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The Reduced Basis Method

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT .
MUNSTER Reduced Basis Methods

Parametrized Model Order Reduction
Want to evaluate some solution map
b :P—V

from some compact set P into normed space V (and quantities of interest derived
from ®(u)).

Assume we can determine () for a single p with lots of effort.
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Parametrized Model Order Reduction

Want to evaluate some solution map
b :P—V

from some compact set P into normed space V (and quantities of interest derived
from ®(u)).

Assume we can determine () for a single p with lots of effort.

But we want to

» calculate (i) formany pp € P.
(Interactive simulation tools, optimization, inverse problems.)

» calculate ®(u) quickly for some p € P.
(Embedded systems, Formula 1.)
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Parametrized Model Order Reduction

Want to evaluate some solution map
b :P—V

from some compact set P into normed space V (and quantities of interest derived
from ®(u)).

Assume we can determine () for a single p with lots of effort.

But we want to

» calculate (i) formany pp € P.
(Interactive simulation tools, optimization, inverse problems.)

» calculate ®(u) quickly for some p € P.
(Embedded systems, Formula 1.)

Use model order reduction!

Stephan Rave (stephan.rave@wwu.de)
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Want to evaluate some solution map
P —V

from some compact set P into normed space V.

Reduced Basis Methods

5

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT .
MUNSTER Reduced Basis Methods

Parametrized Model Order Reduction

Want to evaluate some solution map
P —V

from some compact set P into normed space V.

Build reduced model by finding:

1. low dimensional subspace Vi C V for approximating ¢(P).

(100 ~ N = dim Vy < dim V)
2. quickly computable approximation ®y : P — Vi s.t. || ®(n) — Pu(p)|| < e
3. quickly computable upper bound An(®n(r)) > ||P(p) — Pa(p)]|-

Stephan Rave (stephan.rave@wwu.de)
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Model Problem

4
o=, P=[a1 a>0
Ql Qz =1l

4
au(X):ZMi'XQ,-(X), xeEQueP
i=1

Q3 Q4

fel*(Q)

Thermal-Block Problem

Forp € P, find ®(u) == u, € H3(Q) =: V s.t.

-V - (auVuu) ="

Stephan Rave (stephan.rave@wwu.de)
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Existence of good V)

» Vjy only needs to approximate solution manifold ®(P) C V for a specific
problem.
(Compare finite element spaces.)
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Existence of good V)

» Vjy only needs to approximate solution manifold ®(P) C V for a specific
problem.
(Compare finite element spaces.)

» Assume P C R” is compact, ® smooth. Then ®(P) is compact and
manifold(-ish).
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Existence of good V)

» Vjy only needs to approximate solution manifold ®(P) C V for a specific
problem.
(Compare finite element spaces.)

» Assume P C R” is compact, ® smooth. Then ®(P) is compact and
manifold(-ish).

> Since ®(P) smooth and dim ®(P) <« dim V/, can hope to approximate with
low-dim. linear spaces.

Stephan Rave (stephan.rave@wwu.de)
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Approximation Theory

Let M C V be subset of normed space. The Kolmogorov n-width d,(M) is given
as

dr(M) = inf sup inf |[|m—v].
VaCV  med VEVn
lin subsp.
dim V,,<n

Stephan Rave (stephan.rave@wwu.de)
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Approximation Theory

Let M C V be subset of normed space. The Kolmogorov n-width d,(M) is given
as

dr(M) = inf sup inf |[|m—v].
VaCV  med VEVn
lin subsp.
dim V,,<n

» Cannot beat n-width.

» For elliptic problems with fixed operator and arbitrary RHS in some unit ball:
Polynomial decay of d,(M).

» Hope for exponential decay of d,(®(P)).

Stephan Rave (stephan.rave@wwu.de)
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Approximation Theory

Proposition (Cohen, DeVore, 2014)

Let F: V x X — W holomorphic map between Banach spaces and P C X.
Ifforallp € P

> ®(u) := uy, is the unique solution of F(uy, ) =0
> OuF(up, i) : V. — Wisinvertible,
then there is holomorphic extension ® : O — W with ? C O C X open.

9
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Approximation Theory

Proposition (Cohen, DeVore, 2014)

Let F: V x X — W holomorphic map between Banach spaces and P C X.
Ifforallp € P

> ®(u) := uy, is the unique solution of F(uy, ) =0
> OuF(up, i) : V. — Wisinvertible,
then there is holomorphic extension ® : O — W with ? C O C X open.

Implicit function theorem (for complex Banach spaces).

9
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Approximation Theory

Corollary

There are M, a,a > 0 s.t.

da(®(P)) < Me>""

Stephan Rave (stephan.rave@wwu.de)



WESTFALISCHE
WILHELMS-UNIVERSITAT .
MUNSTER Reduced Basis Methods

Approximation Theory

Corollary

There are M, a,a > 0 s.t.

da(®(P)) < Me>""

Truncated power series expansion of ®.

10
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Approximation Theory

Corollary

There are M, a,a > 0 s.t.

da(®(P)) < Me>""
Truncated power series expansion of ®.
> Note that « ~ 1/ dim P!

» There are results for P C B;(LP(2)) yielding polynomial decay of d,.

Stephan Rave (stephan.rave@wwu.de)
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Approximation Theory (Model Problem)

Forp € P, find &(u) == u, € H3(Q) =: V s.t.

4
~V - (> mixe, Vuu) =f

i=1

11
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Approximation Theory (Model Problem)

Thermal-Block Problem

Forp € P, find &(u) == u, € H3(Q) =: V s.t.

4
~V - (> mixe, Vuu) =f

i=1

Let
A==V - (xa,V): H)(Q) — H(Q)

then

Fu,p) == piAi(u)

i=1

fulfills assumptions of theorem.

11
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How to find good Vj?

Definition (Weak Greedy Algorithm)

Forgiven M C Vlet0 <y <1landsi,s,,... € M be such that

inf ||sh —v|| =7 sup inf |Im—v]| V, :=span{s,...s,}
Vh—1 me veVy_1

then (sn)nx is called weak greedy sequence for M with parameter ~.

Stephan Rave (stephan.rave@wwu.de)
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How to find good Vj?

Definition (Weak Greedy Algorithm)

Forgiven M C Vlet0 <y <1landsi,s,,... € M be such that

inf ||sh —v|| =7 sup inf |Im—v]| V, :=span{s,...s,}
Vh—1 me veVy_1

then (sn)nx is called weak greedy sequence for M with parameter ~.

» Greedy algorithm for~ = 1.

» How to find such s,? See below...

Stephan Rave (stephan.rave@wwu.de)
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How to find good Vy?
Theorem (Binev, Cohen, Dahmen, DeVore, Petrova, Wojtaszczyk, 2011)
Let V be Hilbert space an M C V be given such that for M, a,a > 0
da(M) < Me™™"

If Vi, :== span{si, .. .s,} for a weak greedy sequence (s,), for M with parameter
7, then there are C, ¢ > 0 only depending on a, , v, s.t. with 8 := a/(a + 1)

sup inf |[|m—v|| < cMe".
meM VEVs

Stephan Rave (stephan.rave@wwu.de)
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How to find good Vy?

Theorem (Binev, Cohen, Dahmen, DeVore, Petrova, Wojtaszczyk, 2011)

Let V be Hilbert space an M C V be given such that for M, a,a > 0
da(M) < Me™™"

If Vi, :== span{si, .. .s,} for a weak greedy sequence (s,), for M with parameter
7, then there are C, ¢ > 0 only depending on a, , v, s.t. with 8 := a/(a + 1)

sup inf |[|m—v|| < cMe".
meM VEVs

Corollary

For affinely decomposed problems, weak greedy algorithm is a constructive
method for finding approximation spaces Vi with exponentially fast decreasing
best-approximation error.

Stephan Rave (stephan.rave@wwu.de)
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Parametrized Model Order Reduction

Want to compute the solutions ®(u) := u,, of the equation
F(uu,p) =0

with V Hilbert space, X, W Banach spaces, ? C Xand F : V. x X — W
holomorphic.

Build reduced model by finding:
1. low dimensional subspace Vyy C V forapproximating ®(u).
use weak greedy algorithm
2. quickly computable approximation ®y : P — Vi s.t. [|[®(u) — Pu(p)]| < e
3. quickly computable upper bound Apn(®n()) > [|P(1) — Sn(p)]]-

Stephan Rave (stephan.rave@wwu.de)
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Definition of ®p

Assume that ®(u) := v, € V is given as solution of a weak problem
Bu(up,v) =f(v) Yv eV

with coercive, continuous bilinear forms B,, and f € V’.

Stephan Rave (stephan.rave@wwu.de)
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Definition of ®p

Assume that ®(u) := v, € V is given as solution of a weak problem
Bu(up,v) =f(v) Yv eV

with coercive, continuous bilinear forms B, and f € V.

Reduced problem

Define the reduced approximation &y (i) := u,,n € Vi to be the Galerkin
projection of u, onto Vu, i.e. the solution of

Bu(uun, v) = f(v) Vv € V.

Since B, is coercive, u, y is well-defined!

Stephan Rave (stephan.rave@wwu.de)
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Definition of ¢y

Lemma (Céa)

Let C,, denote the coercivity constant of B,,. Then

[IBxll

——
- nf o =

[|up — vpn|] <

Stephan Rave (stephan.rave@wwu.de)
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Definition of ¢y

Lemma (Céa)

Let C,, denote the coercivity constant of B,,. Then

AT
s = ] < 2 inf [l — vl

IfB, = >, wiBilet F;: V. — V', Fi(u) := Bi(u,-) and
F(u,p) :=f — 3!, piFi(u), then u,, is the solution of F(u, ) = 0.

Corollary

For affinely decomposed coercive problems and reduced spaces Vy resulting from
weak greedy sequence, there are constants A, a, «, s.t.

N

|ty — upn]] < Ae™? Yu € P.

Stephan Rave (stephan.rave@wwu.de)
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Definition of ®, (Model Problem)

Forp € P, find &(u) == u, € Hy(Q) =: V s.t.

4
—V - (O mixe,Vu) =f

i=1

Let .
Bi(u,v) := / Vu(x)Vv(x)dx, B, = Z,LL,-B,-
Q i=1

then u, satisfies
B.(uu,v) = / f(x)v(x)dx Vv € Hy (Q).
Q

B,, is coercive for each u € P = [, 1]*.

Stephan Rave (stephan.rave@wwu.de)
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Parametrized Model Order Reduction

Want to compute the solutions ®(u) := u,, of the equation

Q
Blurv) = 3 taBaltn ) = F(v) W eV

q=1

with V Hilbert space, B, continuous bilinear forms, f € V', B, coercive for
P CRF.

Build reduced model by finding:

1. low dimensional subspace Vi C V for approximating ®(u).
use weak greedy algorithm

2. quickly computable approximation &y : P — Vq.
Galerkin projection onto Vi

3. quickly computable upper bound An(p) > ||®(1) — Pu(p)l]-

Stephan Rave (stephan.rave@wwu.de)
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A-Posteriori Error Estimator

Define residual R, (u) € V' as
Ru(u)(v) := f(v) = Bu(u, v).
Then

2 -1
[lup — vpnl|” < C;L Byu(up — Uy, Uy — Uy, )

= G "Ruu(upen) (e — tun) < G Ry ()1 e =t |

—1 -1
[lup — upnl| < Ap(upn) = (@ [[R(up,m)l| < ||Bu||cu [|up — ]|

Stephan Rave (stephan.rave@wwu.de)
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How to find good V) (cont.)

Greedy algorithm with error estimator

Choose snapshots s, := u,, where p, is given by

= argmax Ap_1(Uy,n—1)
pEP

Stephan Rave (stephan.rave@wwu.de)
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How to find good V) (cont.)

Greedy algorithm with error estimator

Choose snapshots s, := u,, where p, is given by

= argmax Ap_1(Uy,n—1)
pEP

Then
dnf sy = vl 2 N, = st
2 An—1(tp,n-1)

> An (1) 2 Nl — thn il > inf [l —v]
vEVh_1

Proposition

The greedy algorithm with error estimator generates a weak greedy sequence.

20
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Parametrized Model Order Reduction

Want to compute the solutions ®(u) := u,, of the equation
B(UM,V) Zu‘q U,u, - f(v) VvevV

with V Hilbert space, B, continuous bilinear forms, f € V', B,, coercive for
PCR".

Build reduced model by finding:
1. low dimensional subspace Vi C V forapproximating ®(u).
use greedy algorithm with error estimator
2. quickly computable approximation &y : P — Vq.
Galerkin projection onto Vi

3. quickly computable upper bound An(u).
residual-based error estimator

21
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Offline-Online Decomposition

Affinely Decomposed Problem

Forp € P, find ®(u) = u, € V s.t. 352, pgBy(up, v) = f(v) Yv e V.

Let 1, -, ¢ be a basis of Viy (the reduced basis!), then v, n is given as

N
Up,N = E PreY, N
=1

where

Q
Zuq : [Bq(‘Ph <Pk)} Kl U, N = [f(ﬁﬂk)]k (1)

q=1

22
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Offline-Online Decomposition

Affinely Decomposed Problem

Forp € P, find ®(p) := u, € Vs.t. 25:1 1gBqg(uu,v) = f(v) VveV.

Let o1, -+, ¢n be a basis of Vi (the reduced basis!), then u,, n is given as
N
Up,N = Z@I RN
=1
where
Q
Zﬂq : [Bq(SDI, SDk)L(J Uy N = [f(SOk)]k (1)
qg=1
Snapshot basis my, ..., my of Vy leads to (really!) badly conditioned reduced

system matrices! Orthogonalize!

22
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Offline-Online Decomposition

Affinely Decomposed Problem

Forp € P, find ®(u) = u, € V sit. 32, 1gBg(up, v) = f(v) Vv e V.

Let 1, - , ¢ be a basis of Viy (the reduced basis!), then v, n is given as

N
Up,Nn = E PreUy, N
I=1

where

Q
> ta- [Baler, o)), - tumy = [Flp)], ()

=1

Proposition

If [Bq( 01, ¢x)] ., are pre-computed, (1) can be solved with effort O(QN? + N?).

22
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Offline-Online Decomposition (Error estimator)
Let R: V/ — V be the Riesz isomorphism. Then
IR u(up.n)ll = [IR(R (um N))II

= [IR( f)+zzf,“vn (Ba(n: )|

g=1 n=1

Stephan Rave (stephan.rave@wwu.de)
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Offline-Online Decomposition (Error estimator)

Let R: V/ — V be the Riesz isomorphism. Then

IR u(upm)ll = [IR(R (“u: N))II

= [IR( f)+zzf,“vn (Ba(n: )|

g=1 n=1

Pre-compute all (1 + QN)? cross-terms in scalar-product evaluation. Online effort:
O((1 + QN)?) = O(Q*N?). However, only bad numerical stability (half machine
precision).

Better approach:

Stable Estimator Decomposition (Buhr, R, 2014)

Project R(R ) onto Vi and span{R(f), R(Bq(¢n, -))} using orthonormal bases.

23
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The Reduced Basis Method

Want to compute the solutions ®(u) := u,, of the equation

B(uu,v) = Zﬂq (U, v) = f(v) YveV

with V Hilbert space, B, continuous bilinear forms, f € V', B,, coercive for
PCR".

24
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The Reduced Basis Method

Want to compute the solutions ®(u) := u,, of the equation

B(UM,V) Zu‘q U,u, - f(v) VVG v

with V Hilbert space, B, continuous bilinear forms, f € V', B,, coercive for
PCR".

» Replace u, by good-enough (but expensive to compute) discrete
approximation u,, » € Vj satisfying

Q
Bh(umh, Vh) = Z:U‘quvh(quhf Vh) = fh(vh) Yvp € V,

q=1

with By, discrete bilinear forms, f, € Vj,, B, coercive for u € P (FEM, DG,
etc.)

24
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The Reduced Basis Method

Offline Phase

Compute reduced basis using greedy search with error estimator on finite training
setS C P,i.e. sy = uy, n Vo:=span{sy,...s,},n=1,..., N where

wn = argmax Ap_1(Uy,n—1)
HES

25
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The Reduced Basis Method

Offline Phase

Compute reduced basis using greedy search with error estimator on finite training
setS C P,i.e. sy = uy, n Vo:=span{sy,...s,},n=1,..., N where

wn = argmax Ap_1(Uy,n—1)
HES

Online Phase

Compute u,, v, An(u,,n) for arbitrary new p € P.

25
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Reduction of Li-lon Battery Models

Stephan Rave (stephan.rave@wwu.de)
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The MULTIBAT Project

Experimental Data

ulm university - universitat

ulm

'SPONSORED BY THE
4#7 Institute of Technical
DR Thermodynamics

* Federal Ministry

of Education
MULTIBAT *|55
_
Z Fraunhofer z

— — g STFALISCHE
ITWM

Mathematical
Modeling

— MONSTER

» Understand degradation processes in rechargeable Li-lon Batteries through
mathematical modeling and simulation.

27

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT .
MUNSTER Reduced Basis Methods 28

Problem

» Li-plating is initiated at micrometre
scale at interface between active
electrode particles and electrolyte.

» Need microscale models which
resolve active particle geometry.

» Result: huge non-linear discrete
models.

» Cannot be solved at cell scale on
current hardware.

> Parameter studies extremely
expensive, even on small
domains.

Stephan Rave (stephan.rave@wwu.de)
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Microscale Battery Models

» On each part of domain (electrode, electrolyte, current collector):

% — V- (afc,p)Ve+ B(c,p)V¢o) =0  c: Li* concentration

=V - (v(c,9)Vc +6(c,9)Vp) =0 ¢ : potential

(o, B, 7, 6 constant in first approximation)

» Normal fluxes at particle/electrolyte interface are given by Butler-Volmer
kinetics:

s — Qe — U L
Jse = 2ky/ CeCs(Cmax — Cs) sinh <¢ ¢ O(C"'ax) . F)

2RT

1
Nse = — - jee
=

MUNSTER Reduced Basis Methods

29
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Microscale Model

» Finite volume discretization with implicit Euler leads to

1(c t+1) t) (t+1)
{At( 0 )} Ap <|:C’Zt+1):|> =0, (t) ) e Vi
I

» Model has been implemented at Fraunhofer ITWM in @@@BEST

» 1 € Pindicates dependence on model parameters we want to vary
(e.g. temperature T, charge rate).

MUNSTER Reduced Basis Methods

30
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Reduced Basis Approximation
» Online phase: Determine reduced solution by solving projected equation

1 x(t41) () =(t+1)

[E Cu 0 — Cu )} +{PyoA.} ([;‘;Hl)]) =0, Eftt) c \767(555) c \“/¢
i

31
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Reduced Basis Approximation
» Online phase: Determine reduced solution by solving projected equation

1 x(t41) () =(t+1)

[E Cu 0 — Cu )}+{P\7 oA} ([;f(‘tﬂ)]) =0, ELt) c \767%:) c \7¢
I

» Offline phase: Build V., \~/¢ using iterative greedy algorithm:

1 function GREEDY(Strain C P, &, V2, V3)
Ve, Vip + V2, V2
while maxes,,.;,, ERR-EST(RB-SOLVE(1), 1) > ¢ do
W 4 arg-max, s, . ERR-EST(RB-SOLVE(), 1)

2
3
4 n
5: Ve, Viy < BASIS-EXT(V., Vi, SOLVE(*))
6 end while _

7 return V., V,

8: end function

MUNSTER Reduced Basis Methods

31
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Empirical Interpolation
» Evaluation of

PyoA, VedVy — Vid Vy — V.oV,

still costly.
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Empirical Interpolation
» Evaluation of

onAu:VC@\7¢—)Vh€BVh—>VC@\7¢

still costly.
> Use locality of finite volume operators: to evaluate M DOFs of A, (c, ¢) only
need M’ < C - M DOFs of (c, ¢).
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Empirical Interpolation
» Evaluation of

onAu:VC@\7¢—)Vh€BVh—>VC@\7¢

still costly.

> Use locality of finite volume operators: to evaluate M DOFs of A, (c, ¢) only
need M’ < C - M DOFs of (c, ¢).

» Approximate

Py oA~ Pyo(lwoA,oRy)

where
A.: A, restricted to M interpolation DOFs
Iy:  Interpolation operator
Ryv: Restriction to M’ DOFs needed for evaluation

32
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Empirical Interpolation
» Evaluation of

onAu:VC@\7¢—)Vh€BVh—>VC@\7¢

still costly.

> Use locality of finite volume operators: to evaluate M DOFs of A, (c, ¢) only
need M’ < C - M DOFs of (c, ¢).

» Approximate

Py oA~ Pyo(lwoA,oRy)

where
A.: A, restricted to M interpolation DOFs
Im:  Interpolation operator
Ryv: Restriction to M’ DOFs needed for evaluation
» Use greedy algorithms to determine DOFs and interpolation basis.

32
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Implementation

» Experimental implementation of battery model with S otware
framework.

» Model reduction with pyMOR.

» Integration of pyMOR with @ D@ BEST .
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Implementation

>

Experimental implementation of battery model with S otware
framework.

» Model reduction with pyMOR.

Integration of pyMOR with @ Q@ BEST .

Small 3D test case L 7E | |—o—< |
(3.2 - 10* DOFs) s B e
T € [250, 350] K =07 ~]
leharge € [107%, 1073 A/cm? ; g ]
without operator interpolation ~ 107 E
ERR-EST = true error E 5 ]

1075 & \ \ =

8 16 24 32
basis size per space

33

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT .
MONSTER Reduced Basis Methods 34

Advection Dominated Problems and the
Method of Freezing

Stephan Rave (stephan.rave@wwu.de)



-
—— m— \VESTFALISCHE

WILHELMS-UNIVERSITAT .

MUNSTER Reduced Basis Methods

The Problem

Model reduction for parameter dependent, convection dominated, nonlinear
Cauchy problem

Oeup(t) + L (un(t)) =0,  uu(0) = wo

where
» u € P (parameter space)

» u,(t) € V,t €0, T] for appropriate function space V/

» L, partial differential operator
using reduced basis approach, i.e. ...

35
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The Problem

Orun(t) + Lu(uu(t)) =0,  uu(0) = uo
Assume we have
» H-dimensional linear discrete space V;, (0 < H)
» Operator £, on V}, approximating £,,
» N-dimensional linear RB-space Vy C V,, (N < H)
and solve

Orun,u(t) + Pu(Lyn(un,u(t))) =0, un,u(0) = Pn(uno)

with appropriate projection Py : V), — Vi

36
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The Problem

Ocu,u(t) + Pu(Lyn(un,u(t))) =0,  un,u(0) = Pu(uno)

» Empirical operator interpolation to handle £,
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The Problem

Ocu,u(t) + Pu(Lyn(un,u(t))) =0,  un,u(0) = Pu(uno)

» Empirical operator interpolation to handle £,

» Greedy search to construct Vi and interpolation basis for £,,,
e.g. [Drohmann, Haasdonk, Ohlberger, 2012]

37

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT .
MOUNSTER Reduced Basis Methods 37

The Problem

Ocu,u(t) + Pu(Lyn(un,u(t))) =0,  un,u(0) = Pu(uno)

» Empirical operator interpolation to handle £,

» Greedy search to construct Vi and interpolation basis for £,,,
e.g. [Drohmann, Haasdonk, Ohlberger, 2012]

» Exponential convergence rates are preserved by greedy search [Haasdonk,
2011]
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The Problem

Ocu,u(t) + Pu(Lyn(un,u(t))) =0,  un,u(0) = Pu(uno)

» Empirical operator interpolation to handle £,

» Greedy search to construct Vi and interpolation basis for £,,,
e.g. [Drohmann, Haasdonk, Ohlberger, 2012]

» Exponential convergence rates are preserved by greedy search [Haasdonk,
2011]

» However...
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The Problem

Oeun,pu(t) + Pu(Lpwn(un,u(t))) = 0, uw,.(0) = Pu(uno)

» Vy has to approximate u,, ,(t) for every t.
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The Problem

Oeun,pu(t) + Pu(Lpwn(un,u(t))) = 0, uw,.(0) = Pu(uno)

» Vy has to approximate u,, ,(t) for every t.

» If u, » has low regularity and moves in space, this is really bad.
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The Problem

Oeun,pu(t) + Pu(Lpwn(un,u(t))) = 0, uw,.(0) = Pu(uno)

» Vy has to approximate u,, ,(t) for every t.

» If u, » has low regularity and moves in space, this is really bad.

» Even for a single parameter!
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The Problem

Oeun,pu(t) + Pu(Lpwn(un,u(t))) = 0, uw,.(0) = Pu(uno)

v

Vi has to approximate u,, »(t) for every t.

v

If u,.» has low regularity and moves in space, this is really bad.

v

Even for a single parameter!

v

Worse: Velocity can depend on parameter!

38
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The Problem

Reduced Basis Methods 39

uo

Oru(t,x) + b - dcu(t,x) =0
(0, %) = to(x)
x€R,t€[0,T]
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The Problem

Reduced Basis Methods

uo

Oru(t,x) + b - dcu(t,x) =0
4(0, X) = uo(x)
x€R,t€[0,T]

» Need O(¢7?) basis functions for
L2-approximation error <

39
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The Problem

Reduced Basis Methods

uo

Oru(t,x) + b - dcu(t,x) =0
4(0, X) = uo(x)
x€R,t€[0,T]

» Need O(¢7?) basis functions for
L2-approximation error <
» However, we can describe solution
easily by:
u(t,x) = uo(x — bt)

39
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Nonlinear Approximation

> Rewrite u(t, x) as
u(t,x) = uo(x — bt) = Ppe(uo)(x)

with @, (v)(x) := v(x — g).
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Nonlinear Approximation

> Rewrite u(t, x) as
u(t,x) = uo(x — bt) = Ppe(uo)(x)
with @, (v)(x) := v(x — g).
> g.v:= ®,(v) defines action of additive group RR:

(g + h).v = ®gin(v) = g(Pi(v)) = g.(h.v)
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Nonlinear Approximation

> Rewrite u(t, x) as
u(t,x) = uo(x — bt) = Ppe(uo)(x)
with @z (v)(x) := v(x — g).
> g.v:= ®,(v) defines action of additive group RR:
(g +h).v=0gn(v) = Pg(Ph(v)) = g.(h.v)
» General idea: Write u(t, x) as
u(t,x) = g(t).v(t,x)

for group G acting on function space V.

Reduced Basis Methods

40
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Nonlinear Approximation

» General idea: Write u(t, x) as

u(t,x) = g(t).v(t,x)

N

dynamics of u shape of u
large variation in time small variation in time
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Nonlinear Approximation

» General idea: Write u(t, x) as

u(t,x) = g(t).v(t,x)

N

dynamics of u shape of u
large variation in time small variation in time

» If this can be done, then v(t, x) will be easier to approximate by a
low-dimensional linear space than u(t, x).

4
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Lie Groups

» Problem: How to calculate/make sense of

%g(t).v(t,x)?

Have to derive g(t) € G and the action of G on V.
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Lie Groups

» Problem: How to calculate/make sense of

% g(t).v(t,%)?
Have to derive g(t) € G and the action of G on V.

A Lie group is a group G which is at the same time a smooth manifold such that
group multiplication and inversion are smooth maps.

Stephan Rave (stephan.rave@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT .
MONSTER Reduced Basis Methods 43

The Method of Freezing
Oru(t) + L(u(t)) =0, u(0) = uo

» Substitue the ansatz u(t) = g(t).v(t):
Org(t).v(t) + g(t)-Orv(t) + L(g(t)-v(t)) =0

(G Lie group, action smooth)

Stephan Rave (stephan.rave@wwu.de)
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The Method of Freezing
Oru(t) + L(u(t)) =0, u(0) = uo

» Substitue the ansatz u(t) = g(t).v(t):
Org(t).v(t) + g(t)-Orv(t) + L(g(t)-v(t)) =0

(G Lie group, action smooth)

» Multiply by g(t)™*:

Orv(t) + g(t) ' L(g(t).v(t)) + g(t).v(t) =0
g(t) = g(t) g (t).
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The Method of Freezing

Bev(t) +g(t)".L(g(t).v(t)) + 8(t)-v(t) = 0
g(t) = g(t) " eg(t)
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The Method of Freezing

Bev(t) +g(t)".L(g(t).v(t)) + 8(t)-v(t) = 0
g(t) = g(t) " eg(t)

» Have dim(G) additional degrees of freedom!

Reduced Basis Methods

44
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The Method of Freezing

Bev(t) +g(t)".L(g(t).v(t)) + 8(t)-v(t) = 0
g(t) = g(t) " eg(t)

» Have dim(G) additional degrees of freedom!

» Add additional algebraic constraint (phase condition)

®(v(t),0(t)) = 0.

Reduced Basis Methods

44
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The Method of Freezing

Bev(t) +g(t)".L(g(t).v(t)) + 8(t)-v(t) = 0
g(t) = g(t) " eg(t)

» Have dim(G) additional degrees of freedom!

» Add additional algebraic constraint (phase condition)
®(v(t),9(t)) = 0.

» Further assume invariance of £ under action of G:

h . L(h.w) = L(w) forallhe G,we V.
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The Method of Freezing

The method of freezing for 9. u(t) + L£(u(t)) = 0 consists in solving

Oev(t) + L(v(1)) + g(t)-v(t) =0
®(v(t),0(1)) =0

a(t) = g(t) " 10:g(t) reconstruction equation

frozen PDAE

with initial conditions v(0) = u(0), g(0) = e.

45
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The Method of Freezing

The method of freezing for d: u(t) + L(u(t)) = 0 consists in solving

Oev(t) + L(v(1)) + g(t)-v(t) =0
®(v(t),0(1)) =0

a(t) = g(t)to:g(t) reconstruction equation

frozen PDAE

with initial conditions v(0) = u(0), g(0) = e.

» Introduced for stability analysis of relative equilibria [Beyn, Thiimmler, 2004]
and [Rowley et. al., 2003]

45
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Phase Conditions

» Possible choice:

®(v,g) =0 <= 0:v(t) L LG.v(t)
<~ (L(v)+g.v,hv)=0 VheLG
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Phase Conditions

» Possible choice:

®(v,g) =0 <= 0:v(t) L LG.v(t)
<~ (L(v)+g.v,hv)=0 VheLG

v(t)

» Other choices: minimize ||0;v|| or ||v — wvo|| for some template function v
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Reduced Basis Methods 47

» G=R>2 LG =R?

g.u(x):=u(x—g), xecR?
gu =—g-Vu
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Example: 2D-Shifts

» G=R>2 LG =R?

g.u(x):=u(x—g), xecR?
gu =—g-Vu

» Phase Condition:

®(v,g) =0« (L(v)+g.v,hv)=0 VhelG

Reduced Basis Methods

47
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Example: 2D-Shifts

Reduced Basis Methods

» G=R’LG=R?
g.u(x):=u(x—g), xecR?
gu =—g-Vu
> Phase Condition:
®(v,g) =0<+= (L(v) +g.v,hv)=0 VhelG
< [(05v, 8va)],.7j- [gjL. = [(L(v), v)],
1<ij<2

47
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Example: 2D-Shifts

The Method of Freezing for 2D-Shifts

Solve
Oev(t) + L(v(t)) —g(t) - Vv(t) =0
[(axiv7 8"; V)] i . [gJ]J = [(‘C(V)7 axiv)]i
and
deg(t) = g(t)
with initial conditions v(0) = u(0), g(0) = (0,0)".

48
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Example

Consideron Q = [0, 2] x [0, 1] the two-dimensional Burgers-type problem

Oru = —V - (bu")
u(0, x1,x2) = 1/2(1 + sin(27x1) sin(27x2))

fort € [0,0.3], b = (1,1)" with periodic boundary conditions and
weP=][12].
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Example

Consideron Q = [0, 2] x [0, 1] the two-dimensional Burgers-type problem

Oru = —V - (bu")
u(0, x1,x2) = 1/2(1 + sin(27x1) sin(27x2))

fort € [0,0.3], b = (1,1)" with periodic boundary conditions and
weP=][12].

» Finite volume discretization on 120 x 60 grid, explict Euler time-stepping

» Same problem as in [Drohmann, Haasdonk, Ohlberger, 2012]
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Frozen vs. Non-frozen Solution ( 4=1, b=(0.75,1) )
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Frozen vs. Non-frozen Solution ( 4=1, b=(0.75,1) )

Salulion for p = 1.00

S

03
02
o1
o
(3 02 04 08 o. 1 12 1.4 16 18
01 02 03 0. 05 05 07 08

Reconstruted Solution for p

00

S

05
04
03
02
0.1
o
(3 02 04 08 o. 1 12 1.4 16 18
01 02 03 0. 05 05 07 08 08

Frozen Solution for p = 1.00

giforp =100
T

9.0
—

0.05 01 015 02 025 03



Frozen vs. Non-frozen Solution ( 4=1, b=(0.75,1) )

Salulion for p = 1.00
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Frozen vs. Non-frozen Solution ( x=1.5, b=(0.75,1) )
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Frozen vs. Non-frozen Solution ( x=1.5, b=(0.75,1) )
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Frozen vs. Non-frozen Solution ( x=1.5, b=(0.75,1) )
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Frozen vs. Non-frozen Solution ( x=2, b=(0.75,1) )

Salulion for p = 2.00

Frozen Solulion for p = 2,00
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Frozen vs. Non-frozen Solution ( z=2, b=(0.75,1) )
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Frozen vs. Non-frozen Solution ( ©=3, b=(0.75,1) )
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Errors of Frozen and Non-frozen Solution (=3)
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RB-Approximation

Stephan Rave (stephan.rave@wwu.de)
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RB-Approximation

FrozenRB-Scheme [Ohlberger, R., 2013]

1. Replace original parameterized PDE with frozen parameterized PDAE and
reconstruction ODE

2. Discretize
3. Use El and greedy basis generation

Stephan Rave (stephan.rave@wwu.de)
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RB-Approximation

FrozenRB-Scheme [Ohlberger, R., 2013]

1. Replace original parameterized PDE with frozen parameterized PDAE and
reconstruction ODE

2. Discretize

3. Use El and greedy basis generation

» Offline/online decomposition possible
» No additional evaluations of nonlinearity (small overhead)

Stephan Rave (stephan.rave@wwu.de)
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RB-Approximation Error for Burgers Problem
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Model Order Reduction with pyMOR

Stephan Rave (stephan.rave@wwu.de)
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pyMOR

» Software library for writing MOR applications,
in particular with the reduced basis method.

» Joint with Felix Schindler and Rene Milk.
» Completely written in Python.

» Started 2012, 14k lines of code.

» BSD-Licensed, hosted on Github.

> http://pymor.org/

Stephan Rave (stephan.rave@wwu.de)
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Goals of Development

v

Tool for education.

v

Research platform for rapid development of new model reduction methods.

v

Ready to use in real world applications.

v

In particular, high interoperability with foreign code.

Stephan Rave (stephan.rave@wwu.de)
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Main Design Principles

» Provide abstract interfaces between MOR code and high-dimensional solver.
> Deep access to solver code allowing various algorithms to use the same interface.
> No MOR-specific code inside solver.
> Think of solver as a library.

» Agnostic about the specific implementation of communication between pyMOR
and solver.

Stephan Rave (stephan.rave@wwu.de)
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Main Design Principles

» Provide abstract interfaces between MOR code and high-dimensional solver.
> Deep access to solver code allowing various algorithms to use the same interface.

> No MOR-specific code inside solver.

> Think of solver as a library.
» Agnostic about the specific implementation of communication between pyMOR
and solver.

» Implement broad library of MOR algorithms in terms of these interfaces.
> Make it easy to tests the mathematics and care of about performance later.

> Provide building blocks, not complete solutions.

Stephan Rave (stephan.rave@wwu.de)
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Main Design Principles

» Provide infrastructure for running MOR algorithms:
> Handling of parameters and parameter spaces.

> Caching (memory, disk) of high-dimensional solutions.
» Handling of application-wide defaults.

> Visualization.

» Implement basic high-dimensional discretizations to get started quickly.

Stephan Rave (stephan.rave@wwu.de)
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Architecture of pyMOR

External Code
A i Pt

—
L~

Generic Algorithms.

ETTT—

Stephan Rave (stephan.rave@wwu.de)
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Algorithms

v

Gram-Schmidt, POD.

v

Greedy basis generation.

» Automatic reduction of arbitrarily nested affine combinations of operators.

v

Interpolation of arbitrary (nonlinear) operators, El-Greedy, DEIM.

v

Iterative linear solvers, Newton algorithm.

» Time-stepping algorithms.

Stephan Rave (stephan.rave@wwu.de)
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Why Python?

» Not as fast as C, but fast enough.

» Agile software development.
> No static typing.

> Interactive interpreter/debugger sessions.
> Expressive syntax.

> Great for scientific computing

> NumPy matrix class with MATLAB™.-like performance. (Similar interface, 1 day to
learn major differences.)

> Great support for nd-arrays.

> Huge ecosystem of scientific computing libraries: SciPy, Matplotlib, Pandas,
Pillow, IPython, SymPy, scikit-learn, scikit-bio, PyAMG, FENICS

> Annual international conferences: SciPy (US), EuroSciPy, ...

74

Stephan Rave (stephan.rave@wwu.de)
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Why Python?

» Plays nicely with other programming languages.
» 51909 packages on PyPI (Python Package Index).

>

>

>

>

GUI-Toolkits.
Databases.
Networking.

File formats.

» Open source.

>

>

>

It’s for free! (Also for your cluster.)

No proprietary algorithms.

Easy to extend/modify core features.

Easy to contribute.

Future independent of well-being of single company.

Sometimes a bit chaotic.

Reduced Basis Methods

75

Stephan Rave (stephan.rave@wwu.de)
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Why Python?

» It’s a great language!
» Beautiful (=readable) code.

> Object orientation.
» Namespaces.
> Does not blow up your terminal if you forget a ;

> a += 2

> def func(x, y, optioni=valuel, option2=value2):

Reduced Basis Methods

76

Stephan Rave (stephan.rave@wwu.de)
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Python in Education

Language Types (cicx o i)

@ web [) Moble LI Enterprise % Embedded
Language Rank  Types
Java e
c 0&s
Cis 0Zs
Python
ot

» Clean language design.

Easy to learn.

» Showcases many important
concepts in programming.

» First language in many CS courses. o oy

» Widely adopted in industry. 0. T

11. Shell

12. PERL

13. Objective-C
14, Visual Basic
15. MATLAB

v
oo
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Javascript
PHP
saL
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16. Assembly
17. ASPNET @

source: IEEE.Spectrum 2014 programming language
ranking

Stephan Rave (stephan.rave@wwu.de)
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Live Demo!

Stephan Rave (stephan.rave@wwu.de)
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Thank you for your attention!

AG Ohlberger
http://wwwmath.uni-muenster.de/num/ohlberger

pyMOR — Model Order Reduction with Python
http://pymor.org

Model Reduction for Parameterized Systems
http://morepas.org

79
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