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xeR,tefo, TueV

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT . . ) .
MOUNSTER Freezing Solutions of Time Evolution Problems 2

The Problem

Uo

u(t,x) + b - ux(t,x) = o
u(0,x) = ue(x)
xeR,tefo, TueV

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT . . ) .
MOUNSTER Freezing Solutions of Time Evolution Problems 2

The Problem

Uo

u(t,x) + b - ux(t,x) = o
u(0,x) = ue(x)
xeR,tefo, TueV

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT . . ) .
MOUNSTER Freezing Solutions of Time Evolution Problems

The Problem

Uo

ur(t,x) + b - uy(t,x) =0  » need ~ C-T basis functions to
approximate solution by linear
space

u(0,x) = ue(x)
xeR,tefo, TueV
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The Problem

b
B —
Uo
—+—+—+++—t+++ -+ttt
R

ur(t,x) + b - uy(t,x) =0  » need ~ C-T basis functions to
approximate solution by linear
space

u(0,x) = ue(x)

xeR,telo, TlueV )
» however, we can describe

solution easily by:
u(t,x) = uo(x — bt)
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Nonlinear Approximation
Using Groups of Transformations
» Rewrite u(t,x) as
u(t,x) = uo(x — bt) = ®p(Uo)(x)
with ®4(v)(x) :=v(x — g) forv e V.
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Nonlinear Approximation

Using Groups of Transformations
» Rewrite u(t,x) as
u(t,x) = Uo(x — bt) = Pp(uo)(x)
with ®4(v)(x) :=v(x — g) forv e V.

» g.v = ®4(v) defines action on V of additive group R:
(g +h).v =g (V) = Bg(Ph(v)) = g.(h-v)
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Nonlinear Approximation

Using Groups of Transformations

» Rewrite u(t,x) as
U(t,X) = to(x — bt) = Spy(uo)(x)
with ®4(v)(x) :=v(x — g) forv e V.

» g.v = ®4(v) defines action on V of additive group R:
(g +h).v =g (V) = Bg(Ph(v)) = g.(h-v)

» General idea: Write u(t, x) as

u(t,x) = g(t).v(t,x)
for general group G acting on function space V.
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Nonlinear Approximation

using Groups of Transformations

» General idea: Write u(t, x) as
u(t,x) = g(t).v(t,x)

™

dynamics of u shape of u
large variation in time small variation in time
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Nonlinear Approximation

using Groups of Transformations

» General idea: Write u(t, x) as
u(t,x) = g(t).v(t,x)

™

dynamics of u shape of u
large variation in time small variation in time

» If this can be done, then v(¢, x) will be easier to approximate by a
low-dimensional linear space than u(¢, x).

4
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Lie Groups

» Problem: How to calculate/make sense of

jtg(t).v(t,x) ?

Have to derive the path g(t) € G and the action of Gon V.
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Lie Groups

» Problem: How to calculate/make sense of

:tg(t).v(t,x) ?

Have to derive the path g(t) € G and the action of Gon V.

Definition

A Lie group is a group G which is at the same time a smooth
manifold such that group multiplication and inversion are smooth
maps.
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Lie Groups

» The Lie algebra LG of G is the tangent space T,(G) of G at its
neutral element e. If the action of G on V is smooth (enough), it
can be derived to an action of LG on V.
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Lie Groups

» The Lie algebra LG of G is the tangent space T,(G) of G at its
neutral element e. If the action of G on V is smooth (enough), it
can be derived to an action of LG on V.

> ge(t) € Tgr)(G)
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Lie Groups

» The Lie algebra LG of G is the tangent space T,(G) of G at its
neutral element e. If the action of G on V is smooth (enough), it
can be derived to an action of LG on V.

> ge(t) € Tgr)(G)

» Left-multiplication by g induces map (g - ) : LG — Tg4(G).
Left-multiplication by g7* induces (g7* - ) : T¢(G) — LG.
Thus:

g(t)'ge(t) € LG forallt.

Stephan Rave (stephan.rave@wwu.de)
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The Method of Freezing

» Consider a general evolution equation
ur = F(u), u(t)y e v
with some space operator F.
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The Method of Freezing

» Consider a general evolution equation
ur = F(u), u(t)y e v
with some space operator F.

» The ansatz u(t) = g(t).v(t) leads to

F(g(t).v(t)) = jt g(t).v(t) = ge(t).v(t) + g(t)-ve(t)
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The Method of Freezing

» Consider a general evolution equation
ur = F(u), u(t)y e v
with some space operator F.

» The ansatz u(t) = g(t).v(t) leads to

F(g(t).v(t)) = jt g(t).v(t) = ge(t).v(t) + g(t)-ve(t)
or
v(t) = g~ (t)F(g(t)-v(t)) — n(t).v(1)

7
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The Method of Freezing

vi(t) = g~ (t)F(g(t)-v(t)) — n(t).v(1)

n(t) = g 'g:(t)
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The Method of Freezing

ve(t) = g (O)F(g(t).v(t)) — n(t).v(t)
n(t) = g 'g:(t)

» How to determine g(t) and v(t)? (Have dim(G) additional DOFs!)
Add some (well-chosen) additional algebraic constraint

O(v(t), n(t)) = o.
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The Method of Freezing

ve(t) = g (O)F(g(t).v(t)) — n(t).v(t)
n(t) = g 'g:(t)

» How to determine g(t) and v(t)? (Have dim(G) additional DOFs!)
Add some (well-chosen) additional algebraic constraint

O(v(t), n(t)) = o.

» Further assume that F is invariant under the action of G:
h=*.F(h.w) = F(w) forallheGweV.

8
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The Method of Freezing

The method of freezing for u;(t) = F(u(t)) consists in solving

ve(t) = F(v(t)) — n(t)-v(t)
o = d(v(t), 7(1)) frozen PDAE
n(t) =g 'g:(t) reconstruction equation

with initial conditions v(0) = u(0), g(o) = e.

9
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The Method of Freezing

The method of freezing for u;(t) = F(u(t)) consists in solving

ve(t) = F(v(t)) — n(t)-v(t)
o = d(v(t), 7(1)) frozen PDAE
n(t) =g 'g:(t) reconstruction equation

with initial conditions v(0) = u(0), g(o) = e.

» Introduced for stability analysis of relative equilibria by Beyn,
Thimmler, Rottman-Matthes (Bielefeld) and Rowley et. al.

9
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Phase Conditions
» Possible choice:

d(v,n) =0 <= v; L LG.v
<~ (F(v) —nv|&v)=0 VEeLG
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Phase Conditions
» Possible choice:

o(v,n) =0 <= v; L LG.v
<~ (F(v) —nv|&v)=0 VEeLG

» Other choices: minimize ||v¢|| or ||v — v,|| for some template
function vq

Stephan Rave (stephan.rave@wwu.de)
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Example: 2D-Shifts
» V=V(R?),G=TR?LG6=R?
g.u(x) == u(x—g)
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Example: 2D-Shifts
» V=V(R?),G6G=R>LG=R?
g.u(x) == ulx—g)
» Derivative of group action?

() = 2 ((h-n)w)|,_ ()
~lim u(x —h-n)—u(x)
h—o h

=—(n-Vu)x)

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT

MOUNSTER Freezing Solutions of Time Evolution Problems

Example: 2D-Shifts
» V=V(R?),G=TR?LG6=R?
g.u(x) == u(x—g)

» Derivative of group action?

() = 2 ((h-n)w)|,_ ()
_ fjm Y ZF ':) —4) (. vu))

h—o

» Writing n(t) = (7*(t), 7¥(t)), we have
ve(t) = F(v(t)) + 17 (O)v(t) + 07 () vy (D).

11
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Example: 2D-Shifts

vi(t) = F(v(t)) + 17 ()v(t) + 1" () vy (1)
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Example: 2D-Shifts

vi(t) = F(v(t)) + 17 ()v(t) + 1" () vy (1)

» Phase Condition:
o(v,n)=0<= (F(v) —n.v|lv)=0 VEelG
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Example: 2D-Shifts

vi(t) = F(v(t)) + 17 ()v(t) + 1" () vy (1)

» Phase Condition:
o(v,n)=0<= (F(v) —n.v|lv)=0 VEelG

(F(V)+77XVx+nyvy\vX):o
(FvV) + v+ vy | vy) = 0

Stephan Rave (stephan.rave@wwu.de)
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Example: 2D-Shifts

vi(t) = F(v(t)) + 17 ()v(t) + 1" () vy (1)

» Phase Condition:
d(v,n)=0<= (F(v) —nv|Ev) =0 VYE€LG
(F(V)+77XVx+nyvy\vX) =0
(FvV) + v+ vy | vy) = 0

(v [v) (v | Vx)] ‘ [nx] _ {(F(V) | Vx)]

- [(vx ) (ylv)| | (F(v) | vy)

12
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Example: 2D-Shifts

The Method of Freezing for 2D-Shifts

Solve
ve(t) = F(v(t)) + 7 (E)va(t) + 1" (E)vy ()
[(Vx Vi) (v | VX)] [UX] _ [ (F(v) | v ]
(wlv) (wlvw) F(v) [ vy)
and

with initial conditions v(o) = u(0), g(o) = (0,0)’.
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Example: 2D-Shifts

Detailed Scheme

Let {i(t), ¥(t) € V be discrete functions, F, i, ¥, discrete operators.
Solve

Ve(t) = F(7(t)) + ()0 (£) + ¥ (£) T (£)
[(gx %) (| gx)] _ m _ [<E(v) | vx)] .
(W) (W) [ (F(v) [ %)

Stephan Rave (stephan.rave@wwu.de)
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Example: 2D-Shifts

Detailed Scheme

Let {i(t), ¥(t) € V be discrete functions, F, i, ¥, discrete operators.
Solve

Ve(t) = F(7(t)) + ()0 (£) + ¥ (£) T (£)
pro(pwﬂ_vq__v(wwq.
(W) (W) [ (F(v) | %)

Basic time-stepping:
1. Evaluate F(i7(t"))
2. Solve phase condition for 7*(t"), n¥(t")

3. () = () + e () + () (e") + 0 () (e7))

14
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Example: 2D-Shifts

)
(@1 G o) [

W lw) W 1w)] [
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Example: 2D-Shifts

Vi(t) = F((0) + 7 (O)7(£) + 0 ()7 ()
{(gxwx) (§y|gx)]_m:[(/§'(v)|vx)]
%) @ 19)] 7] [(Fv) %)

RB Scheme

Let F depend on some parameter. Generate reduced basis with
standard methods and use same time stepping method.

» Replace F by some appropriate operator on RB-space (empirical
operator interpolation, etc.)

» Scalar products with vy, ¥, are linear in v, thus can easily be
precomputed for an RB-space basis.
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Burgers’ equation
Consideron 2 = [0, 2] x [0, 1] the two-dimensional Burgers
equation
ur=—V-(buP)
u(o,x,y) = 1/2(1 + sin(2mx) sin(27y))

fort € [0,0.3], b = (1,1)” with periodic boundary conditions and
p € [0, 2] as parameter.

Stephan Rave (stephan.rave@wwu.de)
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Burgers’ equation

Consideron 2 = [0, 2] x [0, 1] the two-dimensional Burgers
equation

ur = —V - (buP)
u(o,x,y) = 1/2(1 + sin(2nx) sin(27y))

fort € [0,0.3], b = (1,1)” with periodic boundary conditions and
p € [0, 2] as parameter.

» Finite volume discretization on quadratic grid (h = 1/60), Euler
time-stepping with 100 time steps

» Use empirical operator interpolation for nonlinearity

» Same setting as in Drohmann, Haasdonk, Ohlberger (2012)
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Frozen vs. Nonfrozen Solution ( p=1, b=(0.75,1) )

Solution for p = 1.00 Frozen Solution for p = 1.00
1 1
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Frozen vs. Nonfrozen Solution ( p=1, b=(0.75,1) )

Solution for p = 1.00 Frozen Solution for p =

00

°
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u :
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Frozen vs. Nonfrozen Solution ( p=1.5, b=(0.75,1) )

Solution for p = 1.50 Frozen Solution for p = 1.50
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Frozen vs. Nonfrozen Solution ( p=1.5, b=(0.75,1) )

Solution for p = 1.50 Frozen Solution for p = 1.50
! p—
: -
0s
07
0s
0s
04
0s
02
o1
% os  os oo i 2 e s s >

[X 02 03 04 o5 o8 07 08 09
gtiyforp=
" p— T T d T
o® 105~
o8 —
07
o6 095~ El
05 ool B
04
08s- 4

03
02 0a- B
o o075k 4
o . . . .

o o 005 01 015 02 025 o3




Frozen vs. Nonfrozen Solution ( p=2, b=(0.75,1) )

Solution for p = 2.00 Frozen Solution for p = 2.00
1 1
0s 09
08 08
07 07
05 06
05 05
04 04
03 03
02 02
01 0.1
1 o ]
) 02 04 06 08 1 12 14 16 18 2 o 02 0.4 05 08 1 12 14 16 ) 2
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Frozen vs. Nonfrozen Solution ( p=2, b=(0.75,1) )

Solution for p = 2.00

Frozen Solution for p = 2.

Reconstruted Solution for p = 2.00
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Frozen vs. Nonfrozen Solution ( p=3, b=(0.75,1) )

Solution for p = 3.00 Frozen Solution for p = 3.00

1 1
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Reconstruted Solution for p = 3.00
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Frozen vs. Nonfrozen Solution ( p=3, b=(0.75,1) )

Solution for p = 3.00

Frozen Solution for p = 3.

-

Reconstruted Solution for p = 3.00

08 1.1 N
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Errors of Frozen and Nonfrozen Solution (p=3)

Error of Solution for p = 3.00 Ertor of Frozen Solution for p = 3.00
1 1

0s 09

08 08

07 07
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05 05

04 04
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not frozen
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Errors of Frozen and Nonfrozen Solution (p=3)

Error of Solution for p = 3.00 Ertor of Frozen Solution for p = 3.00

not frozen L

01 frozen
0,08 1
0.06- 1
0.04- R

002- -

0.05 0.1 015 02 025 03
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Reduced Basis Generation

CRB Generation Error RB Generation Error

10 10’
olution olution
rozen solution rozen solution
10° 107 rozen soluf
107! 107
107 10°
107 107
107 10°
10° 10°
10° 107
107 10°
0 50 100 150 0 20 40 60 80 100
M N
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Reduced Basis Approximation Error

Solution —M = 150 N
h

fozen solution — M - 1.60
frozen solution - M = 1.70 * N|

0 50 100 150

28
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Thanks for your attention!
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