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Outline

1. A Localized Reduced Basis Method for Elliptic Problems.

2. A General Parabolic A Posteriori Error Estimate.

3. A Localized Reduced Basis Method for Parabolic Problems.
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A Localized Reduced Basis Method for
Elliptic Problems
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Parametric Model Order Reduction

Consider time-dependent parametric problems
Oy P — L2([0, T V),  s:L3([0, T]; Vi) — R®
where
» P C RP parameter domain.
> V), “truth” solution state space, dim V}, > 0.
» &, maps parameters to solutions (hard to compute).

> s maps state vectors to quantities of interest.

Compute
sod, : RP - 12([0, T]; Vi) — R®

for many . € P or quickly for unknown single u € P.

Stephan Rave (stephan.rave@wwu.de)
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Reduced Basis Methods: Three Basic Ideas

Compute
so®, :R” — [%([0, T]; Vi) — R®

When &, s sufficiently smooth, quickly computable low-dimensional approximation of
s o &y, should exist.

> Idea 1: State space projection:
> Define approximation ®y : P — Lz([O, T]; Vn), N := dim Viy < dim V4, via
(Petrov-)Galerkin projection.

> Approximate s o @, & s o dy.

> ldea 2: Construct Vjy from PODs of solution snapshots ®p(u1), ..., ®x(pk).

> Idea 3: Select 1, . . ., i iteratively via offline greedy search over P using quickly
computable surrogate n(Pp(u), ) > ||Pp(p) — Py ()] (POD-GREEDY).

+ affine decomposition / hyper-reduction (EIM, DEIM, GEIM, Gappy POD, ...)
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Example: RB Approximation of Li-lon Battery Models

Uu ‘\ n
Institute of Technical
ou8  Thermodynarmics

o e
MULTIBAT *|

and Research

MULTIBAT: Gain understanding
of degradation processes in
rechargeable Li-lon Batteries
through mathematical modeling
and simulation at the pore scale.

- Full order model:

Z Fraunhofer

WM >

>

>

| 4

>
>
>
>

2.920.000 DOFs
Simulation time: ~ 13h

Reduced order model:

Snapshots: 3

dim V) = 145

Rel. err.: < 1.5-1073
Reduction time: ~ gh
Simulation time: &~ 5m
Speedup: 154
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Caveats
67 T ]
» Offline time too large in e r—
not-so-many-query scenarios? =
c 41— _
S
» P too large? =
£
(=8
E 2l —
» & accurate forall 4 € P? 8 FOM
g —— RB
» & actually computable? Top ‘ N
0 10 20 30

. #solutions
Some solutions:

Wanted

> P-localization of Viy Efficient a posteriori error indicators:

» P-adaptivity of V}, » ROM to FOM/true error
> localizedinP /Q
» Q-localization of Vjy

Stephan Rave (stephan.rave@wwu.de)
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Localized RB Methods for Elliptic Problems

Idea of the LRBMS: given a multi-purpose highly-resolved grid 1,
» decompose approximation space into local spaces Vj, = 1Ty VhT
» associated with arbitrary (connected) subdomains T € Ty
independent local discretizations and approximation spaces (CG or DG)
and global SWIPDG coupling [ERN, STEPHANSEN, ZUNINO, 2009]
» build local reduced spaces V,\T C VhT

» reduced broken space Viy = ©1eT;, v

s Y AULAIBE
> larger V), but sparse ROM system matrices i
> initialization of V/]: ]
> global solution snapshots ‘p - I
> local training .
> empty

Stephan Rave (stephan.rave@wwu.de)
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Localized A Posteriori Error Estimate

) = BUDIZ < n(B(); 102 == S mde(B())” + 1] (B2 + nd(B1)s 12)?

TeTy
where
> nonconformity estimator: los[-] € H3(Q)
e (B(11)i 1) = I1B(1) = los[BCGN,., 7
» residual estimator: —o (1) Vi = Ry[-] € Haiv(2)
0l (B(11)) = (CF/e]) 2 hrlf — V-Ralb(1); 1l 2,7
> diffusive flux estlmator
Mae(B(12); 12) = [(0(12)) =2/ (0(1) VaB(12) + Ra[B(12); 1)) || 2, 7
> provides an estimate on > includel € \N/AT foreach T € Ty.
> discretization error: p(1¢) = pn(s+)
> full error: (1) = pn(1e)

Stephan Rave (stephan.rave@wwu.de)
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Localized A Posteriori Error Estimate — Remarks

Estimate on ROM-/FOM-approximation vs. analytical solution

> key ingredient: diffusive flux reconstruction Ry, locally conservative w.r.t. Ty
» fully computable upper bound
» offline/online decomposable (under some assumptions on o(1+))
> localized w.r.t. subdomains T € Ty
> locally efficient (with a factor of H/h)
= local mesh refinement ([Au, Steim, Ursan, 2016], [Yano, 2015], [Yano, 2016]), if discretization
insufficient

= local basis enrichment, if reduced space insufficient

Stephan Rave (stephan.rave@wwu.de)
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Online-Adaptive Enrichment of Vy

online forsome p € P

> compute reduced solution py (1)
> estimate error n, (1)

> ifnpn(1e) > A, startintermediate local enrichment phase:
o compute local error indicators
o mark subdomains for enrichment: X = mark(7p)

o solve corrector problem on overlapping subdomain T% > Tfor
all T e x:

b(n(1), ani 1) = (£, an) in T°
@n(1) = pu(10) on oT°
o extend local reduced basis forall T € X:

VJ = gram_schmidt({V,z— U op(t)l+ )

o update reduced quantities
o compute updated reduced solution py(12) and npy, n(12)

> iterate until ny, n(pn(12)) < A, return py (1)

Stephan Rave (stephan.rave@wwu.de)
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Related Approaches

» Reduced basis element Method
[MADAY, RONQUIST, 2002]

» Reduced basis hybrid Method

[IAPICHINO, QUARTERONI, ROZZA, VOLKWEIN, 2014]

» Port-reduced static condensation Reduced basis element Method
[EFTANG, PATERA, 2013]

» ArbiLoMod, a Simulation Technique Designed for Arbitrary Local Modifications
[BUHR, ENGWER, OHLBERGER, R, 2017]

Stephan Rave (stephan.rave@wwu.de)
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A General Parabolic A Posteriori Error
Estimate
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Parabolic Parametric Problems

Fora Gelfand triple V. ¢ H C V’/,anendtime T > 0and ;« € 77,
find p(s2,-) € L2(0, T; V) with 8;p(12,-) € L2(0, T; V’), p(12,0) = po(12) € V, s.t.

<8tp(/’ﬂ t)7 q> + b(p(llv t)7 q; /l') = (f, CI)H VgeV,te [07 T]‘

Approximation

Consider V C H, find an approximation p(y:, ) € L2(0, T; V), 8:p(11,-) € L2(0, T; V), s.t.

(0ep(1, 1), @)y + b(B(1es ), Gi 1) = (F, @) Vge V,telo, T
V=H;(Q) CL](Q)=H V = H = V() V=H}Q) CL3(Q)=H
V= V() C Lz(Q) V= Vv C V(1) V= Vy C V(1)

Stephan Rave (stephan.rave@wwu.de)
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E“iptic ReCOHStrUCtiOH [MAKRIDAKIS, NOCHETTO, 2003]

Definition

Given p € V, define the elliptic reconstruction E(p; 11) € V, as the solution of

b(E(P; 11), q; 1) = (B(f); 1) + f = F(f), q)H forallg € V. (ELL)

B(p;11) € V' H-Riesz representative of b(p, -; 1):  (B(B: 1), &)y = b(p,&; 1) Vge V
f(f) € V. H-orthogonal projection of f: (A(p), &) = (B, 3)H vge Vv

Proposition

B € Visthe V-Galerkin approximation of the solution £(p; /) € V of (ELL).

(BB 1) + £ = 1(£),d) , = (B(Bi 12),8) ,, + (£, 8),, — (N(F),d),,
= b(p, G 11) vVgeV

Stephan Rave (stephan.rave@wwu.de)
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E“ipti C Re CO I’l S’[I‘U Cti 0 n [MAKRIDAKIS, NOCHETTO, 2003]
Given p € V, define the elliptic reconstruction E(p; 11) € V, as the solution of

b(E(B; 11), q; 1) = (B(Bi 1) + £ — 11(F), q) forallg e V. (ELL)

B(p; 1) € V' H-Riesz representative of b(p, -; 1):  (B(B; 1), &)y = b(p,&; 1) VYge V

f(f) € V. H-orthogonal projection of f: (A(p), &) = (P, 3)H VgeV

Proposition

B € Vis the V-Galerkin approximation of the solution £(p; /) € V of (ELL).

= We can estimate |£(p) — p|| by any a posteriori estimate on the elliptic problem (ELL)!

Stephan Rave (stephan.rave@wwu.de)
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For arbitrary B(t) € V and R+ (p; 11)(t) € V the H-Riesz representative of the time-stepping:

< Oe(p(12s t) = (115 1), g > +b(p(11, 1) = E(P(125 t), g 1) = (=Rr[p; 2](t),q) VYqeV

Abstract estimate

Let C:= (3|lbll,, +2)?and Cf, . st lally < Cf v, llgll,, Vg € V. Then

llp(s2,0) = B<(0)],

[GEORGOULIS, LAKKIS, VIRTANEN, 2011][OHLBERGER, R, SCHINDLER, 2017]

Ip(1) = Bllizgo,7p1-0,,) <

+

2}
Q

o P G T
+ (C+1) € 1) = Bl 2o, gy,

+2Ch v, ||RT[13]||L2(0,T;H)

_|_

p,—1)

o

m
v

<D ™
<2

= bound ||E(B(t); 1) — B(E)l < meu(p) by an elliptic estimate on (ELL)

Stephan Rave (stephan.rave@wwu.de)
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Parabolic Estimate

Abstract estimate [GEORGOULIS, LAKKIS, VIRTANEN, 2011][OHLBERGER, R, SCHINDLER, 2017]
Ip(1) = Blliz(o, 7111,y < [lp(12,0) = B(O)],
~d ~d
+ BN 2o,y + 2196 20, g,y
S e ~d PN
p=Pp"+P + (C+1) |6 1) = Bllizo, )
nomoon , )
v.v Vv +2C v, ”RT[P]”L?(O,T;H)

V =H;(Q) C L*(Q) = V = H = V() V = HYQ) C L3(Q) =
V = Viy(m) C 12(Q) V = Vi C Vi(rh) V = Vy C Vi(mh)
= discretization error = ROM error = ROM + discretization error

Stephan Rave (stephan.rave@wwu.de)
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Parabolic Estimate - Time Discrete Version

Corollary

Let V C V, po(1) € V and
(—(p"“( )= p™),q), + "), q ) = (Fa)w VaEV,

(A5 B0 = B7100),8), + BB, 50 = (Fan Vae V.

Then:

N
D oIP"G) =B, < ZHIg(p )i ) = B ()l

n=1

Stephan Rave (stephan.rave@wwu.de)
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A Localized Reduced Basis Method for
Parabolic Problems
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Parabolic LRBMS

> Use same space decomposition Vj, = @ ey, VhT as in elliptic case.

v

Same SWIPDG coupling as in elliptic case.

v

Block diagonal mass matrix.

v

Use parabolic estimate with localized elliptic estimator.

Stephan Rave (stephan.rave@wwu.de)
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Online-Adaptive Enrichment of Vy

Parabolic LRBMS: online forsome yu € P

> compute reduced solution py(rz, t)
> estimate error nu, n(/t)

> if np n(re) > A, startintermediate local enrichment phase:
o compute local error indicators
o mark subdomains for enrichment: X = mark(7p)

o solve corrector problem on overlapping subdomain T8 > Tfor
all T € x:

(Beon(1, ), an)n + bleon(ie £), ani 12) = (F,q) i T°
on(i: ) = pu(int)  ondT®
@n(12,0) = pp(12,0)
o extend local reduced basis forall T € X:

Vg = Vg @ pod({ (s, )l — Myp enls Olr |t €10, TIH

o update reduced quantities

o compute updated reduced solution py (1+) and ny, y(1+)

> iterate until ny, n(pn (1)) < A, return py (1)

Stephan Rave (stephan.rave@wwu.de)
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A First Experiment

Solve for t € [0,1], Q := [0,1]?, 1+ € P := [0, 1] x [0.1,100]:

dep(11, t) — V - [(00 4 1101 + 11202)Vp(11, t)] = sin(47t)?f
P( ) t)‘aQ =0
p(11,0) =0

» dim V}, = 960000, At = 0.01, 1 layer oversampling

20

15

10

5

10

15

20

o o1 02 fo
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Experiment: First Online Enrichment (. = p.37,05)

ROM 0 ROM 1




Experiment: Convergence

error

» Solve for 20 random ;. € P.
> Enrich until np n(12) < A :=0.001.

> Neit,nn = €PN (1)) = P ()l 2o, 710111, )

B T
dim Vy

0 5 10 15
- estimate ... tolerance
1071 N
—@— p=(.37,95) —F— pu=(.73,60)
o pu=(.16,16) — —(.06,87)
1072 - (6071)—0—u (.02,97)
— %= - 1 =(.83,21) — 4— - p=(.18,18)
10—3 NG /-D """""" | | —&— 1 =(.30,53) —m— ;. =(.43,29)
\
NN " S —o— = (6114)+M (.29,37)
10-4 1; * ‘_._. e _. L4 | e u=(.46,79) — =(.20,51)
| | | | | - - = (5905)—.—# (.61,17)
0 5 10 15 20 25 30 | = == - 10=(.07,95) — 4= - p=(.97,81)
iteration —o— ;1=(.30,10) —m— 1 =(.68,44)
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Outlook

> Use online-efficient estimator for ney 5 -

v

Remove obsolete subspaces of V,\T.

v

Time localization of enrichment problems.

Scale to > 108 DOFs.

v

Stephan Rave (stephan.rave@wwu.de)
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Thank you for your attention!
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