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Outline

I The MULTIBAT Project

I The Reduced Basis Method

I The Localized Reduced Basis Multiscale Method

I Software
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The MULTIBAT Project

,
,

Stephan Rave (stephan.rave@wwu.de) slides: http://www.stephanrave.de/talks/eccomas_2015.pdf

http://www.stephanrave.de/talks/eccomas_2015.pdf


liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

Westfälische
Wilhelms-Universität
Münster Reduction of Microscale Li-Ion Battery Models 4 /22

The MULTIBAT Project
Experimental Data

Mathematical
Modeling

Multiscale Numerics

Model Reduction

Integration
Validation

I Understand degradation processes in rechargeable Li-Ion Batteries through
mathematical modeling and simulation.

I Focus: Li-Plating.
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Problem

I Li-plating initiated at interface
between active particles and
electrolyte.

I Need microscale models which
resolve active particle geometry.

I Huge nonlinear discrete models.
I Cannot be solved at cell scale on

current hardware.

I Parameter studies extremely
expensive, even on small
domains.

Figure : Simulation of microscale
battery model on
246µm × 60µm × 60µm
domain with random electrode
geometry.

,
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The Microscale Model

I On each part of domain (electrodes, electrolyte, current collector):

∂c

∂t
−∇ · (α(c, φ)∇c + β(c, φ)∇φ) = 0 c : Li+ concentration

−∇ · (γ(c, φ)∇c + δ(c, φ)∇φ) = 0 φ : potential

(α, β, γ, δ constant in first approximation)

I Coupling: Normal fluxes at particle/electrolyte interface are given by
Butler-Volmer kinetics

jse = 2k
√

cecs(cmax − cs) sinh

(
φs − φe − U0( cs

cmax
)

2RT
· F

)

Nse =
1
F
· jse .

,
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Discretization

I Cell centered finite volume on voxel grid + implicit Euler:

[
1

∆t
(c

(t+1)
µ − c

(t)
µ )

0

]
+ Aµ

([
c

(t+1)
µ

φ
(t+1)
µ

])
= 0, c (t)

µ , φ(t)
µ ∈ Vh

I Numerical fluxes on interfaces = Butler-Volmer fluxes.

I Newton scheme with algebraic multigrid solver.

I Implemented by Fraunhofer ITWM in .

I µ ∈ P indicates dependence on model parameters we want to vary
(e.g. temperature T , charge rate).

,
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The Reduced Basis Method

,
,
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Parametric Model Order Reduction

Want to evaluate solution map

Φ : P −→ V

from compact set P into normed space V .

Assume we can determine Φ(µ) for a single µ with lots of effort.

But we want to
I calculate Φ(µ) for many µ ∈ P.

(interactive simulation tools, optimization, inverse problems)

I calculate Φ(µ) quickly for some µ ∈ P .
(embedded systems, Formula 1)

Use model order reduction!

,
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Parametric Model Order Reduction
Goal: Quickly evaluate Φ : P −→ V

Φ(µ)

Φ̃(µ)

{Φ(µ)|µ∈P}

Ṽ

V

Solution: Build reduced model by finding

1. problem adapted low dim. subspace Ṽ ⊂ V for approximating Φ(P).
(100 ≈ dim Ṽ � dimV )

2. quickly computable approximation Φ̃ : P −→ Ṽ s.t. ||Φ(µ)− Φ̃(µ)|| < ε

3. quickly computable upper bound ∆̃(Φ̃(µ)) ≥ ||Φ(µ)− Φ̃(µ)||.
,
,
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The Reduced Basis Method

Online phase: Determine reduced solution Φ̃(µ) by solving Galerkin projected
equation

[
1

∆t
(c̃

(t+1)
µ − c̃

(t)
µ )

0

]
+ {PṼ ◦ Aµ}

([
c̃

(t+1)
µ

φ̃
(t+1)
µ

])
= 0,

[
c̃

(t)
µ

φ̃
(t)
µ

]
∈ Ṽc ⊕ Ṽφ = Ṽ .

Offline phase: Build Ṽc , Ṽφ using iterative greedy algorithm:
1: function GREEDY(Strain ⊂ P, ε, Ṽ 0

c , Ṽ 0
φ)

2: Ṽc , Ṽφ ← Ṽ 0
c , Ṽ

0
φ

3: while maxµ∈Strain ERR-EST(RB-SOLVE(µ), µ) > ε do
4: µ∗ ← arg-maxµ∈Strain ERR-EST(RB-SOLVE(µ), µ)

5: Ṽc , Ṽφ ← BASIS-EXT(Ṽc , Ṽφ, SOLVE(µ∗))
6: end while
7: return Ṽc , Ṽφ
8: end function

,
,
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Empirical Interpolation
Problem: Still expensive to evaluate

PṼ ◦ Aµ : Ṽc ⊕ Ṽφ −→ Vh ⊕ Vh −→ Ṽc ⊕ Ṽφ.

Solution:
I Use locality of finite volume operators: to evaluate M DOFs of Aµ(c, φ) need

only M ′ ≤ C ·M DOFs of (c, φ).
I Approximate

PṼ ◦ Aµ ≈ PṼ ◦ (IM ◦ ÃM,µ ◦ RM′) =: PṼ ◦ IM [Aµ]

where

ÃM,µ: Aµ restricted to M interpolation DOFs
IM : Interpolation operator

RM′ : Restriction to M ′ DOFs needed for evaluation

I Use greedy algorithm to determine DOFs and interpolation basis.

,
,
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First Results
I Test geometry (36,800 DOFs):

I α, β, γ, δ constant.

I Charge rate ∈ [0.1C , 1C ].

I POD for RB generation on 10
snapshots.

I Time for solution≈ 1000s.

I Time for red. solution≈ 40s.
(dimRB = 50, dimCB = 278)

L∞−L2 err., concentration, training set
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The Localized Reduced Basis Multiscale
Method

,
,
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The Localized Reduced Basis Multiscale Method

(block) Discontinuous Galerkin discretization (for elliptic problems)

I introduce a coarse triangulation (TH )

(
Qh = ⊕T∈THQ

T
h

)

I use your favorite space

and discretization

inside each coarse element
I couple with SWIPDG [ERN, STEPHANSEN, ZUNINO, 2009]

bh =
∑
T∈TH

+
∑

T ,S∈TH

bT ,S
h (p, q)

∣∣∣
e

= be
c (q, p) + be

c (p, q) + be
p(q, p)

be
c (p, q) : =

∫
e

−{{(λκ∇p) ·ne}}e [[q]]e ds

be
p(p, q) : =

∫
e

σe(λ, κ) [[p]]e [[q]]e ds

,
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The Localized Reduced Basis Multiscale Method

Idea of the LRBMS method

I Find local reduced spaces QT
red ⊂ QT

h on each subdomain T ∈ TH .
I Qred := ⊕T∈THQ

T
red ⊂ Qh = ⊕T∈THQ

T
h .

I Use localized a posteriori error estimator to select QT
red for online

enrichment.
I Solve local problems (on oversampling domain) with old solution at

boundary to extend local basis.

Expectations

I Increased time-to-solution (online).
I Cheaper basis generation (offline)

,
,
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red for online

enrichment.
I Solve local problems (on oversampling domain) with old solution at

boundary to extend local basis.

Expectations

I Increased time-to-solution (online).
I Cheaper basis generation (offline)

,
,
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Experiment
SPE10: |τh| = 1, 014, 000, |TH | = 25× 5 [O., S., 2015]

Solve
−∇ · (λ(µ)κp) = f .

λ(1.0)κ

f

,
,
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Experiment
SPE10: |τh| = 1, 014, 000, |TH | = 25× 5 [O., S., 2015]

Solve
−∇ · (λ(µ)κp) = f .

λ(0.1)κ

f

,
,

Stephan Rave (stephan.rave@wwu.de) slides: http://www.stephanrave.de/talks/eccomas_2015.pdf

http://www.stephanrave.de/talks/eccomas_2015.pdf


liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

Westfälische
Wilhelms-Universität
Münster Reduction of Microscale Li-Ion Battery Models 17 /22

Experiment
SPE10: |τh| = 1, 014, 000, |TH | = 25× 5 [O., S., 2015]

1,000 2,000 3,000 4,000 5,000 6,000 7,000 8,000 9,000 10,000
100

101

102

103

104

dimQred(TH)

η
(p

re
d
(µ

);
µ
,µ
,µ̂

)

µ0 = 0.43708 . . .
µ1 = 0.95564 . . .
µ2 = 0.75879 . . .
µ3 = 0.63879 . . .
µ4 = 0.24041 . . .
µ5 = 0.24039 . . .
µ6 = 0.15227 . . .
µ7 = 0.87955 . . .
µ8 = 0.64100 . . .
µ9 = 0.73726 . . .

uniform, no Greedy

,
,
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Experiment
SPE10: |τh| = 1, 014, 000, |TH | = 25× 5 [O., S., 2015]

1,000 2,000 3,000 4,000 5,000 6,000 7,000 8,000 9,000 10,000
100

101

102

103

104

dimQred(TH)

η
(p

re
d
(µ

);
µ
,µ
,µ̂

)

µ0 = 0.43708 . . .
µ1 = 0.95564 . . .
µ2 = 0.75879 . . .
µ3 = 0.63879 . . .
µ4 = 0.24041 . . .
µ5 = 0.24039 . . .
µ6 = 0.15227 . . .
µ7 = 0.87955 . . .
µ8 = 0.64100 . . .
µ9 = 0.73726 . . .

uniform, no Greedy

800 1,000 1,200 1,400100

101

102

η
(p

re
d
(µ

);
µ
,µ
,µ̂

)

uniform_doerfler_age(10, 0.85, 4)
2 Greedy

,
,

Stephan Rave (stephan.rave@wwu.de) slides: http://www.stephanrave.de/talks/eccomas_2015.pdf

http://www.stephanrave.de/talks/eccomas_2015.pdf


liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

Westfälische
Wilhelms-Universität
Münster Reduction of Microscale Li-Ion Battery Models 18 /22

Software

,
,
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pyMOR

I Software library for writing MOR applications,
in particular with the reduced basis method.

I Completely written in Python.

I Started late 2012, 15k lines of code, 2k single commits.

I BSD-licensed, hosted on Github.

I http://www.pymor.org/

,
,
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Interfacing external PDE-solvers
with pyMOR

User Code

Generic Algorithms
Gram-Schmidt POD

Greedy Reductor EI-Greedy

Vectorarray

Operator

Discretization

VectorarrayOperator

pyMOR

External Code

OperatorOperator

,
,
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Main Projects
using pyMOR

Localized Reduced Basis MultiScale method
Reduction of Maxwell’s equations allowing

Arbitrary Local Modifications

Reduced basis approximation for multiscale
optimization problems

Reduction of microscale Li-ion battery models

,
,

Stephan Rave (stephan.rave@wwu.de) slides: http://www.stephanrave.de/talks/eccomas_2015.pdf

http://www.stephanrave.de/talks/eccomas_2015.pdf


liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

Westfälische
Wilhelms-Universität
Münster Reduction of Microscale Li-Ion Battery Models 22 /22

Thank you for your attention!

AG Ohlberger
http://wwwmath.uni-muenster.de/num/ohlberger/

pyMOR – Model Order Reduction with Python
http://www.pymor.org/

,
,
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