Let § € S! be fixed. Suppose that co € Imm and ¢y, c> € By(co). Let c(t,6) be a path
connecting ¢ and ¢; such that distg(co, c(f)) < 2N. We compute the derivative of log|c’|:

1 , (1, 0)
w20 w e

9,(loglc'(2,0)) = = (Dyc/(6), V(O)).
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Since V]| = 1, we get

1 1
[loglc)(0)] - loglc! (0)I] < fo |0, (loglc’ (2, O)D| dt = fo |Dyci(t, 0)| dt.

Consider,
2.139) 4/len(c) 2.13iii) +/len(c)
IDselis <" Sy < 5 el + D%

Vlen(c) 4.1
= 5 ||Cz||H"(ds) < CHGe(cr, ).

Again, we have used the fact that ¢ € Byy(cp), so len(c) is bounded. Then, taking the L*-norm
and the infimum over all paths ¢ between c; and c;, we get

1
|[loglci| - loglc! |« < Cinf f G(cy, ¢p)dt = Cinf len(c) = C distg(c1, ¢2).
C O C

This shows Lipschitz continuity. For the boundedness consider

loglc’(0)] < loglch(O)] + |[loglc’| - loglc|

Lo <C-2N.

Furthermore, apply the exponential function and take the L*-norm. Then ||c’||z~ < C. Similarly,
to establish ch’l‘1 ||L°° < C, consider

—loglc’ ()] < ~loglc)(®)] + |[logleg| — logle’l||,.. < C-2N
and observe that exp(—log|c’|) = I’ m]

The next proposition would be trivial, if we knew that the constant C of the previous proposi-
tion depends on the curve c. So the key aspect of this proposition pertains to the uniformity of
the constant. Hence, if ¢ remains in a metric ball than we can choose C independently of c.

Proposition 4.5. For a given metric ball B,(co) in Imm there exists a constant C such that
C N\l ey < Wllencasy < Cllhllmcay
holds for all ¢ € B,(cy) and h € H".

Proof: Observe, that for k < n, we have

2 _ 2 k2
”h”Hk(dH) - ||h||L2(d0) + ”aghan(dg),
2 _ 2 k1112
||h||Hk(dS) - ||h”L2(dS) + ||Dsh||L2(dS).
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For the L2(d6)- and L*(ds)-norm we have the following estimates on bounded metric balls:

Ill2as) = f \hf ds = f I 1’1 d6 < ||’ || = f Jhi? d6 = NIl 2 gg) < CIRIT g0
Il z2as) = f | ds = f |h|2|c|d9>mm|c|||h||p(d9) C hllZ gg):

In the last inequalities we used that |¢’| is bounded from above and bounded away from O on
metric balls by Proposition 4.4. This proves the equivalence of the L?(d6)- and L*(ds)-norm. It
remains to show that there exists a C > 0 such that

C N8R, o < IIDXRIZ,, . < CllobhI

L2(d6) L2(ds) — L2(d6)’

To this end, we need a computation of a’;h with k < n. For k = 2 we have
1 1 1 1 1 1 1
D =Dy ah) = 0o k) = - g+ 0o ) duh
lc’| e’ \e’| 'l Ie’] |c’] lc’|
By multiplying both sides with |¢’|> we get
1
(' PD2h = 62 + |’ |2(99(| ’I) o,
which is equivalent to

95h = |'FD*h + 94(Ic’) Dsh.

Inductively, we get

doh = |¢’|Dsh
2h = |'PD*h + dg(Ic’ ) Dsh
oh = /P D31+ 3Ic’| B(c ) D3k + 95 (1c’ ) Dsh
gh = Ic'I* D + 61c’ > B(Ic D3R + (304(1c’))? + 4Ic105(1c’1)) D3k + 8;(1c ) Dsh

k—

Oh = Zk: D Ca (%Ic’l)mD{h

Jj=1 a€A; i=0

—_

where c, are constants and a = (ao, ..., ax-1) are multi-indices that are given by

k-1
Aj —{ Zm,—k s Zcx,—]}
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It is shown in [3, Sec. 3] that
1081’ Il for 0 <k <n—2 and
105" 1’1 22ao)

are bounded on metric balls. Since the boundedness only holds fork <n—-2andk =n -1, we
treat the cases where k < n — 1 and k = n, separately. For the case k < n — 1 we use induction.
Let k = 0, then we have no derivative. This equivalence has been shown in the beginning. Now,
assume that the equivalence has been shown for k — 1, i.e.,

C U0l 2 a0y < IDUN 20ag) < ClNIRll 209y for j<k—1.

Moreover, we have

k k=1 ” ’ k k=1 @
k2 i Jj i J1n2
1080y < D, D | [ J(0011)" D28 B ID I [ (G0 R
=1 aea, i=0 @0 27 aea, i=0

Since k is maximal n — 1, the highest derivative of |¢’| is 8g‘zlc’| which is bounded in L*. Using
the equivalence of the L*(d6)- and L*(ds)-norm we get

k ..
. 2.13ii)
k7012 E § 2 k1112
”aghlle(dg) S C Cj,a/HDéh”LZ(ds) S C”DshHLZ(ds)'
jZl (I/EAj

In the last inequality we used the second Poincare inequality multiple times and the fact that
len(c) is bounded. This proves one part of the equivalence. For the other part we observe that in
the formula for a’;h the last term, where j = k, is always given by |c’|kD’§h. Thus, we can write

k-1 k-1 o
DR = |0k = 1T Y D" e | |(@le’)) Dl
J=lacA;, =

Since the sum only goes up to k — 1, we can use the induction assumption

k-1 k-1 .
k —k k —k j ' j
1Dl < 10T M08z + 11640y 3 i [ [(081) ]| 10z
=1 acA; i=0 L

Now, use the the boundedness of |¢’| 7%, the boundedness of ||6’;|c’| |z for k < n — 2 and the

second Poincare inequality multiple times for ||(9§h|| 12(dp) O get
k k
IDshllL2 a5y < ClIOhll L2 (a0)-

This proves the equivalence of the two norms for k£ < n — 1. Now, consider the case, k = n. The
problem is that we have no bound on ag—l |¢’| in the L —norm. However, we see that if a,,_1 # 0,
then @, = land @; = O fori # n — 1 and if j > 2, then @,_; = 0. Thus, the only term where
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937(Ic'|) appears, is just given by 2 '(|cl) Dsh. This term can be estimated in the L?(d6)-norm
as follows:

185 (1 DDA 2 gy < 105" (1" 172 1Dl

2

2
12(d6) and for ||Dh||;. we can use

In the beginning we mentioned that we can bound ||c9g‘1 I] ]
the first Poincare inequality and then the second one to get

1957 (0" DDl g, < € NDLAI g

Furthermore, we have

195 (' DDA 2 ggy < N5 (1€ D2 g 15T < C N1 T IE 161 7o

Again, using the Poincare inequalities we get

15" (e DD I 2 gy < C 10l z2(a0

By proceeding as in the case for k < n—1 and plugging these two estimates in the formula for Bzh

or Dl§h, we get the equivalence of ||(9gh||i2 (d6) and ||Df§h||i2 ds)’ Together with the equivalence of
the L?(d6)- and L*(ds)-norm we can conclude that the H*(d6)- and H*(ds)-norm are equivalent
as well. O

So far we considered C*-immersions, but unfortunately we cannot prove metric completeness
for this space. It is shown in [3, Prop. A.2] that the geodesic distance on the space of Sobolev
immersions Imm” restricted to Imm coincides with the geodesic distance on Imm. Hence, we
can extend the previous results from Imm to Imm” and continue with showing the metric com-
pleteness for Imm”.

Lemma 4.6. 1) Given a metric ball B,(co) in Imm” there exists a constant C > 0 such that
ller = callane) < Cdistg(cy, c2),

holds for all ¢y, ¢y € B,(cp).
2) Given ¢y € Imm”, there exists r > 0 and a constant C > 0 such that

distg(cy,c2) < Cller = callan(ag),
holds for all ¢y, ¢» € B,(cp).

Proof: 1) Let ¢, ¢ € B,(co) and c(t, 8) be a piecewise smooth path such that ¢ connects ¢; and
¢z and len(c) < 2r. Then by Jensen’s inequality, Proposition 4.5 and Lemma 4.1 we have

1 1 |
llcr = callamag) < f lle:(Dllpnaey dt < C f lle:(Dllpnas) dt < C f VGe(cr, ¢)dt = Clen(c).
0 0 0

Taking the infimum over all paths ¢ between c; and ¢, yields the inequality.
2) Let ¢p € Imm” and U be a convex, open neighborhood of ¢g. It is shown in [17, Prop. 6.1] that
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for a smooth, strong Riemannian metric the geodesic distance induces the manifold topology.
Hence, we can find an open ball B,(cg) with respect to the geodesic distance such that this ball
is contained in the open set U of the manifold topology. Define the path

c(t):=cy +1t(cy—cy)

to be the linear interpolation between ¢, ¢; € Imm”. Then, ¢ is a convex combination and hence
¢ € B,(cp). Moreover, we have

) 1 45
distg(c1, c2) < len(c) = f VG.(ca —c1,¢a —cr)dt < Cllea = cilluman.- m|
0

Theorem 4.7. (Imm"(S ', R%), dists) is a complete metric space.

Proof: Consider a Cauchy sequence (c/) jen with respect to the geodesic distance. Choose R > 0
large enough such that the sequence is contained in a metric ball with radius R. By the previous
Lemma we obtain

e/ = ¢l pmaey < Cdistg(c’,¢'), Vj,ieN.

Thus, the sequence (c/) jen is also a Cauchy sequence with respect to || - [|zn(qg). Since the space
(H"(S',RY), | - |lz(a9)) is complete, we can conclude that there exists a ¢* € H"(S I R%) such
that

j " j—)oo 0
llc’ = c*llgn@ey — O.

By Proposition 4.4, dsc’ is bounded away from 0 and hence
189”1117y > C > 0.

Since this inequality holds for all j € N, we see that (Ogc?) jen does not converge to zero. Hence,
we have for the limit ¢*
106¢™ (| Fr2a0) = C > 0,

which implies that ¢* € Imm". Moreover, the second statement of Lemma 4.6 gives the existence
of constants » > 0 and C > 0 such that

distg(c’, c*) < |lc/ = *|lgm@sy V¢! € Bi(ch).

This converges to zero for all ¢/ that are close to c* in the H"(df)-norm. But the inequality holds
for all ¢/ that are close to ¢* in the metric distance. With the first statement of Lemma 4.6 we
can always find a H"(d6)-ball that is contained in a metric ball. So the above holds for all ¢/ in
that H"(d6)-ball and hence converges to zero. Thus, we have shown that an arbitrary Cauchy
sequence in Imm” with respect to the geodesic distance converges. This proves metric complete-
ness of Imm”. m]
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4.2 Metric Completeness of the Space
(Imm"((S"), RY)/Diff"(S"), disty,p)

Lemma 4.8. (Taken from [3, Lemma 6.5]). Consider a metric space (X, d) upon which the group
G acts by isometries. If the quotient space X/G is Hausdorff, then

dy/(G.x,G.y) := inf d(g.x,h.y) = inf d(x, h.
x/6(G.x,G.y) g};}e . (g.x,h.y) inf (x,h.y)

defines a metric on X/G which coincides with the quotient topology. Moreover, the metric dx;g
18 intrinsic, if d is intrinsic.

Proof: At first, we check that the properties of a metric are satisfied for dy,s. Since d is a metric
on X, the symmetry of dx,¢ is clear. Moreover, we have dx;c(G.x,G.x) = 1}£1fG d(g.x,h.x) =0,
g,ne

take for example 1 = g = e, where e denotes the neutral element. Since we will show in the
following that the two topologies coincide, we know that the quotient space with the topology
induced by dx/c is Hausdorff as well. The Hausdorfl' property ensures that it is possible to
separate two distinct points by disjoint neighborhoods. Consequently, it is not possible to find
two distinct points G.x and G.y such that dx,c(G.x, G.y) = 0. Hence, dx,c(G.x, G.y) = 0 implies
G.x = G.y. Since G acts on X by isometries, i.e. d(g.x,h.y) = d(x,g 'h.y), we can write
inf d(g.x, h.y) = inf d(x, h.y). Moreover we have

g,heG heG

dxc(G.x,G.2) = infd(x, g.2) < d(x, h.y) + inf d(h.y, g.2) = d(x, h.y) + dx;6(G y, G.2).
8 8

Taking the infimum over all & € G, we get the triangle inequality.

To prove that the metric dx,¢ is compatible with the quotient topology on X/G, we need to
check that both topologies provide the same open sets. To accomplish this, let Bx(x, €) be an
open ball in X and Bx,G(G.x, €) be an open ball in X/G with respect to the topology induced by
dx;c. Denote by 7 : X — X/G the canonical projection. A set is open in the quotient topology
if the union of its orbits is open in X. For Bx,(G.x, €) we have

7 (Bx/6(G.x. €) = {y: inf d(x, hy) < e} ={g.v: g€ G.y € Bx(x.e)} = G.Bx(x.e).

Since G.Bx(x, €) is open in X, we get that By,g(G.x, €) is open in the quotient topology. Con-
versely, let U € X/G be open in the quotient topology and G.x € U. Since U is open we can find
an € such that By(x, €) C 77" (U). For G.y € Bx/6(G.x, €) we have dx;c(G.x,G.y) < € and hence
d(x,g.y) < e for some g € G. This implies g.y € Bx(x, €) and thus G.y = n(g.y) € U. This shows
that Bx,c(G.x,€) € U. Hence, we have proven that for an arbitrary element G.x € U we can
find a neighborhood Byx,G(G.x, €) which is open with respect to the metric dy,g and completely
contained in U. Consequently, U is also open with respect to dy,c. Thus, the open sets of the
topologies coincide.

Next, we show that the metric dx/¢ is identical to the metric induced on the quotient space
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which is given by

disty/6(G.x, G.y) = inf {len(y) : ¥(0) = G.x, y(1) = Gy

N
= inf {{tsup D i), Y(t-0) : 7(0) = Gox, (1) = Gy,

LN} 521

where we have taken the supremum over all finite partitions 0 = #; < #; < ... < ty = 1 of the
interval [0, 1]. On the one hand, we have distx;G(G.x, G.y) > dx;6(G.x, G.y) due to the triangle
inequality

disty;c(G.x,G.y) = ir;f {{ sup Z dx;c(y(),y(ti-1)) : y(0) = G.x, y(1) = G-y}

> dX/G(G.X, G.y).

On the other hand, we have disty;G(G.x,G.y) < dx;c(G.x,G.y), which can be seen as follows.
Let y be a path in X between G.x and G.y such that len(y) < dx;c(G.x,G.y) + €/2 for € > 0. Let
7 be the projection into the quotient space and define n(y) := 9. Choose {t1, ..., ty} € [0, 1] such

that len(9) = 3.7, dx/(9(t), 9(ti-1)) + €/2. Thus, y(1;) € G.y(t;) = 3(t;). Then

N N
disty/(Gx, G.y) < len(?) = ) djg((1), 3(ti-1)) + €/2 = ) inf d(y(1), gy(ti-1) + /2
i=2 i=2

N
eeG
< Z d(y(t), y(ti-1)) + €/2 = len(y) + €/2 < dx;6(G.x,G.y) + €,
i=2

where we have used in the second last step that y is optimal and the fact that d is in intrinsic
metric. For e — 0 we get disty;c(G.x,G.y) < dx/G(G.x,G.y) and hence disty;G(G.x,G.y) =
dX/G(G.x, G.y). O

Lemma 4.9. (Taken from [3, Lemma 6.5]). Let (X, d) be a metric space and dy/G a metric on
the quotient space, defined as above. If (X, d) is complete, then so is (X/G, dx/c).

Proof: Consider a Cauchy sequence (G.x,),en in X/G. By the Cauchy property we can choose
a subsequence such that dy/G(G.x,, G.x,+1) < 27" holds for all n € N. Moreover, we can find
Xn € G.x, and X,11 € G.x,41 such that d(X,, Xp41) < dx/6(G.Xp, G.xp41) + 27" Consider

n+k—1 n+k—1

d(F Brk) < ) d(Fo i) € ) dyy6(Gxi, Gxin) +27 < 27711 = 275),

i=n i=n

Thus d(X,, X,+) " 0 and hence (Xn)nen 1s a Cauchy sequence in X. Since X is complete by
assumption, we can find ¥ € X such that %, "2 % Then

lim G.x, = lim 7(%,) = n(lim %,) = 7(¥) = G.%.
n—oo n—oo n—oo
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Hence we found a limit G.% for the Cauchy sequence (G.x,)seny and hence (X/G,dxg) is
complete. |

Corollary 4.10. The space (Imm"/Diff", d;;p) with the quotient metric induced by the geodesic
distance on (Imm”, dists) is a complete metric space.

Proof: In Theorem 4.7 we proved the metric completeness of (Imm”, dists) and it is shown in
[8, Thm. 2.1] that Imm"/Diff" is Hausdorff. Thus, we can apply Lemma 4.8 and Lemma 4.9
and get that (Imm"/Dift", d;;p) with the quotient metric induced by the geodesic distance on
(Imm", dist) is a complete metric space. |

From now on we leave the subscript G in the notation of the dist-function. Instead, we write
dist; for the induced distance function on Imm” and dist;,p for the induced distance function on
Imm" /Diff". Since dist; is intrinsic by definition, it follows by Lemma 4.8 that d;,p is intrinsic
as well. Thus, we also get metric completeness of (Imm"/Dift", dist;;p).
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5 Existence of Geodesics

As described in [12] the Hopf-Rinow Theorem asserts that in a complete finite-dimensional Rie-
mannian manifold, it is possible to connect any two points using a minimal geodesic. However,
this property does not hold in the infinite-dimensional case, as noted in [1] by Atkin. Hence, we
have to show the existence of geodesics in a different way. First, we show via the direct method
of Calculus of Variation that any two curves in Imm” in the same connected component can be
joined by a geodesic. Then we transfer the existence result from the space of parameterized
curves to the shape space of unparameterized curves. Unless stated otherwise, the structure of
the proofs mainly follows from [3, Sec. 5,6].

5.1 Existence of Geodesics in Inm"(S!, RY)
In the following we will denote the unit interval by I = [0, 1]. For brevity we write
H'H} = H H)(I x (S',RY) = H'(I, H"(S ', RY)),

and similarly we write C,H}}, L?L2, etc. The norm || - || H! Hr(ao) 1S given by

1
el by = fo e agy + 1€ gy dt.  for ¢ € H H.

Theorem 5.1. Let G be a Sobolev metric of order n > 2 with constant coefficients. Fix a curve
¢o € Imm”". Further suppose A C Imm” is a weakly closed set concerning the H"—topology such
that at least one curve in A belongs to the same connected component as c¢g. Then there exists
c1 € A and a geodesic c(t) with ¢(0) = ¢ and ¢(1) = ¢; such that

L(c) = dist;(cg, c1) = disty(cg, A) = }III{ dist;(co, ©).
ce

So the geodesic c(t) realizes the minimal distance between ¢y and A. Moreover, the energy is
minimized by c¢ as well.

Remark 5.2. The connected components of a space are the subsets in where every pair of points
can be connected by a continuous path that lies entirely within the subset. For d > 3, the space
Imm”" is connected, i.e.it has only one component. Thus, the restriction from Theorem 5.1 that A
has to belong to the same connected component as ¢ can be disregarded. However, if d = 2, this
is not the case. Nevertheless, as shown in Section 3, the connected components for immersions in
R2, which are also homotopy classes, consist of curves with the same winding number. Hence,
we can characterize the connected components by the winding number of the curves lying in

31



CHAPTER 5. EXISTENCE OF GEODESICS Inga Giersch

them.

In the next subsection we will also consider the connected components of the quotient space
Imm”/Diff”. Once again, for d > 3 there is only one component. For d = 2 we have the
following decomposition

Imm"/Diff" = ] Imm /Diff"* U Imm{ /Diff",
p>0

where Imm), denotes the space of curves with winding number p and Diff "* represents orientation-
preserving diffeomorphisms of order n as described in Definition 2.17.

For the proof of Theorem 5.1 we need the following lemma which describes the behavior of
weak convergence of arc length derivatives.

Lemma53. Lets€R,s > 3 andk € N,0 < k < 5. If ¢/, c € H'Imm} and i/, h € L?H, then

¢/ = ¢ weakly in H}Imm}
hi — h weakly in L?H¥ = D’C‘ ) — DEh weakly in L2L2.
(h') jen is bounded in LtzHg

A proof of this lemma can be found in [3, Lemma 6.9].

Proof of Theorem 5.1: It is shown in [15, Lemma 2.4.3], that a minimizer of the energy

1
E(c) = f G.(¢,¢)dt,
0
on the set
Q= {c e H'(I,Tmm") : ¢(0) = o, c(1) € A}

is a minimizing geodesic between ¢y and c¢(1) € A. To show the existence of a minimizer of
the energy functional we use the direct method of the Calculus of Variation (see [16, Sec. 3]
for details on the direct method). Therefore, we need to show compactness of any minimizing
sequence. That is, if (¢/) c Q is a minimizing sequence for E, i.e.

lim E(c¢/) = inf E(c),

Jj—oo ceQ
then there exists a subsequence (cjk) such that ¢/* — ¢* weakly in Q to some ¢* € Q. Also we
need lower semicontinuity of the functional E, i.e. we need that

E(c) < liminf E(c/) forall c € Qand (¢/) € Qs.t. (¢/ — ¢) weakly in Q,
J

in order to apply the direct method.
We start by showing compactness. Let (c/) € Q be a minimizing sequence. Then we can
bound the energy E(c/) by % for some r > 0. Since each ¢/(¢) starts in ¢y and L(¢/) < VE(c)),
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as shown in Definition 2.7, we have

dist;(co, /(1)) < VE(ci) < r.

So every ¢/(t) lies in a metric ball around ¢y with radius r. Hence, we can apply Proposition 4.5
and Lemma 4.1 to get the existence of a constant C > 0 such that

C ™ Whllzznany < /G sy (hs 1) < Clillznca)

is satisfied for all 7 € H". Then

lle? (Ol mcany < licollamany + I’ (2) = collamany < llcollamagy + Cidistr(co, ¢ (£)) < licollmae) + Cir

where C is the constant from Lemma 4.6. Furthermore, we have

! 1
”CJHIZ'-I}H”(df)) = fo 1c? Ol agy + 167 Ol Fmeagy dt < (licollzman + Cir)” + CZfO Gein(é,¢7) dt
2 .
= (llcollgmagy + C17)” + C*E(cY).

Since E(c’) is bounded, we conclude that ||c/|| HH? is bounded as well. By Banach-Alaoglu it

follows that there exists a subsequence which converges weakly to ¢* € Ht1 Hy. We denote the
subsequence again by (c¢/). Consider the embedding H}Hg — C/Hy ¢ withn — € > 3/2 and
0 < € < 1. Since this embedding is compact by [2, Thm. 1], we can conclude that ¢/ — ¢*
converges strongly in C;Hy™. It remains to show that ¢* € Q. We use Lemma 4.4 to obtain a
constant C, > 0 such that

10ec’(t,0) > C» Vo€ S, V¥te[0,1],V]j€N.

Due to the strong convergence this bound also holds for the limit ¢* and hence c¢*(¢) is indeed an
immersion for all ¢ € I. Since ¢/ — ¢* weakly in Ht1 Hy, we have ci(1) = ¢*(1) weakly in Hy.
As the minimizing sequence c’/(f) was chosen such that ¢/(0) = ¢y and ¢/(1) € A and by assump-
tion A is weakly closed concerning the H"—topology we get that ¢*(0) = ¢p and ¢*(1) € A. Thus,
c* € Q and we have shown compactness of minimizing sequences.

Next, we show lower semicontinuity of the functional E. Note that we can write E as

E(c) = zn: ak”D’;c Vie'l
k=0

2
0

Since the squared norm-function 4 +— ||h||izL2 is weakly sequentially lower semicontinuous, we
(2

1

observe that if D’;_,éj |gci| — DX.¢* V|0pc*] weakly in L2L2, then

t 9
n
2,

2

DE.¢* \|9gc|

272°
0 LILG

2 1 . :
<timinf )" a[| Dk Vidpe]
LIZL2 jooo = ¢
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Hence, we have to prove the following implication
¢/ — ¢* weakly in H}Hg’ = D’C‘_,.éj V|0gc/| — ch‘*é* V|0gc*| weakly in L?Lg fork=1,...,n.

The boundedness of the (c/) in H Hy and Lemma 5.3 imply that D'Lf jc"j — D’C‘*é* weakly in L?Lg.
Moreover, we have ¢/ — ¢* in C;H2 and thus v/|8gc/| = V|8pc*| in C;H™'7¢. As € was chosen
such thatn — 1 — € > 1/2, we get that the pointwise product D’Z /.c'*j V10¢c’| converges weakly in
L2L2, which proves the above implication. Now, if we put all the results together, we get that if

190
¢/ — ¢* weakly in H! H}, then

E(c") = i ak|

DE.&" \|9gc*|

2 1 .
.. k .j ;
, < lim inf E akHDciC V]0gc|
J—)OO k:()

= lim inf E(c/).
L2r; L2 jooo ©)

2
L7

This shows the lower semicontinuity of the functional E. Moreover, as we have seen in the first
step of the proof that ¢* € Q, we conclude that ¢* is indeed a minimizer for E. O

5.2 Existence of Geodesics in Imm"(S!, RY)/Diff"(S!)

In Section 2.4 we have introduced the concept of geometric curves in the quotient space. Here
we show the existence of geodesics also in the space of geometric curves. To do so, we make
use of the previous subsection and the fact that (Imm” /Diff", dist;;p) is metrically complete.

Theorem 5.4. For Cy,C, € Imm"/Diff" in the same connected component, there exist ¢y, ¢y €
Imm” with ¢; € 771(Cy) and ¢, € 771(C») such that

dist;;p(Cy, Cp) = dist;(cy, ¢2).
In other words: The infimum in

dist , = inf dists(cy,
istyp(r(cr), a(e2)) = inf dister,c2 0 6)

is attained.
Proof: Fix cy,c; € Imm”. As stated in Section 2, a minimizer of the energy functional is also a

minimizer for the path length with constant speed. So again, we consider the energy functional

1
E(c) = f G (¢, ¢0)dt,
0

on the set
Q:={ceH :c(0) =cy,c(l) € ¢ o Diff"}.

As we do not know if the orbit ¢, o Dift" is weakly closed, we are unable to proceed in the same
way as in the proof of Theorem 5.1. Nevertheless, we can adopt a similar approach as used in
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the proof of that theorem. We choose a minimizing sequence (¢/) € Q for E, that is

lim E(c’) = disty/p(n(c), 7(c2)).
J—ooo

Again, we can pass to a subsequence which converges weakly ¢/ — ¢* in H/ Hy and strongly in
C:H}™¢ with € such that n — € > 3/2 and 0 < € < 1. Analogous to the proof of Theorem 5.1, we
can show that E(c*) < liminf ; ,E(c’) and that ¢* is an immersion. What remains to show, is
that ¢*(1) € ¢, oDiff", since in the previous proof this was guaranteed by the fact that A is weakly
closed. Since (c/) € Q, we have ¢/(1) € ¢, o Diff" for all j € N. Using the fact that Imm"/Diff"
is HausdorfF and the strong convergence ¢/(1) — ¢*(1) in Hy™¢, we get ¢*(1) € ¢ o Diff"“. So
we can write c*(1) = ¢, o ¢ with ¢ € Diff*"¢. According to Lemma 2.8 we can assume that c;
has constant speed and hence

len(cz) ,
2n ¢

lc* (M) =lc3l 0 - ¢ =

Since ¢* € Hy, it follows ¢ € H(’;_l. This implies that ¢" € Hg_l and hence ¢ € Dift". Thus,
c¢*(1) € ¢, o Diff", so ¢* is indeed a minimizer of the functional E on the set Q) . m|

Finally, we are able to prove the main theorem of this section which provides the existence of
geodesics in the quotient space of Sobolev immersions.

Theorem 5.5. The space (Imm"/Diff", dist;/p) with the induced metric is a length space and
any two shapes in the same connected component can be joined by a minimizing geodesic.

Proof: As already mentioned, (Imm"/Dift", dist;,p) is a complete metric space. Hence, we can
apply Proposition 2.16 and it remains to show that for every Cp and C; in the same connected
component there exists a midpoint. By Theorem 5.4 we know that there exist ¢, ¢; € Imm”
lying in the same connected component and such that C; = 7(c;) and

dist;;p(Co, C1) = disty(co, c1).

Using Theorem 5.1 we get the existence of a geodesic c(f) with constant speed, connecting c
and c¢;. Hence, we have
disty(co, ¢(3)) = disty(c(3), c1).

Set C(t) = n(c(?)). If we can show that
dist;;p(Co, C(})) = disti(co, c(3)) and dist;;p(C(3),Cy) = dist;(c(3), 1),

then ﬂ(C(%)) = C(%) is a midpoint between Cy and C; and we are done. So let us assume the
converse:

distz;p(Co, C(3)) < dists(co, c(3)) or dist;;p(C(3), Cy) < distz(c(3), c1).
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Then

dist;;p(Co, C1) < disty;p(Co, C(3)) + dist;;p(C(3), C1)

< dist;(co, c(3)) + dist;(c(}), 1) = dist;(co, ¢1),

which yields a contradiction. O

5.3 Existence of Geodesics in Imm{(S!, R?) and
ImmZ(SL, RY),Diff"

Unfortunately, we cannot argue as in the previous subsections for the spaces Irnm;l and
Imm’}/Diff", since Imm"} is not a complete metric space. Nevertheless, Imm"} is contained in
Imm” and hence two curves cg, c; € Imm’, in the same connected component can be joined by
a minimizing geodesic c(¢). It remains to show that the geodesic itself is a free immersion for
each ¢ € (0, 1). This can be done with the help the following proposition.

Proposition 5.6. (Taken from [25, Sec. 2.2.3.5]). Let ¢g,c; € Imm’} be in the same connected
component and ¢(f) € Imm” a geodesic connecting ¢y and ¢;. Then ¢(¢) € Imm;. Yt e (0,1).

Proof: Let cg,c1 € Imm;. and let the group of diffeomorphisms act on Imm”. According to
Theorem 5.1 there exists a geodesic ¢(f) € Imm” such that ¢(0) = ¢ and ¢(1) = ¢;. The isotropy
groups G, and G, are trivial, since ¢¢ and c; are free immersions. We have to prove that for
every t € (0, 1) the isotropy group G is trivial as well. Choose a € G \ G, for a fixed but
arbitrary ¢ € (0, 1) and define the path

c(s) else.

) = {ac(s) ifs<t,

Then &(s) is a piecewise geodesic which connects acy and ¢ and has the same length as ¢, since
the distance is invariant under the isometric action of Diff". Observe that ¢ has a discontinuity at
(otherwise ¢ would be equal to ¢ in every point ¢, which would imply thata € G.,). This disconti-
nuity contradicts with the opitmality of ¢, since we can find a small neighborhood of ¢, where we
can shorten the path. Hence, there exists no a € G.;) \ G¢,. Thus, G.;) C G, for every t € (0, 1).
As every isotropy group contains the neutral element, the isotropy groups of c(¢) are also trivial.
Hence, the geodesic c(¢) € Imm} for every t € (0, 1). |

Theorem 5.7. Any two orbits Co,C; € Imm;’f /Dift" in the same connected component can be
joined by a geodesic.

Proof: Taking into account Theorem 5.5 where we proved the existence of geodesics in the
quotient space, we can run the same argumentation as above. |
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6 The Manifold of free geometric Curves

The goal of this section is to prove the following theorem.

Theorem 6.1. The quotient space of the space of free immersions under the action of diffeo-
morphisms Imm /Diff admits a manifold structure.

This theorem will be important for showing horizontality of geodesics in the next section. The
main work of the proof lies in finding open neighborhoods in the space of immersions such that
the properties of a manifold are satisfied. To do so, we need to introduce the concept of tubular
neighborhoods. The structure and the proofs of this section are mainly based on [19].

Before we start, we need to give two remarks. In the following we consider only curves in
the plane. In general, all the statements apply to higher dimensions as well, but for the sake
of simplicity we focus on curves in the plane. In this context a curve ¢ is always given by
c: S' — R? and has regularity at least C'. Moreover, in the proofs of the following lemmata
and propositions we will often reparameterize the curve c by arc parameter. This slightly changes
the assumptions of the theorems regarding the length of the curves which will depend on 6., and
distance to other curves which will depend on 7., in the following way:

1. Rotating and translating ¢ does not affect ., §. and len ¢|] for o, & € S 1.

2. Scaling c¢ by a factor A will result in the values 7., 6, and len ¢|j,# being multiplied by A
as well.

3. If we reparameterize c, then 7. and ., remain unchanged. For ¢ € Diff and ¢ = c o ¢y we
get len Cjpy (o) w1 = lenCjo.1-

In what follows we disregard these transformations, in order simplify the proofs, which work
analogously if we do the transformations, as described above. This means that if we assume ¢
to have constant speed, then the assumptions on c still hold.

6.1 Tubular Neighborhoods of Immersions

Proposition 6.2. Let ¢ be in CrabeS'and L := len(c)|q,p1- Assume that L < 26., where 6,
is defined as in Definition 2.6. Then |c(b) — c(a)| = L/2.

Proof: For simplicity, we extend c to a periodic function ¢ : R — R? and we identify the interval
in R that is associated with the arc of the curve, where the length len(c),[4,5) is computed (see
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Def. 2.9). We call this interval [a, b] again. By Lemma 2.8 we can assume c to have constant
speed, i.e., |c'| =1 = % As noted in Definition 2.9 we then have

len(c)irap = L (b — a).
Consider the scalar curvature « from Definition 2.5. We derived the following formula

_ ¢’ _1¢]
K| = — = —

el 1
where ¢ is the angle function from Definition 3.1. Plugging this into the definition of ¢., we

obtain
Ir

0 = ————.
(3 max|¢’])

Let m = (a + b)/2 be the middle point of [a, b]. As |¢’| = [ and |V| = 1, we can rotate ¢ such that
¢’(m) = (1,0) and V(m) = (1,0). Consequently, we can assume that ¢(m) = 0. By assumption
we have L = [ (b — a) < 26.. As m is the middle point of [a, b], we get for 0 € [a, b]

[lm—6| <o
Plugging this in the above formula for 6., we get

n
0 —m| < —.
(3 max|¢’[)

Since ¢(m) = 0, we obtain foralla < 6 < b

6
00 =160) - o) = | [ /)] < 0= mimax 97 < 5.

Hence, we can conclude that cos(¢(6)) > 1/2. Finally, if a < 6, < 6, < b, then we have for the
abscissa

6 6> 0> 1
C1(02)—C1(91) = f C/I(Q) do = f V]ld@ =1 f COS(¢(9)) do > 1(92—01)5 = len(c)|[9,,gz]/2,

01 0 6

where we have used that ¢’/l = V = (cos(¢), sin(¢)). Note that it is sufficient to prove the in-
equality only for the x—coordinate since |c(b) — c(a)| > c1(b) — c1(a) and we rotated ¢’ in such
a way that it is reasonable to consider the distance in the direction of the x-axis. O

The above proposition states that the curve c restricted to [a, b] is an embedding, since |c(b) —
c(a)l = L/2 implies that there a no intersection points in c.

Lemma 6.3 (Tubular Neighborhood). Let a,b € S' such that len(c))(q,p] < 26,. Define

¥ : [a,b] X [~Te, 7] = R,
W(s, 1) = c(s) + tN(s).

38



CHAPTER 6. THE MANIFOLD OF FREE GEOMETRIC CURVES Inga Giersch

Then Y is a diffeomorphism with its image and if the arc [sy, s»] is contained in the arc [a, b],
then

1
[P (s1,11)¥P(s2,12)] > Zlen C| 51,521

whereas
[P (s, 1) —WP(s, )| = |2 — 11].

Proof: With no loss of generality, we may rescale and reparameterize ¢ such that ¢ has length
27 and is parameterized in arc parameter, i.e., |¢’| = 1. As in the previous proof we extend ¢ to a
periodic function ¢ : R — R? and identify the interval in R that is associated with the arc of the
curve, where the length len(c), 51 is computed. Again, we denote this interval by [a, b].

As %c = |f—| =V and %N = —«V, we obtain for the Jacobian of ¥

0

&lp = V(1 — k1)
0

—¥Y=N.

ot N

By assumption we have |f| < 7. = 1/(2max ||),. Thus, we get for the determinant (1 — «7) >
1/2. Applying the inverse function Theorem we get that ¥ is a local diffeomorphism. For a
global diffeomorphism, we must additionally show bijectivity. Surjectivity is clear, since we are
considering a diffeomorphism with its image, so what remains to prove is injectivity.

To accomplish this, we choose (sy, ) and (s2,%) with a < 51 < 52 < b and |t1], || < 7.
Similar to the proof of Proposition 6.2, we set m = (s; + s2)/2 and up to rotation we may
assume that V(m) = (1,0) and ¢(m) = 0. Again, we can conclude that cos(¢(s)) > 1/2 for all
s1 < s < 8. Since |¢’| = 1, we have V = ¢’. This yields

S

Y(s, 1) = c(s) + tN(s) = c(m) + f V(6)do + tN(s).

m

With V(s) = (cos(¢(s)), sin(¢(s))) and N(s) = (— sin(@(s)), cos(¢(s))) we get for the x-coordinate

Y(s, 1)1 = c(m) + fs cos(¢(6)) dO — t sin(p(s)).

m

Computing the derivative we get

0
35 (s D1 = cos(¢())(1 - 1¢'(s)).

As c is parameterized in arc parameter, we have || = |¢’|. Now, we use the facts that cos(¢(s)) >

1/2and |t| < 7. = m to obtain

cos(p(s)(1 — 1¢'(5))) >

ENTE
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Hence, %‘P(s, H > %. Then we observe that

1
W(s2,12)1 — P(m, 1)1 2 Z(Sz —m),
1
WY(im, 1) —¥(s1, 01 2 Z(m —s51).

Adding these two equations and noting that W(m, t;); = Y(m, t2); = c(m), since ¢(m) = 0, we
obtain

1
W(s2,12)1 —¥P(s1, 1)1 > Z(Sz - 51).

Since c¢ has unit speed parameterization, we have len(c)|[s,.5,] = 1(s2 — s1). By taking the norm
on both sides, we have proven the first inequality of the lemma. With the same argument as in the
previous proof, it is enough to show the inequality only for the abscissa. The second inequality
follows by

[¥(s,t1) = P(s, )| = |c(s) + 11N(s) — c(s) — LN(s)| = |ty — 2| IN| = [t1 — 12l

Moreover, we have shown injectivity of . Indeed, if W(sy, t;) = W(s1, 11), then we get

1
0> —(s2—s1),
(52— 51)
which implies s, = s1. Now, using the second inequality we get
0=1[¥(s1,1) —¥(s1, )l = 11 — 12
and thus 1| = 1. O

If é(s) = W(s,1) = c(s) + tN(s), then we say that we can write ¢ in tubular coordinates around
c. We define the set of nearby points of ¢ as Ur := ¥(S' x [-1, 7]).

Lemma 6.4. The points in U; have distance at most 7 from the trace c(S b.

Proof: The distance function is given by
dysi(x) == inf |x—y| = inf|x — c(6)|.
yee(S ) feS'!
Consider an element x € Uy, then there exist (8, 7) € S! x [, 7] such that

x = c(0) + tN(O).

Then we have
lx—c@)| =] <.

By geometric arguments the minimum of infI |x — ()| is attained in 6, since the segment of the
6eS
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minimal distance of x to a point on c is orthogonal to the tangent at this point. Hence,

dus1y(x) = |x = (@] < 7. o

We have seen that for x € U, we can always find (6, ¢) € S1 % [-1, 7] such that
x =c(0) + tN(6).

Now consider a curve ¢, instead of x, whose trace is contained in U,. One might think that we
will always find a continuous function ¢ : R - R and a : R — [—7, 7] such that

&(0) = P(p(6), a9)) = c(¢(9)) + a(ON(@(6)).

This would imply that if the trace of ¢ is contained in a tube of size 27 around c, then we could
write each point of ¢ in tubular coordinates around ¢ with the same ¢ and a. But this is not true.
A counterexample is shown in Figure 6.1. Here the two curves are close to each other, but we
cannot find ¢ and a such that the above equation holds. The problem is that we are considering
the trace of a curve and say that two curves are close to each other if every point on the one curve
is close to any point of the other curve. A suggestion of improvement would be to consider the
parameterization of the curves and say that two curves are close to each other if

I60) - c(®)| <7 YoeS'.

The next lemma acts on this idea.

Figure 6.1: The green curve is all contained in the set of nearby points U, of the red curve.

Lemma 6.5 (Nearby Projection). Let ¢ be a fixed CR-curve with R > 2. Then:

1. For x e R and & € S! such that
Oc
d:=|x—-c@)| < —,
[x = ()] )

there exists an @ € R with |a| < d and o € S with

len(c)| [o,5] < 4d,
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such that
x =c(o) +aN(o).

Observe that a is uniquely identified by o

2. They are unique in the family of o, a such that |a| < 7. and

len(c)| (o] < Oc.

3. Let x e RZand & € S! such that

Tc
d:=|x—-c(0 —.
|X — ()] < >

Let € > 0 small so that € + d < 6./4 and define B = B(%, €) = {x € R? : |x — &| < €}. Then
there exist functions a, ¢ : B — R of class CR~! such that

x = P(p(x), a(x)) = c(p(x)) + a(x)N(p(x))

for all x € B and they are unique as specified above.

Proof: Without loss of generality, we may assume that the curve ¢ has length 27 and hence can
be parameterized in arc parameter. Thus, we can write |a — b| for len(c)|[4.5].

For proving 1) we choose x € R? and & € S! such that d := |x — ()| < %. Define
Js := [0 — 8., 7 + 6.]. Let @ be a minimum of

min |x — c¢()|.
€J5—

Then we have |x — ¢(6)| < d and hence
(&) — c(0)] < |c(F) — x| + |x — c(d)] < 2d.

By the definition of J5 we get |7 — 6] < .. Thus, we may apply Proposition 6.2 and obtain
~ Ao s o
lc(6) — c(0)] = 5'9 —al.

These two inequalities yield
4d > 10 - &].

As 4d < 6., we see that |§ — &| < 6. and hence the minimum is not attained at the boundary
of J5. Then by geometric arguments the minimal segment from x to ¢() is orthogonal to the
tangent at ¢(d), so we can find an a such that

x = c(0) + aN(@) = ¥, a),

which proves 1). Note that |a| = |a| |N @)] = |x — c(d)] < d. In the proof of 6.3 we have seen that
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Y is injective for |a| < 7, and |6 — & < 26.. Soif|a| < 7. and 6 € J, the uniqueness is given by
the injectivity of ¥'. This proves the second statement.
For the last one, consider x € B. Then we obtain

Oc
|x—c(5')|Slx—fc|+|)?—c(5')|<6+d<ZL.

By 1) and 2) there exist a unique o € J and a with |a| < 7. such that
x =c(o) + aN(0).

As they are depending on x, we denote them by o = ¢(x),a = a(x). Furthermore, we have
shown in the proof of Proposition 6.3 that ¥ is a diffeomorphism with its image in C¥~!. Hence,
we can invert the function and write

Y R? 5 s X [—Te, Te]
P(x) = (p(x), a(x)),

which proves that ¢, a € CR1. o

The main point of this lemma is that we fix & € S! in the beginning and assume that x has
to be close to this point on the curve and not just close to any point on that curve. Hence, the
lemma provides some necessary conditions whether a curve c can be lifted into another curve ¢,
which is explained in detail in the following proposition.

Proposition 6.6 (Global Lifting). Letc : S' - R>bein CRand ¢ : §' — R? be in CR~!, with
R > 2. Suppose that we have |¢(0) — c(0)| < T forall8 € S 'and for a fixed 7 < 8,./4. Then there
exists a choiceof a : S' > Rand ¢ : S! — §! such that

&) = Y(p(0), a(0)) = c(p(0) + a()N(gp(0), Yo €S,

with |a(o)| £ T and
len(c)| [op(o)] < 4t

is satisfied for all o € S'. Moreover, they are unique in the class of C®~! functions such that
la] < . and
1en(e); (oo < -

Proof: We have demonstrated in the previous lemma that the statement is valid for all x € S
which are close enough to c(5). By substituting x = ¢(o") we see that the statement is also true
for every point that is on the curve ¢. Uniqueness and regularity follow by the second and third
point of the previous lemma. O

Remark 6.7. If we can lift ¢; into ¢, with (a, ¢), as explained in the proposition above, then
we have the following relation between ¢ and ¢, and (a, ¢). If we translate or rotate the curves,
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we can still lift ¢; to ¢, with the same (a, ¢). By rescaling both curves with 4 > 0, we can use
(Aa, ¢) to lift the rescaled curve. If we reparameterize both curves at the same time by ¢ € Diff,
i.e., €1 = ¢y 0 ¢,y = ¢ o ¢, then we can lift ¢, to &, by

&(s) = c1(@(s)) + @(s)Ng, (§(5)), Vse S,
with
a=ao¢
g=¢"ogog.
Moreover, let @ > 0 and consider a third curve c3 such that
|c5(0) = 5(O)] < alc} (O)I.
If we now reparameterize all the curves at the same time by ¢&; = ¢; o ¢, then
125(0) — &5(0)| < al&} (O)I.
This relation also holds for rescaling, rotation and translation.
It seems that we have found some sufficient hypotheses so that we can present ¢ in tubular
coordinates around c. However, the function ¢ of Proposition 6.6 is not necessarily a diffeomor-
phism, which is required in the definition of the tubular coordinates. An example where ¢ fails

to be a diffeomorphism is shown in Figure 6.2. In order to avoid such cases, we need to control
the difference of the derivatives of ¢’ and ¢’. This is done in the next lemma.

Figure 6.2: The curve c is presented in red and ¢ in green.

Lemma 6.8. Suppose all assumptions of Proposition 6.6 hold. Moreover, assume that 7 < 7./4
and

1
& (o) = ' (0)] < §|c'(cr)|, VoesS!.
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Then ¢ is an immersed curve and ¢ is a diffeomorphism. For ¢ being parameterized at constant
speed, we get

| —

Proof: As always, we may reparameterize ¢ to have unit speed and do the same transformations
with ¢. Then the assumption |¢’(0) — ¢’(07)] < %lc’((r)l still holds, as mentioned in Remark 6.7.
Let 8 = ¢(o). Consider the angle 8 between ¢'(8) and ¢’(6). Again by Remark 6.7, we have
|’ (@) — c’(0)] < %Ic’(Q)l. This inequality implies

B < arcsin(1/2) < /6.

Since ¢ has unit speed, we obtain that || = |¢’|, where ¢ is the angle function as in Definition
2.5. For the angle y between ¢’(07) and ¢’ (¢(0)) we have

|ﬂ=wwﬁ—mmhﬁifdunmhﬂl;mndﬂsw—mmmw.

By assumption len(c)| (o)) < 0c and |¢’| = 1, hence |0 — 6] < 6. < 47 < 7. This yields

1
max|k| = —.

|- — Blmax|k| < T.max|«| =
2 max|«]| 2

So we have shown that y < 1/2. Combining the two estimates, we obtain for the angle between

c’(o) and &' (¢(0))
B+ <f+l<f
Y262 7

Next, we compute the derivative of ¢(o) = ¢(¢(07)) + a(o)N(¢(07)) and recall that |¢’| = 1. Then

&'(0) = (o))’ (o) + d' ()N(p(0)) + a(o)N' (p(0))¢’ (o)
= V¢'(0) + d' (0)N + a(o)(—«V)¢' (o)
= V' (o)(1 — ka) + d’'N,

where V, N and « are evaluated at ¢(0). Now taking the scalar product on both sides with V and
using the fact that N L V, then we get

& V=9 (0)1 - ka).
Note that ¢’ - V > 0 and hence ¢’ > 0. By the assumption of this lemma we have
F@ - 1= )~ @ < I¢(@) - /@) < 3@ = 5.
Moreover, we have

1 1
1 =& (@) =)= () < I’ (0) =& (o) < EIC’(U)I =5
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Consequently, we get

IA
W ol w

<&

N =

For |a| < 7. we observe as in the proof of Lemma 6.

Now all this together yields

c@-v O - (o) _ cos(B+7y) -] - Ic’| S 6/10-1/2-1 _ 1

P2 —5—="3, 3/2 =7 3 5

and
c@)-v _O)-(o)  cosB+y)-|c]-Ic’| < 1-3/2-1

¢'@) < 12 1) 172 S—p T

Note that we have proven the estimates for a reparameterized ¢ = ¢~ o ¢ o ¢, as described
in Remark 6.7. But since ¢ is a diffeomorphism, this implies that the original function ¢ from
Proposition 6.6 is a diffeomorphism as well. O

We now have all the results necessary to formulate a theorem concerning the representation
of ¢ in tubular coordinates around c.

Theorem 6.9 (Representation Theorem). Letc : S' — R?bein CRand ¢ : §' — R? be in CR!,
with R > 2. Assume that
|Ic(o) —c(o)| <1

and

1
l¢'(0) = ¢/ (0)] < EIC’(U)I

for all o € §! and fixed T < 7./4. Then there exists a choice of a : S! — [-7,7] and ¢ € Diff*
such that
&p(0) = V(o a(0)) = c(0) + a()N(0), VYo eS!

with |a(o)| < T and
len(c)| [o(@)] = 4r, VYo eS 1.

Moreover, they are unique in the class of C R=1functions such that |a| < 7. and

len(c)| [op(o)] < Oc.

Proof: Taking into account Remark 6.7, we can rescale and and reparameterize ¢ and ¢ at the
same time and the assumptions of this theorem still hold. The proof then follows immediately
from Propositon 6.6 and Lemma 6.8. O

After establishing the conditions that allow us to express ¢ in terms of tubular coordinates
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around ¢, we can now define two kinds of neighborhoods of the curve c. To do so, we need to
look at the topology on the manifold of immersions. There are two ways on how to identify
open neighborhoods around an immersed curve c:

1. The first one is the usual way for Banach spaces where a neighborhood U, around c
includes all ¢ such that the distance between ¢ and ¢ in the norm which comes with the
Banach space is smaller than €, i.e.,

Us=Ueq={c:S" >Rt llc—cllex < &1}
where €; > 0 determines the size of the neighborhood and |.||cx is given by

lcflcr := max (o)) +1¢'(@)] + .. + lc® (o).
g€

2. Inthe “geometric way” a neighborhood V., around ¢ includes all ¢ such that we can write
¢ in tubular coordinates around c, i.e.,

&(0) = ¥(p(0), a(0)) = c(p(0)) + a()N(e(0)),
witha : §' — R and ¢ € Diff such that

laller < &
llp — Idllcr < e,

where
lp = Tdllcr = maxdsi (¢(0), ) +1¢(@) = 11 + .. +1¢"0@) - 11
gc

Note that these two neighborhoods are equivalent for ¢ € C¥*! in the following sense: For any
neighborhood U, we can find a neighborhood V., such that V.., € U.¢. Conversely, for
each V., there exists a neighborhood U, ¢, such that U.., C V.. The fact that the equivalence
of CR-neighborhoods only holds for curves in CR*! justifies the study of the manifold of smooth

immersions.

6.2 Neighborhoods of free Immersions

So far, we have focused on parameterized curves where each point on the curve corresponds to a
unique point on the unit circle. This correspondence provided a condition, to be able to represent
curves in tubular coordinates in a unique way.

However, for geometric curves, we do not a priori have this correspondence, since we “re-
duce” curves to their image and disregard the parameterization. Nevertheless, the following
lemma will show that for a freely immersed curve ¢ we can always find a neighborhood around
¢ such that for ¢ in this neighborhood every reparameterization of ¢ is given by the same tubular
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coordinates. Consequently, even for geometric curves we can find a unique representation in
tubular coordinates, if ¢ is freely immersed.

Lemma 6.10 (Local Injectivity). Let ¢ be a free immersion which is in C2. Then there exists a
r = re > 0 such that if

¢(s) := c(s) + a(s)N(s),
c(p(s)) = c(s) + b(s)N(s),

with

llallo < r,
Iblleo < 1,
Oa
dc
oa
dc

’

’

1

< =
o 2
1

< =
2

[ee)

where (0/0c) denotes the arc derivative, then a = b and ¢ = Idg1.

Note that here, ¢(s) is not the same function as in Theorem 6.9. It simply denotes another
reparameterization of ¢.
Proof: With no loss of generality we can parameterize ¢ by arc parameter. If we rescale r by the
same factor, then the hypotheses remain unchanged.

First, we start with an estimate for the derivative of ¢. Unfortunately, we cannot use the
estimate of Lemma 6.8 as the assumption is not satisfied. However, we have here the similar
condition |a’| < 1/2. Consider

¢(s) = c(s) + a(s)N(s).

The derivative is given by
¢ =T(1 —ka) +a'N.

From the previous proofs we know that for |a| < 7. we obtain

1
ES(I_Ka)SE
Then together with |a’| < 1/2 we get
1 3 1 9 1
SslI<|545]= 7472
2 22 4 4

Similarly, for
&(p(s)) = c(s) + b()N(s)

with |b| < 7. and |b’| < 1/2 we have

| =
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Together with the estimate for |¢'| we get

<¢ <4

FNY.

Next, we assume by contradiction that there exist a sequence (¢,) # Idg: and sequences (¢,), (a,)
and (b,) such that

Cn(s) = c(s) + an(s)N(s)
Cn(pn(s)) = c(s) + bu()N(s)

where

IA

— N~ | =3I~

[l

15nlleo

IA

IA

llaloo

IA
N

(A

If 1/n < 7./4 and lenCys,.0,(s)1 < Oc, then we could write &, in a unique way in tubular
coordinates around c. But since ¢, is not the identity, the uniqueness is obviously violated and
one of the uniqueness conditions is not fulfilled. If we choose n large enough, then 1/n < 7./4
is satisfied and hence there must exist a s, such that

len €y, 005,01 = Oc-
Now set ¢,(s,) = 6,. Then by Lemma 2.10, we have
Mdg1(¢;" (6n), 60) = Mdg1 (50, @u(s0)) = len s, g, (51 = Ses
with M = max|¢’|. This yields

lim inf dgi1(g; ' (8,),6,) > 0.
n—o0

Since S ! is compact, every sequence has a convergent subsequence. So up to a subsequence we
have 6,, — 6. Moreover, we have by the earlier arguments that

<, <4

ENE

The boundedness of ¢, and the theorem of Arzela-Ascoli imply that up to a subsequence ¢, — ¢
and ;! — ¢! uniformly, so that ¢ is a bi-Lipschitz homeomorphism. Since the distance
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function and ¢,, are continuous, we obtain
lim dg1(g," (6,).60) = ds1 (9™ (9).0) =: d > 0.
Furthermore, since a, — 0 and b, — 0, we get ¢, — ¢ and ¢,(¢,) — c. This yields
¢=7Cog,
which implies that a = b. Moreover, we have ¢,(¢,) — c(¢) and hence
c=coep.

By assumption c is a free immersion, which implies that ¢ = Idg:. But this cannot be true, since
the distance between ¢~ !(f) and @ is strictly positive. Thus we have shown a contradiction, so
that the assumption (¢,) # Idg1 was false. |

Theorem 6.11. Free immersions are an open subset of immersions.

Proof: This is a simple consequence of the previous lemma. Let R > 2 and V., be a tubular
neighborhood around ¢, with e, < min{r., 1/2,7./4} and r, from Lemma 6.10. Let ¢ € Diff be
arbitrary and let ¢ and ¢ o ¢ be defined as in Lemma 6.10. By the choice of €, ¢ is contained in
Ve If €(s) = E(p(s)), then we know by Lemma 6.10 that a = b and ¢ is the identity. Hence
any curve ¢ € V., is freely immersed, if ¢ is freely immersed. As mentioned earlier, tubular
neighborhoods V., and neighborhoods U, induced by the Banach topology of the manifold
of smooth immersions are equivalent. Hence, the theorem is proven for both kinds of neighbor-
hoods. O

6.3 The Manifold structure

In this subsection we will finally give the proof of Theorem 6.1 which requires us to show that
Imm /Diff satisfies the three properties of a manifold.

Definition 6.12. (Infinite-dimensional manifold, taken from [5, Def. 1.1]). A smooth manifold
modelled on the topological vector space E is a Hausdorff topological space M together with a
family of charts (uy, Uy )aea such that

1. U, € M are open sets and | J,eq Uy = M.

2. uy : Uy = uy(Uy) C E are homeomorphisms onto open sets u,(Uy).

3. ugo u;l Do (Ug NUB) = ug(Uy N Up) are C*-smooth for all a, 5 € A.

So far, we haven shown that free immersions are open in the space of immersions. For proving

the first property of a manifold, we need to find open sets in the quotient topology that cover the
quotient space.
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Proposition 6.13. Fix a free immersion ¢; and let T < min{r,,, 7., /4, 1/2}. Then the set

lcil
U, = {5 eIlmm:[¢—c| <7, =l < Tl}

is open in C*.

Proof: Let ¢; € U,, and define

a = |z = ctllo
0 0
= C— —C1
ﬁ ‘ 861 (9C1 0

By the definition of U, we have @ < T and 8 < 1/3. Consider a smooth curve c3 which satisfies
lles = ealleo < (7= @),
lich = cHlleo < (% —-p)ym,
with m = min|c}|. Then we obtain
lles = cillo < llez = 2lleo + ez = cille < (T—a@)+@ =7
lley = cilleo < lej = Slloo +llch = Sl < (% —Bm+p= %m

Hence, we have c3 € U,,. So for every c; € U,, we can find a c3 close to ¢, such that c3 is also
contained in that set. |

By Theorem 6.9 we know that U/, contains all curves ¢ which can be expressed in tubular
coordinates around c;. Moreover, we have seen in the proof of Theorem 6.11 that every curve
in U,, is a free immersion. Now, consider the set of all curves in U, up to reparameterization,
that is

/

e .
W, = {Eogo:lé—cll <[t =cil < ?l,cpelef}.

As already mentioned, the above conditions are invariant under reparameterization. So ‘W, can
be written as the union of open sets

Wo= | U
cr=c10@,peDiff

Hence, ‘W,, is an open set in C* as well. Now let 7 : Imm; — Imm/Diff be the canonical
projection. Then set

W, i=na(W,).

By the definition of the quotient topology, a set Z is open if the union of its orbits

(2 = {celmmy:[c]le Z} = U [c]
[cleZ
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is open in Imm¢, respectively in C*. Moreover, we have

1,17
T W)= W= ) U,
cr=c10p,peDiff

Hence W; is open in the quotient topology and

U W,, = Imm/Diff.

clelmmf

This proves the first property of the definition of a manifold. For the second one we need to
define a vector space E. The motivation for this space can be seen as follows:

Consider a curve ¢ = ¢ogp € W, . Then by Theorem 6.9 we can write ¢ in tubular coordinates
around ¢
Co¢=ci+aN,

with |a| < 7. So for ¢ we have the following reparameterization in tubular coordinates
cogplog=c+aN.
N———
=

We want to show that this reparameterization is unique. We know that ¢ is unique by the repre-
sentation theorem, but the representation of ¢ is not, i.e., there are lots of pairs (¢, ¢) such that
¢ =Copwith ¢ € U,, and ¢ € Diff. So assume that there exists another reparameterization of ¢
in tubular coordinates

co lﬂ2 =cC) + DN,

with |b| < 7. Define ¢ := ¢o ¢! 0 ¢ = € o ¢;. Then we have
¢ =cj +aN,
6owI10¢2:Eozﬁ2:c1+bN.

Since we have chosen 7 small enough, we can apply Lemma 6.10. This gives us wl‘l oy =Id.
Hence, /1 = ¥». So we have shown that the reparameterization is uniquely identified for curves
in W,,. Consequently, we will concentrate on a for the space E.

Proposition 6.14. Define
Q. ={a:S' > R:3¢eU,,ApeDiff,¢o ¢ = c| +aN).
Then Q,, is open.

Proof: Consider the map
(p.a) > (c1 +aN) oo™,
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which splits the set ‘W, smoothly as
W, = Q., x Diff.

Clearly, this map is continuous, so the preimage of an open set is open. Since W, is open and
Q. is simply the projection on the second component of the preimage of ‘W, we have that Q,
is open as well. m|

Now define the vector space E as follows:

E = U Q.

c1€lmmy

Next, we need to define the charts u,. Therefore, consider the map

Y. 1 Qe = W,
Y. (a) :=c1 +aNj.
Then the composition with the canonical projection

VY, =no0¥, :Q; — ;Wc]

is a bijective map, since we have already proven in Lemma 6.10, that ¥, is injective and the
surjectivity can be seen as follows: Let [¢] € ‘W, then

¢ € Ueop

for a unique ¢ and hence
Z‘O(,o_l =y +aN

for a unique a. So every a gets hit exactly one time. Moreover, P, is a smooth mapping and
hence a homeomorphism. Now set ua::‘I’al. We have already seen in Proposition 6.14 that

~ _1 —
Yo (We)=Q, CE
is open. Thus the second condition for a manifold structure is satisfied.

For the last condition we consider the atlas given by the charts (‘i’;f,@cl)clelmm po It
must be compatible, meaning that any two charts in the atlas must agree on the overlaps of their
domains. So let [¢] be in the overlap of two charts, i.e.

[6] € W, NW,,.
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Then by Theorem 6.9 we can write ¢ as

cn) = c1(6) + a1 (O)N, (0),
¢(Y2) = c2(0) + a2(0)N,(0),

where ; 1= gol.‘l o ¢; as described earlier. We can reparameterize c; and ¢, to get

&(6) = c1(6) + a1(6)Nc, (6),
&(6) = c2(0) + az2(6)Nc, (6).

Now we need to show that the map
Pl o®,, P (W, nW,,) - P (W, n W)
le = &2
is smooth in a neighborhood of @;. Since (TVQ and @62 are open, there exists a neighborhood
around [¢] which is contained in both sets. Choose a; sufficiently close to &; such that

co(8) := c1(6) + a1(O)N,, (6)

lies within this neighborhood, i.e., co € W,,. Again, we obtain by Theorem 6.9 the existence of
Y and a, depending on a; such that

co(8) = c1(6) + a1(O)N, () = c2(y(0)) + ar(Y(0))Ne, (¥(0)).

The proof of the representation Theorem (precisely the proof of Lemma 6.5 where we used the
inverse of the tubular coordinates) demonstrates the smooth dependence of a; on a;. This proves
the third property for Imm //Diff being a manifold. O
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7 Horizontal Lifting of Geodesics

In section 5 we have seen that we can project geodesics on the space of free immersions to the
quotient space with respect to the Diff-action. The goal of this section is to show that these are
projections of horizontal geodesics on Immy. To this end, we use the fact that Imm/Diff admits
a manifold structure. This can be reformulated in the framework of principal fiber bundles,
which was done in [8, Thm. 1.5]:

« Let i be a free immersion M — N. Then there is an open neighborhood W(i) in
Imm(M, N) which is saturated for the Diff(M)-action and which splits smoothly as

W) = Q@) x Diff(M).

Here Q(i) is a smooth splitting submanifold of Imm(M, N), diffeomorphic to an
open neighborhood of 0 in C*(N(i)). In particular the space of Immygee(M, N)
is open in C®°(M,N). Let n : Imm(M,N) — Imm(M, N/)Diff = B(M, N) be the
projection onto the orbit space, which we equip with the quotient topology. Then
710@) : Q) — w(Q®)) is bijective onto an open subset of the quotient. If i runs
trough Immgee prop(M, N) of all free and proper immersions these mappings define
a smooth atlas for the quotient space, so that

(Immgpee, proper(M, N), 7t, ImMiree, proper(M, N)/Diff(M), Dift(M))

is a smooth principal fiber bundle with structure group Dift(M).»

In particular, we have already proven this statement in Section 6, we just need to express the
results in terms of bundles. Therefore, we start with a few definitions on that topic, which are
mainly taken from [9, Sec. 1].

7.1 Fiber Bundles

Definition 7.1. (Bundle). A bundle is a triplet (E, w, B) where E, B are sets and 7 is a map from
E to B. We call E the total space, B the base space and & the projection.

This is the simplest case of a bundle. Normally, we consider bundles with an additional
structure, as the fiber bundle.

Definition 7.2. (Fiber Bundle). A fiber bundle (E,n, B, F) consists of manifolds E, B, F and
a smooth mapping 7 : E — B which has to satisfy the following triviality condition. For
each y € B there exists an open neighborhood U C B such that there is a homeomorphism
W : E|U := 77 (U) — U x F such that  agrees with the projection onto the fist factor. In
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particular the following diagram should commute:

(%)) id UXF
U

Here, proj; : U X F — U denotes the naturally projection onto the fist factor. If (Ugy)qea 1S an
open cover of B, then we call the set of all fiber charts (U, Yo )aea afiber bundle atlas. The fiber
of a point y € B is given by its preimage 77! (y).

Definition 7.3. (Tangent Bundle). For every smooth manifold M we define the tangent bundle
TM as the union of all tangent spaces T,M at every point x € M. Since the tangent space
T, M consists of all tangent vectors to M at x, the tangent bundle is the collection of all tangent
vectors, along with the information of the point to which they are tangent, that is

TM= UTM= U {x}xTM={(x,v): xe M,veT, M}
xeM xeM

So each element of the tangent bundle is given by (x, v) where x describes the point in the mani-
fold M and v denotes a tangent vector at this point. Moreover, speaking in terms of bundles, as
defined above, we have that the triplet (T M, r, M) where m : TM — M is the natural projection
defined as n(x, v) = x, is the tangent bundle over M. Here, the fiber of a point x € M is given by
its tangent space T, M.

Definition 7.4. (Normal Bundle). Consider a Riemannian manifold M with a Riemannian metric
g. Let S ¢ M be a Riemannian submanifold. The total space of the normal bundle to S is defined
just as above for the tangent space:

NS = I_ISNPS ={(p,n): peS,neN,S},
PE

where N,S denotes the normal space to S at p which is given by
NpS ={neT,M:gnv)=0VYveT,S}

Hence we can identify the normal bundle as the orthogonal complement of the tangent bundle,
NS =(TS)*.

In general, we can define the normal bundle for an immersion i : N — M as the quotient
space of the tangent space on M by the tangent space on N. Here N, M do not have to be
Riemannian.

Definition 7.5. (Principal Fiber Bundles). Let G be a Lie group, E, B manifolds and 7 : E — B.
The tuple (E, mr, B, G) is called a G-principal fiber bundle over B if

1. G acts on E from the right as a Lie transformation group.

2. There exists a bundle atlas (U, ¥4 )eeca consisting of a G-equivariant bundle charts, i.e.

56



CHAPTER 7. HORIZONTAL LIFTING OF GEODESICS Inga Giersch

a) Yq: U, - U,xGisa diffeomorphism.

b) proj; oYy =m.
) Yolp-8) = to(p)-gforall p e n~'(Uy,) and g € G, where G acts on U, X G via
(x,a)-g=(x,a-g).

7.2 Application to the Space of free Inmersions

Now that we have formally defined a principal fiber bundle, we can apply the results from Sec-
tion 6 and show that (Immy, 7, Imm /Diff, Diff) is a principal fiber bundle with structure group
Diff. We remark that in the proof of [8] they were missing the two conditions about the size
of the neigborhoods (|¢” — ¢}| < |c}|/3 and T < 7.). However, we are not going to discuss this
since we are more interested in the reformulation of Imm¢/Diff being a manifold than showing
the differences of the proofs. Moreover, note that in [8] they proved the theorem for immersions
i: M — N, where M, N are general finite dimensional manifolds. Since the focus of this work
are immersions ¢ : S' = ¢(S') CR%, weset M =S and N = ¢(S1).

We start with the normal bundle of an immersion ¢ : S! — ¢(S') € R2. We know that the set
of normal vectors of ¢(0) is given by

Negye(S') = {tNeg) : 1 € R},
where N, is defined as in Definition 2.4. Then the tangent bundle Nc(S ') is provided by
Ne(S1) = {(0,1) € S' X R : tN,g) L v Vv € Tgye(S")).
Hence, the fiber F of the normal bundle is just given by R for planar immersions.

Now, consider the definition of a G-principal fiber bundle. Set E = Immy, B = Imm/Diff,
G = Diff and let 7 be the canonical projection on the quotient space. Note that by [23, Sec.
1.3.2] one can define a smooth structure on the space of diffeomorphisms such that it becomes a
Lie group. As described in the previous section the map

D, (p,a) = (c1 +aN)o g™
splits open sets W,, diffeomorphically into
W, = Q., x Diff.

Now let [ci] € Immy/Diff. Then there exists an open neighborhood ‘Wcl around [c;] such
that Immf|‘WCl = Y (W,,) = W, is diffeomorphic to W,, x Diff via a fiber respecting
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diffeomorphism:
Yo o) —~
(WC] (Wc] x Diff
X\ A
W,

where ‘i‘cl (a,) = (‘i’cl (@), ¢) with the diffeomorphism ¥, : Q., — ‘T/l//c,.

Moreover, it is obvious that ¥, (a o f) = ¥, (a) o f with a € O, and f € Diff. Hence,
P, (aof) =¥, (a)of. Clearly, (D;ll (cof) = CI);1 (c)of. This proves that (Imm, 7, Imm ¢ /Diff, Diff)
satisfies all of the properties of a G-principal fiber bundle.

7.3 Riemannian Submersions and Connections

The following theory is presented for a general fiber bundle (E, &, B, F) and is principally based
on [20, Sec. 17, 24, 26]. In the end of this section we will come back to the case where E = Imm
and B = Immg/Diff. In order to define horizontal/vertical vectors in E, we need « to be a
submersion, i.e. a function, whose differential Dr, : T,E — T, B is surjective for each p € E.
This is true for every fiber bundle (E, , B, F).

Lemma 7.6. The projection r of the fiber bundle (E, 7, B, F) is a submersion.

Proof: By the definition of a fiber bundle, there exists a neighborhood U C B and a diffeomor-
phism ¢ : 774(U) — U x F such that 7|1y = proj; © . Thus we need to show that

Drt,, = D(proj, o ), = Dproj,(¥p) o Dy,

is a surjection for every p € E. As i is a diffeomorphism, it is obviously surjectiv and Dy is an
isomorphism and hence also a surjective map. Moreover, D proj, is surjectiv, since the projection
onto the first factor is a submersion. As the composition of two surjections is a surjection as well,
we obtain that Dr), is surjectiv. |

Definition 7.7. (Vertical Bundle). Let (E,n, B, F) be a fiber bundle. Consider the fiber linear
tangent mapping D : TE — T B which has full rank everywhere by the previous lemma. Then
the vertical bundle VE — E is the subbundle of TE — E defined as

VE :=kerDn={veTE :Dnv=0}CTE.

The fibers of the vertical bundle V. E C T,FE are called vertical subspaces. Since the vertical
subspaces are the sets of all vectors in TE that are tangential to any fiber, we have V,E =

Tx(Eﬂ(x))-

Definition 7.8. (Connection). A connection on the fiber bundle (E, x, B, F') is a vector valued
1-form ® € Q!(E; VE) with values in the vertical bundle VE and such that ® o ® = @ and
Im® = VE. We obtain that @ is just a projection TE — VE. The kernel ker ® =: HE is a
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subvector bundle of T E and we call it the horizontal bundle. Obviously, we have TE = HE®VE
and T.E = H E @ V,E. If E is a Riemannian manifold with a metric g, then we can identify the
horizontal space H,E as the orthogonal complement

H.E=V.E-={veTE:g.(v,w)=0Ywe T E with Dr(x)w = 0}.

Assume that a connection @ has been chosen. Then consider the mapping
(Dr,pg) : TE - TM X E,

where the second component is just the projection to E. Since VE is the kernel of D, we
obtain (D, pE)‘l(O,r(x),x) = ViE. Hence (D, pg) restricts to a fiber linear isomorphism
(Dn,pp)HE : HE — TM x E. We call its inverse

C:=((Dnm, pp)HE) ' : TM X E — HE < TE

horizontal lift associated to the connection .

For the case of a principal bundle (E, 7, B, G) with structure group G, we want to ensure that
the connection is "compatible" with the group action of G. More specifically, we say that a
connection is a principal connection if it is G-equivariant for the right actionr : EXG — E, i.e.

T(r%).® = O.T(r)

where T'(r8) is the tangent mapping of r for a fixed g € G and T'(r8).® is given by (T,r8.®,)(h) =
@, (hord)for x € E and h € C*(E). Additionally we require @ to be ré-related to itself, i.e.

Tr8 o® = ® o 8.

This means that the connection behaves nicely with respect to the group action, and allows us to
define a notion of parallel transport on the bundle. The idea of parallel transport is to transport
a vector along a curve in the base space B in such a way that the vector stays "parallel” to itself
as it moves along the curve. In other words, the vector should not rotate or change direction as
it moves along the curve.

Definition und Proposition 7.9. (Parallel Transport). Suppose we have a smooth principal
bundle (E,r, B, G) with a regular Lie group as its structure group and a principal connection
®. Then, the parallel transport associated with the connection @ exists, is globally defined and
G-equivariant. This means that for every smooth curve ¢ : R — B, there is a unique smooth
mapping Pt. : R X E ) — E that satisfies the following conditions:

1. Pt(c,t,x) € Ecy, Pt(c,0) =1dg,, and ®(LPt(c,t,x)) = 0.

<(0)

2. Pt(c,t) : Eq0) — Ec@ 1s G-equivariant, i.e. Pt(c,t,x.g) = Pt(c,t,x).g holds forall g € G
and x € E. Moreover, we have Pt(c, )" ({x|Ecz) = {x|Ecqo) for all X € g.

3. For any smooth function f : R — R we have Pt(c, f(t), x) = Pt(c o f,t, Pt(c, f(0), x)).
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For the sake of completeness we stated all the three properties here, but actually we are only
going to use the first one. For this reason we do not specify the fundamental vector field {x and
the Lie algebra g in the second condition. For further information and a proof of this proposition
see [20, Thm. 19.6.].

Theorem 7.10. (Taken from [20, Lemma 26.11]). Let (E,n, B,G) be a smooth G-principal
bundle with principal connection ® : TE — VE and let ¢ : [0, 1] — B be a geodesic. Then the
following holds:

1. The length and energy of ¢ are preserved, when lifting ¢ horizontally:
Li(0) = Ly(Pr®(c, -, x)),
Eg(c) = Ey(Pi®(c,, %),
where x € E(g) denotes the starting point of the parallel transport.

2. The horizontal lift of a curve is orthogonal to its fibers:

Pt®(c,.,x) L Eqp VY t€[0,1].

3. t+— Pt®(c,t,x) is a geodesic in E.

Proof: 1) Since r is a submersion by Lemma 7.6, we have that ge(x,y) = gp(X, Y) for n(x) = X
and (y) = Y. By the properties of the parallel transport we have (D(d%Ptq’(c, s, x)) = 0, which
implies that %Ptq’(c, s, x) € ker @ and hence %Ptq’(c, s, X) 1s a horizontal vector. Moreover, we
know that 7(Pt®(c, s, x)) = c(s) and as %Pt‘b(c, s, x) is horizontal, we obtain by the horizontal
lift C:

gB(c'(s), c'(s)) = gE(d%Ptq)(c, s, %), L P%(c, s, x)).

ds

Now computing the length of c:
t 1
Ly(e) = fo g5(c'(s). ¢ (5))*ds
t 1
= f ge(4£Pi%(c, s,x), £ P1%(c, s, x))*ds = Li(Pi®(c, ., x)).
0
Similarly for the energy we have
3
%@=£@@m¢mw
!
= f gE(disPtq)(c, s, X), %Ptq)(c, S, x))ds = E(t)(Pt(D(c, . X)).
0

2) This is due to our choice of ® as the orthogonal projection onto the vertical bundle with respect
to the Riemannian metric on E. The vertical bundle consists of all vectors that are tangential to
any fiber the curve meets. Hence, this choice of ® ensures that the parallel transport along c is
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the only horizontal curve that covers c, and it remains orthogonal to any fiber E ).

3)Lete : [0,1] — E be a (piecewise) smooth curve starting at E. o) and ending at E.1). Then
the composition 7 o e is a (piecewise) smooth curve that starts at ¢(0) and ends at ¢(1). Since ¢
is a geodesic, we have L(l)(c) < L(l)(n o e). Now we decompose the tangent vectors of e into their
horizontal and vertical components. As the vertical vectors are not affected by D, they can
only increase the length. Moreover, the projection r is a submersion, hence D is an isometry
on the horizontal vectors. Therefore, the length of the horizontal components of e is preserved
under the projection 7. All this together yields

1 1 1
Li(e) = f le’ (£)¥" + &/ ()", dt > f le’ (£)",, dt = f (7w 0 €) (D)lg,, dt = Li(m 0 e).
0 0 0
Now, by the previous observations we obtain

Lie) > Lo e) = L) 2 LIPO(c. . x).

Since e was an arbitrary curve connecting E )y and E1), we see that the infimum of the length
functional over all curves from E, () and E.(y gets attained in Pt®(c, ., x), thus

Ly(P1®(c, ., x)) = dist (Ec), Ec(1)).
Hence, 1 — Pt®(c, 1, x) is a geodesic in E, that connects Ec0) and E(1). O

Now we come back to the case where E = Immy and B = Imm /Diff. In Section 7.2 we have
seen that (Imm, 7, Imm /Diff, Diff) is a G-principal fiber bundle. Hence, we may apply the
above theorem, which shows that geodesics in Imm /DifT can be lifted to horizontal geodesics
on Imm ¢, which was the main object of this section.
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8 Conclusion and Outlook

This master’s thesis focused on investigating the existence of horizontal geodesics in the shape
space of unparameterized Sobolev immersions. To do so, we analysed properties of the Sobolev
norms and of the induced geodesic distance. Our findings revealed that the H"(d6)- and H"(ds)-
norms are equivalent on metric balls in Imm. However, the equivalence between the induced
geodesic distance and the H"(d6)-norm could only be shown on metric balls in Imm”. Neverthe-
less, we concluded that the space Imm” is metrically complete. Building upon these results, we
deduced that the quotient space Imm" /Diff" equipped with the metric dj/p respectively dist;;p
is also metrically complete. This conclusion relied on the fact that dj/p is intrinsic and hence
coincides with the induced distance on the quotient space. Afterwards, we used a lemma which
provided the existence of geodesics, assuming the existence of midpoints and the metric com-
pleteness of the space. The latter one was already shown and the first one followed from the
existence of geodesic in the original space. Furthermore, we have shown that a geodesic be-
tween two free immersions is itself a free immersion.

We showed that the dense open subset Imm /Diff of Imm"/Diff" serves as a suitable space for
proving the horizontality of geodesics, since this space admits a manifold structure. Leveraging
this structure, we easily established that (Imm, 7, Imm /Diff, Diff) forms a G-principal fiber
bundle, thereby ensuring that the canonical projection r is always a submersion. This was an
important prerequisite for defining horizontal and vertical vectors. Subsequently, we employed
parallel transport to demonstrate that we can lift the geodesics from Imm ¢/Diff horizontally to
Immy. The one-to-one correspondence between geodesics on the quotient space and horizontal
geodesics in the total space provided an efficient way to compute geodesics in the quotient space,
on the assumption that the horizontal bundle is not too complicated.

In further work, one could analyse the existence of geodesics in the space of smooth immer-
sions. As previously noted, we were unable to establish all estimates presented in Section 4 for
this space and therefore, we cannot employ them in the same manner as in the proof for the
existence of geodesics in Imm”. Also, it is not possible to prove metric completion and therefore
we cannot conclude that the quotient space is complete either. In fact, it was shown in [3] that
both spaces are not complete. Since the space of smooth immersions is contained in the space of
Sobolev immersions, we know that there exists a geodesic between two smooth curves in Imm.
However, the question of whether this geodesic itself qualifies as a smooth immersion remains
open. Nevertheless, the results for the space Imm” are still valuable since we use geodesics in
numerical applications, where we often work with approximations of smooth curves.

Furthermore, one could study the concept of geodesic completeness, which explores the exis-
tence of geodesics for all time. Geodesic completeness ensures that certain dynamical systems
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or evolution equations defined on the space have well-defined solutions for all time. In this
work we focused on geodesics between two curves, and we did not delve into the behavior of
geodesics beyond the curves themselves. It is shown in [17, Ch. VIII, Prop. 6.5] that on a strong
Riemannian manifold the metric completeness implies geodesic completeness and hence the
space Imm” is geodesically complete. In this context the term “strong” refers to the regularity of
the Riemannian metric. However, it raises the question of the long-time existence of geodesics
when considering a weak Riemannian manifold or geodesics in the quotient space Imm” /Dift"
which is not a manifold .

Additionally, it would be interesting to have a look at the stability and sensitivity of geodesics
with respect to perturbations in the initial curves or variations in the underlying metric. Un-
derstanding how small changes in the curves or metric affect the corresponding geodesics can
provide insights into the stability of the metric space.
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